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Cloud S s nek o idesd 1w R, Take |

;A=- Co:\ €S and B- :T\QR hen AR= C‘H%S.
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‘ ‘Le\\btﬁ'\v\% Po\dnomm\s is Wreducihle bn @ Dy .
a- P 3 s xt-2e XL lon 4 PN

- B (s irreclucible over @ beconse St 3 awmek 28 h2o

] bul S does dividde \5,-20 10 and 8.
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25 Sois x a1ax a8 - au

LR is drreducible over @ Txd because 3R A and TR 24

3- hz st
hxa) = (=) 4 4
| 2w e 4R L6 ¢ AXE D,
| “This Polynemial i3 wrredmatble over ® T3 becmse 27 4 and w2
! but A does divide 4, ¢, and 2. Hence hx) is irreducible.
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. TReoremt Lek T be a Bold and Poa o iveduclle leannmitﬂ over .
| TWen F T /Px) is a Geld
14 “The elements oF FInd [pu:
L Exi The elemenis o® Zz XA [ a1 ove Qien oy
R 0A/630 = Laxab 2 22@as)akez

!

Tor oy, 1x 20y, wa lENS, =0 22303 Y
= 1031-3 =, 'x*\'&
The Colcuwlalian = downe oy YWis Loy
Tor examle 1 la L¥aly = =A%tz £ lwed 2) . Duee
we hage POz £\ = = -\ vw= | bwea 2)
Thae L4 Ly = A

2. Provide the addlion and vl dip Lica kion Yodole For ZL Lol [ =4

+ o 4 w ®a) X | o 4 *x x|
o o & = =y o o o o °
1 « e \lax ¢ 41 6 \ o =4
< X =¥l o w B *x: o == \ Loy B TIFE) = :“” :
] : : = L5X
Ll = x 11 & o ¥a O X xn g

- we rete that Z x1 /Cx’-fl) is not a Fielof
Since  (xa1) (x4} = £+l =0 . Tn e otherwerels , there is a gero
ivisors Since *7al is reducible and Hus Z [x] [*e1) is not aPolol.

3. (a) List all equivalence classes in Zy[z]/(z® + 22 + 1).
Since % + * + 1 is a cubic polynomial, any equivalence class is represented

uniquely by a polynomial of degree at most two. So the equivalence classes
are:

(0], [1]': [I]’ [x t 1]! [:52], [zz 2 1]7 {'7’2 r xjr [Ig +z+1]
(b) Construct the multiplication table of Zs[z]/(z® + 22 + 1).

TR [0] {1} = [z + 1 (%) [ +1] (=% + Fiz1]
(o] [0] [0} (o] [0} {o! [0l [0} {of
1] [0) i [z] z+1] [ [*+1] 2%+ 2] [ +z41)
2] [0} [£] (%) (=* +2] = +1] P +z+1 (1) [z+ 1]
fr+1] [0] [=+1] [=* + 2] fz*+1] [4 (=) Z*+z+1) [=°}
[=7) [0} iz%) [ +1] 1] *+z+1] [z+1] (] (=% + 2]
* + 1] [0] = +1] [+ z+1] [z] z+1] z* + 7 (£ a8
l=* + z] (0] (=* +4] (1 [ +z+1] [z] [«*] [z +1] =% +1]
*+x+1] | 0] P+z+1) z+1] £ %+ =) (1] [z* +1] {z]



4. Let E = Q[z]/(z* - 3).

(a) Find the multiplicative inverse of [3z + 4] € E.
Let [ax + b] € E be the multiplicative inverse of [3z + 4]. Then

(1] = [3x + 4][az + b] = [3az” + (3b + 4a)z + 48]
= [3a -3+ (3b+ 4a)z + 4b] = [(4a + 3b)x + (9 + 4b)].

So we have 4a + 3b = 0, 9a + 4b = 1. By solving this system of linear
equations, we obtain ¢ = '131" b = —2. So the multiplicative inverse of
3z + 4] is [z — )

== e ——
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6. Construct a field of order 4. What are the elements of this field? Show that the sum of
the elements of this field is equal to zero (that is, the additive identity of this field).

Answer: Since 4 = 22, we start with a field Z» of characteristic 2 and look for an irreducible
polynomial of degree 2 in Za(z). It is easy to note that p(x) = 2% +x + 1 has no zeros in Z
since p(0) = 1 = p{1). Hence, the polynomial p(z) = z* + £ + 1 is irreducible in Z;[z]. Thus
Zyfz)/ < 2% + 1+ 1 > is a field with 4 clements. The elements of this ficld are given by
i/ <P +r+1>={ar+bt <’ +2x+1> |abeZs}
={0+<z?+z+1l>, H<T +z+1>,
<2yl s+l <ida+l>})
={0,1, ¢, a+1},

o —

7. Construct a field of order 4. Provide the addition and multiplication tables for this field.
Answer: Note that « is a zero of the polynomial p(x) = z* + r + 1 since

ple)=a’+a+1
= (r+ <P +r+15P+ @<L +z+1>)+ A+ < +2+1>)
=@ 4z+1+ <+ 4+1>)
=0+<r+x+l>

=0.

Henceo?+a+l=0ora®=—-a+1whichise®=a+1

The addition table for Za[z]/ < p(x) > is the following:

o 0 1 a | atl |
| o | 0 1 a | a+l

T L | 0| atl a_
Fa | e e 0 1

a+l a+1 a 1 _0_

The multiplication table for Za{z}/ < p(xr) > is the following:

- (0} 1 a a4l
0 0 C 0 0 |
S 0 | 1 a | o L1 y
@ 0 «@ a+l 1
at+l | O a+l |

8. Construct a field of order 25. What are the elements of this field?

Answer: Since 25 = 5%, we start with a field Z; of characteristic 5 and look for an irreducible
polynomial of degres 2 in Zg[z]. Such a polynomial is plr) =2 +z+1.



9. Find a field with eight elements, and give the addition and multiplication table.
We need some irreducible third-degree polynomial in Zolz]. Fortunately there are two: p{zr) =

#° + 2+ 1 and g(z) = 23 +z2+ 1. Hence we have our choice of szl /(p(x)) or Zo[z}/(g(z)). These

are isomorphic, because there is a unique field with p* elements, for every prime p and every k € R
Below is the answer with p(x).
0

+ 1 x z41 2 2 +1 4z 2ar4i
0 R, 1 z zH+1 P =31 =iz 24z ai
1 1 0 T+ x 2241 z* 2zl 22 4z
T z z+1 0 1 =4z 2 4+zil z2 =241
41 241 x 1 0 =+l ] = +1 Fid
2 == =41 2tz iz 41 0 1 x z1i1
2241 231 z2 2+z41 =4z 1 0 z41 z
T 2tz =2 +z+1 = 22 4+1 z 41 0 1
rr+1 | 22 +x 1 =24z 2 41 2 z+1 z 1 0
x 1] 1 z x4+1 2 x? 41 24z T +zx+1
RN T 0 0 0 0 0 0 SR
1 0 1 x z+1 = z2 41 z* +x 2? fx 41
x 0 z = =tz z41 i %+ 41 z% 41
41 0 T+l e 3z 2%+ 1 T2 iz 41 z= 1 z
xz2 [i] = T+1 22 4z 41 =4z z 2+ 1
2?41 0 241 1 x2 T ¢+l T+1 %+
2tz 0 4z AR S| 1 z +1 z41 T z*
Z+z+1 |0 P4zl = +1 x 1 7?4z ? x41




