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Section 2.1

Qush 4 161 9160 5159 4adw EXERCISES (2.1) cniaida

In Exercises 1—-9 find the derivative of the given function
using the limit definition of the derivative

iy yad Laddiiie BUazall &d1Ad) (derivative ) Asiiia J.;)i 9 — 1 okl u—°‘
3l

the limit definition of the derivative:-

The derivative of a function f is the function f' which value

at any number x is

flx+h) - f(x)
h

,provided the limit exists

f'(Gx) = lim

1. f(x) =2x+1
fx+h)—f(x) C 2(x+h)+1-2x-1
= lim

f'(x) = lim

h h—-0 h
2x+2h+1—-2x—-1 2h
= |lim X X =lim—=1lim2 =2
h—0 h h—0 h h—0

2. f(x) =x%-3



3

flx+h)— f(x) i (x+h)?—3—x*+3

f1) =i = i :
x4+ 2xh+h*-3—-x*+3 _  2xh+h?
= lim = lim ———
h—0 h h—0 h
~ h(2x+h)
= lim =lim (2x+ h) =2x+ 0= 2x
h—-0 h h—0

3.f(x) = x% + 2x
f(x+h) = f(x)

f'(x) = lim

h

- (x+h)?+2(x+h)—x?-2x
= lim

h—0 h

- x?+2xh+h%+2x+2h —x? — 2x
= lim

h—0 h

 2xh+h*+2h  hQx+h+2)
= lim = lim

h—0 h h—0 h

zliilmo 2x+h+2=2x4+04+2=2x+2

4. f(x) = (x — 2)°

, . fx+h)—f(x)
fi(x) = Jim h

- (x+h—=2)>—(x—2)?
= lim
h—-0 h




4
(x + h —2)(x + h —2) cui
x + h =2

x + h —2

x% +hx —2x
+hx + h* —2h
—2x —2h + 4

x% +2hx —4x —4h+h%* + 4

x° +2hx—4x —4h+h°+4—x°+4x—4

= i h

~ 2hx — 4h + h? - h(2x—4+h)
lim = lim

h—-0 h h—-0 h

= liilmo 2x—4+h=2x—4+0=2x—4=2(x—2)

1
5-f(x)=ﬁ
1 1
i) = iy LEFRI@ Ly R VR
Vx—=Vx+h (Vx —Vx+h)(Vx+Vx +h)
 Vx(Wx+h) . Vx(Vx+h)Wx+Vx+h)
= jm n = Jm h

1
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Dstal) e paliill agle Lol s L) (38 e & o ually

xX—x—nh

~ lim Vx(Vx +h)(Vx +Vx +h)
ko h

h—0 T
= i —h 1
" heo Vx(Vx +h)(Wx+Vx+h) R

. —1
B N N N I

—1 1

T V(Y1 0)(Wx VX +0)  vx(vx )Wx +Vx)

-1 1 1

x(2Vx) 2x1x% Zx%

6. f(t)=V1—t
, _ f+h)—f) Vi—-t—-h—-V1-t
f'(®) = lim ; = -

y (Vi-t—-h-VI-O)(V1—-t—h+VI-10)
= 11m
h=0 h(Vi—-t—h++V1-1)

y 1—t—h—1+t
= 11m
h=0 h(WV1—t—h+V1-1t)




—h -1
= lim = lim
h=0 h(V1—t—h+V1—-t) h0(1—t—h++V1-1¢)
-1 -1 1

:(\/1—t—0+\/1—t):\/1—t+\/1—t: 2V1 —¢

7. f(x) =2 —+/x

,  fx+h)—f(x) 2—-Vx+h-2++x
Fo) =i S =g
VX Th+vE . x—Vath
= lim = lim

h—-0 h h—-0 h

sl G aldil e Fanilly Jansl) (381 ja 8 el

(Vx —Vx+h)(Vx +Vx +h)

= lim
h—0 h(vVx +Vx+h)
X—x—h —1
h=0 h(+/x +Vx+h) h=>0 (Wx++x+h)
1 1 Vx

VvV 0 2Vx 2«

t

8. f(t)=t+—2

t+h t

, _ fE+h)—-f® . TFR¥2 t+2
FO=ln == S
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t+h)(Et+2)—tt+h+2)

e t+2)(t+h+2)
= lim h
t> 4+ ht+2t+2h—t? —ht — 2t

e t+2)(t+h+2)

= lim N
2h

e+ +Rh+2) 2h 1

= im R B AV EN)
1

. 2 2

lim

o0 (E+2)(E+h+2) (E+2)(E+0+2)

B 2 2
S+ +2)  (t+2)?

1 _x—1—1_x—2
-1 x-1  x-1
Fath) —fo) | i
. X —J X . h—1 x-—1
! =l =l x+
f1x) = lim h o 3

x—Dx+h-2)—(x—-2)(x+h—-1)
x—Dx+h-1)

9. f(x)=1—x

= jim n
h
- = h 1
po G DGTA-D 1
hoo h (x—1)(x+h—-1h

1



— i 1 _ 1 1
= m (x-1)(x+h-1) (x-1)(x+0-1) (x—1)2

In Exercises 10 — 15 find an equation of the tangent line to the
graph y = f(x) atthe point x=a

~ ) (tangent line ) osbeal) ball Aalas 2250 15 — 10 gkl
x=a 4kl xe y = f(x)

-8 P(a,f(a)) 4bill xie fallall (Asie ) au ) (uleadl oAl m Jaall
_fla+h)—f(a)
m = lim
h—0 h
ve Al diide o Al an ) P(q, f(a)) dbill vie Guledl i of G

e 5 (y) kil of iy add) o 5 P(q, f (@) ) il
1ot Jaall AV Galaal) Aalas o A pulasll

_y—f(a)
m =S

—— |, m(x—a)=y-f(a)

y =mlx—a)+ f(a) | - (ind ) ooledd Ana of




10. f(x)=x?>—-1,a=1
(tangent line) (uleaal) Aalas oyl &l glasd

a=1 La slaxal) dadill die pleall Jae 2253 (1

 fla+h)—f@ . (@A+h?*—-1-1%2+1
m = lim = lim

h—0 h h—0 h

 14+2h+h*—-1-14+1 _ 2h+h?
= lim = lim

h—-0 h h—0 h

. h2Z+h)
=lim ———=lim2+h=24+0=2

h-0 h h-0

m=2 Thj

f(1) 25 Ua f(a) dad 226 (2
f=(1?-1=1-1=0
@l olaal) Aslas 8 M=2 5f(1)=0 5 x=1 oo JS oo pase (3
y=m(x—a)+f(a)
y=2(x—-1)+0 , y =2x—2

11. f(x) =2x3+1 , a=-1
a=-1 La BM\M\MUAM\L}:}A&}(]_

 fla+h)—f(a) 2(-1+h3*+1-QCF1D3+1)
m = lim —
h—0 h h




10

2(-14+2h—h*+h—-2h*+h3—(-2+1)

= Jm h
 —24+4h—-2h*+2h—4h*+ 2R3 +1+2-1)
= [im
h—-0 h
~ 6h — 6h* + 2Ah3 ~ h(6 —6h+ 2h?)
lim = lim
h—0 h h—0 h
}lirré 6 —6h+2h?>=6—(6)(0)+2(0)=6
m= 2 T.Sj

f(-1) 25 La fa) el ansi(2
f(-D)=2(-1)3+1=-2+1=-1
gl Gladl dra & mM=6 5 f(-1)=-1 5 x=-1 o= JS e U (3
y=m(x—a)+ f(a)
y=6(x—(-1)—-1,y=6(x+1)—1,y=6x+6—-1

12. f(x) =7x—x% , a=2
a=2 La slasall ddadill die laal) Jie 2n 53 (1

 fla+h)—f(@ 72+h)— 2+h)?*—7x+x?
m = lim —
h—0 h h

14+ 7h—4—4h—h*—14+4
= lim
h—-0 h
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_ 3h — h? - h(3—=h) _
lim =]lim——=1lim3—-—h=3-0=3
h—-0 h h—0 h h—0

m=3 1l
f(2) 2= U f(a) dad 225 (2
f(2)=7(2)—22=14—-4=10
@l oadll Aalea 3 mM=3 5f(2)=10 5 X=2 e S O Lase (3
y=m(x—a)+ f(a)
y=3(x—-2)+10, y=3x—6+10, y=3x+4

8
13f(X)=m ) a=-—2

a=-2 Ua slazall dhadil) vie laall Jae 2263 (1

8 8
_fl@+h)—f(@) = (-2+h)+4 —-2+4
m = lim = lim
h—0 h h—-0 h
8 8 16 — 8h — 16
.. h¥2 2 .. 2h + 4
= hm = = Jim h
—Sh Sh 1 8
= lim 2% _ i = i

h-0 h no0 2h+ 4 h o0 2h + 4
1
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20 +a_ 4 - ¢
m=-2 1
f(-2) 25 la f(a) 4ad 26 (2
f-2) == =
—2+4 3

@l laall Adlae 3 M=-2 5(-2)=4 5 x=-2 e IS e s (3
y=m(x—a)+ f(a)
y=—-2x—(-2))+4= —2x—4+4=—-2x

y = —2x u.u\AAM adalza

14.f(x)=;,a=3
a=3 Ua slaxdl) dasill die plaall Jae 2263 (1
1 1
_fla+h)—f(a) (3+h)? 32
m = lim -
h—-0 h h
9—(3+h)2 9 —9 — 6h — h?
2 2
— lim 93+ h) — lim 93+ h)
h-0 h h—-0 h
—6h — h? h(—6 — h)
— 9(3 + h)? — 1 9(3 + h)? . h(—6 — h) 1
“hoo  h hs0 R h0 9B +h)? h

1
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—6-h  —6-0 -6 2

= BT RZ 93+ 02 909 27
m:_i TJ\
27
f(3) 2= la f(a) Aad o (2
(3)_1_1
f 32 9
Uolaa 4 m——— f(3)_—x3u-°d5uf—uay-’(3

sl Culadll

y=m(x—a)+f(a)

B 2( 3)+1_—2x+6+3_—2x+9
Y= To7¢ 9" 27 Y

—2x+9
_ = Lea) alee
Y 27 d

.
4x + 1 X < 2

15. f(x) ={ ,a =2

x> +5 ,x>2

\ .
Alall Jlawe 82 o) BaaY g=2 U slasal) dadil) die el Jie 2a 53 (1

x*+5
Allesall ot (g A1 b3 st Gl
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fx)=x*+5 ,a=2
 fla+h)—f@ . @+h?*+5-22-5
m = lim

m= h oo h
 4+4h+h*+5—-4-5 h(4+h)
= [im = |lim ——=
h—0 h h—0 h
=lim 4+ h
h—0
=44+0=4
m=4 1)

f2) 25U f(a) 4l a5 (2
f(2)=22+5=09
@) oladl e (& mM=-2 5f(2)=9 5 x=2 = IS o= pasm (3
y=m(x—a)+ f(a)
y=4(x—-2)+9=4x—-8+9= 4x+1

In Exercises 16 — 19 .the given limit is derivative , find the
function and the point

adaail) g Aol an ol | ddiiall o slaxall 430 19 — 16 Gooladl 8

Al LSe oyl ol

3(2 + h)? — 3(2)?
16. lim ( ) (2)
h—0 h
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X Uil a+h JS g pagi Y5 a+h el x JS e agmi LS

f(x)=3(x)2=3x%, a=2

- (3+h)3*+2B+h)—33
17. lim
h—-0 h

X Uil a+h JS g pagi Y5 a+h Jlaaall x JS e agmi LS

fX)=x)3+2(x)=x3+2x , a=3

€9f 19 5 18 Cpokaill (e sllaall agdl ol
20. Let f(x) =x*—7x ,find
a. f'(x)

b. The equation of the tangent line to the graph of f at x
=4

c. f'(5)
(x+h)?—=7(x+h)—x*+7x
h
- x?2+2hx+h*—7x—-7h—x*+7x
= lim
h—-0 h
2hx + h* —7h h(2x + h—7)

Bl R e

f'(x) = lim
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Illirr(l) 2x+h—-7=2x4+0—-7=2x—-7

a. f'(x)=2x—-7
m=f'(4)=204)-7=1
f(4) =42 —7(4) =16 — 28 = —12
@) el Al 3 mM=1 5f(4)=-12 5 x=4 (= IS e Gasa
y=m(x—a)+ f(a)
b.y=(1D(x—-4)—-12=x—-16
c. f'(5)=2(5)—7=3

21. Let f(x) =x3—7 ,find
a. f'(x)
b. The slope of the tangent line to the graph of fat x = 1

c. f'(2)
(x+h)—7 —x*+7

e = iy S
 x3+4+3hx?+3xh®+h3 -7 —x3+7
= lim
h—0 h
~ 3hx*+3xh?+h®  h(3x%+3xh+ h?)
= lim = lim
h—0 h h—0 h

= Illirr(l) 3x% 4+ 3xh + h? = 3x? + 3x(0) + 0 = 3x?

a. f'(x) = 3x?
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b.m= f'(1) =3
c. f'(2) =3(22) =12

22. f(x) =vx—1 , find

a. f'(x)

b. Df/

c. f'(3)

f’(x)=}li_r)r(1) \/x+h—}1l—\/x—1

. (Vx+h—1-Vx—-1)Wx+h—-1+Vx—-1)
= lim
h=0 hWx+h—1+vx—1)
_ x+h—1—x+1
= lim
h=0 h(Vx+h—1++vVx—1)
_ h
m
-0 h(Wx+h—1++Vx—1)

1 1
= lim =
h=0 \Jx+h—14+vVx—1 Vx+0-1++vVx—1
1
S 2Vx—1

a. f'(x)=

1
2Vx — 1
b. D¢ = domain f'(x)
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frx) = x#1=(=00,1)U(1,0)

1
2Vx —1"°
b. D¢ = domain f'(x) = (1, )

'3) = 1 B 1 B V2
¢/ C2V3=1 22 4
dy _ ! _ ! Y. ~

23. f(x) =vx+2 , find
a. f'(x)
b. Dfl

c. f(2)

Vx+h+2—-+vx+2

f'() = lim

h

C (Vx+h+2—-Vx+2)Wx+h+2+Vx+2)
= 11m

h—0 h(Vx+h+2+Vx+2)

_ X+h+2—x-—2 . h
lim lim
h=0 h(Vx+h+2+Vx+2)0hx+h+2+./x +2)
y 1 1

1m =
>0 x + h+2+Vx+2 Vx+0+2+./x+2)

1
N
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1
a. f'(x)=
f') 2Vx + 2
b.Dsr = domain f'(x), x > —2=(—2,0)
F2) = e = =
C. = = e
22+2 244 4
]
2x+1 ,x<3
24. Given the function f(x) = show that
x+4 ,x>3

a. f is continuous at = 3

b. f isnot dif ferentiable at x = 3

a. f3)=23)+1=7

lim 2x+1=203)+1=7 ,x < 3

xX—3"

Im x4+4=3+4=7 , X > 3

x—3t

lim = lim =f(3) =7 so fiscontinuousat =23
xX—3~ x—3%

a+ h)—f(a
b. limf( ) ﬂ>=lim2(h)+1=0+1=1,x§3
h—-0 h h—-0

lim LW @ _ i pra=0+4=4 x>3
h—0 h h—-0

et -f@_ o flath) - f@
h—-0 h h—0 h

SO
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fla+h) —f(a)

since 1#4 so lim =d.ne atx =3
h—-0 h
. . fla+h)—f(a)
since lim =d.n.e
h—-0 h

so f isnot dif ferentiable at x = 3
25.Given the function f(x) = |x — 5| show that

a. f is continuous at =5

b. f isnot dif ferentiable at x =5

) =+

—x+5 ,x<5
N

a. f(65)=x—-5=5-5=0
lim —x+5=(-5)+5=-54+5=0 , X <5

X—5~

lim x—-5=5—-5=0 ,x>5

x—-5%
lim = lim =f(5)=0 so fiscontinuousatx =5
X—5~ x—57
_ fla+h)=f(@ . 5+h—-5-5+5
b. lim = lim

h-0 h h—-0 h
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h

— | — = >
}ll_r)r(l) . 1,x>5
. +h)— ) —5—-h+5+4+5-5 . —h
lim flath)=7(@) _ lim = lim —
h—0 h h—-0 h h—0 h

—1
=lim —=-1,x<5
h-0 1

fla+h) = f(a) _ fla+h) —f(a) _

SO }ll_r% N 1 and }III)I(I) o -1
+ h) —
since 1 # —1 so limf(a )~ f(a) =d.n.e atx =5
h—0 h
. . fla+h)—f(a)
since lim =d.n.e

h—0 h

so f isnot dif ferentiable at x =5

In Exercises 20 — 29 .Find all point(s) on the graph of the
function f(x) where the slope m of the tangent line has the
indicated value.

m Jeall Cua f(x) Al any Ao ) Lalad) JS an ol 29 — 20 cplaill 8
Ol o L) i) Al 4l et Laal

m = A e = AN ) (o) Tdl) e
26. f(x) =2x*—4x ,m=0

. flx+h)—f)

m

m =11
h-0 h
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2(x + h)? —4(x + h) — 2x? + 4x

h—-0 h
- 2(x* 4+ 2xh + h?) — 4x — 4h — 2x?% + 4x
= [im
h—-0 h
 (2x% + 4xh + 2h®?) — 4x — 4h — 2x° + 4x
= [im
h—-0 h
~ 4xh + 2h?* — 4h - h(4x+2h—4)
= [lim = lim
h—-0 h h—-0 h

=lhimo 4x+2h—4=4x+0—-4=4x—4

m=4x —4 , whenm=0 ,4x—4=0sox =1
f()=21)?-41)=2—-4=-2

so the slope of the tangent line at point (1,—2) =0

27. f(x) =x*—6x ,m=0
fx+h)—f(x)

m = lim h

- (x+h)?*—-6(x+h)—x*+6x
= lim

h—0 h

(x> 4+ 2xh + h?®) — 6x — 6h — x? + 6%
= lim

h-0 h

~ 2xh+ h®* —6h  h(2x+h—6)
= lim = lim

h—0 h h—0 h

:}lin(1)2x+h—6 =2x+0—-6=2x—6
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m=2x—6, whenm =0 ,2x=6,x =3
f(3)=(3B)?-6(3)=9-18=-9

so the slope of the tangent line at point (3,—9) =0

28. f(x) =2x*+2x ,m=6
.mf(x+h)—f(x)

m = lim n
B 2(x + h)? + 2(x + h) — 2x% — 2x
_h—>0 h

 2(x* +2xh+ h%) + 2x + 2h — 2x% — 2x
= lim

h—-0 h

 (2x%+ 4xh + 2h?) + 2x + 2h — 2x? — 2x
= lim

h—-0 h

 4xh+2h*+2h  h(4x+2h+2)
= lim = lim

h—-0 h h—-0 h
=l}3n}) Ax +2h+2=4x+0+2=4x+2
m=4x+ 2, whenm=6 4x+2=6so0x=1

F(D=2(1)%2+2(1)=2+2=4

so the slope of the tangent line at point (1,4) = 6
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29. f(x) =2x?>—4x ,m =4
.mf(x+h)—f(x)

m=}ll_)0 N
B 2(x + h)? —4(x + h) — 2x% + 4x
_h—>0 h

- 2(x* 4+ 2xh + h?) — 4x — 4h — 2x?% + 4x
= lim

h—-0 h

 (2x% + 4xh + 2h?) — 4x — 4h — 2x° + 4x
= lim

h—-0 h

~ 4xh + 2h?* — 4h ~ h(4x+2h—4)
= lim = lim

h—-0 h h—-0 h
=lf3n}) 4x+2h—4=4x+0—4=4x—4
m=4x —4 , whenm =4 Ax—4=4sox =2

F(2)=2(2)2-4(2)=8-8=0

so the slope of the tangent line at point (2,0) = 4

Each figure in Exercises 30 — 31 shows the graph of a function
f. List the points on the graph at which the function is not
differentiable

o G Lla) oyl f Al aw e 31 — 30 geoladll 8 IS S
(3353 50 e ATLEL (ol )EEEDN ALE e Alal) S lavie 5 JSal)
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xie ( not differentiable ) G ALBE e allall &S
3 (x=a & B sa & Agiiall LS‘) X=a
x=a e (discontinuous) 4laic e Al culS ) (1
al.ayl A.k:(corner ) :\:’JU I LA:; O adlall s ) (2
(a,f(a))
(affa)) Akl sic s3n b pem i anl oladl gl

(vertical ase ba <A an ) (tangent) (sledl (3
x=a c line)

30.

(vertical line) g see haa ladie el (Y X,

laie dlate e Al NN 33 a0 e (ol A ma e LY X,
Ayl ) JG e Al s ladie X

ladie dlaie ye dllall @l fix,) cosbud ¥ Al Ales Ladie X,



26

Glsall o sS

the function is not differentiable at x;, x>, X3, Xa

31.

Agly J<E e A au ) Lavie x,

(vertical line) gasee bad aaie uladll Y x,

Aol ) JG e Al o) ladie X

lasic dliaie pe Allall Gl f(x,) (s sboct Y Alal el Laie x,

Waic Alaie ye Al N 30 5a 50 e sl 3800 e LY xg
Glsall 0 sS

the function is not differentiable at x,, x4 Xs5,%7,Xg
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32. A particle moves along the graph of the function
s(t) = t? + 3t ,where s is measured in meters and t
in seconds . Find the instantaneuos velocity of the

particle whent = 1.

UYL duie s dun  5(t) = ¢2 4 3t Al an) e & aty 532 .32
t=1 Ladic (s all Lbaalll de yull aa gl | Vsl t

Ailoudl A8i50 = de )

s(t+ h) —s(t)

v(t) = 5'(t) = lim

h

B (t+h)>+3(t+h)—t?>—3t
_h—>0 h

- (t?+2th+h?®) +3t+3h —t?>—3t
= lim

h—-0 h

~ 2th+h?+3h - hQt+h+3)
= lim = lim

h—0 h h—-0 h
:}lin(1)2t+h+3 =2t+04+3=2t+3
v(t) =2t + 3

the instantaneuos velocity of the particle whent = 1is

v(l) =2(1)+3=5m/s



28

33. A particle moves along the graph of the function
s(t) = 2t3 + t + 1,where s is measured in meters and t
in seconds . Find the instantaneous velocity of the

particle when t = 2.

Alesans s() =2t3+t+1 A anjy e d iy 532 .32
£=2 Loic (5 all Adaalll de pull angf | L35l 5 e

s(t+ h) —s(t)

v(t) =s'(t) = }ll_r)rcl) n
B 2t+h)3+ (@ +h)+1-2t3—-t—-1
- h—-0 h
o 2(t3+3ht?+3th>+ A3 +t+h+1-2t3 -t -1
= lim
h—-0 h
- 2t3 4+ 6ht?+6th?+2h3+t+h+1-2t3—-t—-1
= lim
h—-0 h
~ 6ht?+ 6th*+2h3+h
= lim
h—-0 h
~ h(6t* + 6th+2h* +1) _
= lim = lim 6t% + 6th + 2h? + 1
h—-0 h h—0

=6t°+0+0+1=06t2+1
so v(t) =s'(t) =6t2+1
the instantaneous velocity of the particle whent = 2 is

v(2)=s'2)=6(2)+1=6(4)+1=24+1=25m/s
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34. An object moves along a coordinate line so that its
directed distance from the origin after t seconds is t? + 1 ft
a. Find its instantaneous velocity att =a,a > 0

b. When will it reach a velocity of 6 ft/sec

At amy Jea¥) ddads (e saxy o g dlacY) ad Jsh e aua &
(ft) o8 t2 41 (&

t=a ’a>0 Ladie w\ 4_\.{;).\& Ja‘ji (a

Al 8 LNl 6 ey 5SS e (b

s(t+ h) —s(t)

v(t) = 5'(t) = lim

-0 h
o (t+h)E+1—-t2 -1
= lim
h—-0 h
 t?’+4+2th+h*+1—-t*—1 _ 2th+h?
= lim = lim ——
h—0 h h—0 h
- h(Q2t+h) _
= [im =lim2t+h=2t+0 =2t
h—-0 h h—0
v(t) = 2t

a.its instantaneous velocity att = a is v(a) = 2a
b.it will reach a velocity of 6 ft/ sec

when 2t =6 ,whent = 3 seconds
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35. An object moves along a coordinate line so that its

directed distance from the origin after t seconds is v2t+ 1 ft

a. Find its instantaneous velocity att =a,a > 0

1
b. When will it reach a velocity of 3 ft/sec

@htm@g{\&m&omU\q&ﬂ&y\hd}k&e.m;gﬂH
(ft) p28 t2+1 (o

t=a ,a>0 Laic w\‘\ﬁc)ud;j (a
coar 2w 1. . oen -

s(t+ h) —s(t)

v(t) =s'(t) = }ll_r)r(l) n
o J2(t+h) +1 -2t +1
= i h

(JZ(t+h)+1—JTH) (\/2(t+h)+1+\/TH)

= lim

h=0 h(\/Z(t+h)+1+\/2t+1)
_ 2(t+h)+1-2t—1
lim

h=0 h(JZ(t+h)+1+\/2t+1)
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2h
= lim
h_’oh(\/Z(t+ h) +1++/2t+ 1)

_ 2
= lim

h_’o(\/Z(t+h) + 142t + 1)
2 2 1

(JZ(t+0)+1+\/2t+1) 2v2t+1 V2t+1

1
v(t) =
® V2t+ 1
its instant locity at t s v(a) .
a.its instantaneous velocity att = a isv(a) = ——
Y V2a + 1

1
b.it will reach a velocity of 3 ft/sec

1 1
when =— V2t+1=3, 2t+1=9
V2t+1 3

2t = 8, when t = 4 seconds
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Section 2.2

CUSl 2176 5175 5174 4asa Exercises (2.2 ) ool da
In Exercises 1-18 find the derivative of the given function

sUazal) Alal) A8iia an ol 18-1 (o ladl) <

Ol 8 2 ) si ALy gha g Jan Jae Al iy jat Ao 5o AL Ay
Afidall alag) Jews iy sl

1) if f(x) =mx+c ,m,carereal numbers then
!/ — d + —
[l =—(mx+c)=m

2) if f(x)=c ,cisreal number then
!/ - d - 0
f1e) = —(©) =
3) if f(x)=x then f'(x)= %(x) =1

4) if f(x) =x" then f'(x)= %(xr) L

5) (cf)'(x) =cf'(x)
6) f+g9)'x)=f"(x)+g x)
7) f—9)x)=f(x)—gKx)

8) (fg)' (x) = f)g'(x) + g(x)f'(x)

d‘jiy‘ 2‘31:‘:“ C.é: Em\ + @m\ M’"“ % ‘; d‘;y\ =L.).'Jh Q.—L}J..A d&d\; Ry
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(Z)’ (x) = SO~ ()T
(9(x))?

eu\ R ‘éj l .S‘ . l .S‘ e n Lﬁj eM\

- uS‘ ot 8

Js¥) s (oaluad) pliall S5 pga L a1y

1. f(x) = 3x3 —4x% 4+ 5x — 2
') =RB)Bx*H-@2x*H+5-0
=9x%2—-8x+5

1
2. f(x) =3x7 —§x5

f'(x) =3(7x"1) —%(st_l) = 21x% — x*

2

1
3. f(x) = 3x7 —§x5 + 2x3

2 2 4 -1
f'(x) =21x® —x*+2 (gxﬁ‘l) = 21x° — x* +3x73
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4 4
=21x° —x* + — = 21x° —x* +
1 3Vx
3x3
1 x?
—_ 4 —_
4. f(x) =x 3x3+2 X
1 x?
o4 _ -3
fx)=x 3% +2 X
'(x) = —4 v S A
frlx) = —4x 3~ 2 BT
5. g0 = ——
I T A T+ 1
, (x* + x2 4+ 1)(0) — (1)(4x3 + 2x)
g'(x) = 4 2 2
(x*+x=+1)
B (4x3 + 2x)
(et x%+1)?
7
6. R(x) = \/—; =\7x5
X
5V7
R'() = (J7) (—5v7) = —2-

7. g(t) = >+t + 1(t* + 2)
g@®)=0{*+t+ 1D+ (> +2)2t+ 1)
=2t3 4+ 2t + 2t + 2t3 4+t + 4t + 2

=4t3 +3t2 + 6t +2
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8. h(x) = x3(x + 1)(x? + 2x)

= (x* + x3)(x% + 2x)
h'(x) = (x*+x3)2x + 2) + (x2 + 2x)(4x3 + 3x2)
= 2x° + 2x* + 2x* + 2x3 + 4x°> + 3x* + 8x* + 6x3

= 6x° + 15x* + 8x3

9. g(x) = (5x? —7)(3x* — 2x + 1)

g'(x) = (5x% = 7)(6x — 2) + (3x% — 2x + 1)(10x)
= 30x3 — 10x% — 42x + 14 + 30x3 — 20x?% + 10x
= 60x3 — 30x% — 32x + 14

10. h(x) = (Bx% + 2x)(x* —3x + 1)
h'(x) = Bx? 4+ 2x)(4x3 —3) + (x* — 3x + 1)(6x + 2)

= 12x° — 9x2 4+ 8x* — 6x + 6x°> — 18x%2 + 6x + 2x* — 6%
+ 2

= 18x° + 10x* — 27x% — 6x + 2

t+2
11. g(t) =t—_2
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t-2)(D)-C+2)(1) t-2-t—-2

g = (t — 2)2 = 2)?
_ 4
(6= 2)2
4 — _4 _— 4 ...\y
_(t_Z)Z _(t_Z)Z __(t—Z)Z o
12 _x 3
9 = x+ 4
oo e+ H2x) - (x*=-3)1)  2x*—x*+3
9= (x +4)? T (x+4)?
_ x*+3
T (x + 4)2
X
13. f(x) = g
ooy B=20)(1) —x(=2) 3-2x+2x 3
fix) = (3 —2x)? - (3 — 2x)?2 — (3 — 2x)?

14. f() =lx+1=y(x+1%2= ((x+ 1)2)%
1 —
F10) =5 (G + DD @+ D)D)

x+1 x+1 x+1  (c+ D(x+ 1))

} ((x+1)2)%_m:|x+1|_ Ix + 1]]x + 1]
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e+ DUx+1) - e+ D(x+ 1) [x+ 1

G+ 1% x+1)?  x+1
[ o X X
|X|: x2 , — = u ,|X2|=x2
x| x
z?+2
15. f(2) =
/ z°(2z) — (2 +2)(3z°) _ 2z* — 3z* — 62°
F() = : o3
z Z
—z*— 6z z*(—z*—-6)  z?+6
B z6 - 76 "

o (1430085

x3+x+x24+1

x3
flx) = 3
X
_3x5+3x4+x3_3x5_3x4_3x3_3x2

x 6
—2x° —3x*  x*(-2x—-3)  2x+3
x© - %6 =TT
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. _2t2—3t+1
B = 2t + 1
o @+ 14t -3) - (2t7 = 3t + 1)(2)
f1e) = (2t + 1)2
_8t2—6t+4t—3—4t2+6t—2
B (2t + 1)2
_4t2+4t—5
(2t +1)2
x°—x+1
18. g(x) = 711
oo P+ DRx-1) - (x* —x+ 1(2x)
f1) = (x2 + 1)2

2x3 —x% +2x —1—2x3 + 2x% — 2x
(x? + 1)?

o ox* -1
C (x2 4 1)2
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In Exercises 19-27 find the equation of the tangent line to the
graph of the function at the indicated point

Al aw )l (tangent line ) ustadl ball dolas 22l 19-27 (cplaill i
umall Adasil) e

19. f(x) = 2x%2—3x+4 ,(2,6)
b (2,6) Akl vie ulead) baall dobes (1
y=m(x—2)+6
x=2 dc aljall daiia s sbudy x=2 mww\dyga, m (2
F/(x) A dEie s (3
m = f'(2) (4
f'(x) =4x—-3 , m=f'(2)=42)—-3=8-3=5
the equation of the tangent line is

y=5x—-2)+6=5x—10+6 =5x—4

5 5
20. f(x) = —§x2 + 2x + 2 ,(—1,—5)

A (_1,_2) ALl die (uleall hdll Aslas (1

5 5
y=m(x—(—1))—§=m(x+1)—§
x=-1 i Al dfide by x=-1 e uledl e & m (2

Frx) Wl asde g (3
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m=f'(-1) (4

3

_10, . _1046_16
M= Te="937"77

10 10
flo)=-—x+2, m=f(-1)= (—?) (1) + 2

the equation of the tangent line is

_16( 1) 5_16 16 5_16 11
y =3V 3- 3T 3 7373*"3

21.f(x) =x?—-2x+2, (L1)
e (1,1) dhall sie e ladll dales (1
y=mx—-—1)+1
x=1 dc adjall aatia Qg}m‘j x=1 mww‘d:““u-ﬁ m (2

F/(x) Al dgide s g (3

fl(x)=2x—-2 , m=f(1)=2(1)—-2=0
the equation of the tangent line is

y=0)x—-1)+1=0-0+1=1
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X

< (6,2) daaill die  plaall Jadd) dalaa (1
y=m(x—6)+2

oy (=31 -x(1) x—-3-x 3
f(X)— (X—3)2 _(x_3)2__(x_3)2
m=f’(6)=_L _Ez_l

6-32 9 3

the equation of the tangent line is

y = —g(x—6)+2=—§x+2+2==—§x+4

23, f(x) = = (11)
S0 =g o T

A (_1,1) daiill die (aleall Jaall Allas (1
y=m(x+1)+%

x=-1 e 4l d3ide (goludy x=-1 de uleall duo A m (2

Fr) W ASde g (3
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oy G2+ 1D0) - (D(2x) 2x
f'x) = ST

T (x2+1)2

RPN 2-1) 2 2 1
mEf D= Crr? 242

the equation of the tangent line is

1( +1)+1 1 1 1 1 .
= = —=x+-4-=-x+
y= ¥ 2 T T

24. f(x) =x72, (1,1)

e (1,1) dhall sie uleddl ladll dales (1
y=m(x—-1)+1

x=1 de Al dsiia gildy x=1 e wledl Jw A m (2

F/(x) Al dgide g (3

, 2 2
m=f(1)=-5=~-7=-2

the equation of the tangent line is

y=mx—-1D)+1=-2(x-1)+1=-2x+2+1

= —2x+ 3
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o (1,—) ALl e Gebed) Jadll Asbes (1

1
y=m(x-1)+7
x=1 e Al dside giluis x=1 e wledl e A m (2

fl(x) Al dside aa g (3

L D@D -x(1) 1

fO) == D7~ Ga+i)?
1

m=f =g~

the equation of the tangent line is

1 1 1 1 1 1 1
= l—D+i=tpoiplaliyl
4 2 4 4 2 4 4

N

2 1 1
4 4 4 4

N =
Iy

-I—1—
5=
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26. f(x) =x? =2 =x2—10x"1 , (=2,9)

< (—2,9) dagill 2 plaall Jadd) dalaa (1
y=m(x+2)+ 9
x=-2 dc allall dsiia Soliy X=-2 e ladll e 2 m (2

fl(x) =2x—(—1)x"2 =2x +

B 4+1_—16+1_ 15
(=2)2 4 4 4

m = f'(-2) = 2(-2) +

the equation of the tangent line is

= 15( +2)+ 9= 15 15+9
Y=gV — Tt

__15 15 18 15 3
R A A

27. f(x) =x*—x, (~1,0)
s (—1,0) ddhdll die uleal) Jaall dlales (1

y=m(x+1)
x=-1 dc allall daiia QSJLWSJ x=-1 muﬁw\d-‘-“@ m (2

Fr) W ASde g (3
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fl(x) =3x%2-1
m=f'(-1)=3(-1) -1=3-1=2
the equation of the tangent line is
y=2(x+1)=2x+2
28.Suppose f and g are functions of x that are
dif ferentiable at x = 0 and that
f(0)=5,f(0)=-3, g0)=-1,and g'(0) =2
Find the values of the following derivatives atx = 0
Oy x=0 e GEEN AL Wil 5 x uiall Jisa g 5 f o gasd) 28
f(0)=5,f(0)=-3, g0)=-1,and g'(0) =2
x=0 e 45Y) Claiial af ax
a.(fg)'(0) = f'(0)g'(0) = (=3)(2) = -6
b (1) @ = LQU O - SO 19 - 5@

g (9(0))2 GE
_3-10
-
(g)’ ) - [ @@ = gOf'(®) _5@) = (D)
AV (F(0))2 - 52
~10-3 7
25 25

d.(7g = 2£)"(0) = 7¢g'(0) = 2f"(0) = 7(2) = 2(=3) = 2
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29. Suppose f and g are functions of x that are
dif ferentiable at x = 3 and that
fB)=4,f'G)=-6, gB)=2,and g'(3)=5
Find the following
Ol x=3 e GEAN AL Wil s x il dlsag 5 f of pad) 29
fB)=4,fB)=-6, gB)=2,and g'(3)=5
bl 2l

a.(f+9)B)=fB)+g'B)=-6+5=-1

b.(f9)'(3) = f(3)g'(3) + g(3) f'(3) = 4(5) + 2(-6)

=20—12 =28
i\ . 9B BN -fB)('B3)
(5) ® = PO
2(—6) — 4(5) —32
- 22 =5 8

f\N,... F=9BfB-fBAUFf-9'3)
d. (f—g) (3) = (f(3)—g(3)?

(3 -g@)=6)—4(f'3) —g'B3))

- (4 — 2)2
_(4-2)(-6)—4(-6—-5) —12+44 32
B 22 B 4 4
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In Exercises 30 — 33 find x-coordinates points where the
tangent line to the graph of the given function is horizontal

Laall ()5S laxie il adl JSlaaY) bls aa sl 33 — 30 o kel
Ll 3Uamal) all ana )} bl

0 st alie O g1 x sl Hse il ol 881 el ()5S

0 5 sbesd AT ()3S Laie A Llall ) Slaay) s bl

. x
30.f(x) = 711
;o @+ 1)(5) —5x(2x)
f1x) = (2 +1)? =0

(x2+1)(5) —5x(2x) =0,5x2+5—10x%2 =0
,—5x2+5=0,5(—x*+1)=0,—x*+1,x*=1,x=+1

The x-coordinates points where the tangent line to the graph
of the given function is horizontal are

X=1 ,x=-1

x=-1 dic 5 x=1 e 8 i oS Galaall Of TV g o ) Sl
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bl 3yl g ] an b 1 b gl poia
Aol dalll ) Jas

591 692 )

0l Bayo |

r“‘JJ‘CM| 7’-255]|L]i5m6~“|

Tago ALl

31.f(x) = x? —x — 11

1
flir)=2x-1=0,2x=1x=

2

The x-coordinates points where the tangent line to the graph

of the given function is horizontal is

N =
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32.f(x) = (x + 2)(x? — 2x — 8)
fl)=@x+2)2x—2)+ (x?*—-2x—-8)(1) =0
2x%2 —2x+4x—4+x*—2x—8=0

3x%2—-12=0,3x*=12,x°=4,x = +2

The x-coordinates points where the tangent line to the graph
of the given function is horizontal are

X=2 , x=-2

33.f(x) = x3 — x?
fr(x)=3x2_2x:(),x(3x—2)=0,x=0 3x—2=0

The x-coordinates points where the tangent line to the graph
of the given function is horizontal are
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34.Find all points (x,y)on the graph of f(x) = x* with
tangent lines passing through the point (3,8)

(3,8) Akl i el baghad

ffix) =2x, m=f'(3)=6
y=6(x—3)+8=6x—18+8=6x—10

35. Find equations for the tangent to the curve
y =x3 —4x + 1 at the points where the slope of

the tangent is 8

dg,nl:&i.//.ﬁcy:xS—Ll.x{—]_ qs_aﬂww\a‘qua;j
8 mleal ia (5%

f'(x) =3x%2—4, 3x2—4 =8,3x—-4 —-8=0
=3x%2—12=0,3x*>=12, x> =4,x =42

y=8-8+1=1, y=-8+8+1=1
y=8x—-2)+1, y=8(x+2)+1
y=8x—-16+1=8x—15
y=8x+16+1=8x+ 17
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2
36.Let f(x) = §x3 + x%2 —12x + 6 .Find the values of x

for which
a. f'(x)=-12 b.f'(x) =0 c. f'(x) =12

ledal o (A X o 2 f(x)=§x3+x2—12x+6 oSl
a. f'(x)=-12 b.f'xX) =0 c. f'(x) =12

f'(x) =2x%+2x — 12
a. 2x*+2x—12=-12, 2x2+2x=0,x(2x+2) =0

—2
, x=0 or 2x+2=0, x=7=—1

b.2x?2+2x—-12=0,x2+x—-6=0,(x—-2)(x+3)=0

x=2o0r x=-3

c. 2x°>+2x—12=12, 2x%>+2x—24=0
x>’ +x—-12=0, (x—3)(x+4)=0

x=3o0or x=—4
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37.Find the point(s)on the graph of the function
1
f(x)=2x+ < at which the slope of tangent line is — 2

e Al f(x) = 20— Al (m) nio o Sl LD 2 f
2 s Cleall Badll Jue oS

, x(0) — 1(1) 1
flx) =2+ > =2__x2

1 1 . 1 1
Z—P_—Z,—F——él-,x =Z,x=iz

_1
2
, 1 1
the points are (—),3) , (—=,—3)
2 2
38. Solve the equation ~+~ = 6 d find &
.Solve the equation — - for yand fin Ix
B gy ydalom 24l= 6 dad Ja
dx x Yy
1+1_61_6 1 6x-1  «x
x y 'y x x 7 ex—1
dy (6x—1)(1)—x(6) 6x—1—-6x -1

dx (6x — 1)2  (6x—1)2  (6x —1)2
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39.Find the values of a and b if the tangent to
y = ax? + bx at (1,5)has slope 8

8 $(1,5) xc y = ax? + bx Al Lledl Jae JS13) b 53 aff 2l
5=a(1®)+b(1),a+b=5

d
d—izZax+b,2ax+b=8,2a(1)+b=8,2a+b=8

a+b=5,2a+b =28
a=5-b,2(5—-b)+b=8,10—2b+b =8
—b=-2,b=2, a+2=5a=3

40. Determine whether f(x) =<

is def ferentiable at x = 1 or not

f'(x)=3x*, f'(1)=3(1%*)=3 ,x<1
flx)=4, fl(1) =4 x <1

3 # 4 so f(x)is not def ferentiable at x = 1
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)
ax’+b x < -1

41.Find a and b given that f(x) =<

bx®> +ax+4,x>—1

\
s everywhere continuous

lim ax?+b=a(-1)>+b=a+b

x—-1

lim bx°* +ax+4=b(-1)>—a+4=-b—a+4

x—--1

a+b=—-b—a+4, 2a=-2b+4, a=-b+2

ffl=2ax  ,f'(-D=2a(-1)=-2a ,x<-1
f'(x) = 5bx*+a,f'(=1) = 5b(-1)*+a=5b+a,x
> —1

5
—2a=5b+a,-3a=5b,a=—=>b

3
5 5
a=—b+2,a=—§bso —§b=—b+2
_Eb_|_b:2 _5b+3b:2 _—2b=2 —2b =6
3 ’ 3 "3 ’
6
,b:=j:§:='—3

b=-3, a=-b+2=—-(-3)+2=3+2=5
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42.Use product rule to show that

d

—|(F@)’| = 2r0r' @

(F)" = (FO)F ()

d 14 14 14
—[(fF@)F@)] = FEf @) + FOOF' (@) = 2f (Of ' (x)

43.The position of a particle is given by
s(t)=t3—45t*2 -7t ,t >0
where t is measured in seconds and s in meter
When the particle reaches a velocity of 5m/s
Abadly (hare (5 aBe
s(t)=t3—45t2 -7t ,t >0
el 5 AL ddae t G
(Al (2 s 5)5m/s A ol Ao dai S
v(t) =s'(t) =3t? -9t —7
3t?—9t—7=5,3t*-9t—12=0,t*-3t—4=0
,(t—-DH(t+1)=0, t=4ort=-1
soonlyt =4 becauset = 0
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44. A particle moves according to
s(t)=t?>?—6t+9 ,t=>0

where t is measured in seconds and s in feet
a.Find the velocity of the particle at time t

b.What is the velocity of the particle after 2 seconds?

Aabeal) sy (5 5a & jady

s)=t>—-6t+9,t=0
pulhs 5 Al duliet Cus
t o)l die allde pu angl (a

Al 2 e ax sl de s ale (a

a. v(t)=s'(t) =2t—6

b. v(2) =2(2) —6=—2 77777
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Section 2.3

Ul 4 185 5184 4sia Exercises (2.3 ) ool da

1. — (sinx) = cosx , 2. —(cosx) = —sinx ladas
7, (Sinx) 7 (€05 X)
d d /sinx CoS xcos X — sin x(— sin x)
— (tanx) =—( ) = >
dx dx \cos x (cos x)

cos®x + sin’x 1 ,
= = = Sec™Xx

(cos x)? (cos x)?

3. — (tanx) = sec?x

7, (anx)

cosx sinx(—sinx) — cosx(cos x)

o t = =
dx (cotx) sin x (sin x)?
_ —(sin®x +cos®’x) -1 ,
B (sin x)? ~ (sinx)? et
4, E(cotx) = —csc?x
d d 1 cosx(0) — (1)(—sin x)
—(secx) = —( ) =
dx dx \cos x (cos?x)

sin x sinx 1

= tan x secx

~ (cos?x)  cosxcosx

5. T (sec x) = tanx secx

d d 1 sinx(0) — (1) cosx
—(cscx)z—( - )= . _

dx dx \sin x sin x sin x
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— COS X —cosx 1
= — . = — . = —cotxcscx
sinx sin x sinx sinx

6. —(cscx) = —cotxcscx
dx( )

sin®x = sinx sinx = (sinx)? S B Y

d
In Exercises 1 — 20 find d_ic,

l.y=xcscx

dy

T x(— cotxcsc x) + cscx(1) = cscx(1 — xcotx)

2.y = cotx cscx

dy 2
Tx = cotx( — cotx cscx) + cscx( — csc“x)

3:

= —cscx cot?x — csc® = —cscx(cot?x + csc?x)

1 (coszx+ 1 ) cos’x + 1

sinx \ sin2*  sin2* sin3x

3.y =x(1 + secx)

d
% = x(tanxsecx) + (1 + secx) (1)

= xtanxsecx +secx + 1
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tan x

4. v =
Y X

dy x(sec’x)—tanx(1) xsec’x —tanx

dx x? X2
S secx
RAR
dy (x—1)(tanxsecx) — secx(1)
dx (x —1)?
_secx[(x —1)tanx) — 1]
- (x —1)2
S csCx
Y~ anx

dy tanx(— cotxcscx) — cscx(sec?x)
dx tan?x

—tan x cotx cscx — csc XSBCZ.X'

tan’?x
—(1) cscx — cscxsec?x cscx(1 + sec?x)
tan’?x tan’?x

cotx

7.y =

- 1+cscx
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dy (1+csc x)(—csc?x) — cot x(— cot x csc x)

dx (1 + cscx)?

—csc?x (1 + cscx) + cot?x cscx
B (1 + cscx)?

—csc?x (1 + cscx) + (esc?x — 1) cscx
B (1 + cscx)?

—csc?x(1 + cscx) + (cscx — 1)(cscx + 1) cscx
B (1 + cscx)?

—csc?x + (cscx — 1) ecscx
B 1+ cscx

—csc?x + csc?x — cscx cscx
B 1+ cscx ~ 1+4cscx

o) 223 58 dadia LUK lai)

csc?x =1 + cot?x

8. y=x%cosx —4sinx

dy _
i x“(—sinx) + cos x(2x) — 4 cosx

= —x2sinx + 2xcos x — 4 cosx

—x?sinx + cos x(2x — 4)

dy
9.v = sin’x + 2x=1,—=0
y = sin“x + cos“x 7
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(x*+1)cotx  (x*+1)cotx

1()'y:3—cosxcscx_3_cosx _
sin x
(x2 + 1) cotx
~ T 3—cotx
dy [(x*+ 1) cotx] dy[ x*+1 ] dy[ cotx
dx | 3 —cotx ]zdeS—cotx] dx[3—cotx]

dy[ x*+1 ] _ (3 —cotx)(2x) — (x* + 1)(csc?x)

dx |3 — cotx (3 — cotx)?

dy[ cotx ] _ (3 —cotx)(—csc?x) — cotx(csc?x)

dx |3 —cotx (3 — cotx)?

(3 — cotx)(2x) — (x% + 1)(csc?x)

let a =
eta (3 — cotx)?
_ (3 —cotx)(—csc?x) — cotx(csc?x)
’ B (3 — cotx)?
dy
hCA b
e (@) (b)
11y = sinxsecx Sinx(g55y)  tanx

14 xtanx 14+xtanx 1+ xtanx

dy (1+ xtanx)(sec®x) — [tanx{(xsec’x) + tan x}]
dx (1 + xtan x)?
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(1 + xtan x)(sec?x) xtanxsec?x + tan®x
(1 +xtan x)? (1 + xtan x)?

sec?x + xtan sec?x — xtanxsec?x — tan®x
(1 + xtan x)?

, , 1 sin’x 1 — sinx
_secx— tan”x _ cos?x _ cos?x _ coS?%x
(1+xtanx)? (1+xtanx)? (1 + xtan x)?

cos’x
_ cOS%x _ 1
(1+ xtanx)? (1 + xtan x)?

sinx Sinx — cosSx
12.y = tanx — 1 _ cosx  — _ COSX
secx 1 1
CcOSX CcOSX

SinXx — coOSX COSX _
= = Sinx — cosx
COSX 1

d
d_ic] = cosx — (—sinx) = cosx + sinx

3 . sinxtanx
13.y = x7’sinxtanx = ——5——
X
ay 5. . ) . 4
ik [sinx(secx) + tanxcosx] + sinxtanx(—3x~%)

dy x*[(sinx(sec’x) + tanxcosx)] — 3x*sinxtanx
dx x6
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x(sinxsec?x + tanxcosx) — 3sinxtanx

.X'4

sinx
COSX
x4

X (sinxseczx + cosx) — 3sinxtanx

xsinxsec?x + xsinx — 3sinxtanx

x4

sinx(xsec?x + x — 3tanx)

x4

14.y = xsinxcosx

dy

T x(—sin®x + cos?x) + sinxcosx(1)
= x(=sin’x + 1 — sin?x) + sinxcosx

= x(1 — 2sin®x) + sinxcosx = x — 2xsin’x + sinxcosx

15.y = tan®x

2 2tanx(sec?x)
dx

16.y = sec3x

dy

T 3sec?x(tan x secx) = 3tanxsec3x
X
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17.y = x%cosx

d
d_ic] = x%(=sinx) + cosx(2x) = —x?sinx + 2xcosx
18 1 — cosx
Y = "
dy x(sinx) — (1 —cosx)(1) xsinx— 1+ cosx
dx X2 B X2
sinx + cosx sinx coSx
19.y = = + =tanx +1
COSX COSX COSX
ﬂ = sec’x
dx
20 Xcosx + sinx  xcosx N sinx
Y= x%2+1 S x241 x241

dy (x% + 1)(—xsinx + cosx) — (xcosx)(2x)
dx (x2 + 1)2

(x? + 1)cosx — sinx(2x)
(x2 4+ 1)?

—xsinx + cosx  2x*cosx
x2+1 (x2+1)2

N COSX 2x%cosx
x2+1 (x?+1)?
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—xsinx + cosx N COSX 4x2cosx
x%+1 x2+1 (x2+1)2

—xsinx N COSX N cosx  4x*cosx
x2+1 x?+1 x?2+1 (x?+1)2

—XxSsinx N 2C0SX 4x%cosx
x2+1 x2+1 (x2+1)2

In Exercises 21-24 find the equation of the tangent line to the

graph of the function at the indicated point
Dbl Akl aie Al oyl Gelaall Jadd) Aalas a6l 24-21 o ladll 8
Ll
21. f(x) = si (” 1)
J(x) =sinx ,|{=,=
f 6 2
! I/ n n \/§
f'(x) =cosx m=f (g) = coS (g) ==

the equation of the tangent line is

V3 1
y=m(x—a)+f(a)=7(x—%)+§
_\/§ V31 1_\/§ —/37+6
RV AT,
V3 6 —\/3m
=—Xx+

2 12



22.f(x) = tanx, (%, 1)

() — cpp2 _ (M T\y2 _ 2 _
f'(x) = secx, m—f(4)—(sec(4)) = (W2)2=2
the equation of the tangent line is

y=m(x—a)+f(a):2(x_%)+ 1=2x—%+1

—T[+2_2 +2—7‘[
X 2

= 2x +

23. f(x) = secx, (g, 2)

T

n T
f'(x) =tanxsecx , m= f (g) — tan (g) sec (§)
m= V3(2)=2v3
the equation of the tangent line is

y=m(x—a)+f(a)=2\/§(x—%)+ 2

2+/3m 6 — 2/37
=2\/§X—T+2=2\/§x+ >

Vis
24. f(x) = secx — 2cosx, (§, 1)

f'(x) = tanxsecx + 2sinx
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m= f' (%) = tan (g) sec (g) + 2sin (g)

=\/§(2)+2§=2\/§+\/§=3\/§

the equation of the tangent line is

y=m(x—a)+ f(a) =3\/§(x—£3)+ 1
V3

3V3m
:3\/§x—T+1:3\/§x—\/§n+1

In Exersises 25 — 26 prove each formula

fapa S il 26-25 Cplall

25.— (cotx) = —sec?x
dx

cosx sinx(—sinx) — cosx(cos x)

—_ t = =
dx (cotx) sin x (sin x)?
_ —(sin®x +cos®’x) -1 ,
B (sin x)? ~ (sinx)? cse X
26.— = — t
I (csc x) cscxcotx
d . d ( 1 ) _sinx(0) — (1) cosx
dx (escx) = dx \sinx/) sin x sin x
— COS X —cosx 1
= = = —cotxcscx

sin x sin x sinx sinx
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27.A particle moves according to the position function

cost
S(0) = ——

Where t is measured in seconds and s in feet, Find the
instantaneous velocityatt =m

aBsall Ay s (5 5 &

cost
S(t) =——
(1) ==
t= e Ldaalll de jull an gl | AlYL Aie s 5 b dulia t Cas
t(—sint) — cost tsint + cost
v(®) = 5'(0) = =S = - 2
tsin(m) + cos () 0+(-1) 1
v(m) = /() = - == /s

In Exercises 28 — 31, find the x — coordinate(s)
of the point(s) on the graph of the function at which

the tangent line has the indicated slope

s A sy el Il Al cldlaa) s 6 31-28 Golall 8
) il Jaall 41 (ulaall Taddl Laie

28.9(x) = x + sinx m=1
g'(x) =1+ cosx, 1+ cosx =1,cosx =0
3 5n

m 3T 5w T _TL’+
x—2,2,2,..., > > 2,...—2_nn
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29. f(x) = sinx , m=1
f'(x) = cosx , cosx =1

,x = 0,2m, 4w, 61 ....,— 21, —41w, —61T = +2nm

30. g(x) = cotx , m= —2

g'(x) = —csc?x
—csc?x = =2, ¢csc?x = 2 ,cscx = V2
T nm
X = Zi7 ,nis integer

31. f(x) = cscx m=20

f'(x) =—cotxcscx , —cotxcscx =0
cosx 1
cotxcscx =0, — — =0,cosx =0
sinx sinx
m 3m 5m T 31 51 n_l_
X== ,— ,— , . ,— — ,— ,— . =—t+nm
2 2 2 2 2 2 2

In Exercises 32 — 34 find all points on the graph of f(x)

where the tangent line is horizonal

058 e )y £ () Al ae o Sl LD S aa 34-32 o el
Gl ulal Jad
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0 (ssbon alaa () (imy 13¢h 81 Lulaall IS 1) 1 AdaaDle

32.f(x) = tan®x
f'(x) = 2tanx(sec?x), 2tanx(sec?x) = 0

sinx 1

,tanx(sec?x) =0, =0 ,sinx=0

COSX COS?%x

x =0,m 2m, 3m, ..., —n,—21w,—3m = +tnn
33. f(x) = 9sinxcosx
f'(x) = 9[—sin?x + cos*x]

—sin’x + cos’x =0,—sin’x+1—sin’x =0

. . . 1
2sin’x = 1,sin’x = — sinx = +—
V2
m N nm -
x=2+— nis integer
34, F(x) = COSX
Jx) = 2 + sinx
, (2 + sinx)(—sinx) — cosx(cosx)
fix)= —
(2 + sinx)
_ —2sinx — sin®(x) — cos®(x) —2sinx —1 _ 0
B (2 + sinx)? (2 +sinx)?
—2sinx — 1 =0,sinx = )
T
X =——+2nm,nis integer

6
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Section 2.4

QUsh 2 196 9195 5194 4sda EXERCISES (2.4) cnilaida

the chain rule alwlul) ;48

d dy d
if v=7f~w), u=g(x), then dic/ = dilt dz
d
or == "(9(0)g )

the general power rule  4slall 3 &l 5318
< (g())" =r(gx) )T‘l—d (g(x)
dx dx

d
or — ()" =7r(gt)) " (g'(x)

In exercises 1-30 find the derivative of the following functions
AN Jsall dsida 2 30-1 Geoladl

1.f(x) = 2x + 3)3

f'(x) =312x +3)%(2) = 6(2x + 3)?

2.f(x) = (x2 + 2x)°
f'(x) =5(x%+2x)*(2x + 2) = (10x + 10)(x? + 2x)*
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3.9(x) = (x°> — 10)%°

g'(x) =30(x>—10)?°(5x*) = 150x*(x> — 10)?°

4.h(x) = (x*> + 3x + 1)*
h'(x) =4(x? +3x+1)3(2x + 3)
= (8x +12)(x* +3x + 1)3

1 —2
5-f(t)=(1+t2)2=(1+t2)
— 4t
F1) ==201+t97(2t) = - (1+1t2°
6.9(x) = x:c—l ) g(x)=\/ﬂ:u% )
o +DO-x1) 1

g’(x)=%u‘%(u'(x))= 1( 1 )

2+u \ (x + 1)2

2

r+d Vx+1

B 1x ((x-l—ll)z): 23/} ((x-:l)z

u(x):x+1

)
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_\/m< 1 ): 1

Co2v NG DY 1y 1) 2
3 1 3 1 1

WE (x+1)z 2VESEFDI 2x(e+ D3
or

6.900) = |——= (D +1)77

1 1 _3 11 1
9@ =(x2) (~3G+ D D+ @+ D7 2G D)

() 1
- 3 T 1/ 1
2(x+1)2 2(x+1)7(x§)

o _ _
1 (xz) 1 1 | —x+x+1

— _|_ =

zm_ x+1 (x%) 2\/m_(x+1)<

1

1
C2VxJx+1)? 2¢/x(x + 1)3

1
x2)
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HOE (tz _ 2>2 (t(2t> o Gl 2)(1)>

8.f(x) = (x?+1)*V2x+1=(x*+1)2 2x + 1)%
1 2
f'lx) = (x* + 1) (g (2x + 1)_5(2)>

+(2x + 1)%(2(x2 + 1)(2x)

2 (x%+41)°
= = ( )2+ 4x(x% + 1)V2x + 1

3 2x+1)3

9.9(x) = (3x%+ 1)(2x — 1)3

g'(x) = Bx?+1)(3(2x — 1)?(2)) + (2x — 1)3(6x)

= (2x — 12[3(3x2 + 1)(2) + (2x — 1)(6x)]

= (2x — 1)?[18x% + 6 + 12x? — 6x]

— (2x — 1)2[30x2% — 6x + 6] = 6(2x — 1)2[5x% — x + 1]



75

10. g(x) = cos (x3)

g'(x) = —sin(x3) (3x%) = —(3x?) sin(x?)
11. f(x) = (1 + cos?x)°®

f'(x) = 6(1 + cos?x)>(2cosx)(—sinx)

= —12sinxcosx(1 + cos?x)>

12.h(x) = y/tan (x3) = (tan(x3))%
(3x?)
4(tan(x3))%

1 -3
h'(x) = Z(tan(x3))7(3x2) =

3 X
- 4 3 /(tan(x?))?
13.y = sec?(2x) — tan?(2x)

% = 2 sec(2x) (tan(2x) sec(2x)(2)
— 2tan(2x) (sec?(2x)(2)
= 16x%tan(2x)sec?(2x) — 16x%tan(2x)sec?(2x) = 0

14.h(6) = csc (g)
h'(0) = — cot (g) CSC (g) (%) = _% cot (g) es¢ <§>

15. f(x) = cos?(cosx) + sin?(cosx) = 1
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f'(x) =0

cos?(x) + sin?(x) =1 ~5Y

16. h(x) = sin ( sin(sinx) )

h(x) = sin(u) , u = sin(sin x)

h'(x) = cos(u) (u'(x)) ,u'(x) = cos(sinx) cosx

h'(x) = cos(sin(sinx) ) (cos(sinx) cosx)

17.f(x) = /x3 + (2x — 1)3
f(x)=3{/ﬂ=u%, u=x3+Qx—1)>3
f(x) = %u_% (W' (%), u'(x) =3x2+32x—1)%(2)

;oo uw(x) 3x*+6(2x—1)°
_ 3x*+6(Q2x—1)°
33+ (2x—1)° )2

1—8x\*
18.9(0) = (1 n 8i)
Lo 1=8x\’[(1+8x)(—8) — (1 — 8x)(8)
g'(x) _4<1+8x> (1+ 8x)?
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(1 — 8x)3 —8 — 64x — 8 + 64x]
1+ 8x (1 + 8x)?

(1—8x>3’ ~16 ]_ 64 (1—8x)3
1+8x/ l(1+8x)2]  (1+8x)2\1+8x

Il
N

Il
N

1-— 2u]3

19.F () = [1 +u

—_— 2 —_ —_ —_
Fru) =3 1 Zu] 1+w)(=2)—-1-2w)()

1+u (1+u)?

=3[ P =2 ] [
N 2u)?
(1+u)*

x +5\°
20.900) = (xz + 2)

x+5\/(x*+2)(1)— (x+5)(2x)
x% + 2) < (x2 + 2)? )

_2<x+5) x> +2—2x%—-10x
T \x2 42 (x?% + 2)2

_2(x+5) —x%? —10x + 2
T \x2 42 (x? + 2)?

g'(x) = 2(
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_ x+ 5\ (x?+10x — 2

T <x2+2)( (x2 + 2)2 )

21.g(x) = (2 + (x2 + 1)*)3

g'(x) =32+ (x* + DH?(4(x* + 1)°)(2x))

=32+ &%+ 1DH%(Bx(x%+1)3
=24x(x?2 + 132 + (x? + 1)%)?

22.f(t) = 3sec?(mt — 1)
f'(t) = 6sec(mt — 1) ((tan(mt — 1) sec(mt — 1)) (m)

= 6m sec(mt — 1) (tan(mwt — 1) sec(mt — 1)

23.f(x) = cos( (1 —2x)?)

= —sin( (1 — 2x)?)(2(1 — 2x)(=2)
= —sin( (1 — 2x)? )(—4(1 — 2x))
= 4(1 = 2x)sin( (1 — 2x)?)

24. g(t) = 2cot?(nt + 2)
g'(t) = 4 cot(mt + 2) (—csc?(nt + 2)(1))

= —4m cot(mt + 2)csc?(mt + 2)



25. g(x) = sin (tan(2x))

g'(x) = co s(tan(2x)) (sec?(2x)(2))
= 2co s(tan(2x)) sec?(2x)

26.g(t) = sec (% t) tan (; t)

g’(t)=SeC )( ;))
+tan<%)(tan( )sec( )(%)

<>sec< )+ <>sec< >m< )
e (31) (et (3) o ()

3

) _ sinx

7.f6) = (cos(Zx))

f'(x)

_ 3 sinx \* [ cos(2x) cosx — Sinx( - sin(2x) (2))
B (cos(Zx)) < cos?(2x) )

_ 5 ( sinx )2 cosxcos(2x) + 2sinxsin(2x)
" \cos(2x) cos2(2x)
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3 sin’x [ cosxcos(2x) + 2sinxsin(2x)
" cos2(2x) cos?(2x)

2sin? (cosxcos(Zx)+25inxsin(2x))
= 3sin’x

cos*(2x)

28.g(t) = cos®(4t — 19)
g'(t) = 5cos*(4t — 19)(—sin(4t — 19) (4))
= —20sin(4t — 19) cos*(4t — 19)

29. g(t) = cos*(sin t?)

g(t) = cos*(u), u(t) = sin t?,u'(t) = cos t%(2t)
g'(t) = 4cos3(u)(—sinu)u’'(t)

= —4ssin(sin t?)(cos3(sin t?))(cos t?(2t))

= —8tcos t%sin(sin t?)cos3(sin t?)

30. h(x) = sin3(cosx)
h'(x) = 3sin?(cosx) cos(cosx) (—sinx)

= —3sinx cos(cosx) sin?(cosx)
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In Exercises 31-40 find the equation of the tangent line to the
given curve at the given point

vie harall (anll) caiall Guleadl aall dales 2 5 40-31 o ladll 8
n Al Al

31.y = (2x + 1)°, (0,1) = (a, f(a))
dy

— =50R2x+ 1*() =10(2x + 1)*
dx

d
m = d—§|0 = 10(2(0) + 1)* = 10(1)* = 10

. . d .

the equation of the tangent line is

y=m(x—a)+f(a)=10(x —0)+1=10x+1

32y = a 2,—2
Y=gy 0 @)

dy (3—-x?)*)(1)—x(53—x*)*)(-2x)

dx (3 — x?)10

B =x®)*3—-x*+10x*]  9x*+3
B (3 — x2)10 B (3 — x2)6
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_dy _ 9@7+3 _ 39
P N C I L AN CE L

the equation of the tangent line is
y=m(x—a)+f(a)=39(x—2)—2=39%%—76 — 2
= 39x — 78

33.y=(x3—x*+x—-1)1%, (1,0

d
d_z =10(x® —x*+x—1)°Bx?*—2x+ 1)

dy 9
m=a|1=10(1—1+1—1) 3—-2+4+1)=1000)(2)

=0
the equation of the tangent line is

y=mx—a)+f(@=0x—-1)+0=0+0=0

34.y = (1+2x2)3,  (1,27)

d
d_z = 3(1 + 2x?%)?(4x) = 12x(1 + 2x2)?

dy
m = all =12(1)(1 +212)2=12(14+2)2 =12(9) = 108

the equation of the tangent line is
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y=m(x—a)+ f(a) =108(x — 1) + 27
= 108x — 108 + 27 = 108x — 81

35.y = cot?x , (%, 1)

2 cotx (—csc?x) = —2csc?xcotx
dx
dy L (T s 5
m=_ |% = —2csc (Z) cot (Z) = -2(2)%(1) = -4

the equation of the tangent line is

y=m(x—a)+f(a)=—4(x—%)+1=—4x+ T+ 1

T 2
36.y = cos(3x) , (Z' —7>

dy_ in(3 3) = —3sin (3
a_—sm( x) (3) = —3sin (3x)

dy _ T - (3m V2
m —a@ = —351n(31) = —mn(T) =-3 <7>

the equation of the tangent line is



y=m(x—a)+f(a)=—3(£>(x—z)—E

3v2 +3\/7n V2
2 T g 2

37.y = tan’x, (z, 1)

4
Y _
e 2tanx(sec?x)
d
m= d_ic] |% = 2tan (%) (sec2 (%)) =2(D(W2)?% =4

the equation of the tangent line is

y=m(x—a)+f(a)=4(x—%)+1=4x—7t+1

s
38.y = 2tan®x , (Z'Z)
d
% = 6tan®x (sec?x)
_Y, 2 (T 2 (T _ 2 2 _
m=_ |% = 6tan (4) sec (4) = 6(1)?(V2)% = 24
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the equation of the tangent line is

y=m(x—a)+f(a)=24(x—%)+2=24x—67r+2

1
39.y = (x24+1)72 (1,—)

4
W o o+ 1)-3(2x) = 2 4 1)-3
E——Z(x +1)7°(2x) = —4x(x* + 1)
_dy 2 ~3 _ 41
m=—"l=-4D(1"+1)7 =-427) =z =—5

the equation of the tangent line is

= m(r—a)+ f(@) = 5~ 1)+ 5=—3x 3+
y=m(x—a fa—zx 2= XT3t 7

B 1 +3
- T2Y Ty

T
40.y =1+ xsin(3x) , (5, 1)

dy :
— = x(—cos(3x) (3) + sin(3x)(1)
dx

= —3xcos(3x) + sin (3x)

m = % l% = —3cos (3 g) + sin (3 g) = —3cosm + sinm
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=-3(-1)+0=3

equation of the tangent line is

y=m(x—a)+f(a):3(x—g)+1=3x—n+1

In Exercises 41-44 find the x-coordinate of the point(s) at
which the graph of the equation has horizontal tangent line

obaall laall () anie Al Ll ) Saa¥) as sl 44-41 cp il
Casl sl inial

O &l a6 s 4l () a3 38 Tad g Alalaall il Gulaall Ll
T . L..Sjm e s S‘

41.y = x*(x — 1)3
Q=x2[3(x—1)2(1)+(x—1)3(2x)=0
dx

x(x—1)?(Bx+2(x—1))=0

x(x —1?GBx—-2)=0

x=0 or(x—1)*=0 or (5x—2)

2
x=0o0r x=1 orng

the x-coordinate of the points at which the graph of the
equation has horizontal tangent line are

:0, :1’ = —
X X X 5
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42.y = 2x + 1)%*(x — 3)3

% = (2x+ D?*(3(x = 3)*)(D + (x = 3)*(2(2x + D)(2)

= 2x+1)(x = 3)2[ 3Q2x +1) + (x — 3)(4)]

= (2x+1)(x —3)?[6x + 3 + 4x — 12]

(2x + 1) (x —3)?(10x—9) =0

2x+1)=0 or(x—3)2=0 or (10x—9) =0

1 _ 9
X = 5 or X = OT'X—lO

the x-coordinate of the points at which the graph of the
equation has horizontal tangent line are

1 . 9
S R T)

_(x+3)°

43.
Y X

dy x(2(x+3))—(x+3)2(1) (x+3)2x—(x+3))

dx x 2 x2
=(x+3)2x—x—-3)= (x+3)(x—3)=0

x=—-3o0or x=3
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the x-coordinate of the points at which the graph of the
equation has horizontal tangent line are

x=-3, x =3

24 _(1—8x)4

Y= 1+ 8x

dy_4(1—8x)3 (1 +8x)(—8) — (1 — 8x)(8)
dx \1+8x (1 + 8x)?
_4(1—8x>3‘—8—64x—8+64x]

~ \1+48x (1 + 8x)>2

B (1—8x)3' —-16 ]_—16(4)(1—8x)3
- \1+8x/ L(1+8x)2] (1 + 8x)5

=-16(4)(1—-8x)%=0,(1-8x)%= 0,

1—-8x=0 _1!
X = ,x—8

the x-coordinate of the point at which the graph of the
equation has horizontal tangent line is

x=§

45. Determine the point(s)in the interval (0,2m)at which

the graph of f(x) = 2cosx + sin(2x) has a horizontal
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tangent
Al Jsie e Al (0,277) 3%l 4 Al Llasl) saa
f(x) = 2cosx + sin(2x)

38 (alae 4l

f'(x) = 2(—sinx) + cos(2x) (2) = —2(sinx — cos(2x))
—2(sinx — cos(2x)) =0, sinx —cos(2x) =0

sinx — (cos?x — sin®x) = 0

sinx — (1 — sin?x — sin®x)

1 1
sinx — 1+ 2sin’x =0, sin’x + Esinx —5= 0

1 1
(sinx + 1) (sinx—z) =0,sinx+1=0 0rsinx—§= 0

1
sinx = —1 or sinx = —

_37‘[ m _(
x—z orx—6 orx =|(m

f(5) = 205 () s (2(3))

=2(0)+sin(37) =0+sint=0+0=0

(70)
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F(E) = 2cos (Z) +sin (25) =222 4 sin (5)

6 6 6 2 3
V3 2V3++3 3V3
=3t ==
T 33
%)

f(S_n) = 2cos(56—n) +sin(25—n) = 2_—\/§+sin(5—n)

6 6 2 3
—/3 -2V3-43 3v/3
=t ==
51 3v/3
(=23

46.Find all point(s)on the graph of y = sin*x where the

Tangent line has slope 1.

odadll Ll Je ladie il 5y = sin?x  paie e Al bl JS aa
1 55l
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dy . . . 1
Ix = 2sinxcosx ,2sinxcosx = 1,sinxcosx = >
X

T T 1 1 1
Sin(z)COS(l}) TT—E

T T+ 8nmr  9nm
x=Z+2n7t= 2 = 2
(5 51 1 1 1 1 1
S‘“(I)“’S(T)=‘ﬁ<‘ﬁ>=ﬁﬁ=z
51 5m+8nmt 13nm
x=T+2nn= 2 = 2

dy my 1 1
dx|n—sm (4)—55—

1
2

Onm

(T'_> , nis integer

dy 57 1 1 1 1 1
—|5n—5m2( )=— (——) = ==
d 4 V2§ W20 W22 2

3nmt 1 o
( ) , nis integer

47.In Exercises 47 — 48 use the position function to find

the velocity att = 2
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(Assume units of meters and seconds)

t=2 e dc juldl 2l ISl Ay a2t 48-47 ()l st

()il 5 eyl Clas g ) )

47.s(t) =+/t2+8 = (t* + 8)%

1 1 t t
v(H) =50 =7 +8) 2020 = (t? + 8)2 “ViZ+8

2 2 2 2 1
VE+8 V12 J3(4) 2V3 V3

v(2) =

m/s

1
48.5(t) = = 60t(t* + 1)2

60t
N
v(t) =s'(t) = 6Ot<%(t2 + 1)_%(2t)) + (t? + 1)%(60)

1 1
= 60t? ( (t?2 +1) E) + 60(t% +1)2
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v(2) = 60(4) 57 4+ 6052 = 60(%) + 60V5

=60 (= +5) = 60 (“2) = 2405

Section 2.5
CUsl) 8206 5 205 4sia Exercises (2.5) (nold

In Exercises 1 — 21 .Find dd
dx

using implicit dif ferentiation

dy
el GRS Lok %gw\ 21-1 kel b

X Afiie 3 8 (implicit dif ferentiation) el BELY) 3

—y J;j\_ay 49814 gm"kﬁﬂﬁd\.ﬂ\iyﬂ“"" 9

dx

1.x%+y=2xy

2x+(1)2—i}= 2<x<(1)%)+y(1))
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dy dy

2x+a=29€a+2y
dy dy
E—Zxa—Zy—Zx

dy 2(y—x) —2(x-y)
dx 1-2x —(Q2x-1)

dy B
a(l—Zx) =2(y —x),

_2(x—y)
2x — 1
2.x2=vy%+1
dy dy 2x «x
2 =2 , = = —
X Ydx ' dx 2y y

3.x%y + xy? = 3x

d d
D 2xy + 2xy—y+y2(1) =3

dx dx

dy dy

2 _7 _Z — 2 _ A2
X dx+2xydx_3 2xy —y

d

d—i:(x2+2xy)=3—2xy—y2
dy 3-2xy—y? 3-2xy-—y?
dx  x2+2xy  x(x+2y)

4.2x%* —y? =1



4x—2yd—y:O, dy=—4x=2x
dx dx =2y vy

5.(2x+y)* =y

2(2x+y)(2+%> =%

4(2x+y)+2(2x+y)%=%

2(2x+y)%—%= —4(2x + y)

Y e 1) = —4(2
a( 2x+y)—1) =—-4(2x +y)

dy —4Qx+y) = 4@x+y)
dx  2Qx+y)—1  4x+2y-—1

6.x2—y2x=1
dy
X (Y()+ Xy —
dy

Zx_yz_zx)’a=0

dy —2x+y? —-(Q2x—-y?) 2x-—y?
dx  —2xy  -2xy  2xy
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7.x3 —y3 = 6xy

dy dy
2 220 _
3x“ — 3y i 6(y + xdx)

dy dy
2 227 _
3x“ — 3y dx—6y+6xdx

dy
3x2 — 6y = (3y2 + 6x)—=
X y (y+x)dx

dy 3x*—-6y x*-2y
dx 3y2+6x y2+2x

8. x’y+3xy>—x=3

d
2xy+x2d—z+3(3xy2+y3)—1 =0

d
2 = —3@Bxy?+y3) +1-2xy

x

d
xzd—z= —9xy? —3y3 —2xy + 1
dy —9xy*—3y°—2xy+1
dx x?
.01+xy =y
1+ xy =y?

d dy
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Ly — = —

xdx Y dx Y

dy

—(x —2V) = —

o (x — 2y) y

dy —y —y y

dx x-2y —(—=x+2y) —x+2/1+xy

10. tany = 3x*?

d
dx

dy 6x

sec?y

dx sec?y

11.cos(xy) = x

in( )( v, )—1
sin(xy) (x——+y) =

. dy .
—xsin(xy) i ysin(xy) =1

dy 1+ ysin(xy) 1 ysin(xy)
= , =— — +—
dx —xsin(xy) xsin(xy) xsin(xy)
csc (xy) N y  y+csc(xy)
B b x X

12. 2siny = (x + 1)?
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d
ZCosyd—i: =2(x+1)

dy 2(x+1) x+1 X 1

= = = + = xsecy + secy
dx 2cosy Cosy  cOoSy coSsy
=secy(x+1)

13. xsiny + ysinx = 1

dy . . _dy
xcosya + siny + ycosx + Smxa =0

ay

d .
XcoSsy ﬁ + sinx ix

= —SIiny — ycosx

d_z (xcosy + sinx) = —(siny + ycosx)

dy  siny +ycosx

dx xXcosy + sinx

14. (x+1D*+(y—2)*=9
2+ D +20 -2 =0
x Y dx

dy — 2x+1) x+1
dx  2(y—=2) y-2

1

1
15 Vx+,Jy=1, xz2+yz=1



1 _%_I_l _%dy_o
2% TTY Tax T
1 _1 1

dy %%  yz \/§_ \F

- ==Y = S
dx %y‘i ‘2 % X

1

16. x = sec(2y) , X=—-=, xcos(2y) =1

~ cos (2y)

X (— sin(2y) (2) %) + cos(2y) =0

dy
—2xsin(2y) == = — cos(2
xsin(2y) 7 cos(2y)

dy  cos(2y) _ cot(2y)
dx 2xsin(2y)  2x

1
17. J1+cos?y =xy , (1+ cos?y)z = xy

1 _1 dy dy
— 2 2 —g] —_— )= —
7 (14 cos“y) (2cosy( siny) dx) X +y
_1dy dy
—Si 1 2 22— — Y — =
sinycosy (1 + cos“y) X =Y

dy

1
Tx (—Sinycosy (1 + cos?y)”"2) — x) =y
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dy y

dx : N
sinycosy (1 + cos?y) 2+ x
_ Y _ y
= , = T
STYEORY Tt x sinycosy + x(1 + cos?y)2

1+ cos?y)2 1
(14 cos®y) (1 4+ cos?y)?2

1
y(1 + cos?y)2

1
sinycosy + x(1 + cos?y) 2

v 1+ cos?y
sinycosy + x./1 + cos?y

18.x + y? = cot (xy)

d d
1+ Zyd—i/ = —csc?(xy)(y + xd—z

d d
1+ Zyd—z = —ycsc?(xy) — xcsc?(xy) d_ic]

d d
Zyd—i: + xcscz(xy)d—z = —ycsc?(xy) — 1

d
d_ic] (2y + xcsc?(xy) ) = —ycesc?(xy) — 1

dy  yesc?(xy) +1
dx 2y +xcsc?(xy)
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Xy
x?% + y?

19. =x+1

(x? +y2)< dy +y)—xy(2x+2yzg)

(xZ + yZ)Z

d
x(x? + yz)d—z + y(x? + y?%) — 2yx? — 2xy Ix

(XZ + yZ)Z

dy
o (x(x* +y*) —2xy*)
=2yx* —y(x® +y?) + (x* +y?)’

dy 2yx*—y(x*+y*) + (x*+y?)?
dx x(x? + y?) — 2xy?

_ 2yx? —yx? — y3 + (x? + y?)?
x(x? +y?) — 2xy?

B yxz — y3 + (x2 + y2)2
x(x? +y? = 2y?)
y(x? —y*) + (x? + y?)?
x(x? —y?)
(x* +y%)?
x(x? —y?)
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5
20.(2x2 +3y3)z = x

5 3 dy
— 2 22 4 —):1
2(Zx + 3y“) <x+6ydx

3 3 d
10x(2x2 + 3y?)z + 15(2x% + 3y2)§d—i} =1

2 22 &Y _1_ 2 2y5
15(2x“ + 3y“)2 o 1—10x(2x= + 3y“)2

3
dy 1-10x(2x*+3y?)2 1 N 2
- 3 - 3 T o
dx 15(2x2 + 3y2)2 15(2x2 + 3y2)2
5  5-2 3
2 22
1 1
21.-+-=1
Xy

JORIOIOMN y(0) — (1) % 0
2

x? y
dy dy
L dx_gg _dx_1
x2  y2 T2 T x2
dy  y?
dx  x2

In Exercises 22-30, find an equation of the tangent line at the
given point.
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sUasall Adadill die ulaall Jaadl dlales 2a 5l 30-22 ookl &

22.x3y% = =3xy ,(—1,-3)
dy dy
390 2 2.2 _ _
X ydx+y 3x 3(x—dx+y)

d d
2yx3 it 3y%x? = 3 3y

dx dx
dy dy

i 7 — _ 2.2
VX dx+3xdx 3y —3y“x
d
d—z(yxg + 3x) == —3y — 3y°*x?
dy  3y+3y°x?
dx  yx3+3x

_dy _ 3(=3)+3(35)(-1?
m=lc-s = 3(=1)3 +3(-1)

o —9+27(1) 18 _ 3

-3-3 -6

3 5 (-1,-3) kil die ubadl Tadl) (i

@ 3 sl g alie 53l (-1,-3) Akl vie ulaall all dldlas

y=m(x—a)+f(a) =3(x—(-1)) + (-3)
=3x+3—-—3=3x

23.x2—4y3=0, (21)
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_12v2 Y 0 _q12v2 ¥ o, W _ X
2x — 12y dx—O, 12y - Zx,dx o
_dy __2 _
= axlen = 6(12)

Wl =

m
% s (2,1) Al sie Gubadd) Tl Je

o § 20all 58 alia 5315 (2,1) Akl die (ulaall Jadl) Aslaa

1 1 2
y=m(x—a)+f(a)=§(x—2)+1=§x—§+1

11
—3*T3

24.x* = 8(x* —y?) , (2,—V?2)

d
4x3 = 8(2x — Zyd—i}

dy
4x3 = 16x — 16y —
X X Y2
d
16yd—2;=16x—4x3

dy 16x—4x> x x°

dx 16y y 4y
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dy 2 (2)3 2 2

2 2

V2 V2

0 s (2,—V/2) ahiill die Luladdl Jadll Jue

G 0 2aell g ale sdlly (2 —/2) Al vie (uledd) Jadll dales

y=m(x—a)+f(a)=0x—2)—V2=—/2

25.x% = 4(x* —y?) (1,?)

dy
4x3 = 4(2x — 2y —=
X ( ydx)

dy
4x3 = 8x — 8y —
X X ydx

8y%sz—4x3
dy_8x—4x3_£_x_3
dx 8y y 2y

dy 1 1 2 1 1
m=al(1§)=§—2§=\/§—ﬁ=\/§

1

V3

S (1,% 3t vie pladdl Lall e
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ol e (1,% Akl e ulaal) Jaall Aolas

1
y=ml-a)+f@ ===+

1 V3 X

V3

—2+3 X 1

X
V3 Vi 2 V3l

o) -

23 V3 23

2

2x  2ydy 2ydy x

16 9 dx "9dx 8
dy_x9_9x

dx 82y 16y

_dy ~9(-5) _9(-5) 5
e D 409 4

dx '(=57) 16 (%)

_5 9 o .
— —5 ) akal) a Laall Jaall

A 2 s el (—5,2) ARl v ued) Ba) Al

y=m(x—a)+f(a)=_75(x+5)+

9
4



4 4 4 4 4 4
2 2
y

27. —+—=1 ,(1,2

> T3 (1,2)

d d 4 4x
-I—X—y:(), —yz—x—z——

4 dx dx y y

dy 4
mEglan =T 72

—2 s (1,2) il sie el laall Jue
G -2l sl iy (1,2)  Adadll die (uledl baall dalas

y=m(x—a)+f(a)=-2(x—1)+2=-2x+2+2
—2x + 48.

2 _1 1
2 ;+2 ;dy dy 3x 3 y3 VY
X y T T 1= "1 T3
3 3 dx dx %y_§ o3 Vx
d 1 1

y
m = —| _ -
dx ' (73V3D) 1
J—27n (27

— L (=V27,1) ikl i ued) adl) Jae
(27)6

o — }mad.mt;q&\j (—V27,1) daail) vie ulead) ball ddalaa

1
6

(27)
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y=m(x—a)+f(a) =— ! -(x+/27)+1

(27)6
X 1 1 X 1
—W—272 6+1=—W—273+1
X X
=—W—3+1=—W—2

29.y?=x32-x), (L1)

y? = 2x3 — x*

d d 6x2 — 4x3 3x?% —2x3
2y—y=6x2—4x3, Y = —
dx dx 2y y

1 (1,1) il die  uleall badll Jse
or 1 2l g alu iy (1,1) Al vie Guleall bdll dldlas

y=mx—-a)+f(@)=1x—-1)+1=x—1+1=x

30. Z(XZ + yz)z = 25(x2 — yz) ) (3,1)

d d
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dy dy dy
3 2 2 327 _
8x° + 8x ydx + 8y“x + 8y I 50x — 50y I

d
d_ic] (8x2%y + 8y3 + 50y) = 50x — 8x3 — 8y?x

dy 50x —8x® —8y’x
dx 8x2y+ 8y3 + 50y

_dy ~ 50(3) —8(27) - 8(1(3)
T dx'GY T 8(9)(1) +8+50
_150-216—-24 -80 8

B 72 + 58 130 13

_1;83}5 (3,1) il vie (uladl) badl) i

b —1—83 o ale g (3,1)  adaiill die Guladl) Jadl) Asbae
=m0t = )+ (@) =~ (1= 3) + 1 = — 2 4 2
y=mx=a)y+jla)=-33k T 13713

In exercises 31-32 find the points at which the graph of the
equation has a horizontal tangent line

38 (alai ad Al dalaal) Jiaie ladie ) alail) aa ol 32-31 o ladll 8
31 25x% + 16y2 + 200x — 160y +400 =0

dy dy
50x + 32ya + 200 — 160a =0

dy(32 160) = —200 — 50
dx Y B x
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dy —200-50x
dx 32y—160

200

—200 — 50x , =———=
X X 20

3kl A aail -4 22ally x (e Aalaall 3 (ya sad Y]

25(—4)% + 16y2 + 200(—4) — 160y + 400 = 0

400 + 16y% — 800 — 160y + 400 = 0

16y2—160y =0, y(16y —160) = 0

160
y=0o0r 16y—160=0 ,y = —

(—4,0) , (—4,10)

32. 4x* +y? —8x+4y+4=0

dy dy
8x+2y——-8+4-—=0
X+ ydx T dx

dy
2y +4)=8-
dx(y ) =8—8x

dy_8—8x_0
dx 8—-8x '’

8—8x=0,

=10
16

o bl 1)

x =1

kbl y dad aail 1 2aall x e Aaladl 8 (s Y

44+y2—8+4y+4=0, y>+4y=0

yy+4)=0, y=0or y=—4
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> bl 1)

(1,0), (1,—4)

33. Find all point(s)on the curve
x2y? +xy =2
where the slope of the tangent line is — 1
inid) e L auen 2l
x%y? +xy =2
-1 5 puleall ball oo dua

dy dy
2 2 _
X (Zydx)+2xy +xdx+y 0

dy
E(Zyx2 +x) = -2xy*—y

dy —2xy*-y )
dx  2yx2+x

—2xy? —y = —2yx*—x

2yx% —2xy* +x—y=0

2yx(x —y)+x—y =0

(x-y)2yx+1)=0

x—y=0o0r2yx+1=0
1

X=y or x=—5
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when x =y x?x’4+xx=2, x*+x*2-2=0
(x2+2)(x2 1) = 0

x?+2=0o0r x*—1

x*+2>2s0x*=1, x=+1

when x =1 ,x=1vy so y=1sothepointis (1,1)

when x =—-1 ,x=y so y=—1sothepointis(—1,—1)

b ] 1 22+( 1) _,
when x = 2y ( 2y y Zyy_
L2 1. 2 - * 2 luti

177 y > =2, 277 no solution

so points are (1,1) , (-1,-1)

34. Show that the equation of the tangent line tothe parabola
y? = 4px
at the point (a,b) is by = 2p(a + x)
bl Guladll Ladll lslas () ruiag
y? = 4px
by = 2p(a+x) < (a,b) 4ball xe
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ay _ _dy _4p _2p
Zya—ll-p ’ m_dx_Zy_ y
2p
y=m(x—a)+b=7(x—a)+b

y% =2p(x —a) + by

4px = 2p(x —a) + by ,because y* = 4px
by = 4px — 2p(x — a) = 4px — 2px + 2pa
by = 2px + 2pa = 2p(x + a)

Section 2.6

Sl ;9214 5213 4adis EXERCISES (2.6) (e

In exercises 1-16 find the second derivative of the given

function.
sUaaall Allall 000 Asiaa) aa ol 16-1 el b
d?y
17 r I
X or or
f(x) y dx?

1 f(x) =x" —2x*+x3+6x + 2

f'(x) =7x%—8x3+3x%2+6
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f"(x) = 42x> — 24x? + 6x

2. g(x) =x8 —2x>—3x%2 +1
g'(x) =8x7 —10x* — 6x
g (x) = 56x°—40x3 -6

3. h(t) =t24+1=(t*+ 1)%

1 1 1 t
RO =5 +1D)72@2) =t(t? + 172 =

1
(t2+1)2

(t2 +1)7 — (5 (% + 1)"2(20))
t?+1

hll(t) —

1 1
@+ Dzt + 1) 2
- t2 + 1

1 1
E+D)7(E+D - E+1)72(Q1)
t? +1 T t24+1
1 1

1 3
2+ D(2+1D2z (t2+1)2
O By

1 1 1 1
t*+D2= >+ D2+ D22+ 1) 2
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={t*+DI(t*+ 1) %

4. f(x) = /x2 +2x = (x2 + 2x)%

f'(x) = %(x2 + Zx)_TZ(Zx +2) = ox + 2

2
3(x2 + 2x)3

£ ()
3% + 22)3(2) — (2x + 2)( 3 2o+ 2x)3 (2x + 2))

4
9(x? + 2x)3

CER: Zac)_T1 ( 6(x%+2x)—20Q2x+2)2x+2)

4
9(x? + 2x)3

—1
_ (x* +2x)3(6x* + 12x — 8x* — 16x — 8)

2
9(x? + 2x)3

—1
_ (x*+2x)3(—2x* —4x - 8)

2
9(x? + 2x)3

CER: Zx)_Tl( —2(x%>—-2x—4))

2
9(x? + 2x)3
2(x% —2x —4)

5
9(x? + 2x)3
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1
5. g(x) = —Ex?’ ++/2x2%2 - 18

3
g'(x) = —Exz + 2v2x

6
g'(x)= —Zx+ 2v2 = —3x +2V2

11
6.h(x)=\/;—?{/9_c—2x=(x3)§—x§—2x

1 1 1 _2
h’(x)=5(x3) 2(3x2)—§x 3 — 2

N[ W

N[ W
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7.9(x) = ——

x—1
oy =DM -x1) x-1-x -1
g(x)— (x_l)z _ (x_l)z _(X—l)z
//( ) _ (X _ 1)2(0) - ((_1)(2(X - 1))
T (x— D)
2x =2  2(x-—-1) 2

T —DF x-DF  (x-1)3

1—x

1+ x

1+x)(-D - A—x)(1)
(1+ x)?

_—1—x—1+x_ —2

A+ x?2 (1 +x)?

(1+x)%(0) — (=2)(2(1 +x))
(1+ x)*

4 +4x 40 +x) 4

@A+t A+t (1+x)3

8.f(x) =

f'(x) =

fr@) =

3
9.9(x) = (1 - xV*

3 -1 3 b
g/ () =Z<1—x2>4<—2x)=—5< >

(1—x2)s
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3 ( (1-— xz)%) —x ( % (1- xz)_TS) (—2x) )

9709 = 2 (1- xz)%

1 x2 -3
3 (1-x)1) +5 (1227
(1 - x2)2

-3 X2

3 (1-x)F(A-x*+5)
Y 1
: (1-x2)2

X 2 2
=_§( 2 =_§ 2—x =§ X _2)
5
2 (1 —x2)4 4 (1 —xz)% 4 (1 —xz)%

10. h(x) = (x? — 2x7)3

h'(x) = g(x3 — ZxZ)%(Bx2 — 4x)

6 1
h'(x) = £ [ (x3 — 2x%)5(6x — 4)

+ (3x2 — 4x)%(x3 — 2x2)%4(3x2 — 4x)]

= g[ (x3 — ZxZ)%4 {(x3 — 2x%) (6x — 4) +% (3x?% — 4x)2}]
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6 l (x3 —2x2)(6x — 4) +% (3x? — 4x)? ]

7
> (x3 — 2x2)5

6 lS(x3 —2x%)(6x —4) + (3x? — 4x)2]
25 3 2\e
(x3 — 2x?)5

_30(x® —2x?)(6x — 4) + 6 (3x* — 4x)*

2
25(x3 — 2x?)5
11. g(t) = sin3(t)

g'(t) = 3sin?(t)cos t

g''(t) = 3[sin?(t)(—sint) + cost(2sintcost)]
= 3[ —sin3(t) + 2sintcos*t]

= 3sint[ —sin?(t) + 2cos*t]
12. f(x) = x*cos (2x)
f'(x) = x?(—sin(2x) (2)) + 2xcos (2x)

= —2x?%sin(2x) + 2xcos (2x)

f”(.X') — —2X2 COS(Zx) (2) + Sin(ZX) (—4-36)
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+2x(— sin(2x) (2)) + 2cos (2x)
= —4x? cos(2x) — 4xsin(2x)
—4xsin(2x) + 2cos (2x)

= —4x? cos(2x) + 2 cos(2x) — 8xsin(2x)

= 2 cos(2x) (—2x?% + 1) — 8xsin(2x)

1
13.9(x) = 1 — cos (3x)
’ - (—(— sin(3x) (3))) _ —3sin (3x)
g'(x) = (1—cos(3x))2 (1 — cos(3x))?

(1 = cos(3x))*( =9 cos(3x))
B (1 — cos(3x))*

9" (x)

(—3sin (3x)( 2(1 — cos(3x) (—(—sin(3x) (3)))
B (1 — cos(3x))*

~ —9cos (3x)(1 — cos(3x))?  18sin*(3x)(1 — cos(3x)
B (1 — cos(3x))* * (1 — cos(3x))*

—9cos (3x) 18sin”(3x)
(1 — cos(3x))? + (1 — cos(3x))3
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—9 cos(3x) (1 — cos(3x)) + 18sin?(3x)
(1 — cos(3x))3

—9 cos(3x) + 9cos?(3x) + 18sin?(3x)
(1 — cos(3x))3

_9(2sin*(3x) + cos*(3x) — cos (3x)
B (1 — cos(3x))3

14.7(t) = tan (t?)
r'(t) = sec?(t?)(2t)

r''(t) = sec?(t?)(2) + 2t(2sec(t?)tan(t?) sec (t%) (2t)

= 2sec?(t?) + 8t?tan(t?) sec?(t?)

= 2sec?(t?)(1 + 4t*tan(t?))

15.h(t) = (3t + 1)*
h'(t) =43t +1)3(3) =123t + 1)3

R (t) = 36(3t + 1)2(3) = 108(3t + 1)?
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16.f(x) =3¥2 —9x = (2 — 9x)%

-2

F) =5 (2~ 9%)'3 (~9) = ~3(2 — 9%)

2 -5
F00 = (-3)(-5) @ =907 (-9)

18

(2 — 9x)§5

In Exercises 17 — 22, find y'"
(A dsidal) an gl ) " an sl 22-17 el S

1
17.y =5t — 1 = (5t — 1)2

1 -1 5 -1
y =§(5t—1)2(5)=§(5t—1)2

5 =3 25 =3
y" = =2 (5t-1D2(5) =~ (5t = 1)

75 -5 375 -5
y'"'=—G6t-1)2(5)=—F7(5t-1)2
8 8
2
18.y = (x + 1)3

2 -1
y =g+1)s3
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—4

2
y'=—5 @+D3

8 =7
yIII:_(x+1)3

27
19-y T x—1
,  (x—1(0)-1(1) 1
B (x — 1) T (x—1)2
. =D20)-12(x-1) 2(x—-1) 2
- (x —1)* S (x—=1D* (x—1)3
b (—=1)3(0) —2(3(x —1)? 6
- (x —1)° T (x—1)*
) 3
0-Y=1_%
, 1-x)@)—-3x(-1) 3-3x+3x 3
- (1—x)? B (1—x)? _(1—x)2
., (1=x)2%0)-3(2(1-x)(-1) 6(1—x)
> (1—x)* _(l—x)4
_ 6
(1-x)3

b (1=x)°0)—6(3(1—x)%(-1) 18
Yo (1—x)¢ T (1—x)t
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21.y = sin (7x)

y' = 7cos (7x)

y'"' = 49(—sin (7x)

y'"" = —343cos (7x)

22.y = sin (x3)

y' = cos(x?) (3x2) = 3x? cos(x?)

y"" = 3x%( —sin(x3)(3x2)) + cos(x?) (6x)

= —9x*sin(x3) + 6x cos(x3)

y'" = —=9x*(cos(x3)(3x2)) + sin(x*)( —36x%)
+6x(—sin(x®)(3x2)) + cos(x?) (6)

= —27x%cos(x3) — 36x3sin(x>)
—18x3sin(x3) + 6 cos(x?)

= —54x3sin(x3) + 3 cos(x3) (2 — 9x°)

In exercises 23 — 28, find g''(2)
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2
23. g(x) = "

x(0) —2(1) -2

g == =5

. x2(0) — (—2(2x)) 4x 4
g"(x) = o, ===

oy A A1
9@ =3 =5=3

2x?

24.g(x) = =

oy (G=x)(4x) - 2x%(—1) _ 20x - 4x? + 2x?
9 (X) — (5 _ x)Z — (5 _ X)Z

_ 20x — 2x?

- (5—x)?

I ¢ —x)%(20 — 4x) — (20x — 2x%)(2(5 — x)(—1))
g'(x) = G0

45 - x)*(5—x) +2(20x — 2x*)(5 — x)

B (5 —x)*

4 40x — 4 x?

5 _x (5 — x)3

poon 4 40(2)—4(4) 4 64 12+64 52
S EPRRNCES R M I



126

25. g(t) = (cos(mt))2

g'(t) = —2(cos(mt)) ™3 (= sin(mt) (m)
= 2m sin(mt) (cos(mt)) 3

9" (x) = 2n[ sin(mt) (—3(cos(mt))~* (— sin(mt) (1) )
+(cos(mt)) ™3 (cos(mt) ()]

= 6m?sin?(nt)(cos(mt))™* + 2m?(cos(mt)) 2
g"'(2) = 6m?sin®(2m)(cos(2m))~* + 2m?(cos(2m)) 2
— 6m2(0)(1) + 272(1) = 272

sin (2r) =0 ,cos(2m) =1 Y

26.g(t) = xsin (g)

g'(t) = xcos (g) (Ox—2n> + sin (g) = _TH cos (g) + sin (g)

5@ == (=sin(B) (D)) +cos (O &

T\ —TT

+eos (=) (=

x/ " x?

-n? m T T\ T s
= ——Sin (—) + (—) cos (—) +—- C0S (—)
x? X x? X x? X
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2

9"@ =—sin (5) + (33) 05 ) + 77 o5 (3)

2 2

sin (g) =1 ,Cos(g) =0 8%
27. g(x) = x(1 — x?)3

g'(x) =x(3(1 —x»)?(-2x)) + (1 — x?)3

= —6x%(1 —x%)?+ (1 — x?)3

g"(x) = —6x?( 2(1 — x»)(-2x)) + (1 — x¥)?(—12x)
+3(1 — x2)2(—2x)
= 24x3(1 — x%) — 12x(1 — x?)?* — 6x(1 — x?)*

9" (2) = 24(8)(1 — 4) — 12(2)(1 — 4)* — 6(2)(9)
= 24(8)(-3) — 12(2)(9) = =576 — 216 — 108 = 900

(s + 1)?
s—1

28.g9(s) =
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s—D(2s+1D))-(s+ 1?1

g'(s) = G 17
s+ D(2(s-D-(G+1) (+D(—-3)
- (s — 1)? (s —1)2
5% =253
(s —1)?
vy (=122s—=2)—(s* =25 -3)(2(s - 1))
g'(s)= G_1°

_2(s—1)° (s*=25-3)(2(s—1))
G (s — D*

2 2(s? — 25 —13)
s—1 (s—1)3

2 2(4—4-3)
2—-1 (2-1)*

g9"(2) =
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In exercises 29 — 36, find y"’ by implicit differentiation

anall GEIY) Gk oo Y 2l 36-29 Gl

29. x2+y2=1

2x +2yy' =0 ,y’

2 2
30.x3+y3=1

2 -1 2 -1

—x3 +—v3 "=
3% 3V Y
-1 =1

x3 +y3y =0

X
yox-5 LI
yz
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: X3 y
Yy =——/S= 1
y 3 x3

y' =~ _
x3
2 -2 1
_ 1X3(y3y’_y3
) 2
3 o5
1y3y’_y3 1y3y/_y3
-3 2 2 —3 7y
3 x3x3 3 x3
2 1 1 2 1 1
= 3 1 =2 (3 1
- —— : _ = z
X3 x3
-2 1 11
y3y3-|1—x3y3 24 L
_1 X3 _ 1y3y3+x3y3
3 i T3 5
X3 X3
11
1 y3 y3
=3(Zz5+t7)
y3x3 X3

31 x4+ 6xy+7y%2 =38
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2x +6xy' +6y+2yy' =0
2x+6y  x+3y
6x+2y  3x+y

g Bx+y)(A+3y) - (x+3y)B+y’)
Y (3x + y)?

!

y:

!/

3x +y+9xy'+3yy' —3x —9y —xy' — 3yy
(3x + y)?

8xy' — 8y
(3x + y)?
x + 3y
8x(_3x+y)_8y
(3x + y)?
8x(—x —3y) —8y(3x + y)
3x +y
(3x + y)?

8x(—x —3y) —8y(3x +y)
- (3x + y)3

—8x?% — 24xy — 24xy — 8y?
(Bx +y)3

8x% + 24xy + 24xy + 8y*
(Bx +y)3

_ 8(x*+6xy+y?)  8(8) 64
B (3x + y)3 C Bx+y)3 Bx+y)s

s Alladl Jal Y




1 1
32Vx+.Jy=1, x3+y3=1
1 -2 1 =2
—x3 +=—v3y =
3x 3)/ y

-2 2
' X y3
Yy =T—== "2
y? x3

y = 4
x3
2
2 -1 43\ 2 -1
x3y3 (——2>—y3x3
_ 2 X3
- q 4
3 3
2 -1 2 2 2 -1
2 x3y 3 y3 +x3y3x3
— 9 6
3 3
21 21
2x3y3 + y3x3
-3 6
3 3

33.x +cosy =y

1—sinyy =y’
—sinyy' —y' = -1
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sinyy' +y' =1
B 1
Cosiny+1

!

y

, _ (siny +1)(0) — cosyy’
= (siny + 1)?

cosy siny +1

T (siny + 1)2

cosy
(siny + 1)3

34.2sin(xy) =1

2cos(xy) (xy'+y)=0
2cos(xy)xy' + 2cos(xy)y =0

P ycos(xy) _ oy
xcos(xy) X
. Xy =y
y - xz
Y\ _
_ x(-3)-v
2

—XxXy —xy 2xy 2y
x3 T X3 x2




134

35. 2tany = x

2sec’yy' =1
, 1
V= 2sec?y

v (2sec?y)(0) — 4secy(secytany)y’
= 4secty

 tanyy' tany(—zseczy)

sec?y sec?y
_ tany 1 . .. lsinycos*y
~ 2secty 2 Anyeos y ==y cosy
1 3
= —— siny cos°y
2
36. 2cosy = x
—2sinyy’ =1
, 1
Yy = 2siny
., 2siny(0) — 2cosyy’
B (2siny)?
2 1
COSy(ZSiny)

(2siny)?
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2cosy 2cosy  cosy

 (2siny)3 - 8sindy  4sindy

37.1f g is twice dif ferentiable function find

d” <g(x)> intermsg,g',9"
dx?\ x 7

a5l (4 ye BN ALE Ay g cailS 1)
d* (g(x)
dx?\ «x

g ’gI’gII U\Jﬁ-’

d(gx)\ _xg'(x) —gx)
dx\ x x?
d* (g(x)
dx?\ «x
X2 (xg" () + g'(x) = g'(0) — (xg'(x) — g(x)) (2x)
= -
_x%g"(x) —2x%g'(x) + 2xg(x)

x4—

_x?g"(x) —2x g'(x) +2g(x)
- =
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38.1f f(x) =x3 — x%2+ 6x —5, find an equation of the
tangent line to the graph of f' at the point p(1,7)
fX)=x3— x2+6x—5 <k
p(1,7) Akall aie £ an ) Gelaall Jadll dlalas aale
fl(x) =3x2—2x+6
f'(x) =6x—2
m=f"(1)=6(1)—-2=4

y=m(x—a)+fla)=4(x—-4)+7=4x—-16+7
=4x —9

2

39. If y = x*show thatxzd—x}zl— 12y =0

Zdzy _ R Y Y _ 4 - v .
xﬁ—lzy—O u‘ued‘ﬁy—x CuilS 1))

—— = 43 —= = 12x?

x? @ ookl

‘y
x? = 12x?%(x?) = 12x*

dx?
dZ
xzd_x}zl —12x*=0
dZ
x?—=—12y =0 becausey = x*

dx?
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1
40. If y = — show that x*y"” + 3xy' +y =0

X
2y”-|—3xy’-|—y =0 u\c_uh'\a y = % Cails 1)
. x(0) -1 1
T X2 x2
., —2x 2x
Y =TT a4 T s
5 . 2X 1
Xyl == x<—2)=2x( y') = —2xy
x%y" +2xy' =0

x%y" 4+ 2xy' + xy' = xy'

L2 . 1 1 1
ey =x(-2) = -1-() -

x2y" +3xy'+y =0

2

41. Evaluate [(2+1)d(1)]
Tcoaltuate dxz X dxx

£ 0 A

d
—(x%+1) =2x
dx
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dx?

a2 [d (1\] & (1
dx? |dx\x /)|~ dx3\x
d(l) -1

dx \x/)

d? (1 _2x 2
dxz2\x/]  x*  x3

d® (1\  -2(3x%) -6
dx3\x/]~  x6 T x*

el e Gl @ () -5

2 2

d
42. Evaluate TxZ [(1+ Zx)WG —x3)]

d
— (1 +2x)=2
dx

2

2 2 4

| A+ 20— G- = (075G -x%) =0
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43.The position of a particle is givem by the equation
s(t)=t*—4t—-1

where s is measured in meters and t in seconds

a) What are v(t)and a(t), the velocity and acceleration
of the particle at time t?

b) What is the velocity of the particle after 2 seconds ?

c) What is the acceleration of the particle after > second ?

d) When is the acceleration of the particle positive ?
Aslxally axs o552 Ao i o 5
s(t)=t*—4t—-1
Sl t YL dulie 5 Cus
Tt Gadll e eggall Alae yde sl a(t) 5 v(t) 05SSR L (a
$a08 2 Hym el dc yu Al (b

3

N | =

s e alldae Al (c
€ din e sl Alae (5G e (d
a) v(t) = s'(t) = 4t3 — 4
a(t) = v'(t) = 12t2
b) the velocity of the particle after 2 seconds is
v(2) =4(2)3—-4=32—-4=128m/s
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c) the acceleration of the particle after 5 second is

a(%) = 12(%)2 =12 G) = 3 m/sec?

d) the acceleration of the particle is positive when

a(t) =12t>>0,t>>0,t>0

LI s(8) = — (t* — 14¢° + 60¢2
44.1f s(0) = 5 (¢* — 142% + 60t?)

, find the velocity of the moving object when its

acceleration is zero.

A yaiall aall Gy aa i 5(2) = 1—10 (t* — 143 + 60t2) <uils 13
Jha gl allac (oS8 Ladie

1
v(t) = s'(t) = 1—0(4t3 — 14(3)t? + 120¢t)

1
a(t) =v'(t) = 1—0(12152 —14(3)(2)t + 120)
its acceleration is zero when

1%(121:2 — 14(3)(2)t + 120) = 0

12t —14(3)(2)t + 120 =0
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12t2 — 7(12)t + 12(10) = 0

t? —7t+10 =10

(t—2)(t-5)=0

t=2 ort=>5

its acceleration is zero when t=2 or t=5

the velocity of the moving object when its

acceleration is zero are

v(2) = 1—10(4(2)3 —14(3)22 + 120(2))

_ 1 (32 — 168 + 240) = 1 (104) = 104
10 10 10

or v(5) = 1—10(4(5)3 — 14(3)52 + 120(5))

1 1
= 1—0(500 — 1050 + 600) = 1—0(50) =5
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Section 2.7

QUsl) & 223 dsdia Exercises (2.7) (nol
the derivative of inverse functions 4wSall J)sall 48ide
1Y) A8kl

fOFH) =x o\

O iy @WidY) 8 (the chain rule ) wlud) ;58 aladiud 13

d o d
—[F(F1(0) = ()
FUEE 0 =1

1
' (x) = 1
F™0 = 560 (1)
A 2 )
Wy =f) oS4 y=f10) o=l
dy 1 dx ,
=@ and = f0)
(1) abeall AUl Aapall 355 (1) Ualaall A el uila o g2ty g
dy 1
dx - dx (2)
dy

In Exercises 1 — 3 use formula (2)

to find the derivative of f~1
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£ dmie aail (2) Aeal) aadiu) 321 o lalll 3

1.f(x) =2x3+x—3

let y=f"1(x)then x=f(y) =2y3+y—-3

= = 6y? +1

dy Y

dy 1 1

dx dx 6y2+1
dy

2.f(x) =2x>+x3 +x

let y = f~(x) then x = f(y) =2y° +y° +y

dx
— = 10y* + 3y%2 + 1

dy
dy 1 1
dx dx 10y*+3y2+1

dy
_ 7 5
3.f(x) =x"+x>+x

let y = f'(x) then x = f(N) =y" +y° +y
dx

— =7 6 4 1

& y° + 5y* +

dy 1 1
dx dx 7y5+5y%+1
dy
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Derivatives of inverse trigonometric functions

(217 Anda QUSY Hlai) ) AR J) gal) il Saa lEL

d = 1
a. E(sm x)=m —1l<x<1
b. i(cos‘lx)=—# ,—l<x<1
dx iox
d 4 1
C. a(tan x)=1+x2
d. %(cot‘lx)=— 1+1x2
d 4 1
e. E(sec X)Zx\/m , x| > 1
f. %(csc‘lx)=— x\/% , x| > 1

In Exercises 4-17 find the derivative of the function
Allal) ddidie ax ol 17-4 o )laill 8
4. f(x) = sec™1(3x)

i 4 B 1 B 1
dx (sec™(3x) = 3x/(3x)2 — 1 (3) = xV9x2 — 1

cos 1x
x+1

5.9(x) =
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1 _
d (cos™'x\ (x+1) (_ \/sz) —cos ™ x(1)
de\ x+1 ) (x + 1)2

_ —(x+1)—cosTrx(V1 —x?)

- V1 —x2(x + 1)2

_ G+ cosTx(V1-—x?)
B V1—x?(x+1)> V1—x?(x+1)?

1 cos 1x

_Vl—xz(x+1)_(x+ 1)?

6.f(x) = cot™1(Vx) = COt_l(x%)

d < t_l( %)) 1 (1 2

—| co x2))=— — (5 x

dx 1+ (x2)2 2
11 1

2 1+ x)(x%) 20 +0Vx

1

7.f(x) = xcos 1x — V1 —x2%2= xcos 1x — (1-— xz)i

df_ ( 1 )-|— _1 1(1 2)—71 )

ax =T o) e T )
X X

- + COS_lx + — = COS_lx

1— x? V1 = x2
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t

8. f() = %t 4 —t?+ 2sin™! (—)

)

2

1 1
= Et(4 —t3)2 + 2sin~ ! (

2

d 1 1 - 1
d_]; =S5 - tz)Tl(—Zt) + (4 — tz)%(f)
1 1
+2 &)

- 4-t)Z @t +

= + -

- =)
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2 — t? 1
= +

1
4 —t2)2 4 — t?
( ) .

= - _ :
(4 —t?)2 4‘2_t2 (4 — t2)2 V4 — t?
2 -t 2 2—t2+2  4—1t?

= _l_ — —
tor Va-r =0 4—eo

S @) -7 = (-2 = A— 1

9. f(t) = tan(sin~1t)
% = sec?(sin™t) \/5
- 1 1
cos?(sin~1t) 1 —¢2
~ 1 1
1 —sin?(sin~1t)\/[1 — t2
~ 1 1
1 —sin (sin~1t)sin (sin~1t) /1 — ¢2
1 1 1

T1-0OVI-e (- (2)(1 — ¢2y2
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1

3
(1—t%)2
.2 2 — 2 — _ . D v \}[
sin“x + cos*x =1 ,cos“x =1 — sin“x
Ol t s Qs sin (sin1t)=t s ) Ll s ala

sin (sin™'t) =t

10. f(x) = (csc(2x) + cot(2x) )*

df 1 3
F i (csc(2x) + cot(2x) )°(— cot(2x) csc(2x)(2) +
—csc?(2x)(2))

= % (csc(2x) + cot(2x) )3 (—2 cot(2x) csc(2x)
— 2csc?(2x))

= — % (csc(2x) + cot(2x) )3 (cot(2x) csc(2x) + csc*(2x) )

csc(2x)
2

— _ cscéZx) (csc(2x) + cot(2x) )3 (csc(2x) + cot(2x))

csc(2x)
2

(csc(2x) + cot(2x) )3 (cot(2x) + csc(2x))

(csc(2x) + cot(2x) )*
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11. f(x) = sec™? ( x2—1 ) = sec 1(x? — 1)%

df 1 G (x? — 1)-71> (22

- 1
N I ) N ey

X

(x? —1)(x? — 2)%

12. f(x) = x%tan™(x?)

i
dx 1+ x*

2x3
= ~1(,2
—1+x4+2xtan (x*)

(2x) + tan™1(x%)(2x)

13.f(x) = cos(x™1) + (cosx)™! + cos™1x

= cos(x™1) + secx + cos™'x

af .
dx —sin(x~')(—1x7“) + tanxsecx + (—
_ sin(x™h) i 1
=— an x sec x —

sin (1) 1

= X + tanx secx —

x? =2

1
V1 — x?

)
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sin™1(x)

14. f(x) = 211
df B (Xz + 1)\/1%362 - Sin_l(X)(ZX)
dx (x2 +1)2
1
B (x* +1) VI—x2z 2xsin™'(x)
(x2+1)2  (x2+1)2

1 2xsin~1(x)

T2+ DVI—xZz (2 1)?

15. f(x) = Vx sec™1(Vx)

df 1 ) 1
Gy CHRASC O

1 1sec 1(Vx)
Vax

Vv =1
1 1 .
= (2\/9 ( = sec (ﬁ))

1
2

16.f(t) = tan_l(t—\/tz + 1) =tan"1(t — (t* + 1)%)
af 1

1 —
7 - 2(1—§(t2 +1)71(2t))
1+<t—(t2+1)5)
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-1
1—t(t?+1)z

1+(t—(t2+1)%>2

1
17.f(t) = cot 1t + cot‘l(?)

af 1 (- 1 (—1))

dat  1+t2 1., \¢2
1+ (5)
B 1 N 1
T 1412 1
t?(1+ (%)
B 1 N 1
- 2
B 1 N 1
1+, 241
t( tZ )
B 1 .\ 1
1+t t2 41
1 1

— =0
T+e2 " 1+02
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In Exercises 18-22 find an equation of the tangent line to the
graph of the function at the indicated point

saxaall Adaaill wie ADAN ansyl (alaall Jasd) dlales a5l 22-18 kel S

b
_ 1(*
18.y = 3cos (2) (1,m)
dy_3 (1) 31
dx ( V1 —x2\2 )= 241 — x2

No tangent line at this point

= xsin~lx (L
19.y = xsin”"x , (2,12)
dy ( 1
— = Xx|—

V1 — x?

) + sin"1x

m=——|1n =5(

1

+ — ,because sin (g) = %

) + Sin‘l(%)
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2\ |3 6
4
1 LT 1 +n_1+n_2\/§+n
- [3 6 3 6 3 6 6
2 |7 4@
2\/§+7t 1 T
y—m(x—a)+f(a)—T(x—§)+E
_2\/§+n 2\/§+n(1)+n
- 6 ~ 6 \2) 12
_2\/§+T[ 2\/§+n+n
- 6 ~ 12 12
_2\/§+7T +—(2\/§+n)+n
-7 6 © 12
_2\/§+7T +—2\/§—n+n
-7 6 © 12
_2\/§+n +—2\/§
~ T 6 T2
_2\/§+7T \/§

6 ~ 6
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2 T
20.y = sec™'(2x) , (57

dy
= ) =
dx  xvx? -1 xVx? —1
dyl 2 2
dxg% Q 2_1 Q _§
2\ 4 2 4

, 3 : : :
—, not real number so No tangent line at this point

T
2Ly =cosT(x*) , (0,)

dy 1 (20 2x

dy _ _ o

dx  Vi-x* VI—x*
dy 0

M d o =TT

y=m(x—a)+f(@)=0(x—0)+5 ==

2
22.y = tan"1(x) , (-1, —%)
dy 1 dy 11
dx  1+x2 ' m= dx 1,—Z “1+1 2
n 1 1 =
y = m(x—a)+f(a)——(x+1)—Z=E to-
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23. If h(x) = xsin™! (%) +J16 — %% , find 1'(2)

h (x) = L "1(x)+1(16 2)"2(~2
X)=x x2(4) sin=\7) +5 X (—2x)
1-75
1 2 1
h(2) =2 (—)+sm—1(—)—2(16—4) 2
4 \4 4
1-75
2(1)+,_1() 2 2(1) T 2
= —(— sin — = — - —
3 4 2/ N12 V34 6 2y3
4 2
B 4 T 1_1+T[ 1_7‘[
T 43 V3 V3 6 3 6
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st rove that < (cor-tuy = L
STOVERE O Y T T T iz dx

let y = cot-u  so coty = u

1 Juad)
tany=;=JjM\
VIFUZ = sl o u= psaddls 1= i
= 2 t)—d
dy du
— 2 _:1_
CSCydx —
d}’_ 1 du
dx —csc?y dx
dy ., du
dx Smydx
s S o
Slny_ﬂjj\_m ) Smy_1+u2
dy_ . 9 du_ 1 du
e S T T i dx
d()_d( t—l )_ 1 du
I ) = g leotu) = -7

A Jail) Gl P g )



