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Cylindrical coordinates

Cylindrical coordinates

Theo
The rectangular coordinates (z, ¥, z) and the cylindrical coordinates

(r,0, z) of a point P are related as follows:
_ o _Y
r=rcos, y=rsinf, tanfd= =,
x
r2:x2—|—y2, 2=z
Figure 13.60
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Cylindrical coordinates
Cylindrical coordinates

Example 1
Change the equation to cylindrical coordinates.
(i) 22 = 22 + ¢, (iz?—y?2—22=1

Triple Integral using cylindrical coordinates

n

[[f #6298V = tim 3™ f(rs, 00, 2) AV
Q

1Pll—0—
k=1

where AV}, = TArp. A0 Az

If Q={(r,0,2) :a <r<bc<O<dm<z<n}, then

n d b
fgff(nf),Z)dV— /m / /a f(r,0,z)rdrdodz
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Cylindrical coordinates
Cylindrical coordinates

Complicated Region

If Q= {(r,0,2):(r,0) € R,Ki(r,0) < z < Ks(r,0)}, then
jﬂf r,0,2)dV = H [/k oy 1 1,6, 2)dz] a4
then,
JII f(r,0,2)dV = /ﬁ /9(29()9) /:(2(:;9) f(r,0, z)rdzdrdd
Q a Jg1 17,
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Cylindrical coordinates

Cylindrical coordinates
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Cylindrical coordinates

Cylindrical coordinates

Examples
(1) Find the centroid of solid @ as shown in Figure, where z = v/a? — r2.

Figure 13.68
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Cylindrical coordinates

Cylindrical coordinates

(2) By using cylindrical coordinates, find the mass of solid () bounded by
the cone z = y/x2 + y? and z = 2, where the density at (z,y, 2) is
§ = k(2? + y* + 2?).

Figure 13.69
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Cylindrical coordinates

Cylindrical coordinates

(3) A solid has the shape of the region @ that lies inside the cylinder
r = a, within the sphere r2 4 22 = 4a? and above the zy—plane. The
density at a point d(x,y, z) = kz. Find the mass and the moment of
inertia I, of the solid.
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Spherical coordinates

Spherical coordinates

The rectangular coordinates (z,y, z) and the spherical coordinates
(p, ¢,0) of a point P are related as follows:
(1) z = psingcosh, y=psingsinbd, z=pcosd
(2) P2 =22 +y? + 22
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Spherical coordinates

Some important graphs

V) p=cec>0
graph is a sphere of radius p = ¢, with center (0,0,0).

w
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Spherical coordinates

Some important graphs

(2)p=c0<c< 3

graph is a half-cone opening upward, with center (0,0, 0).
(| = 0 graph is non-negative part of z-axis.

(ii 5. graph is xy-plane.

(|||) = 7r graph is non-positive half of z-axis.

(

(

iv) § < ¢ < 7 graph is a half-cone opening downwards, with center
0,0,0).
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Spherical coordinates

Some important graphs

(1)o=c
graph is a half plane containing the z—axis.
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Spherical coordinates
Spherical coordinates

Example 1

1- Change the spherical coordinates to (a) rectangular coordinates (b)
cylindrical coordinates.

() (@455, @) Q3

2- Change the cylindrical coordinates to (a) rectangular coordinates (b)
spherical coordinates.

(i) (47 _%76)

Example 2

Find an equation in the spherical coordinates, whose graph is the
paraboloid z = x2 + 2.

Triple Integral using spherical coordinates

n pd b
f(p;¢,60)dV = f(p,¢,0)p%sin¢ dp d df
fgf p /m//a p, ¢,0)p” sin ¢ dp
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Spherical coordinates

Spherical coordinates

Examples
(1) Find the volume and the centroid of solid @, as shown in Figure, that

bounded above by the sphere p = a and below by cone ¢ = ¢, where
0<c< 3.
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Spherical coordinates

Spherical coordinates

Examples
(2) Use spherical coordinates to drive the formula for the volume of
sphere centered at the origin and with radius a.
(3) Find the volume of sphere that lies inside the sphere 22 +y% 4 22 = 2
and outside 22 = 22 + 2.

se spherical coordinates to express region between the sphere
(4) Use spherical di p gion b he sph
22 + 4% + 22 = 1 and the cone z = /2 + 32.

3

(5) Find the integral of f(z,y,2) = e(@+Y*+2°)2 in the region
R={x>0,y>0,2>0,22+y%+ 22 =1}.
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