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ANTIDERIVATIVES

Definition (Antiderivative): A function G is called an antiderivative of the
function f on the interval I if G'(z) = f(x) for all x € I.

Example : What is the antiderivative of the function f(z) = 227
Answer : The antiderivative is G(z) = 22 + ¢, where ¢ is a constant.

Note: If G1(z) and Ga(z) are both antiderivatives of the function f(z) then
G1(x) — G2(x) = constant.

Definition (indefinite integral): If G(z) is the antiderivative of f(z) then
f(x)der =G(x)+c, /f(x) dz is called the indefinite integral of the function

f(@).

Basic Rules of integration :

1. /1dm::17+c

anrl
2. /x"d:c: +c,wheren# -1, n€Q
n+1

3. /cosm dr = sinx + ¢

4. /smx dr = —cosx + ¢

9. /sec2x dx = tanz + ¢

6. /csczx dxr = —cotx + ¢

7. /secx tanx dx = secx + ¢
8. /cscm cotx dx = —csex + ¢

Properties of indefinite integral :

1. /af(x)dm:a/f(m)dx7whereaeR

2. /f(x)j:g(x) da::/f(x)dxﬂ:/g(x)da:



Notes: If G(x) is the antiderivative of the function f(x) then
1. /f(x) de =G(z)+c

/iG(I) de =G(z)+c

dx
d
2. o [ #a)dn = s

Example (1): Solve / (; — 530) dx

Answer: /<34 —556) dxz/(3x74 —53:) dr = /3;1:74 dsr:—/5a: dx
T

-3 2
:3/x_4daz—5/xd$:3x——5x—+c

-3 2
Example (2): Solve 22° 43 dx
p M \/E
2 2
Answer: 207 +3 dx = / w dx
NG T2

:/x%l (2x2+3) dw=/<2x% —|—3x_71) dz

5 1
:Q/x%dx+3/x%ldx:2?+3%+c
2 2

Nl=



CHANGE OF VARIABLE

Example: Solve /(430 +1)° da
Put uw = 4z + 1 then du = 4 dx , hence i du = dx

1 1 1o 1 (4o +1)°
/(4x+1)2dx:/u27du:f/u2du:1u—+c:1(x+ ) +c

4 4 3 3
n+1
Or we can use the form/[f(m)]nf'(ﬂc) de = [fii)r]l e meQ. 41
3
/(4$+1)2d33:i/(4x+1)2 4dx:i(4‘r;1) te

Where f(z) =4x+1,n=2and f'(z) =4.
Basic Rules :

n+1
L[ e e = L

T +c¢, mMeQ, n#-1)

2. [ s (@) ' (a) d = = cos (@) + ¢

3. [ cos () £ (a) do = sin (§(2) + ¢

L /sec2 (F(2)) f'(x) dz = tan (f(z)) + ¢

5. [ esc? (1) £/ (0 do = = cot (1) +

6. [ sec(7() tan (7(a) /(0 di = sec (£(a)) + ¢

7. [ ese(f(@) ot (@) £ (2) i = —ese (F(a)) + ¢
Examples :

1 1
1. /cos(3x—|—4) dm:§/cos(3x+4) 3dm:§sin(3x—|—4)+c

5\° 1 -1 5\° -5 1143
/<+x> o2 5/<+x) 22 T 5 4 e
3
-1 1 -1 (9-27)°
3 /\/9—x2$dx—7 (9—x2)é (—2x)d —7( 31') +c
2
—2
1 -3 1 1
N S TR SR I IRIPYESY: e
Ve (14 V) 2Ve -2
2 (tanz)?
5. /taan sec’ x dx:/(tanx) sec? xdr = 3 +c

5



©

. /;dac:/(cosac)f3 sinavoix:—/(cosaﬂ)*3 (—sinz) dzx

cos3 x cscx

-2
_ _(eosz) 7

'/deQ/sin(lJr\/E) %dw:—Q cos (1++x) +¢

372)0{33: /cos (x%) éx% dxr = 3sin (1:%) +c

) \/mdm:2/(sin\/§)_2 cos (V) %dm

(sin+/7)
1

*®

—1
=2V 4.

cos /T i 1 cosyx 1 i

Another Solution :

\/E Sin2\/5 v sin+/x Sin\/i \/5
1
:2/050 x cot \/x ﬁdx:—chc\/f—i—c

7

. Find the value of k that satisfies /\/ 2x 4+ 3dx =k (22 + 3)

3
2

+c

d 3
gx{k (22 + 3) +c}— 2043
§k (2+3)2 2=(2z+3)2

3k =1, and hence k =



SUMS AND SIGMA NOTATION

n
Ifal,a2,~~~,a7,,GRthenZai:a1+a2+~~+an.
i=1

Theorem : If ¢,ay,---,an,b1, -,b, € R then

4 4 4 4
LY (B —k+2) =) K=Y k+) 2
=1 k=1

k=1 k= k=1
4(4+1 4(4+1
( (4+ )) _ 44+ )+2(4):100—10+8:98.

2

=Bk 5 ~, . 5 mnn+1) 5
Q.Jz_)ngoZ——lzm— k=lim — —— = — .

n2 n—oo N2 n—soo n2 2 2

= lim — [Xn:ﬁ—?z:l—i-z:l] lim — {n(n+1)6(2n—|—1) _zn(n—|—1) .

n—oo N3 n—oo N3 2
. [n(rn+1D)(@2rn+1) nr+l) n 2 1

l — | =Z2_-04+0= =

A [ 6n3 n3 * n3 6 + 3



RIEMANN SUM

In this section we assume that the function f(z) > 0 on the interval [a, b].

Definition (Regular Partition) : The set {zg = a,z1, -, z, = b} is called

a regular partition of the interval [a,b] if ©; = ¢+ Az for every i = 1,2,--- ' n
b—a

, and Az = —

This regular partition divides the interval [a, b] into n subintervals of the form

[€i—1,x;] wherei=1,2,---.n

Area under the graph of a function :
If f(z) > 0 on the interval [a,b] and {xg = a, 21, -, 2z, = b} is a regular parti-
tion of [a,b] , then the area under the graph of f(z) can be approximated by n

rectangles using the formula A, = Z f(x;) Az
i=1

Example : Approximate the area under the graph of f(x) = 22 — 222 on the
interval [0, 1] using 10 rectangles .

Answer : Az = ? =0.1.

$0:O7171:0.1,.1‘2:0.2,"',IQZO.Q,CClO:l
10 10
i=1 i=1

Ay = 0.1[0.18 4 0.32 + 0.42 + 0.48 + 0.5 4 0.48 + 0.42 4 0.32 + 0.18 4 0]
Ajp =0.1(3.3) = 0.33

f)=2x-2x?

04 05 0.6 07 08 09 1



Definition (Riemann Sum) :

Let {xo =a,x1,---,2, = b} be a regular partition of the interval [a,b] with
b—a
Ax = —— . Pick points ¢y, co, -+, ¢, where ¢; is any point in the subintrval
n
[xiflvxi] s i = 1,2,"',71 .

The Riemann sum is R,, = Z fla)Ax .
i=1
The area under the curve of f(x) is the limit of the Riemann sum .

n

A= lim R, :n?z_@to(ci) Az .

n—oo "
i=1

Example 1: Find the area under the curve of the function f(z) = 3z+1 on the
interval [1, 3] using Riemann sum and ¢; is the middle point of the subinterval.

3—-1 2
Answer: Az = ==
n n
xo:LIi:x0+iAx:1+—Zforeveryi:1,2,"'a”-
n
2 2(i—1)
. Ti + Ti—1 <1+;)+(1+T)
ForeveryZ:1727"'7n,Ci€[xi717‘%”b‘]7ci: 2 = 2
24 (20 —-1)2 2i —1
SR Gt RNt

P n < n o n

2 | — 6 1< 2 6nn+1) 1
== 4+ — ——) 3| =-|4 — - -3

A e

1 6
—gygnntl) 6
1 6
The desired area = lim R,, = lim [S—I—Gn(nj) - ] =8+6-0=14
n—oo n—oo n n
Example 2: Do the last example where ¢; is the end point of the subinterval.
Answer: For every i =1,2,---,n, ¢ € [zi—1,%;] , c; =x; =1+ %
n n 2
Ro= fe)ae=3 (14 2) 1) 2
i=1 i=1

2 ¢ 6i 2 o 6i

SRR i)

2 | — 6 2 6 n(n+1) n(n+1)
== 4+ — ==—14 — =8+6

n Lz_; a ;Z] n n 2 ] n?

1
The desired area = lim R,, = lim [8 + 671(71;—)} =8+6=14
n—o0 n—oo n



THE DEFINITE INTEGRAL

Definition (The definite Integral) : For any continuous function f defined

on the interval [a, b] the definite integral of f from a to b is

b
/ f(z) de = lim R, = lim E f(¢;) Az, whenever the limit exists.
n—oo

n—00 —
i—
(where ¢; is any point in the subintrval [x;—1, ;] ,1=1,2,---,n ).
Notes :
1. Rieman Sum is the same for any choice of the points c1,ca, -, Cp-

2. When the limit exists we say that the function f is integrable.

Notes : If the function f is continuous on [a, b] and f(z) > 0 for every x € [a, ]
, then

b
1. / f(z) de>0.
b
2. / f(x) de = The area under the curve of f

Example 1:
3

/ (3xz 4+ 1) dz = Area under the curve of f = lim R, =14 .
1

n— oo

(See the example on Riemann sum) .

n
Example 2: The definite integral representing lim Z vz + 1 Az using reg-
n—oo
k=1

2
ular partition of the interval [1,2] is / Vo +1dx.
1

Theorem: If the function f is continuous on the interval [a,b] then f is inte-
grable on [a,b] .

Properties of the definite integral : If the functions f and g are integrable
on [a,b] then :

1. /abk:f(ac)dx:k:/:f(x)dw, for every k e R .
2. /ab [f(x) + g(2)] dx_/abf(:z:) d:z::l:/abg(:zz) dz .
3. For every ¢ € [a, b] /abf(;v) dx:/acf(x) d;v—&—/cbf(:r) dzx .

10



b b
4. If f(z) < g(x) for every z € [a,b] then / f(z) de < / g(x) dx

Example 3:

1. /27(x2—3)dx—/24(x2—3)dx:/17(x2—3)dx.

™

. . ™ B i
2. Since cosx > sinx for every = € [0, Z} then / cosz dxr > / sinz dr .
0 0

1 2 1
3. To show that/ 23: 1 dzx S/ 2% dx

1 X+ 1

1
For every z € [-1,1] , 2 +4> 1= —— <1=
x

T
+4 2 +4
12 1
Hence/ 5 dmﬁ/ 2% dx .
—pwt+4 —1

11



FUNDAMENTAL THEOREM OF CALCULUS

Fundamental Theorem of Calculus (Part I) :
If f is a continuous function on the interval [a,b] and G(x) is the antiderivative

b
of f(x) on [a,b] then / f(z) de = [G(x)}z = G(b) — G(a) .

Note : / ’ %G(m) dz = G(b) — Gla) .

Examples :

1. /02(x22a;) dx = [§x2]2<§4)<30>§.

2. Find the area under the graph of f(z) =sinz on [0, 7]

Answer : The area = sinz dz = [—cosz]; = (—cosm) — (—cos0) =2
0

Fundamental Theorem of Calculus (Part II) :
If f is a continuous function on the interval [a,b] and G(z) = / f(t) dt for
every z € [a,b] then G'(z) = f(x) for every z € [a, b] ‘

Note : G(z) is the antiderivative of f(x) on [a,b] .

Examples :

1. %/ VE2+1ldt=+va?+1.
0

d [ 1 1
2. — dt = .
dx/l t2+1 2 +1

d [* d d [*
. — 2 —_— = — 2 — sl = 2 — sl
3 i/, ( + 77 ©°8 t) dt T /3 (2 —sint) dt sin x

d [t 1 1
4. < do =
dt/2x3+5 TR

Theorem :

If f is acontinuous function , g and h are deifferentiable functions then
d @
e ft) dt = f (h(x)) I (x) = £ (9()) g'(x)-

T Jg(x)

12



Notes :

d b
1. Tf g(x) = a and h(z) = b then %/ F(t) dt = £ (8) (0) — £ (a) (0) = 0

2. T g(x) = a and h(z) = = then % / Ft) dt = f(2) ()~ (@) (0) = f(2)

Examples :
1}2 1
. Fi ! if = —— dt .
1. Find G'(2) , if G(x) /1_96 1130 dt
2
d [* 1 1 1
Answer : G’ / dt = 2x)—
@ =% 1o 4+ 32 4+3(a:2)2( ) 443(1—2)
2 1
') =

+
44324 443(1—2)°

t -1 1
d
th|:/ \/x2+1dx—|—/ \/x2+1dm]:dt/ Vaz+1lde=0
2 t 2

2
1
3. FindF’(2)7ifF($):/ Edt'
1

d [* 1 1 2 2
Answer:F/(x):—/ Zdt = (zx)_o_ix:,'
1t x? T
Hence F'(2) =2 =1.
4. Find f(4) 7if/ f(t) dt = zcosmx

Ansvver leferentlate both sides with respect to x

— / f() dt = [Jc cos ]

= (1) cosmx —|— x (—sinmz)m = cosmr — raxsinTx
Hence f(4) =cosdm —4rsindr =1—4r(0) =1 .
“d
5. [ G0 dt = f(a) - f(-o)

b
Here, we used / diG(z) dx = G(b) — G(a)
o dz

Exercises: Solve the following :

5
1. i/ V2 +3dt.
dx 0

d 1
2. —/ w?cosu du .
dx J,
1

2

13



AVERAGE VALUE OF A FUNCTION

Definition (Average value of a function) : Let f be a continuous function

LU@MM

on [a,b] then the average value of f on [a,b] is fa, = ry—

Example : Find f,, of the following functions :

1. f(x) = 2% — 2z on the interval [1, 4]

/14 (%~ 22) dir = [“”f;x?r

1
:<64_16>_<1_ >:63_15:63_45:18:6

3 3 3 3 3
4
2_
Hence f, —/1 (x 237) dm—g—Q
“wo 4-1 3

2. f(x) = sin® z cos x on the interval [0, %]

z . \3
sin? 2z cosx dr = / (sinz)? cosx do = l(su;x) ]
0

B (Sing)3 (sin0)* 1 0= 1
3 3 3 3
T,
/ sin“xcosx dv | 9
Hence fu, = 20— =3_-=

Exercise : Find f,, of the function f(z) = (2z + 1) on the interval [0,1]

14



INTEGRAL MEAN VALUE THEOREM

Theorem (Integral Mean Value Theorem) :
If f is a contiuous function on the interval [a,b] then there exists a number

b
/ f(z) dx
¢ € (a,b) for which f(c) = abT .

Example : Find the value that satisfies the integral Mean value theorem for
the function f(z) = 423 — 1 on the interval [1, 2]

/12 (42° — 1) da

2-1

Answer : f(c) =

43 — 1 = [:1747:17]f

43 —1=(16—2) — (1 —1)

4¢3 —115: 14
3_ 29
T

_ 5
CcC = 3 vy

Note that ¢ = {/12 € (1,2) .

15



NUMERICAL INTEGRATION

1. The Trapezoidal Rule :
b

It is used to approximate / f(x) dz with a regular partition of the interval
a

bh—
, where Az = b , by using the formula
n

/ F@) dr P () 2 (@) 2 () + f ()]

1
Example : Approximate the integral / vV x + 22 dx using Trapezoidal rule
0

with n = 4.
Answer : [a,0] =[0,1] , f(z) = Vo + 2% and Az = 152 =0.25

0|0 0 110
1]0.25 | 0.559017 | 2 | 1.11803
2105 |0.86625 | 2 | 1.73205
31 0.75 | 1.14564 2 ] 2.29129
411 1.41421 1 | 1.41421
6.55559

/ Vo + 22 do ~ LO [£(0) + 2/(0.25) + 2£(0.5) + 2£(0.75) 4+ f(1)]

(4)
/Omdx

DN

[6.55559] ~ 0.819448 .

oo\H

4
1
Exercise : Approximate the integral / po— dx using Trapezoidal rule with
2 T —
n =4.

16



2. Simpson’s Rule :
b

It is used to approximate / f(z) dz with a regular partition of the interval
a

, where Az = Z’_Ta , and n is even , by using the formula

@,
b —a
[ H@ de x2S (fn) + 48 (0) + 20 (ea) + 45 (o) + 2f (1) + -

do - 2f (Xno) FAf(Tn1) + fz0)]

10
Example : Approximate the integral / v/ 10z — 22 dx using Simpson’s rule
0

with n = 4.
Answer : [a,b] = [0,10] , f(z) = V102 — 2% and Az = 120 =25

0|0 |0 110
1125433013 | 4 | 17.3204
215 5 2 |10
3|75 ]433013 | 4 | 17.3204
4110 |0 110
44.6408

10— a2 di ~ % [F(0) + 4£(2.5) + 2 (5) + 47(7.5) + f(10)]
0

1
10
/ V10x —a? dv & - [44.6408] ~ 37.2007 .
0

2
x
Exercise : Approximate the integral / ) dz using Simpson’s rule with
o T

n = 4.

17



THE NATURAL LOGARITHMIC FUNCTION

Definition (The natural logarithmic function) :

1
For x > 0, the natural logarithmic function is defined by Inx = / n dt .
1

y

f(t)—1
2 Tt

In2

Note : The domain of the function Inx is the open interval (0, c0)

Example : What is the domain of the function In(x —2) ?
Answer : z —2 > 0=z > 2 = the domain is (2,00) .

Notes :
1. Ifz>1thenlnz >0.
2. ln1=0.

3. f0<xz<1lthenlnz<O0.

The graph of Inx:

1. First derivative test : )
—Ilnx = — — dt == >0 for every = € (0, 0).
dx de J; t x Y ( )
Hence Inz is an increasing function on (0, 00) .

2. Second derivative test :
d? d 1 1 ;
wlnx: g SN 0 for every z € (0,00) .
Hence Inz is a convex function on (0, 00) .

y

f (x)=Inx

18



Notes :
1. The range of the function Inx is R.

2. limInz =00 .
Tr—r o0

3. lim Inz = —00 .
z—0t

The derivative of ln |z|:

d
d . _ f'(=)

1
Note : In|z| is the antiderivative of — .
x

Integration :

1
1. /fdx:1n|a:|—|—c.
x

(=) =In|f(z c
2./f($)dx—l (@) +c.

Some properties of In|z| : If z,y > 0 and r € R then

1. n(zy) =lnz+1ny .

2. In (x) =lnhzx—Iny.
Y

3. Inz"=rhz.

Examples :

1
1. Simplify = [2In|z + 1| + In|z| — In|2® — 2]]

é [2In|z + 1|+ In|z| — In|2® — 2|] = % In(z +1)* + In |z| — In|2* — 2]

1

:%[ln|m(m+1)2|—ln|x2—2|] :%ln 9655;7‘112)2 — (W)
2. Ify:\/Wthenﬁndy’.

Iny=In \/W :%[4ln|$+1\+31n|x+2|—2ln|x—1|]

19



D/iﬁ"erentiate both sides

1
L. +3 )
Y 2 x+1 T +2 rz—1
1 1)4 2)3 4 3 2
Hencey':\/(m+ )iz +2) { +

2 (z—1)2 r+1 z4+2 z-1

Exercise : If f(z) = W then find f/(z) ?

More Basic Rules of Integration :

1. /tanxdm:ln|secx|+c.
2. /cota:dlen|sinx|+c.
3. /seczdx:ln|sec:c+tanx|+c.

4. /cscxdm:1n|cscx—cotm| +c

Examples :

) / 22 +2x+3 J _1/3x2+6x+9

= [ ST = Cnfa® 432249 .
x3—|—3x2+9xx 3 .733—|-3.232—|-9l‘x 3n|x+x+x|—|—c

N

2% + 3 1 _
/ e S xff/(:c3+3x2+9x) ® (322 + 62+ 9) do
x3 + 322 + 9z2) 3

(
1 (x3 + 3% 4 9z) -

= —= +c.
3 —4

w

1
1 _11 1 2
/ dr = [ (Inz) éfd:r:(nx) +ec.
x x

Inx

1 1
4. dt= | ———dr =2 | *—dr=In|l .
/xln\/af v z3Inw v /lnx z=In|lnz|+e

5 /x—l /x—i—l _/ 33—!—1_ 2 e
' z+1 z+1 h x+1 x+1
< 1

1 -2
) dx /az—i—l

de=x—-2Inlz+1|+c.

20



THE NATURAL EXPONENTIAL FUNCTION

Definition (The natural exponential function) :
The natural exponential function is the inverse of the natural logarithmic func-
tion , and it is denoted by e” .

Notes :
1. The domain of the function e* is R .
2. The range of the function e” is the open interval (0,c0) .
3. e >0 for every z € R .
4. ¢"=1.
5. e~ 2.71828 and In(e) =1 .

6. lim e* =0 .
xTr—r 00

7. lim e =0.
r—r—00

8. In(e®) =z and "* =z .

Some properties of the natural exponential function : If z,y € R then

1. e%e¥ = * 1Y,

21



Examples :

1
1. Find the value of x that satisfies the equation In — =2 7
T

1
Answer : In- =2=Inz '=2= —lnz=2=Inz = -2
T
:>elr””:e_2:>x:e_2:i.
o2

2. Find the value of z that satisfies the equation e***3 =4 ?.

—3+In4
Answer : €3 =4 =1ne* P =nd=br+3=Ind=>z= % .
3. Simplify In (¢*)* ?
Answer : In (¢*)? =In (e*") =2z .
Derivative of the natural exponential function:
d .
1. Ee* =e".
5. Lot — of@ prigy
dx
Integration :
1. /emdm:ex—f—c.
2. /ef(:”)f'(x) de =ef@ 4.
Example :
1
1. Find f/(x) if f(z) = ™ + =
1
_ oz _ bz —z
fl)y=e +e—wfe +e
f(z) =e’*(5) + e (—1) = 5e’* —e™@ .
-1
—x o 1 _ —x
2. /eizdx:/(l—efz) e v dy = u+c,
(1—e) -1
ex 1 3 1
@ 3 — 3
3. /ﬁdx:—g/ez = d;v:—ger +c.
Ve 1
4. e\/gdx:Q/eﬁﬁdajzkﬁ—Fc.
esinx . .
5. / dmz/esmxcosxdxzesmm—i-c.
sec
¢ {1 e 1 nz)? |
6. / =7 dx:/ (lnx)%fdx: (nf) :§(lne)%—§(ln1)%:
1 x 1 T 3 ) 4 4

22



7. Find g(x) if /e?“zg(x) de = —e¥ 4 ¢
d 32?2 322
— |—e?* ¢ = e’ g(x)
szLQ lm2
—e™ (6z) = ™" g(x)
—6ze? = 3””29(;10)
Hence g(z) = —6x

8. /e(w%rh”) dr = /ew2elnwdx: /e‘”2xdm =

2 1 2
/ew Qxdmzie‘” +c

| —
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THE GENERAL EXPONENTIAL AND LOGARITHMIC
FUNCTIONS

Definition (The general exponential function) :
It has the form a® where a > 0 and a # 1.

Note : a* = e*Ina

Derivative of the general exponential function :

1. —a* = a*Ina.
dx(l a” na

d .
2. %aﬂ*) =a’@ f(z)Ina .
Integration :

1. /axdarza—+c.
Ina

2. /af(m)f’(x) dr = o/t

Ina te

Definition (The general logarithmic function) :
The general logarithmic function of base a where a > 0 and a # 1 is denoted
by log,  and it is the inverse function of the general exponential function a” .

Notes :
1. log,z=y&a’=x.

1
2. log,x = ar
Ina

Notations :
1. logx =log gz .

2. Inz =log,z .

Derivative of the general logarithmic function :

d 11
1. %10ga |x| = Em
d fl(x) 1
2. —1 = — .
T tog, )] = T L
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Examples :

1. Find the value of z if log, z =3 7.
logobz =3 1=23=8.

2. Find the value of a if log, 125 =3 7
log, 125 =3 125=a® < a=v125=5.

3. Find the value of z if 2log|z| =log2 + log |3z — 4] 7 .
2log |z| = log 2 + log |3z — 4| = log 2% = log |2(3x — 4)
=122=2B8r-4)=2>=62-8=22—-62+8=0
(x—4)(z—-2)=0=>x=4dorz =2.

4. Find y' if 22 = 4Y ?

2 2 1
Differentiate both sides : 2 = 4¥y/In4 = ¢/ = = — )
HTCHTTE DOT ST v 4 4Y1n4 123712114 rln4
Another way : 22 =4Y = In|22| = In4Y = ylnd =y = ri|if|
n
1 2 1
H = = = )
ence ' In42x xln4

5. Find f/(z) if f(z) =7Y% 7.
f(x) = 7%%m%2 In7.

6. Find f'(x) if f(z) = 7 2
f'(z) =7*3)Inm =37 In7 .

7. Find ¢/ if y = (sinx)” ?
y=(sinz)’ = Iny=1In (sin:z:)z =zln|sinz|

cos
Differentiate both sides : U =In|sinz|+ =z
sin

=In|sinz| 4+ zcotx
y = y[In|sinx| + x cot 2] = (sinz)” [In |sin z| + z cot x]
8. Find y/ if y = (1+22)*"" 2
— (1—1—;102)21“ =Iny=In(1+2? (2z +1)In(1 + 2?)
/

2
Differentiate both sides : 2 = 2 In(1+2?%) + (22 + 1) 1 _f 5

y
2x(2x + 1) o\ 2241
W]:(l—&-x) 2In(1 +2%) +

)2w+1

22(2z + 1)

— 2
y/_y[an(l—f—x)—i- 722

3

©

1 3 6*
2pad — T 2 1 _
/ 6% dx = Im6 6" (32°) In6dx 731n6+c

1 [2°m2 ,  In(2°+1)
10. d .
/2m+1 1n2/2r+1 ma2 ¢

3— cotx 1 3 cotx

—cotx 2
In3dx =
sin® x du = n3 3 csc”zln3dr In3

1
" In2

11. +c

zlnx

In2

/Qxlnx(1+ln\x|)ln2dxf +c

547

13- 4 s ¢

12. /2“’1”1+1n|z|)
/ 1 /54””41'1 4 Inbdr =
~Ind In5 nE o=
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14. [ 3° (1 +sin3") dx:/(3w+3xsin3””) dx = /3”” dx—i—-/?)w sin 3% dz

1 " 1 . omsom 3" cosd”
=13 3 1n3dm+m/sm(3 )3 1n3dx—ln3 3
Exercises :

1. Find f'(z) if f(z) = (22 +1)" ?

dr ?

2. Eval 3V
. t
vauae/ N
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THE INVERSE TRIGONOMETRIC FUNCTIONS

Definitions :

1. The inverse sine function is denoted by sin™! and it is defined as

T

y=sin"'z e 2 =siny, where z € [-1,1] and y € [—E, 5} .
The domain of the inverse sine function is [—1, 1]

The range of the inverse sine function is [fg, g} .

2. The inverse cosine function is denoted by cos™! and it is defined as
y=cos 'z & x=cosy, where z € [-1,1] and y € [0, 7] .
The domain of the inverse cosine function is [—1, 1]

The range of the inverse cosine function is [0, 7].

3. The inverse tangent function is denoted by tan=! and it is defined as

y=tan 'z < x=tany , wherex € Rand y € (—g,g) .

The domain of the inverse tangent function is R

The range of the inverse tangent function is (—g, g)

4. The inverse cotangent function is denoted by cot™! and it is defined as

L2 where z € R .

cot™ 'z =" tan~
2

The domain of the inverse cotangent function is R

The range of the inverse cotangent function is (0, 7).

5. The inverse secant function is denoted by sec™! and it is defined as
3
y=sec 'z < x =secy, where y € [O,g) ifz>1.,and y € l:ﬂ',;) if
r<-—1.

The domain of the inverse secant function is (—oo, —1] U [1, 00)

™ 3T
The range of the inverse secant function is [0, 5) U |:7T, 2).
6. The inverse cosecant function is denoted by csc™! and it is defined as
T
cscly == —gec?

5 x where |z| > 1

The domain of the inverse cosecant function is (—oo, —1] U [1, 00)

The range of the inverse cosecant function is (—w, —g} U (07 g]
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N

. sntx
s
-1 -05 05 1
st
n L Il L
T2 -1 -0.5 0 05
Graph of sin™' z Graph of cos™! 2
y
,,,,,,,,,,,,,,,,, ‘;,,,,,,,,,,,,,,,,,,,
i _
tan~1x
-3 -2 -1 1 2 3

Graph of tan~ ! z

Derivatives of the inverse trigonometric functions :

d 1
1. %sinflm = iz where [z < 1.
d 1 -1
2. %COS Tr = ﬁ 5 where ‘Z‘l <1
1
3. —tan"la =
d 1+ 22
-1
1.
4 d—cot T 1522
1
5 sec tx = , where |z| > 1.
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, where |z| > 1.

Integration :
1
].. /ﬁdiﬂ = Sil’l_1 (g) +c s (|m‘ < a)

/ \/%dx ~ in— <f<x>> teo, (f@)]<a))

1 1
2. /7(13:: Ztan~! (E) +c
a? + 2 a a

et e= s (70) +

Examples :

x? 1 322 11 23
Here a = /5, f(z) = 2% and f'(z) = 322 .

3 e ()
V9 -zt 2) JBE- @2 5 5
Herea:3,f(x):x2 and f'(z) = 2z .
i
o [ a= 2 [0 canan =50 ‘52)2 ve
)
* dzr =sin" ! (Inz) +c.

/ m‘“‘/m

Here a =1, f(z) =lnz and f'(x ):;

> /1+3x2 \[/ Z%tan_l(\/gx)+c

Hereazl,f(x):\fxandf(m)zf.
2z 1 2230 11 2z
6. /,eidx:f/eide:fftanfl e +c.
et + 16 2J (4)2 + (e22) 24 4
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Here a = 4, f(z) = €2* and f’(x) = 2% .

/ \/7 secl<eg)+c.

Here a =6 , f(z) =¢* and f'(z) =

1
—dz =
/ ve2r — 36

sin x / —sinx . _q1/COST
8. T = —sin (?) c
V25 —cos?x / cosm
Here a =5, f(x) = cosz and f'(x) = —sinz .

9/2rd_i/ 927 11 2 e ()
) VieeE T 2 \/—21 1n2 2 ) T¢

Here a =2, f(z) = 2% and f/(z) =2%In2.

1 1 1
0 [ dr= dr= | — g
/x2+6x+25 o /(x2—|—6x+9)+16 o /(x—|—3)2—|—(4)2 o

1 3
zztanfl (II )—i—c

Here a =4, f(z) =2+ 3 and f/'(z) =

1 T+ 2 < 2 )dx
) V4 —mz Vi — 12 \/4—332
1 ;
= — (4—3@2) > (—2x) dm+2/ dx
-2 V(2
(4-22)?

1
= 75# +2$in_1 (g) +c.

2

z+tan"'x T tan"lz
12. ——dr = d
/ 14 a2 v /(1+x2+ 1—|—x2> .
1 2x 1 1
5 Tt [ () g

(tan_ 1 x) 2
2

1
=§1H(1+$2)+ +c.

Exercises : Solve the following integrals :
z+sinlx
1. | ———dx
V1—2a2

9. Lﬂdz
2 +1
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HYPERBOLIC FUNCTIONS

Definition (The hyperbolic sine function):

It is denoted by sinh 2 and it is defined as sinhz = ¢ _26
Notes :

1. The domain of sinhz is R .

2. The range of sinhx is R .

3. It is an odd function and sinh(0) =0 .

4. The graph of sinhz

sinhx

Definition (The hyperbolic cosine function):
It is denoted by cosh z and it is defined as coshx = ¢ +2€

Notes :
1. The domain of coshzx is R .
2. The range of coshz is [1, 00] .

3. It is an even function and cosh(0) =1 .

S

. The graph of coshz
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cosh

Definitions :

1. The hyperbolic tangent function is denoted by tanh z and it is defined as

—T

sinhx e —e
tanh x = = for every z € R .
coshx e*+e?

The hyperbolic cotangent function is denoted by coth x and it is defined

cosh x e +e "
as cothx = = for every x € R — {0} .
sinh x er —e 7™ Y {0}

The hyperbolic secant function is denoted by sechx and it is defined as

sechx = = for every z € R .
coshz e*+e®

The hyperbolic cosecant function is denoted by cschx and it is defined as

hr = = f ecR—-{0}.
esche = ——— = ———— for every z {0}

Notes :

1.

2.

cosh? z —sinh?z =1 for every z € R .

1 — tanh?z = sech?z for every z € R .

3. coth®? z — 1 = csch®z  for every z € R — {0} .

Derivatives of the hyperbolic functions :

1.

d
— sinhz = coshz

dx

b (f(2)) = cosh(7(x)) f'(2)

. — coshxz =sinhz

dzx

%cosh( f(@)) = sinh(f(2)) ()
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3. — tanhz = sech?z
dzx

L tanh(f(x)) = sech® (f(x)) f'(2)

4. — cothz = —csch’z
dx

% coth(f(z)) = —cschQ(f(JU)) f(x)

5. —sechx = —sechx tanh x
dzx

%sech(f(x)) = —sech(f(x))tanh(f(x)) f'(x)

6. icsch&v = —cschx coth x
dx

L eseh([(x)) = —esch(f(x) coth(f(x)) J'(2)

Examples :
1. Find the value of f(0) if f(x) = In[cosh(3z)] ?
f(0) =1In[cosh(0)] =In(1) =0 .
2. Find the value of f/(0) if f(x) =In|1 + sinhz| ?

coshzx ~ cosh(0) 1

1+ sinhx 710 1+sinh(0) 140

f'(x)
3. Find f'(z) if f(z) = e™h® 2
f'(z) = ™% coshz .

4. Find f'(x) if f(z) = sech (1 + /x) ?

F(@) = —sech (1 + /) tanh (1 + v/Z) % .
5. Find f/(x) if f(x) = tan~!(sinhx) ?
,,n_coshx ~ coshz 1
f (:ﬂ) 1 + (sinhx)Q N costh N coshx = secha .
6. Find f’(z) if f(z) = In|sinh(1 — 22)| ?
fl(x) = cosh(l — %) (~27) = —2xcoth(l — z?) .

sinh(1 — z2)
7. Find f'(2) if f(z) = a®he?

f(z) = 2% = In|f(x)| = In|2°*" | = cosh z In |z|
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Differentiate both sides

!
(=) = sinh 2 In |2| + cosh x <1>
f(z) z

f'(x)

f(z) {sinhxln || + COth]
x

F(x) = acohe [sinha:ln|x| + COShﬂ .
Integration :
1. /sinhxdm =coshzx +¢
[ sinh (7(a) (2 dz = cosh (7)) +
2. /Coshxdx =sinhx + ¢
[ eosh (@) (2 dx = sinh (£(a) +
3. /sech2x dxr =tanhx + ¢
/ sech? (f(z)) f/(z) da = tanh (f(z)) + ¢
4. /cscth dz = —cothz + ¢
/csch2 (F(2)) f'(x) dz = — coth (f(z)) + ¢
5. /Sechx tanh z dx = —sechx + ¢
/sech (f(x)) tanh (f(x)) f'(z) de = —sech (f(z)) + ¢
6. /cschx cothx dx = —cschx + ¢

esch (f(x)) coth (f(z)) f/'(x)dx = —csch (f(z)) + ¢

7. [ tanhzdr = In|coshz| + ¢

tanh (f(x)) f'(z) dz = In|cosh (f(x))] + ¢

— S S —

8. [ cothzdx =In|sinhz|+ ¢
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/coth(f(ac)) f'(x) dz = In|sinh (f(x))] + ¢

Examples :

1
1. /x2 cosh ® dx = /coshx3(3m2)dm =3 sinha® + ¢ .

1
3
h (L) coth (1 —
N /csc (x);:o (x) dm:/—csch (1> coth (1> (21> dz
x . ! v
= csch (1>+C~
x

/ (ez - 671) sech? (ex + 67“") dxr = tanh (6z + 671) +c.

e

5 / sinh x2 do — / sinh;: dor — / 1 sinhz e
1+ sinh” x cosh” x cosh z cosh z

= /sechx tanh x dov = —sechx + ¢ .

4. /ldx:hﬂem—&—e_ﬂ—kc.

sinh
. ——dz =In(1 h .
6 /1+coshxdm n(1+ coshz) + ¢

7. /&d —/deztan_l(coshx)—i-c.

(1)2 + (cosh x)?

coshx .1
sin

1
d:U == dl’ =
/ sechz\/4 — sinh® z (2)2 — (sinh x)?

xr =
1 + cosh? x

*®

Exercises : Solve the following :

1. / cosh 4x dx

sinh /z
2.
/ VA
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THE INVERSE HYPERBOLIC FUNCTIONS

Definitions :

1.

The inverse hyperbolic sine function is denoted by sinh ™! and it is defined
asy =sinh 'z < 2 =sinhy , where z e Rand y € R .

. The inverse hyperbolic cosine function is denoted by cosh™' and it is

defined as y = cosh™' z < z = coshy , where = € [1,00) and y € [0, 00) .

The inverse hyperbolic tangent function is denoted by tanh™' and it is
defined as y = tanh ™' z < 2 = tanhy , where z € [-1,1] and y € R .

The inverse hyperbolic cotangent function is denoted by coth™ and it is
defined as y = coth™ " x <z = cothy , where |z > 1 and y € R .

The inverse hyperbolic secant function is denoted by sech™! and it is
defined as y = sech™ 'z & x = sechy , where x € [0,1] and y € [0, 00) .

The inverse hyperbolic cosecant function is denoted by csch™! and it is
defined as y = esch™'z < x = cschy , where x € R — {0} and y € R— {0}

Derivatives of the inverse hyperbolic functions :

1.

isinhflac -
dx 1+ a2
d . _ "z
d—smh Yf(x) = LQ .
x 1+ (f(z))
icosh_1 T = L , where z > 1.
dx x? —1
!/
§cosh71(f(x)) = Lxl , where f(z) > 1.
z (f(z))? =1
d 1 1
%tanh =13 where |z] < 1.
d -1 f'(@)
— tanh = ———— ,wh 1.
5t (@) = sy where |£(0)] <
@ oth 3 — here |z > 1
7z © ¢ =3 Where |z .

4 eoth~(f(z)) = — L&)

5 » where [f(x)[ > 1.

dx 1= (f(2))

isecfflx = _71 where 0 < x < 1

dx V1 — 22’ ’

d _ _ —f'(x)

%sech Yf(x) = VA G)E where 0 < f(x) < 1.
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-1

d
6. —csch™ 'z =

. Vit where x # 0.
d -1 _ —f'(z) r
%csch (f(x)) = FOIVIT O where f(z) # 0.

Examples :
1. Find f'(z) if f(z) = tanh™' 3z ?

3 3

P& = TG = 10

2. Find f'(z) if f(z) =sinh™ '/ ?

oy —BE__ !

1+(\/§)2 21+

3. Find f'(x) if f(x) = sech™1(cos 2z) ?

Flz) = —(—2sin 2x) B 2sin 2z
" cos2zy/1— (cos2x)®  cos2av/1 — cos? 2z
Integration :
1 ., —1 (T
1. /\/ﬁdxzsmh (a) +C
!/
/—f (z) dx = sinh ™! (f(x)) +c
Va?+[f(@)]? a
1 _1 (T
2./ m72_a2dx—c05h (E>—|—c, (x > a)

a

/\/[f(fg;)(]x—g)_azdac:(:osh1 (M) +c, (f(z)>a)

1 1 1 (T
3. /7da:—atanh (5)4—0 , (Jz| < a)

a2 — 22
f'() —lan -1 M c T a
/de—at h (a>+ , (f@)] <a)

1 1 /(T
4./mdl’:—gsech (g)""C, (0<£L’<a)

') dx:f1 sech™1 @ c T a
/ [/ =Tf@P ~ a ( “ >+ s

1 1 x
5 [ ——=dx=—=csch™* (= , 0
/x\/m x s (a)—i—c (z #0)
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f'(x) 1 [ f(2)
[sodam=t=aen (12) +e . vz

Examples :

1 /de = / < dz = tanh™'(e®) + ¢
) 1 — 22 - (1)2 — (e)2 - )

2 /Ld:n*1 delsinh_l(w)+c
) VaE Y T2 Jeerrer 2 3) %

3./\/5\/1de2 J@);\fﬁdx%inh_l(?)aLc.

1 e
= ——sech™!

4./@6&1‘:/@&% 1 (:)+c.
5. /Vlijdxz/ew\/(l;x_’_wdxz—csch_l(ez)—kc.
6 /mdz/\/(ﬁJr;H)—s)dx/ (ac—|—11)2—(3)2

1
= cosh™* (ﬁ;) +c.

dxr

1 1
" /(z—l)\/—x2+2z+3dx:/(x1)\/(50229:+1)+4dx

:/(gc—l) (2)12_($_1)2dx:—;sech_1 <x;1>—|—c.
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INDETERMINATE FORMS

Theorem (L’Hépital’s Rule) :
Suppose that f and g are differentiable on the interval (a,b) , except possibly
at a point ¢ € (a,b) and that ¢’(z) # 0 on (a,b) , except possibly at c.

0
Suppose further that lim @ has the indeterminate form — or — and that
z—c g(x) 0 00
! !/
lim f/(x) =L (or 200 ). Then , lim f@) =lim f,(x) .
r—c g (Z‘) r—cC g(x) r—c g (,’L‘)
Remark :
The conclusion of the theorem also holds if lim 2) is replaced with lim @ ,
z—c g(x) a—ct g(x)
lim M , lim @ or lim @ . (In each case, we must make appropriate
a—e= g(x) Teooo g(x)  em-oo g()
adjustment of the hypothesis.)
Types of indeterminate forms :
0
1. 0 or % .
2. 00— 00 0or —00 4 00 .
3. 0oc0or0(—o0).
4. 00 1%, 17 or oo? .
Examples :
1.l Y21 (0>
z—1 Inx 0
Apply L’Hépital’s rule
(35)
lim\/i_1 :limM:limi:l.
z—1 Inz z—1 1 a—1 2/ 2
x
9 sinxzy/1 —sinzx 9
g T 0
. T .
im VT IR iy T —sine = 1VT -0 =1
z—0 x z—=0 T

/ V1 +sint dt 0
R SR ()
z—0 xT 0

Apply L’Hépital’s rule

39



/0 VI sint dt Jitsmz 140

lim = lim 1.
z—0 €T z—0 1 1

‘ tan~lx — % 0

Clim ———= —
r—1 x—1 0
Apply L'Hopital’s rule
U G

coan T o\ 4 a2 ) 1 1
lim —————= = lim = lim = ———
r—1 r—1 rz—1 1 x—>11+$2 1+1 2

i tanx — x 0
' :vZLr(L) 3 0

Apply L’Hépital’s rule

. tanz —=x . seccx—1 . tan®z
lzm73:lzm72:lzm 5
z—0 €T z—0 3x z—0 3x

<1>
. Inz . T
lim — = lim —% =

r—00 I T—00 T—00 I
. T+ e” 00
L lim —— —
z—oo 1 + €3 00

Apply L'Hopital’s rule

lim +e” . 1+e” (00)
im ——— = lim

z—00 1 4+ €37 z—00 337 00
Apply L'Hépital’s rule

. 1+e” ) e’ )
lim —— = lim = lim =0.
z—00 3e3T z—00 Q3% z—00 Q2%

) 2 —secx (—oo)
. lim
o= (3)" 3tanx 00

Apply L’Hépital’s rule

. 2 —secx . —secxtanx
lim Stenz = lim STy —
a—(%)" tanx e—(%)" sec® x

. —tanx . —sinz 1
= lim .3 = lim _ T3 = —3-
o(5) 35T ans(3)

us
2
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9. lim (3— 2 ) (00 — o)

z—1+ \Inz x-—1

lim 32 _ lim 3(x—1)—2Inzx 0
esit \Inz -1/ 251+ (z—1)lnx 0

Apply L’Hépital’s rule

- lim — =
DI a1 1

lim 22— 2~ 27
Rt (x—1)Inz el Inz + (x

3(z—1)—2Inz ) 3-2 3-2

2 1
Notethat 3— = 5 landlnz+1— = >0t asaz — 1T
x x

10. lim (22— 1) (0 00)

r—00

lim (x? — 1)6_952 = lim v _ ! (S)

T —00 r—oo e o0
Apply L’Hopital’s rule
21 2
lim &2 = lim —X = lim — =0
z—o00 €% z—00 2 €% z—o00 ¥
11. lim 2*  (0%)

z—0t
Puty=2"<hy=hzs*=zxlnz
lim Iny = Ui 1 0(—
g ey = g e (0 (ze)

. . Inz —00
lim xlnz = lim — —
r—0t r—0+t T oo
Apply L’Hépital’s rule

1

. Inz ) x .
lim — = lim 5 = lim (—z) =0
z—0t T z—0t —T— z—0t

Therefore, lim 2% = lim y=¢e’=1.
z—01 z—0t

12, lim (1+¢2)* (o)

Tr—r o0
1 1 In (14 e?*

Put y = (1+62””)” Slny = fln(l—f—ez”) = M

x x

In (14 €%

lim Iny = lim g (f)
T—r00 T—00 x o0
Apply L’Hépital’s rule

2621

_ In(1+4¢*) , 14 e2 , 2e2” 00

lim ——= = lim ———% = lim ———— (—)
r—00 €T T —00 1 z—o0 1 + e o0
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13.

14.

Apply L’Hépital’s rule

2z
lim de =2
z—r00 2T
1
Therefore, lim (1 + 62’”) = limy=e?.
T—00 r—00
In3\*
lim (1 + n) (1)
r—00 T
In3\” In3
Put y = <1+n) @lny:xln<l+n>
T T

In3
lim Iny = lim zln <1—|—n ) (0 o0)
T—00 €T

Tr—r00

T—00 xT—r00 1’*1 0

In3
In3 I <1 + x) 0
lim xIn (1 + x) = lim — 7/ ()

Apply L’Hépital’s rule

—ln3z2
1 —
. T . -
lim = lim
T—00 x—l T—00 —q;_2
— lim In3 _ In3 3

1 * )
Therefore , lim <1 + n3) = limy=e"%=3

T—00 €T T—00

a xr
NOTE : lim (1 ¥ ;) — ¢ where a # 0

Tr— 00

li 9 1 cotx 1

cotx 1 2 1
Puty:(2x—|—1) t @lnyzcotm]n(2x+1)zw

tanx

In(2 1 0
lim ]ny = lim M e
z—0+ z—0+ tanx 0
Apply L'Hopital’s rule

2
. In(2z+1) . 2¢ + 1 . 2
lim ———= = lim — = Ui =
z—0+t  tanx z—0+  sec?x z—0+ (2 + 1) sec? x
Therefore, lim (2x + 1)00” = lim y=e¢?.
z—0+ r—0+
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Exercises : Evaluate the following limits

R Toud
1. lim — .
z—00 12

e —1

2. lim
Z—00 T

3. lim e “Vx .

Tr—r00

4. lim (1+42)77 .

Tr—r00

. T —tancx
5 lim —— .
z—0 1 — cosx
6. lim (secx + tanz)™"
r—0t
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INTEGRATION BY PARTS

It is used to solve integration of a product of two functions using the formula

/udv:uv—/vdu.

Examples :

1. /xez dx

U= dv = e® dx
du=dxr wv=¢"

/xemdxzxem—/e”’dm:wez—e””—l—c:(x—l)em—i—c.

2. /xseczxdas

U= dv = sec? ¢ dx
du=dxr wv=tanx

/xseczxdx:xtanx—/tanxdx:mtanx—ln|secx|+c.

3. / rsinz dx
0

U=z dv =sinx dx

du=dr v=—cosx
/ zsinz dz = [~z cosz]] +/ cosz dx = [~z cosz]y + [sinz]g.

0 0
= [(—mcosm) — (—=(0) cos0)] + [sin7 —sin0] = [-7(—1) — 0]+ [0—-0] =7
4. /xQSinmd:B
u =2 dv =sinx dx
du=2xrdr wv=-—cosz

/x%inxdm = —z? costr/Q:vcos:de
Now to solve /236 cosx dr

u = 2x dv = cosx dx
du=2dr v=sinz

Therefore , /x2 sinzdr = —2%cosz + 2z sinz — 2 / sinx dx

/xQSinmd:B = —z?cosx + 2rsinz + 2cosx + ¢
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5. /e”” cosz dx

U = COS X dv =¢e* dx
du=—sinx dr v=c¢€"

/e””cosxdx:ezcosx+/emsinxdx

Now to solve /e”” sin x dx

u=sinz dv = e® dx
du=cosx dx v=e"

Therefore ,/ e®cosxdr =e®cosz + e”sinx — / e’ cosx dr
2/6”’ coszdx = e cosx + e*sinx
x 1 xT T .3
e’ cosrdr = 5 [e® cosx + e sinz] + ¢ .
Another solution of / e” cosx dx

u=e* dv = cosx dx
du=¢e¢*dr wv=sinx

/ez cosxdr = e*sinx — /em sinz dx
Now to solve /ew sinx dz

u=e* dv =sinx dz
du=¢e¢*dr v=-—cosx

Therefore ,/em cosxdr = e*sinx — {e“’ cosz + /6”” cosxdx}
/ezcosxdx:ezsinx—i—ercosm—/ezcosxdx
2/6Icoswdx:6$sinx+ewcos:c

e cosxdxzi[e sinz + e” cosx] + ¢ .

6. /ln\x|dx
u=In|z| dv = dz

du=—dx v==x
T

1
/ln\x|dx:xln|x|f/xfdx:xln|x|f/dx:xln|z|—z+c
x
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7. /tan_lxdx

u=tan 'z dv = dx

1
du=——
Y 1+ 22

1
/tanflxdx::ctanflx—/:c ——dx
1422

dr v=u

1 2 1
/tan_lxdm:xtan_lx—f/%dm:xtan_lx—§ln(l+x2)+c

2

8. /sechdx: /secxsec2xdx

U = secx dv = sec® z dz
du =secxtanz dr v =tanz

/sec3xdx:secxtanx—/secxtanzxdx
/secga:dx:secxtanx—/secx(seCQx—1) dx
/sec3xdx:secmtanxf/sec3xdac+/secscdx
2/se0333dx:secxtanx—i—ln\seca:—&—tanﬂ

3 1
sec® xdx = 3 [secztanz + In|sec + tanz|] + ¢

9. /ln(l +2?%) dx

u=1In(l+2%) dv=dz
2z

du:mdx v=uz
/ln(1+$2)d$=$1n(1+x2)_/ 212 s

1+ 2?2

272 +2) —2
/ln(1+x2)dx:xln(1+x2)_/%dx

/1n(1+x2)dx:x1n(1+x2)—/M‘Ll)dx+2/ da

1+ 22 1+ 22

/ln(1+z2)dz:zln(1+z2)72x+2tan71x+c
x3 x
10. 7dx:/x27dx
/\/x2+1 \/me—l—l
u = z? v = ———

dx
2 4+ 1

du=2xdr v=+vz2+1
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3
/\/xzsiﬁdx:f\/ﬁ—/%u/x?—kldz
3 1
/7Z+1dx:x2\/ﬁf/(:c2+l)22xd:r

VT
3

23 (x2+1)
7dx:x2\/3327—|—1—7+c
/\/332+1 3

11. /x36$2 dx = /x2 (:ce$2) dz

2
u = z2 dv = xe* dx

1
du=2xdzx v= 56962

1 1
3¢ dr = ~22e® — = | 2we® da
2 2

1 1
/Jiger dx = 51:269”2 — §€x2 +ec

Exercises : Solve the following integrals

1. /mcostdm .

2. /xcoshzdx .

w

T
. —dz .
61}

4. /ezsinmdm.
1

. /P In |z| dz .

6. /sinflxdx.

ot
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Notes :

1. /xe“dx:(w—l)e‘”—i—c.
/m2ezdm:(ar2—2x+2)em+c.
/xBe"’”dx:(x3—3x2+6x—6)e"”+c.

2. /J:cosxdx =xsinx +cosx + ¢

z?coszdr = (2% — 2)sinx + 2z cosz + ¢

23 cosxdr = (2° — 6x)sina + (322 — 6) cosx + ¢

ztcosxdr = (2t — 122 + 24) sinz + (42 — 24x) cosx + ¢

rsinxdx = —xcosx +sinx + ¢

r?sinzdr = (—2% +2) cosx + 2xsinz + ¢

3

rdsinzdr = (—2® + 62) cosx + (32 — 6)sinx + ¢

zlsinzdr = (—2* + 1222 — 24) cosx + (42 — 24z) sinz + ¢

©
— e S S S
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INTEGRALS INVOLVING TRIGONOMETRIC FUNCTIONS

FIRST : Integrals of the forms
/sin axr cosbrdxr /sin ar sinbxdxr /cos ax cosbr dx

Where a,b € Z.

1. The integral / sinax cosbz dxr can be solved using the formula
. 1. .
sinax cosbr = 3 [sin(ax 4 bz) + sin(ax — bx)]
2. The integral / sinax sin bz dx can be solved using the formula
. . 1
sinaz sinbx = B [cos(az — bx) — cos(ax + bx)]
3. The integral / cosax cosbx dx can be solved using the formula

1
cosax cosbr = 5 [cos(ax + bx) + cos(ax — bx)]

Examples :

1
1. /sin 3z cos2xdx = / 3 [sin(3x + 2z) + sin(3z — 2z)] dx

1 1 1
:/i[sin5x—|—sinx] dxzi/sin5xdx+§/sml‘d$

= L L cos50) + 2 (—cosw) + ¢ = — = cos 5z — = cosw +
= 2 5 COS O 2 COS T Cc = 10COS X QCOSJT C

1
2. /sinx sin3z dx = /5 [cos(3z — x) — cos(3z + )] dx

1 1 1
:/5[00823?—0084{[7] dmzi/cos%cdac—§/cos4mdx

LR DRSS O DRGNP DFRP S
—2281111‘ 24S1n.’1} c-4smx SSIHCE c

3.

—

1
cos bz cos2zdr = / 3 [cos(bx + 2x) + cos(bx — 2x)] dx

1 1 1
:/5[0057;10—&—0053:5] dmzi/cos%vdx—&—i/cos?)xdx

11 . 11 . 1 . 1 .
§?sm7x+§ gsme—l—C—ﬁsm?x—i—Esmi’)x—Fc
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SECOND : Integrals of the forms
/sin”x cosxdxr /sinhnx cosh™ zdr , wheren,meN

The above two integrals can be solved by substitution if n or m is odd .

1. If n is odd :

The substitution v = cosx can be used to solve /Sin" z cos™ xdw .

The substitution u = cosh z can be used to solve / sinh” x cosh™ z dx .
2. If m is odd :

The substitution v = sinz can be used to solve / sin"z cos™ xdx .

The substitution © = sinh z can be used to solve /sinh" z cosh™ zdx .

Examples :

1. /sinsx cos* v dx = /sin4:v cos*z sinzdz

. 2 . 2 .
= / (sm2 :E) cos*x sinxdr = / (1 — cos? :1:) cos*z sinxdx
Put v = cosz = —du = sinz dx

/sin5as cos* x dx = —/(1 —u?)?ut du = —/(1 —2u® + u)u? du

7
:—/(u4—2u6+u8)du:—[u—%—l—u}—!—c

-
cos>x  2cos’x  cos®x

= — +c

5 7 9
2. /\/Sinx cosgxdxz/\/sinx cos? z coszdx

:/(sinx)

Put v =sinz = du = cosz dx

/\/sinx cos?’xdx:/u%(l—tﬂ) du:/(u% —u%> du

[N

(1 — sin? :E) cos x dx

(M)

uz  2u? 2 (sinx)
= - +c= - +c

3 7 3 7
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cos? x

sin®
3. / dr = /sin2x cos 2z sinzdx = / (1 — cos? SL‘) cos™?x sinz dx

Put w = cosz = —du = sinz dx

sin®
(1) w2 du— — -2 _ 4
/cos%vdx /( u?) u”? du /(u ) du

-1

1
:—u—l—&-u—i—c:f—l—u—i—c:secx—i—cosx—i—c
— U

4. /sinh3 x cosh?zdx = /sinh2 z cosh?z sinhzdx

= /(cosh2 z —1) cosh®z sinhz dz
Put v = coshx = du = sinhx dx

/sinh3m cosh? z dx = /(u2 —1)u? du = / (u* — u?) du
5 3

u cosh®x  cosh®z
5

=4

—+c

3 5 3

5. /sin7x cos® xdx = /sin7x cos®z coszdx
_ T 2 .
—/bln x (1 —sin“z) coszdx
Put v =sinz = du = cosz dx

/sin7x cosgxdz:/u7 (1 —u?) du:/(u77u9) du
10

ud wlf sinfx  sin''z
— — —4c= — +c

8 10 8 10

Special cases :

1 1 in2
L /SiHQxdx:/g[l—cos%c] dgc:§ [x—SH; x} +e

1 1 in2
2 /C052$d$:/§[1+cos2x] alx:5 {x—i—sm CE] +e

Exercises : Solve the following integrals

1. /sin3 rdr

2. / sin? z cos® z dz
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THIRD : Integrals of the forms
/sec"x tan™ zdx /csc”ac cot™ xdx

/sech"x tanh™ zdx | /cschnx coth™ x dx

The above four integrals can be solved by substitution if n is even or m is odd .

1. If n is even :

The substitution v = tan z can be used to solve /sec” z tan™ zdx .

The substitutions © = cotz , © = tanhz and v = cothx can be used to
solve the other three integrals respectively.

2. If mis odd :

The substitution u = sec z can be used to solve /sec” z tan™ zdx .

The substitutions u = cscx , © = sechx and u = cschx can be used to
solve the other theree integrals respictively.

Examples :

1. /csc4x cot* z dz

= /CSsz cotz csc?xdr = /(1 + cot?z) cot* z csc? xdx
Put u = cotz = —du = csc’ x dx
/csc4x cot* xdx = —/(1+u2)u4 du = —/(u4+u6) du

U n cot® x cot”
= - - — cC= — —
5 7 5 7

2. /tan?’x sec® z dx

= /taan sec’z secxtanx dr = /(sech -1) sec’ z secxtanx dr

Put u =secz = du = secztanx dx

/tansx sec® xdr = /(u2 — Du? du = /(u4 —u?) du
5

u ud N sec®r  sec®x
u_%r .-
5 3

) 3
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3. /tanh3 x sechx dx

= /tanh2 x sechx tanhx dx = /(1 — sech®r) sechx tanh z dx

Put u = sechx = —du = sechx tanhx dx

/tanh3m sechx dx = — / (1 —u?) du

3

u
:—u—i—?—i—c:—sechx—f—

sech®z

4
sec* x

4. ——dx
Vtanzx

/sec2x (tanx)fé sec2xdx=/(1+tan2x) (tanz)” 2 sec® zdx

-

Put u = tanz = du = sec? z dz

SeC x 1 1 3
1+u?)u~2 du:/<u*§ +u5) du
\/tanx ( )
2(tan )3
=2u? +T+C—2(tanx)%+%+c
4 9 4 9 tan® x
5. [ tan® zsec® xdr = [ (tanz)®sec® xdx = 3 +c
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TRIGONOMETRIC SUBSTITUTIONS

If the integrand contains a term of the form /a2 — z2 , Va2 + 22 or V22 — a2
where a > 0, then trigonometric substitutions can be used to solve the integral.

1. An integral involving v/a? — z2 : use the substitution = asinf where
fg <fh< g to solve the integral .

2. An integral involving v/a? + x2 : use the substitution = atan 6 where

,g <f< g to solve the integral .

3. An integral involving v/x2 — a2 : use the substitution x = asec where
0 e [0, g) to solve the integral .

Examples :

Va2 -9
1. To solve the integral / ——  dx we use the substitution :
x

(a) x =3tan® (b) z =3sinf (c) x =3secfd (d) None of these
Answer : We use the substitution o = 3secf .

2. To solve the integral / V' 1+ 422 dx we use the substitution :

(a) 2z =cosf (b)) z = ta;@ (¢) 2z =sinf (d) None of these

Answer : 1+ 422 = /(1)2 + (27)2

So we use the substitution 2z = tanf = = = ta;u?
3. /;dl«: B S
2216 — 22 x2,/(4)2 — 22
Putx:4sin9$sin9:£
dx =4cosf df
1 4cosf
mdm:/@lsin@? 16 — (4sin6)? a0
:/ 4cosf & — 4 cos 0 0
16sin2 01/16 — 16sin2 6 1681n26\/m
:/% :% ﬁ 92@ csc? 6 df
= —icotH—&—c

16
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X
6
16 — x?
1 1 V16 — 22

———dr=—— —— +¢
12/16 — 22 16 T

2 _

4./””2 Ly
X

Put £ = 2sec = secl = g

dr = 2sec tand db
/\/m2—4dx_/\/486029—42secﬁtan9 d
2 a

4sec?

0

4sec? 6 sec 6
(sec?f — 1) / sec? § / 1
= [ == 4= do — do
/ sec sec sec

:/5609 dO—/COSG df =1n|sect + tand| —sinf + ¢

2
:/(Qtane)(QseCQtanﬁ) daj/tan 9d9

X
x? -4
0
2
2_4 2_4 2_4
/ x dwzlng—l—\/x _\/ac +c
2 2 2 T

1
5 [ e e
(22 4 8z +25)%

:/ L < dx:/%dx
(22 4 8z + 16) + 9] [(z+4)% + 322

4
Put z +4=3tanf = tanf = %
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dx = 3sec? 0 db

1
/ (22 + 8z + 25)2

3sec? d

das:/—s o
(9tan2¢‘)+9)§

3sec? 6

2
:/%Les dgz/i o
(9sec2 0)2 27sec3 0

Y
9 /) sect 9

1
i I
(22 + 8z +25)2

[
. - __a x
(25 — 22)2

7/0050 dO:ésiné)—i—c

VX +42%+9

X+4
0
3
_1 z+4 —|—c—1 r+4 n
9 (r+4)2+9 9 Va?+8z+25

Put x = 5sin9:>sin9:§

dr = 5cosf db

1
/ 1 &
(25— 22)3

B / 5cos 6
(25 cos? 0)2

_ 1t/ 1

25 ) cos26

5cosf

= —_— - de
/ (25 — 25sin” 0) 2
5cosf
df = | ———
/ 125 cos® 6

1
= — 2 —_
=% sec” 0 db 9% tand + ¢

5
X
9
25 — x?
_1_=z
25 /25 _ 2



X 1 1
7. 7dx:f/x2—16_52xdx: 2 —-16+c
Va2 —16 2 ( )

Notes :
1
1. —dz
/\/9—1‘2
Put x = 3sin0:$sin0:§

dx = 3cosb db
3cosf

1
——dr = | ——— df
/\/9—x2 V9 —9sin? 0
3cos .1 (T
_/30059 dG_/dG_H—FC—sm <§>—|—c

1
—dx
/\/9—|—;l:2

Put x = 3tan9:>tan9:§

dx = 3sec? 6 db

3sec? 6

1
——dx = —— df
/\/9+x2 V9 + 9tan’6

002
:/Sbec o d@z/secG df =1n|sec + tanf| + ¢
3sect

x%+9

+c

w
wl g

1 2 +9
de=In|—— +
/\/9+x2 ’
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Exercises : Solve the following integrals
2
T
1. ——dx
/ V4 —x?
Hint : use x = 2sinf
2. /x3\/x2 —4dx
Hint : use x = 2sect
3. /\/952 + 22+ 2dx
Hint : use x +1 = tan6
1
/ SN S
VrZ+2r+5
Hint : use x +1 =2tan6
[ v
—dx
922 + 49

Hint : use 3z = 7tan6
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INTEGRATION OF RATIONAL FUNCTIONS
(Method of Partial fractions)

xdz

P
Method of partial fractions is used to solve integrals of the form / QE ;
x

where P(z) , Q(z) are polynomials and degree P(x) < degree Q(z).
If degree P(x) > degree Q(z) use long division of polynomials .

Definition (linear factor) :
A linear factor is a polynomial of degree 1.
It has the form az + b where a,b € R and a # 0 .

Examples :
x, 3x , 2¢ — 7 are examples of linear factors .

Definition (irreducible quadratic) :
An irreducible quadratic is a polynomial of degree 2.
It has the form ax? 4 bx + ¢ where a,b,c € R , a # 0 and b?> — 4ac < 0 .

Examples :

1. 22 +9 and z2 + = + 1 are examples of irreducible quadratics.

2. 22 =x z and 22 — 1 = (x — 1)(x + 1) are reducible quadratics .

P(x)
Q(x)

Write Q(z) as a product of linear factors and irreducible quadratics (if possible).
If Q(x) = (a1 + a2)™ (b1z? + baz + b3)™ where m,n € N then

How to write as partial fractions decomposition ?

P(l‘) A1 AQ Am
= - + s LA
Q) a1z + ag (a1 + as) (a1 + az)™
Bix+ C4 Box + Oy n . B,x+ C,,
b1$2 + bQQf + b3 (b15€2 + bzl‘ + b3)2 (b15€2 + bzl‘ + b3)n

Where A17A2a"'aAmaBl>BQ7"'aBTL)Cl7C27"'7C’rL eER.

Examples : Write the partial fractions decomposition of the follwoing

"22-22-3 (v-3)(z+1) 2-3 ax+1
) r+5  x+5 A n Ao
a2 4dr+4 (2422 z+2 (v+2)2
3 2 +1 B 241 _é é Bix + (4
Tt 4x? 22(2244)  x0 a2 2 +4
4 2£C+7 - A1 le+01 Bgl'-l-CQ
(e D) (22492 241 2249 (22 4 9)2
A A A
5 x _ x A A 3

(z—12-1) (@+DE-1)2 z+1 z—-1 (z—-1)
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et 4+22%+1 (@t 42+ a?)+ (2% —a?+1) R e |

. = ]y T
$4+1‘3+£L’2 $4+$3+$2 .’L'4+£L'3+$2
$3—$2+1 Al AQ Bl$+01
=1 a2y A2
+x2(172+x+1) + x +:c2 2?+zx+1
Examples :
2+ 122 +3
1. —d
/ 3 — 4z o
x2+12x+3_ 24+ 12z 43 —é—k Ao n Az
B —4dr  z2xz-2)(z+2) z -2 x+2
2+ 122 +3  Ay(z—2)(z+2) Ay x(x+2) Az x(z —2)
3 —4dr  az-2)(z+2)  z@@-2)(z+2) z(z-2)(z+2)

2+ 120 +3=A1(z-2)(z+2) + Ay z(z+2) + A3 z(z — 2) — (%)
Put 2 = 0 in equation (*) : (0)? +12(0) +3 = A1(0—2)(0+2) +0+0

3:—4A1 :>A1 = —%.

Put z = 2 in equation (*) : (2)? +12(2) +3 =0+ A2 2(2+2) +0

31
31:8A2:>A2:§
Put z = —2 in equation (*) : (=2)2+12(=2)+3 = 0+0+ A3 (—2)(-2-2)
17
—17:8A3:>A3:—§.
x2+12x+3:j+ % —%
3 — 4z x z—2 x+2
x2+12x+3__§1+31 1 17 1
-4 4z 8 x—2 8 x+2

/x2—|—12x—|—3d _/ 31,3t 1 1 1,
2 —dr 12 8 z-2 8 az+2™"

2
/x +12x+3dm:—§/ldx+3—l 1 d—1—7 1 d
4] x 8

2412z +3 3 31 17
/%dm:—Zln|x|+§ln|x—2|—§1n|x+2|+c
4
2 [ e
4 4 A Asy As Ay
ri—23 23z -1) = PR
4 _Alg[:Q(x—l) Agx(x—1)+A3(gg_1>+ Ay a?
x4 — g3 3z —1) x3(x — 1) 23 (z — 1) Bz 1)
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4=A) 2*(x— 1)+ Ay w(x — 1)+ Az(x — 1) + Ay 23
4 = A11'3 — A1$2 + A2$2 — AQ.’E + Ag(E — A3 + 144.’E3
4 = (Al + A4)£C3 + (A2 — Al)x2 + (Ag — Ag)x — A3

By comparing the coefficients of both sides :

Ai+Ay = 0 — (1)
A2 — A1 = 0 — (2)
Ag — A2 = 0 — (3)
From equation (4) : Az = —4
From equation (3) : Az = Az = —4
From equation (2) : A; = Ay = —4
From equation (1) : Ay = —A; =4
T S S B
rd—23 x2 23 -1
4 1 1
/7dx:—4/fdx—4/a:_2dx—4/x_3da:+4/ dz
xt — a3 x x—1
4 -1 —2

4 4 2
/ﬁdx:—4ln\x|+7+—2+4ln|x—1|+c
xt—x oz

8

8 - B1£IZ+01 BQI+CQ
(x2 +1)(22+9)  22+1 2249

8 B (Biz 4+ C1)(z24+9)  (Box + Co)(z? + 1)
(22 +1)(22+9) (22 +1)(22+9) (22 +1)(22 +9)

8 = (le + C1)($2 + 9) + (ng + Cg)(xz + 1)
8 = B1x3 + 9Bz + Oll‘Q +9C; + BQZ‘S + Box + C2z2 + Cy
8 = (Bl + Bg)x?’ + (01 + 02)$2 + (931 + Bg)x + (901 + 02)

By comparing the coefficients of both sides :

Bi+B, = 0 — (1)

CirC = 0 — (2)

9B1+By, = 0 — (3)

0CL+C, = 8 —s (4)
)

Equation (3) - Equation (1) :

From equation (1) : By =—B; =0
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Equation (4) - Equation (2) : 8C4 =8=C; =1
From equation (2) : C; = —Cy = —1

8 1 -1
(22 +1)(z2 +9) T Zr1 240

/44jL47m:/4iim_/4wa
(x2+1)(x2+9) 2241 x2+9
8 1 x
— ~ dr=tan 'z -2t d
‘/(x2+1Xx2+9) v tan e g tan (3)+C

/ 823 + 13z

. ———dx

(1‘2 + 2)2

8253 + 13z o Bl.’b + Cl Bgl'-f—g
(x24+2)2  22+2 (22 +2)2

823 + 13z (Biz+C1)(a?+2)  Bor+s

(2 +2)2 (22 + 2)2 (22 + 2)2
823 + 13z = (Biz + C1)(2® + 2) + Baz + C2

823 + 132 = B12® + 2Bz + C12? + 20, + Bz + Cs

823 + 13z = Bya® + Cia? + (2B1 + Ba2)z + (201 + C2)

By comparing the coefficients of both sides :

B; =38

Ci=0

2B1 + By =13=B;=13-2(8) =13 —-16 = -3
201+ C2=0=C3=0-2(0)=0

823 + 13z 8z -3z

(22 + 2)2 _x2—|—2+(ac2+2)2
3

/Sm +13xdx:4/ 2z dxfé/ 2z de
(22 +2)2 22 +2 2 ) (x2+2)2

823 + 13z 3 (22 +2)7!
M dr =4ln(x?+2) - 2
/(I2+2)2 x n(z” + 2) 3 1 +c

8x3 + 13z 3 1
o — Al +2) + 2
[ o de = At + 945 g e

/x3—|—1d
’ 3 + 4z v

3+ 1 (23 +42) + (1 — 4x) 1—4x

= — =14

3 + 4 3 + 4z a3 +dr
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-4 A Bzx+c

x(x? +4) ;+x2+4
1—4x A(z?+4) (Br+eo)z

x(z?2+4) x(@?44)  x(z?+4)

1—4x = A(2®> +4) + (Bx + C)z = A2x®> + 4A + B2? + Cx
1—4dx = (A+ B)z? + Cz + 44

By comparing the coefficients of both sides :

4A:1;»A:1

4

C=-4

1
A+B:O¢B:7A:71
341 i ir4
3 =1+ + 42
x3 + 4x T 2+ 4
2?41 41l 1 = 1
3+ 4z 4z 4 224+4 z2 44

3 4+1 1 /1 1 2 1
= de=[1dz+= | Zde—= | ——dzx—4 | ——d
/x3—|—4x v / x+4/a: v 8/3@24—4 v /x2—|—4 x

341 1 1 1
/%d:ﬂ:x+zln|x|—§ln(m2+4)—45 tan~! (g)—i—c

3cosx
/ —5 - dx
sin“x +sinx — 2

Put usinz = du = cosx dx

3cosx 3
—5 - dr = zidu
sin“x +sinx — 2 w4+ u—2

3 3 1
w+u—2 (u—1)wu+2) u—-1 u+2

3 1 1
% = ——du- [ ——d
/u2—|—u—2 Y u—1 /u—|—2 u

3

3
/.2 PF e =In|sinz — 1| — In|sinz + 2|+ ¢
sin“x +sinz — 2
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Exercises : Solve the following integrals
1
1. | ———d
/ 22 —3x +2 v
3
2. | ——————d
/ @+ )2 +4) "

| Een
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HALF-ANGLE SUBSTITUTION

It is used to solve integrals of rational functions involving sinx or cosz , by

tti ¢ (x) in thi d 2 gu s
utting v = tan(—=) , in this case dr = —— du , sinx =
P & 2 1+ u?

1—u?
cosx = —— .

1+ u?
Examples :

1
1. /7dz
24 cosx

Put v = tan (£>
2

1—u?

d v
v 1+ u?

= 1502 du and cosz =
U

1 1 2
/2+cosxdx:/ 1—w2) 14 u? du
2+(W)

B 1 2
N (%) T+ @
14+u?

14 u? 2 2
= du = —— du
24+2u2+1—u2 1+ u2 3+ u?
1 1 U
:2/du:2tan1<>—|—c
(V3)2 + (u)? V3 V3

x
tan | =
1 2 (2)
— — dr=-—tan } | —=2
/2—|—cosx “ V3 o V3 e

1
2. - d
/3sinx+4cos:z: v

X
Put u =t (7)
ut u an 2

2 1—u? 2
=——du , cosx = Y% and sinz = Y
14 u? 1

d v
v 4 u? 1+ u?

1 o 1 2
3sinz +4cosx T 3 (2u 1-w2) 14 u? “
(=) +4 ()

1+u?

_ 1 2 1+ 2
— ) =) T T ) Gurd—dw? 1wz
+u

2 1
/—2(2u2—3u—2) d“:_/ Guru—2 ™
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1 A N Ay
Qut1)(u—2) u—2 2u+l

1= A;2u+1) + As(u—2)

Put u =2 then 1 =54, = A; = £

Put v = —% then lz—gAg = Ay =2

1 _ 3 —5
Qu+1)(u—2) wu-—

1 1 1 1 2
= —— du+-: du
(2u+1)(u—2) 5/ u—2 5/) 2u+1

1 1
:—gln|u—2\—|—gln|2u—|—1\—|—c

/ dm:—fln‘tan( )—2‘ ln‘Qtan( )—l—l‘—i—c
3smx+4cosx
/ —smx
1 1+sinx 1+sinx

frng - " dx: 7'2613;

1—sinz 1+sinx 1 —sin“x

1 i 1 i
:/ JrSln:de:/ n sinz \

cos? x cos?x  cos?xw

:/sechdJ;—F/secxtanxdx:tanx+secx+c

sinx
. / dzx
V5 —2cosz + cos? x

Put w = cosz = —du = sinx

sinx -1
/ dx:/i du
V5 —2cosz + cos? V5 —2u + u?

du

1 1
_/\/(u2—2u+1)+4 duz_/\/(u—l)2+(2)2

-1
= —sinh™! <uz> +c

sinx dr — — sinh~? (cosac— 1> Lo
V5 —2cosx + cos? x 2
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Exercises : Solve the following integrals

1
L /idx
5+ 3cosz
1
COST + sInx

1
sinx —cosx — 1
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MISCELLANEOUS SUBSTITUTIONS

1. Integrals involving fraction powers of x

Examples :

1
xr2 4+ a3

Put u =25 = 2 = u% = dr = 6u® du

Note that 6 is the least common multiple of 2 and 3

1 5 5
/ﬁdx:/#du:/%du
xr2 + 3 (u6)§ + (u6)§ u® 4+ u

6u® 6u’
_/7112(11—1—1) du_/iu—i—l du

Use long division of polynomials

6u’ 6
/ v du:/ 6u> —6u+6— —— | du
u+1 u+1)

=2u® —3u? +6u—6Inju+1]+c

1 1 1 1
—— dr=2x2 — 33 + 625 —6In
2 +x3

2./ lx dx
3 +1

Put u = 2% = 7 = ub = dr = 6u® du

x%—i—l‘—kc

ol

Note that 6 is the least common multiple of 3 and 6

1
s 6ub 6ub
/fiﬁdx:/ziudu:/Ldu
3 +1 u? +1 u? +1

Use long division of polynomials

6uS 4 9 6

5

6
z%—2u3+6u—6tan_lu+c

olor

3 6 1 1 1
/ lmﬁ de = 2% _ 973 + 625 —6tan ! (:ﬁ) +c
341 5
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2. Integrals involving a square root of a linear factor

Examples :

1
1. /(x+1) r72dgc

Putu=+vVz—-2=zx=u2+2=dr=2udu

e L A L et
= /(u)2+1(\/§) dU*Q—ta \;%)
/Wmdxzjgtan (T)w

1
e I
V1i+
Putu=+/1+yr= /z=u’-1=2=(u?-1)?=dr=4u(u®-1)du

Zm(uz_l)duzﬁl/(ﬁ—l)du:él{ug—u]-i-c

[z

3
1 (V14 x)?
————dr =4 | —\/1+ Vx| +c
/\/1+\/5 3 ve
3 /l_f
A VAT
Put u =z = 2 = u? = dr = 2u du
- _ 9,2
/1 f (1 —u)2u du:/ 2u® 4 2u du
1+f 14w u+1

Use long division of polynomials

—2u? +2 4
/M du:/ —2u+4— —— ) du=—u?+4u—4ln|ut1|+c
u+1 u+1

1—x
/1+ﬁdz:fx+4ff4ln|l+\/5|+c

v [P = [0t = g v e
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IMPROPER INTEGRALS

Definition (Improper Integrals with a discontinuous integrand):

1. If f is continuous on [a,b) and |f(z)| — oo as x — b~ then

/abf( dr = tim [ f(x) do

t—=b= J,

2. If f is continuous on (a,b] and |f(x)| — oo as z — a™ then

b b
der =l d
[ rtey do= tim [ i) da

In either case, if the limit exists (and equals a value L) then the improper
integral converges (to L) . If the limit does not exist then the improper
integral diverges .

Remark :
If f is continuous on [a, b] except at a point ¢ € (a,b) and |f(z)] > ccasx — ¢

then/ f(z) de = lzm/ flx dx—l—lzm/ f(z) dz

If both limits exist (and equals L; and Lo respectlvely) then the improper
integral converges (to Ly + Lo). If at least one of the limits does not exist then
the improper integral diverges .

Definition (Improper Integrals with an infinite limit of integration) :

00 t
1. If f is continuous on [a, c0) then / f(x) de = lim / f(z) dx

t—o0 a

a a
2. If f is continuous on (—oo, a] then / f(z) dx = tlim f(x) dx
—c0 ——00 t
In either case, if the limit exists (and equals a value L) then the improper
integral converges (to L) . If the limit does not exist then the improper
integral diverges .

Remark :
If f is continuous on (—o0, o0) then for any constant a

/ flx) de = lzm / f(z dx+lzm/f dx

If both limits ex1st (and equals Ly and Ly respectively) then the improper
integral converges (to Ly + Ly). If at least one of the limits does not exist then
the improper integral diverges .
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Examples :

o0
1./ ze T dx
0

The function ze™*

is continuous on [0, 00)

[ee] t
rze ¥ dr = lim re dx
0 t—o00 0

Using integration by parts

U=z dv=e¢"%dx
du = dx v=—e %

0o t
/ xe ¥ dr = lim <[xe‘r}6 f/ —e 7 da:)
0 t—o0 0

= fim (e = e~7)

t—o0

= lim ([(—te™") = ((0)e”)] = [(e 7" — €°]) = lim <_

t—o00 t—o00
_t —
Note that lim — (OO>
t—oo et 00

Apply L’Hépital’s rule

—t —1
lim — = lim — =0
t—oo et t—oo el

—t
Therefore, lim (t —et 1) =0-0+1=1
t—o00 e

o0
Hence, / xe~* dx converges to 1 .
0

o0
1
2,/ Inz
1 X

Inz
The function — is continuous on [1, c0)
x

t

[e'e] t
/ ln—xdx: lim ln—mda:: lim lnxlda:
1

xT t—o0 1 X t—o00 1 X

= lim
t—o00

mn D) 9

t—o0

= lim [(m;)QI [(mt)Q _ ln(l)}
© In g

Therefore, / — dx diverges .
1z

< 1
[
U

The function

5 is continuous on (—o0, o0)
x
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/m L e tim [ deim [
—F ar = m —F ax m ——F ax
oo 1+ 22 t——o0 [, 14+ 22 t—oo J 1+ 22

= tiiinoo [tan™" x]g + t@?o [tan™" x}g

= lim [tan™'(0) —tan"'t] + lim [tan™' ¢ — tan™'(0)]

t——o0 t—o0

= tan"*(0) — (—g) + g —tan"1(0) = g + g =m.
Therefore, / —— dx convereges to T .
oo 1+ 22
1
x
. —d
/o @ —1p
The function _r is not continuous z =1 .
@ =1
1 t t
T x 1 2z
——dx = Ul ——dx = lim - —d
/0 @21 A, @y T AT, 13
i L@ =D ‘ - 1 1
= lim — = lim ——
t—1— 2 —2 0 t—1 4 (tQ — 1)2 (O — 1)2

¢ 1
. / dx
1 zvinz

The function is not continuous at x =1

1
zvVInzx

1 1 € _11
/ dx = lim ——— dzx = lim (Inz)"2 — dx
1 x

zvInz t—1+ J xvVInz t—1t J;

[N

= lim [2(lnx)%}: = lim 2 [\/@, \/hTt]

t—1t t—1+
= lim 2 [1 = Vint| =2[1 - 0] =2
t—1+

e
Therefore, / dx converges to 2 .
1

zvVInx

> 1
) —— dx
/1 zvr? -1

1
The function ——— is not continuous at x =1 .

zvx? —1
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dx +

oo 1 2 1 > 1
——dx = —_— —— dx
/1 zvar? —1 /1 zvx? —1 /2 zvax? —1

= lim dx + lim

2 ¢
1 1
o —— —dx
t—>1+/t Vw2 —1 tﬁoo/z xva? -1

. _ 2 . _ t
= tl_’fﬁ [sec 1 x]t + tlﬂ?o [sec ! J:]2

o “1(9) _ cnn—1 ‘ —1, a1
7tl~z>q1 [sec™!(2) — sec t]+tli72> [sec™' t —sec™!(2)]

=sec 1(2) -0+ T sec™1(2) =

i
2 2

Therefore, dx converges to g .

> 1
/1 zvx? —1

Exercises :
Determine whether the following improper integrals convverge or diverge

0
1. / e“dx

8 1
. —d
o vz

Hint :

[\

is not continuous at x =0

1
Iz dx
2 cosx

0 Vsinz

Hint :

dx

is not continuous at x =0

coszT

Vsinzx
1

4. Show that the improper integral / xlnx dr converges .
0

[ o
— dx
0 V2x — 22

1
Hint : ————= is not continuous at z = 0 , complete the square

V2 — 22

1
Hint : - is not continuous at x =0
T
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AREA BETWEEN CURVES

f (x)

g(x)

[

In the above figure the graphs of f(z) and g(z) intersect at the points x = a
and x =0 .
The area bounded by the graphs of the curves of f(x) and g(x) equals

b

/abf(x) dx—/ g(x) do = /ab [f(z) — g()] da

Examples :

1. Find the area bounded by the graphs of the curves of y = 22 +1 , y = 22
and x =0 .

Note that y = 2241 is a parabola opens upward with vertex (0,1) , y = 2x
is a straight line passing through the origin and x = 0 is the y-axis .

Points of intersetion between y = 22 + 1 and y = 2z is :

P?+1l=2r=22-2r+1=0=(z—- 1) =0=2=1

74



1 1
The desired area = / [(2? — 1) — 2] do = / (x—1)% dz
0 0

o 3 3 37

[@=11_a-1 0-1* 1
=

. Find the area bounded by the graphs of the curves of y = x2 — 4z and
y=0

y =x2-4x

Note that 22 — 4z = (22 — 4w +4) — 4 = (v — 2)? + 4 is a parabola opens
upward with vertex (2, —4) and y = 0 is the x-axis .

Points of intersection between y = 22 — 42 and y =0

P —4dr=0=z2(z—-4)=0=>2=0, z=4

4 4 374
The desired area = / [0— (2? — 4z)] da = / (4o — 2?) dox = [2:32 - x}
0 0 0

- {(2(4)2—(4)3)—0} :32—%=96;64=%.

. Find the area bounded by the graphs of the curves of y = 22 4+ 2z + 1 ,
y=1l—zxzandy=0.

Note that y = 22 + 2o + 1 = (x + 1)? is a parabola opens upward with
vertex (-1,0) , y = 1 — z is a straight line and y = 0 is the x-axis .
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Points of intersection between y = x> +2x+1landy=1—x
?+2r+1=1-2=2>+32=0=2(x+3)=0=2=0, z=-3.
Points of intersection between y = 22 +2r+1land y =0isz = —1 .

Points of intersection between y =1 —z and y=0isx =1 .

0

The desired area = /
—1

[ 5] [ E (- )

L1
3 2 6

1
(2 422 4+ 1) dac—l—/ (1—2)dx
0

4. Find the area bounded by the graphs of the curves of y = 22 , y =22 + 1
,x=0and x = 1.

Note that #2 + 1 is a parabola opens upward with vertex (0,1) , y = 22
is another parabola opens upward with vertex (0,0) , 2 = 0 is the y-axis
and x = 1 is a straight line parallel to the y-axis and passing through the
point (1,0) .

Note also that y = 22 + 1 and y = 22 do not intersect .

1 1
The desired area = / [(2? +1) — 2% do = / dr=[2z]}=1-0=1
0 0
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5. Find the area inside the graph of the curve 22432 = 4 and above z+y = 2.

NOTE : The desired area is one fourth of the area of the circle minus the
area of the triangle which equals to m — 2

Note that 22 + y? = 4 is a circle with center =(0,0) and radius =2 and
y = 2 — x is a straight line.

Points of intersection between 22 +y? =4 and y =2 — x
P+ 2-2)?=4=2+4-dr+2?2=4=222-42=0
=22 -22=0=2(r-2)=0=>2=0, r=2

Note also that z? + 9% = 4 = y = +v/4 — 22 , where /4 — 22 represents
the upper half of the circle and —+/4 — 2 represents the lower half of the
circle .

2 2
The desired area:/ V4 —a? dx—/ 2-—x)de=15 -1
0 0
2
I1:/ V4 — 22 dx
0

Put £ =2sinf = dz = 2cos 6 db
Ifz2=0=2sin0=0=sinf=0=60=0

fr=2=2sin0=2=sinf=1=0=73

I :/2 V4 — 4sin? 2cosf d9:/2400529 do
0 0

sin 29} 2

0

QK;HS’H;W) = (0+Sin2<0))} =2[(5+0)-0+0)] =25 ==

:4/2 %[1—1—(:0829] d0—2[0+
0
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12=/02(2—x) do = [239—””;}2: {(2(2)—2;)—(0—0)} =4-2=2

Hence , The desired area =11 — b =7 — 2.

6. Find the area bounded by the graphs of the curvesof z = y2+1,2 =0,
y=—-landy=2.

_3L

Note that = = 32 + 1 is a parabola opens to the right with vertex (1,0)
, x = 0 is the y-axis , y = 2 is a straight line parallel to the x-axis
and passing through the point (0,2) also y = —1 is another straight line
parallel to the x-axis and passing through the point (0,—1) .

2

3 2
The desired area = / (42 +1) dy = {y + y}
-1

. 3
:{<(2?))3’+2>—<(;)3+(—1)>}—§+2+;+1—1;_6

Examples : Set up integrals to evaluate the areas bounded by the graphs of
the curves of :

l.y=lhzrx,y=0andx=2.

y =Inx

N
w
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Note that y = Inx intersects the x-axis at z =1

2
The desired area = / Inz dx
1

2.y=e*,z=In4d,z=0and y=0.

5-

Iy F— 2
In4
The desired area = / e® dx
0

3.y=a2andy=—22+2

Note that y = 2 is a parabola opens upward with vertex (0,0) and
y = —x? + 2 is another parabola opens downward with vertex (0, 2)

Points of intersection between y = z? and y = —z2 + 2

=2 42=222=2=12=1=2=+1
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1
The desired area = / [(—2? 4 2) — 2%] dx

-1

4
4. y=—,z=0,y=1landy=2.
x

-
N
w

L
-1

2
4
The desired area = / — dy
1Y
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VOLUME OF A SOLID OF REVOLUTION
Disk or Washer method

1. Disk Method
Recall that the volume of a right circular cylinder equals 7r?h where r is the
radius of the base (which is a circle) and h is the hight of the cylinder .

In the above figure R; is the region bounded by the graphs of the curves of f(x)
,x=a,x=>band the x-axis.

Using disk method , the volume of the solid of revolution generated by revolving
b

the region R; around the x-axis is V = 7r/ [f(2))? dx

a

Ry

a(y)

In the above figure Ry is the region bounded by the graphs of the curves of g(y)
, y = d and the y-axis.
Using disk method , the volume of the solid of revolution generated by revolving

d
the region Ry around the y-axis is V = 7r/ [9()])? dy
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2. Washer Method
Volume of a washer = [(outer radius)* — (inner radius)?| (thickness)

f(x),

g(x)

QD
o
-

In the above figure Rj is the region bounded by the graphs of the curves of f(x)
,g(x) , x =aand x = .
Using washer method , the volume of the solid of revolution generated by re-

b

volving the region R3 around the x-axis is V = 77/ {(f(x))2 — (g(x))z} dx
a

dL

f(y)

a(y) Ry

In the above figure Ry is the region bounded by the graphs of the curves of f(y)
and g(y) , where f(y) and g(y) intersect at the points y = ¢ and y = d.
Using washer method , the volume of the solid of revolution generated by re-

d
volving the region R4 around the y-axis is V = 7r/ [(f(y))2 - (g(y))ﬂ dy

c
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Examples : Use disk or washer method to find the volume of the solid of

revolution generated by revolving the region bounded by the graphs of the curves
of :

1
l.y=—,2z=1,2=3and y =0, around the x-axis.
x

Using Disk Method

2

2. y=a?and y =4 — 2? , around the x-axis .

y =4-x?

2 7 s Ay
Note that y = 2 is a parabola opens upward with vertex (0,0) and
y = 4 — 22 is a parabola opens downward with vertex (0,4).
Points of intersection between y = z? and y =4 — 22 :
2=4-—12=22=4=22=2=2=+2
Using Washer Method

V2 V2
V= ﬂ'/ (4 —2°)* = (2%)?] da = 277/ [16 — 822 + z* — 2] dx
-3 0

o 3

™

V2 V2
8 64+/2
= 277/ (16 — 82%) dx = 27 [1695 - 39:3} V2
0
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3. y=4xr — 2% and y = 2 , around the x-axis .

y =4x —x%

‘ ‘ ‘ |
1 2 3 [7

4y — 2% = — (2% — 4w +4)+4 = 4 — (v — 2)? is a parabola opens downward
with vertex (2,4) and y = z is a straight line passing through the origin.

Points of intersection between y = 4o — 22 and y =«
r=4r—2%2° -32=0=2(z-3)=0=>2=0, x =3

Using Washer Method
3 3
V= ﬂ'/ (42 — 2*)* — (2)?] do = 7T/ [162* — 82° + zt — 2] du
0 0

3 5 3
108
:7r/ 2% — 82% + 152°] dw =7 [m —2m4+5x3} - —r
0 5 o 5

4. r=,/y,r=0and y =4, around the y-axis

Using Disk Method

4 4 y24
Vzﬂ'/ (\/37)2 dyzﬂ'/ydy:ﬂ{} = 8
0 0 2 1o
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5. y=22+1,y=0,2=0and z =1, around the y-axis .

y=x2+1

0 1

Note that y = 2241 is a parabola opens upward with vertex (0,1) , z = 1
is a straight line parallel to the y-axis and passing through the point (1, 0)

Point of intersection between y = 2% + 1 and z = 1 is (1,2) .

y=a>+1=22=y—1=a2==+y— 1, wherez = /y — 1 is the right
half of the parabola and y = —/y — 1 is the left half of the parabola .

Using Washer Method
2 2 2
V=7T/ (1) dy—ﬁ/ ( y—l) dy
0 1

2 2
Y 3
Vﬂyﬁw[y] = n
0 2 )

6. x = y? and = 2y , around the y-axis .

-
2k

Note that z = y? is a parabola opens to the right with vertex (0,0) and
x = 2y is a straight line passing through the origin.
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Points of intersection between = = y? and z = 2y
V=2y=9y*-2y=0=yly—-2)=0=y=0, y=2
Using Washer Method

V= 7r/0 [(2y)? — (v*)?] dy = W/O (4y° —y*) dy

4t 17 64
Verl ¥ 6
3 51, 15
7. y=x2?and y =4, around the line y =5 .
e
\ y=4 |
1F y:x2

Note that y = 22 is a parabola opens upward with vertex (0,0) and y = 4
is a straight line parallel to the x-axis and passing through (0,4) .

Points of intersection between y = z? and y = 4
2?2 =4=2=242

Using Washer Method

VW/Q (56— 2?)? — (5—4)?] dxﬂ/2 (24 — 102% 4 2*) dx

-2 -2

3 512
V:W[24x—10$ +w} 832
2

3 5 15"

8 y+2?2=3and y+x =3, around the line x = 3

x=3
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Note that y = 3 — 22 is a parabola opens downward with vertex (0, 3) and
x4+ y = 3 is a straigh line.

Points of intersection between y + 2> =3 and x +y =3
y+a’=z+y=>2 -2r=0=z(z-1)=0=>2=0, =1
=y=2,y=3

y+22=3=22=3—-y=0==+/3—y, where x = /3 — y is the right
half of the parabola and © = —/3 — y is the left half of the parabola .

Using Washer Method

VW/23[(3(3y))2(3 3*y)2] dy
3

:W/ [y2—(9—6\/ﬂ+3—y)} dy
2

=7T/23(y2+y+6\/ﬂ—12)dy

3

5
— 124 =T
5 6

3 2
N _
V—7T|:3+2 43 —y)

3
2
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VOLUME OF A SOLID OF REVOLUTION
Cylindrical shells method

Volume of a shell = 2w (average radius) (altitude) (thickness)

-

fx)

Ry

In the above figure R; is the region bounded by the graphs of the curves of f(x)
,x=a,x=>band the x-axis.
Using cylindrical shells method , the volume of the solid of revolution generated

b
by revolving the region R; around the y-axis is V = 27r/ x f(z) dx

R

g(y)

In the above figure Ry is the region bounded by the graphs of the curves of g(y)
, ¥y = d and the y-axis.
Using cylindrical shells method , the volume of the solid of revolution generated

d
by revolving the region Ry around the x-axis is V = 27 / y g(y) dy

88



Examples : Use cylindrical shells method to find the volume of the solid of
revolution generated by revolving the region bounded by the graphs of the curves
of :

1. y =2z — 22 and y = 0 , around the y-axis .

y =2x-x2

y=2r—22>=—(22-2rx+1)+1=1- (z—1)% is a parabola opens
downward with vertex (1,1)

Points of intersection between y = 2z — 22 and y = 0

20 —12=0=>22—-2)=0=>2=0, z=2

Using Cylindrical shells method
2 2 ,
V= 271'/ x(2x — %) dr = 271'/ (22% — %) dx
0 0

23 1;42 8
V=2r|———
5%,

2. y=cosz ,y=2zx+1and x = 7§ , around the y-axis .
Recall that cos(0) =1 and cos () = 0.
The line y = 2z + 1 passes through the point (0,1) .

The desired region is under the line y = 2z 4+ 1 and above the curve of
y = cosx on the interval [0, 5|

Using Cylindricall shells method

VZQW/ZIL’[(QLL’#*I)*COSZL'] dx

0
3 3

V:27T/ (22° 4 x) dx—27r/ (xcosz) dr
0 0

223 22]? x
— 27 [zsinx + cos x|
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y=2x+1

y = cosx

3. y=+vr+4,y=0and x =0, around the x-axis .

—

y = v/x + 4 is the upper half of the parabola x = y? — 4 which opens to
the right with vertex (—4,0).

y = V& + 4 intersects the x-axis at the point (—4,0) and intersects the
y-axis at (0,2)

Using Cylindricall shells method

V= 277/0 Y-y — 4)] dy = 2/0 (4y — ) dy

412
V—Qw{2y2} =8r
0
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4. y =22 and y = 2z , around the x-axis .

y = 22 is a parabola open upward with vertex (0,0) and y = 27 is a

straight line passing through the origin.

Points of intersection between y = z? and y = 2z
P?=2r=1"-2r=0=>2(r-2)=0=>2=0, 2 =2
=y=0,y=4

y =2? = x = +,/y , where & = ,/y is the right half of the parabola
y =22 and x = —,/7 is the left half of the parabola.

2
y
LR
2>y

Using Cylindrical shells method

V:27T/04y(f—g) dy:27r/04<y

4
Qy% y3‘| 64
0

wlco

V=2
”[5 6

5. y =+/7 and y = 22 , around the line z = —2.

x=-2
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y = 2% is a parabola opens upward with vertex (0,0) , and y = \/z is the

upper half of the parabola = = 32 .
Points of intersection between y = 22 and y = /=
P=\z=rt=zr=2'-2=0=220*-1)=0=>2=0,2=1

Using Cylindrical shells method

1 1
V:27T/ (x4 2)(vVz — 2?) dx:27r/ (71:3—2x2+z%+2x%) dx
0 0

1
o 223 223 23 _ 49
30"

0

/ \

y = 1 — 22 is a parabola opens downward with vertex (0,1) and y = 0 is
the x-axis .

y=1—2% intersects y = 0 at x = &1 .

y=1-22=22=1-y=2==4/1—y, where y = /T — y represents
the right half of the parabola and y = —4/1 — y represents the left half .

Note that the region is symmetric with respect to the y-axis.

Using Cylindrical shells method

1
V:2<2ﬂ'/ (2—y)\/1—ydy>

0
Put u? = 1 — y then 2u du = — dy
Ify=0thenu=1,andify=1thenu=0

0 1
V= 477/ (2+u?—1) u (—2u) du = 47T/ (u? +1)2u® du
1 0

1 5 3711
2 2 4
V:47r/ (2u* + 2u®) du = 4n [u u] _ 0
0 0

5 T3 | T
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ARC LENGTH

If f(z) is continuous function on the interval [a,b] , then the arc length of f(x)

b
fromx:atox:bisL:/ 1+ (@) do

If g(y) is continuous function on the interval [c,d] , then the arc length of g(y)

d
fromy:ctoyzdiSL:/ 1+[g' ()] d

Examples : Find the arc length of the following :

1y %—f—ffromA (1,3) to B=(2,7) .

[\v]

23 1 T 1

fl@) =T = = [l =

4 g2
2 4
T 1 1
1 = 1+ 24 —
/\/+ )dx/\/—i—lﬁ 2+4dx
2
er + — dx—/\/ x d:c—/
T 1 T 1
L= = Tz
/1<4+x2> do = {12 x]l 12

flz) = £re = coshz = f'(x) = sinhz
2 2
L= [ Vi de= [ Vet de
0 0
2 2
| cosh x| dx:/ coshz dz
0 0

L = [sinh 2]} = sinh(2) — sinh(0) = ——— — 0= ———

3. 2249y =25, -5<y<5

Note : In this problem the arc length is equal to half of the perimeter of

the circle 22 + y2 = 25 , the arc length is equal to 57 .

22 +y? =25 = 2?

=4/25—92

9(y) =25 —y2 = g'(y) =

=25 —y? = o = +./25 -2 , in this problem
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SURFACE AREA
(SURFACE OF REVOLUTION)

f(x)

If f(z) is a continuous function on the interval [a,b] , then the surface area
generated by revolving the graph of the function f(z) around the x-axis is

b
SA:27T/ f@)/1+[f'(x)]? dx

aly)

If g(y) is a continuous function on the interval [c,d] , then the surface area
generated by revolving the graph of the function g(y) around the y-axis is

d
SA=2r / s)VIT TP dy
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Examples : Find the surface area generated by revolving the following func-
tions around the given axis :

1. 4o = y? , from A = (0,0) to B = (1,2) , around the x-axis .

dr=1y? =y=42x

fl@) =2/F > ') = =

1 2 1
SA:27r/ 2/ 1+[1] dm:47r/\/5 1—|—ldx
0 VT 0 z

3
2

3

2(x+1)

1
1
SA=47T/ VI +1de=dn :8%(2\/5—1)
0
0

2. y=+v4—122, x€[-2,2], around the x-axis .

y=vV4-x?

Note : It is the surface area of the sphere with radius 2 , and it is equal
to 47 (2)% = 167

f@)=Vi-a = fl(@) = ==
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2
SA—27T/ V4 —xQ\/l—i— 2) dx
Vi — 22

2 2
[(4—2?) 4 a2 2
=27 V4 — 22 (7de271'/ VA4 —22— dzx
/_2 4 — 22 5 Nz

SA:47r/ dz = 47 [z])*, = 167
-2

.y =2¥x , from A=(1,2) to B=(8,4) , around the y-axis .
3

y:2e/5:>e/5:g;»x:y§

4 3 y3 9
SA—27T/ 1+ dy—27r \/1+6zy4dy
116 9 ,\*
=21=— 1 4 —y*) d
89/ ( 527 ) (16 ) Y

374
2

oy 2%
9 3
2
.y=a?,0<x<2,around the y-axis .
y:x2:>x:i\/gj:>x:\/§, since 0 <z <2
0<z<2=0<y<4

o) = Vi g'(y) = 1

A=2 1 =9 il
S 7r/ VU 1+ 2\[ dy 7r f —|— dy
4 Nk
/ 1 2 )2
SA:27T/ y—|—7dy:27(- M

0 4 3
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PARAMETRIC EQUATIONS

Parametric equations are used to describe and represent plane curves.

The parameter ”t” is used to write x and y as functions of ¢ .
C:z=2z(),y=uy(t);a<t<bis the general form of a parametric curve ,
where a,b € R.

Any point on the parametric curve is represented by P(t) = (z(t),y(t)) .

Notes :

1. If the parametric curve does not intersect itself then it is called a simple
curve.

2. If P(a) = P(b) then the parametric curve is called a closed curve.

3. Parametric equation of a curve indicates its orientation (direction of the
path).

Examples : Sketch the graph of the following parametric curves :
1. C:rz=t+1,y=2t+3; -1<t<2.
r=t+1l=t=x—-1

y=2t+3=>y=2x—-1)+1=2x+1

t|-1]2
z| 0|3
y| 1|7

The parametric equation represents a line segment from (0,1) to (3,7)
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2.C: x=t—1,y=t>;-1<t<3
r=t—-1=t=x+1

y=t’=y=(r+1)>2

t|-1]3
T |-2]|2
vyl 119

The parametric equation represents a part of a parabola from (—2,1) to
(2,9)

3. C: z=1+3cost, y=—1+3sint;0<t<2m

-1

le+3cost:cost:%
1

y:fl+3sint:>sint:%

_12 12
cos2t—|—sin2t:1:>(m 9 ) —|—(y—g ) =1= (-1 +@y+1)?=9
t]1 0|35 |27
x| 4| 1] 4
y|-1]2]|-1

The parametric equation represents a circle with center =(1,—1) and ra-
dius =3 .

It is a closed curve and its direction is counter-clockwise.
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4. C: x=3+3cost, y=242sint ; 0 <t <27

-3
$:3+3(Jost:>cost:“TT
-2
y=2+QSint:>sint:y?

—3)2 —92)2
C082t+sin2t:1:>(x9) +(y4) _1
t |0 g 21
x| 6] 3 6
yl| 2|4 2

The parametric equation represents an ellipse with center =(3,2) ,the
endpoints of the major axis are (0,2) , (6,2) (its length is 6) and the
endpoints of the minor axis are (3,0) , (3,4) (its length is 4).

it is a closed curve and its direction is counter-clockwise.

ne
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The slope of the tangent line to a parametric curve

IfC: z=ua), y=y(); a <t <bis a differentiable parametric curve then
the slope of the tangent line to C at tg € [a,]] is

— Pty = o4
- dx t=to dj t=to
dt
Notes :
1. The tangent line to the parametric curve is horizontal if the slope equals
d d
zero , which means that ditJ =0 and dit: # 0.

d d
2. The tangent line to the parametric curve is vertical if d—f = 0 and d—g #0.

'
Py dy  \dt

The second derivative is —=

dz?  dx di
dt

1. The slope of the tangent lineto C: 2 =t>+1, y=t*—latt=11is

d
, where y' = d—y
T

Examples :

(@)= B0 (o % (d) None of these

(i)

du 3¢
dt

4
The slope at t =1 is m|i=1 = 3

&&

Answer : m =

The right answer is (c) .

1
2.1C: z=Vit,y= 1(?52 — 1), find the first and second derivatives at
t=4.

d
First derivative : T = = =t

dy
—_—p—_y = 4
dzx =1 = (4)

3
2

=8.

Second derivative : —=



d2
d—;; g =3(4) =12
.IfC: x=2cost, y=2sint , find the first and the second derivatives at

t=

e

d
d—yt:% = —cot (2) =-1.
T

dy’
d’y dy dt csc?t -1
Second derivative : <2 = <L = = =
econd derivative : ——3 = — & ol 2en’
dt
d?y -1 —2V/2 NG
@ ET T Ty Y
2(%)

. Find the equation of the tangent lineto C: =3 —3t, y=t>2—-5t—1
att=2.

dy
dy  \dt 2t — 5

dr — (dz\ 32 -3
dt

d 2(2) -5 -1
The slope of the tangent line is ﬁhzg = (2) =—

34)—=3 9
Att=2:2=23-32)=8-6=2andy=(2)%—-52)—1=-7

The tangent line to C' at t = 2 passes through the point (2,—7) and its

7 1
slope is —% , therefore its equation is y+ = ——

xr — 2 9

. Find the points on C': = = ¢!, y = e~ at which the slope of the tangent
line to C equals —e ™2

dy
_dy \dt —e iy

e T fde\ T & ©

dt
m=—-e?=—-?=—-—2=t=1.
Attzl:xzelzeandyze_lzé.

Hence, the point at which the slope of the tangent line to C' equals —e =2

is (e, %) .

102



6.

Find the points on C': & =4+ 4cost , y = —1+sint; 0 <t < 27 at
which the tangent line is : (a) Vertical , (b) Horizontal .

dy
@_ dt )  cost

de dj T —4sint
dt

d d
The tangent line is vertical if d—f =0 and di; #0

Z—f:o;»—z;smt:o;xt:o, t=m

d
Note that 0,7 € [0, 27] andd—z;;éOatt:Oort:w.
Att=0:2=44+4(1)=8andy=-14+0=-1.
Att=m:2z=44+4(-1)=0andy=—-1+0=-1.

Hence, The tangent line to C is vertical at the points (8, —1) and (0, —1).

d d
The tangent line is horizontal if @ _ 0 and @ #0
dt dt
dy s 3m
a—OéCOSt—Oét—57t—7

d
Note that Z, 3% € [0, 27 andd—j#()att:gort:%”.

Att=5:2=4+4(0)=4andy=-1+1=0.
Att:%”;x:4+4(0):4andy=—1+(—1):_2'

Hence, The tangent line to C' is horizontal at the points (4,0) and (4, —2).

Note : 4+4cost, y=—1+sint ; 0 <t < 27 represents the

C: xz=
x —4)2 +1)2
-1+
the major axis are (0,—1) and (8,—1) , the endpoints of the minor axis

are (4,0) and (4,-2) .

ellipse =1, with center = (4 — 1) , the endpoints of

Clearly, there are two vertical tangent lines to C' , one passes through
(—1,0) and the other passes through (8,—1) .

Also, there are two horizontal tangent lines to C' , one passes through
(4,0) and the other passes through (4, —2)
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Exercises :

1.IfC: x=t, y=1t%, find the slope of the tangent line to C at t =1 .

2. The point at which the curve C': = 3cost , y = 3sint ; 0 <t < 7 has
horizontal tangent line is

(a) (0,3)  (b) (3,3) (c¢) (3,0) (d) None of these

(Hint : the parametric curve is the upper half of the circle with center =
(0,0) and radius = 3) .
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ARC LENGTH OF A PARAMETRIC CURVE

EC: z=z(t), y=yt);a<t< b is a differentiable parametric curve ,then

its arc length equals L = / \/ dt) dt .

Examples : Find the arc length of the following parametric curves :

LC:a=3341,y=3t2+2; 0<t<2

dy
7:2
q L and o=

- [VErr @ a- [ Visa- [ e a
/|t|\/1227dt / (2 + 1) (2t) dt

t

2

L:;[g(tQ—i—l)g] :%(5%5—1).

0
2. C: x=sint, y=cost ; 0<t<

o[

d
d—f = cost and d—g = —sint

L= [ VieostEr ot = 7 Voo s
0 0

/dt ng

Note : The parametric curve represents the first quarter of the unit circle,

2
therefore its arc length equals Zﬁ = g .

3. C: z=c¢lcost, y=celsint ; 0<t<nm

x
i e’ cost — e’'sint = e(cost — sint)

d
YW _ etsint + et cost = e'(sint + cost)

dt

L= /0 \/[et(cost —sint)]” 4 [et(cost + sint)]” dt

s
= / VeZt(cost — sint)2 + e2t(cost 4 sint)? dt
0

s
:/ \/e%(cos%—2costsint+sin2t+cos2t+2costsint+sin2t) dt
0
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L:/O \/262tdt:/0 \f2|e\dt:f2/0 et di
L=v2[et]] =Vv2(e™ - 1) .
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SURFACE AREA GENERATED BY REVOLVING A
PARAMETRIC CURVE

C: z=xz(t), y=y(t); a <t <bis a differentiable parametric curve ,then
the surface area generated by revolving C around the x-axis is

SA = 27r/ab |y(t)|\/(f;;>2 + (Z’)z it

The surface area generated by revolving C' around the y-axis is

SA = 27r/ab |m(t)\/(CZ)2 4 (fé’)z dt .

Examples :Find the surface area generated by revolving the following para-
metric curves :

1. C: z=t, y:%t?’—i—it_l ; 1 <t< 2, around the x-axis .

dzx

-~ =1

dt

@7152 i
dt 4

2 t
=2 )|+ | dt
77/1 3+ 1 + 1
2 3 —1 —2
Bt t
-9 ) () dt
”/1 371 ( +4)
2 5 -3
Bt
=2 S+ dt
77/1 3+2+16>
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Exercises : Find the surface area generated by revolving the following para-
metric curves :

1. C: z=3t, y=4t ,0<t <2, around the x-axis .

2.C: x=t,y=2t ,0<t<4,around the y-axis .
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POLAR COORDINATES

In the recatangular coordinates system the ordered pair (a, b) represents a point
, where ”a” is the x-coordinat and ”b” is the y-coordinate .

The polar coordinates system can be used also to represents points in the plane.
The pole in the polar coordinates system is the origin in the rectangular coor-
dinates system , and the polar axis is the directed half-line (the non-negative
part of the x-axis).

If P ia any point in the plane different from the origin, then its polar coor-
dinates consists of two components r and 6 , where r is the distance between P
and the pole O , and 6 is the measure of the angle determined by the polar axis
and OP .

e} polar axis

5

Note : The polar coordinates of a point is not unique , if P = (r,6) then other
representations are :

. P=(r,0+2nr), wheren e€Z.
2. P=(-r,0+m).
3. P=(—r,0+m7+2nm),wheren € Z .
4. P=(-r,0 —m)
5. P=(-r,0 —m+2nw) , wheren € Z .
v R

P=(r,0+n)." P=(r,0-7)"
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Relationship between the polar and the rectangular coordinates
The polar coordinates (r, ) and the rectangular coordinates (z,y) of a point P
are related as follows :

1. x =7rcosf and y=rsind .

2. r2=2244? and tand = 2 .
x

X, y)=P=(,0)

polar axis

Examples :

1. If (r,0) = (2, g) then its other polar coordinates is

2 (-22) b) <—2,?’2”> o) <232”) a) (2,7)

The answer : (r,0) = (27 g) = (72’ g +7r) - <2’ 3;)

The right answer is (b) .

)
2. If (r,0) = | =3, I) then its other polar coordinates is

2 (%) w(T) 06D o (=3

The answer : (r,0) = (—3, 5;)

I
/l—\
|
w
:—/

ot
|5
|
3
N———
Il
S
Nl
NS
N———

The right answer is (c) .

3. If (r,0) = (=5, ) then find its rectangular coordinates (z,y) .
x=—bcos(m)=—-5 (—1) =5 and y = —5sin(r) = =5 (0) =0
(z,y) = (5,0) .

4. If (z,y) = (2\/§, 72) then find its polar coordinates (r, ) .

r?=(2v3) 4+ (-2 =1244=16=r=4

-2
tanf = — = —

2V/3

T - 117

w
Sl
w3

o

o



Exercises :

1. If (r,0) = (2, g) then find its rectangular coordinates (z,y) .
Answer : (z,y) = (0,2) .
2. If (z,y) = (\/57 \/5) then find its polar coordinates (r,6) .

T
A : (2,—) .
nswer 1
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POLAR CURVES

A polar curve is an equation in r and 6 of the form r = r(0) .
First - Straight Lines :

(1) Lines passing through the pole :
Any straight line passing through the pole has the form 6 = 6, , where 6 is the
angle between the straight line and the polar axis .
0 = 0y = tan(f) = tan(fy) = Y- tan(fy) = y = tan(6p) =

x
The straight line § = 6, is passing through the pole with a slope equals to
tan(6p) .

(2) Lines perpendicular to the polar axis :
Any straight line perpendicular to the polar axis has the form r = a secf ,

T T
where a € R* and 0 € (—5,5)
a
r=asecl=>r=——=rcosl=a=r=a.

cos
The straight line » = a sec is perpendicular to the polar axis at the point

(r,0) = (a,0)

r = asect

(@ 0)
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(3) Lines parallel to the polar axis :

Any straight line parallel to the polar axis has the form r = a csc , where
a € R* and 6 € (0,7)..

r=a csc@ﬁr:_iérsinﬂzaéy:a.

The straight line » = a secf is parallel to the polar axis and passing through

the point (r,0) = (a, %) )

r = acsct

Examples :

1. 6 = % is a straight line passing through the pole with a slope equals to

tan (%) = 1. Therefore its equation in zy — form isy = x .

2. r = 3sech is a straight line perpendicular to the polar axis and passing
through the point (r,6) = (3,0) . Therefore its equation in xy — form is

r=3.

3. r = —2cscf is a straight line parallel to the polar axis and passing through
the point (r,0) = (—2,%) . Therefore its equation in the zy — form is
y=-2.
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Second - Circles :

(1) Circles of the form r = a , where a € R*

2

r=a=r :a2:>x2+y2=a

2

Therefore, = a represents a circle with center = (0,0) and radius equals |a].

Example :

1. r = 2 represents a circle with center = (0,0) and radius equals to 2 .

3 3x 3 3 3 3
r=2,0<60<7% r=2,0<60<2r
2. r = —2 represents a circle with center = (0,0) and radius equals to 2 .
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(2) Circles of the form r = asinf , wherea e R* and 0 <6 <«

r=asind =r’=arsind=22+y’*=ay=2>+y>—ay=0
2

=22+ (y*—a +a—2 —a—2=>962+( —9)2—2
YoWT )T Y73) 71

Therefore, r = asin § represents a circle with center = (0, g) and radius equals

la|

2

Examples :

1. r = 2sin 0 represents a circle with center = (0, 1) and radius equals to 1

r=2sinf , 0<0< r=2sinf , 0<6<nm

T
4

2. r = —2sin 0 represents a circle with center = (0, —1) and radius equals to

r
1
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(3) Circles of the form r = acosf , where a € R* and —

<<

ol 3

r=acosf =r’ =arcosf=ar’>+y’=arv =2’ —ar+y>*=0

= <x2

a
Therefore, 7 = a cos 6 represents a circle with center = (5, O) and radius equals

lal

to
2

a? , a? a2 o
—ax+4)+y :Z:>(x—§) +y

Examples :

a’

4

T
2

1. r = 2cos 6 represents a circle with center = (1,0) and radius equals to 1

2.

s

T
=2 0 —— << ——
T cosf g S0=—o

r=2cosf

)

r
1

= —2cos§ represents a circle with center = (—1,0) and radius equals to

il
2
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Third - Limacon curves :
The general form of a Limacon curve is
r(0) =a+bsinf or r(#) = a+ bcosf , where a,b € R* and 0 < 6 < 27

(1) Cardioid (Heart-shaped) :
It has the form r(0) = a + asinf or r(0) = a + acos® , where a € R* and
0<0<2m

Examples :

1. 7(0) =2+ 2cosb

T T T 2T
610 yi sl |5 |7
rli4l24v2(3]2] 110

3 3r 3

(@) =2+2cosf , 0<6<2rm r(@) =—-2—2cosf , 0<0<2r

2. r(0) =2+ 2sinf and () = —2 — 2sind

3 3 3 3 3r 3

r(@)=2+2sinf , 0<6<2r r(d)=—-2—-2sinf , 0<0<2r
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(2) Limagon with inner loop :

It has the form r(0) = a+bsin6 or 7(f) = a+bcosf , where a,b € R* | |a| < |b|

and 0 < 0 <27
Note : Note that |a| < |b] in this case .

Examples :

1. r(#) =14 2cosf and r(f) = —1 — 2cos

3 3 3
2

r(@)=1+2cosf , 0<6<2rm

3 3r 3
2

r(@)=—-1—2cosf , 0<0<2r

2. r(#) =1+ 2sinf and r(f) = —1 — 2sinf

3 3r 3

r(0) =1+2sinf , 0<6<2rm

3 3r 3

r(0) =—-1—-2sinf , 0<6<2rm
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(3) Dimpled Limacon :

It has the form r(0) = a+bsin6 or 7(0) = a+bcosf , where a,b € R*

and 0 < 0 <27
Note : Note that |a| > |b] in this case .

Examples :

1. r(f) =24 cos® and () = —2 — cosl

» lal > 10|

3 3 3

r(@) =2+cosf , 0<0<2rm

2. r(0) =2+sinf and r(f) = —2 —sin b
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Fourth - Rose curves :

It has the form 7(0) = acos(nf) or r(f) = asin(nd) , where a € R* , n € N and
n>2

1. n is even : In this case the number of loops (or leaves) is 2n .
Examples : r(0) = 2cos(20) or r(f) = 2sin(20) , 0 <0 <27

The number of loops (or leaves) equals 4 .

r(f) =2cos(20) , 0<6<2r r(0) =2sin(20) , 0<0<2r

2. n is odd : In this case the number of loops (or leaves) is n .
Examples : r(0) = 2cos(36) or r(0) =2sin(30) , 0<O <

The number of loops (or leaves) equals 3 .
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Examples :

2
r= represents

cosd
a) a straight line b) a circle «¢) a cardioid d) a rose curve

Answer : r = 9=>7“C089=2=>£L'=2.

COS

Hence , r = represents a straigh line .

The right answer is (a) .

2. The polar equation r = 2 cos § — 2 represents
a) a straight line b) a circle c¢) a cardioid d) a rose curve

r =2cosf — 2 is a Limacon curve with a =b=2.
Therefore , 7 = 2cosf — 2 represents a cardioid .
The right answer is (c) .

3. The number of leaves in the rose curve r = sin 20 is
a)6 b)4 ¢)2 d) None of these

Since n = 2 is an even number then the number of leaves in the rose curve
r = sin 20 equals 2n = 2(2) =4

The right answer is (b)

4. Write the polar equation r = 2cos + 2sinf in terms of z and y (or
cartesian equation) .

r=2cosf+2sinf = r2 =2rcosh +2rsinh = 22 +y% =2z + 2y
=@ -2z+ 1)+ @ -2y+1)=2= (- 1) +(y—-1)2=2

It is a circle with center = (1,1) and radius equals /2
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Test of symmetry
1. The graph of r = r(0) is symmetric with repect to the polar axis if
r(0) = r(=0)

Examples : The circle » = 4cos and the cardioid r = 2 + 2cosf are
both symmetric with respect to the polar axis .

us

2. The graph of r = () is symmetric with repect to the line § = 7 if

(a) r(0) = —r(=0)
(b) r(0) = r(w - 0)

Examples : The circle r = 4sinf and the cardioid r = 2 + 2sinf are

both symmetric with respect to the line 6 = 5 .
3. The graph of r = r(0) is symmetric with repect to the pole if
r(0) =r(m+0)

Example : The rose curve r = sin 260 is symmetric with respect to the
pole .
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SLOPE OF THE TANGENT LINE TO A POLAR CURVE

If r = r(0) is a smooth polar curve , then the slope of the tangent line to r = r(6)
ism= d—y , where 2 = r(f) cosd and y = r(f) sin 6 .
X

(dy> I im0+ rcosd
d sin 7 COS
More precisely , m = % _ ) _ o

dx (dx) @cosﬁ—rsm&

do de
Notes :
d
1. The slope of the tangent line to r = r(6) is horizontal if d—g = 0 and
dz
— #0
de 7
. . e da y
2. The slope of the tangent line to r = r(0) is vertical if — =0 and — 75 0

do

Example :

1. Find the points on the polar curve r(6) = 2sin6 , 0 < § < 7 at which the
tangent line to r is vertical .

The answer :

d
x=1(0)cosf = x = 2sinf cosf = sin 20 = d—; = 2cos 26

dy
y=r(f)sinf =y =2sin’> 0 = — = 4sinfcosf

do
The tangent line to r = r(#) is vertical 1f%—0and Z#O
dx 0 3m ™ 3m
20 0= 2cos20 =0= 20 2,9 2:>9 4,0 1
3

Notethatﬂ—% GZZ [Oﬂand—;«éOwhenG_—orG_%.

m s s
Atezzr(z):2sln(z):2%:\/§

3 T 3 T
AtQZZ r(%):2sm(%):2%:\/§

The points on r(f) = 2sinf , 0 < § < 7 at which the tangent line to r is

3
vertical are (\/5,% , (\/5, I)
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2. Find the points on the polar curve r(6) = 14 cosf , 0 < 6 < 27 at which

the tangent line to r is horizontal .
The answer :
x=r1(0)cos = x = cos (1 + cos ) = cos 6 + cos? §

y=r(0)sind = y =sinf(1 + cos ) = sin6 + sinf cos§ = sin 6 + 3 sin 26

d
& inf - 2cosfsind = —sind — sin 20
de
dy
%Y _ cos 2
20 cos 0 + cos 20
. . . . dy dx

The tangent line to r = r(#) is horizontal 1f@:0and%7é0
d
d—g:0:>cos29—|—cos€:0:2c0529—1+c089:0

1
= (2cosf —1)(cosf +1) =0= cosf = —1 0rcos€=§
io:worezg,(;:%ﬁ

d
Notedthatezg,0:537T€[0,27T]andCé#OWhenG:gorO:?,
butd—Z::OWhenH:ﬂ'.
T
At0:§:r(%):1+cos(%):1+%:%
o

At 0 = 3 cr () =1+4cos(3F)=1+45=13

The points on 7(f) =14 cosf , 0 <

0
r is horizontal are § T § 5l
2"3) 7 \2" 3



Exercise : Find the points on the polar curve r(f) = 1+cosf , 0 <0 < 27 at
which the tangent line to r is vertical .

1 2 1 4
The answer : (2,0) , (2,;> and (27;—) .
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AREA INSIDE-BETWEEN POLAR CURVES

[e) polar axis
The area of the region bounded by the graphs of the polar curves r = r(6) ,

1 %
0 =6, ande:92isA=§/ [r(0))° do
01

Examples :

1. Find the area of the region bounded by the graph of the polar curves
r=secl ,0=0and =7 .

r = secl

Note that » = secf is a straight line perpendicular to the polar axis at the
point (r,0) = (1,0) , & = 0 is the polar axis and § = 7 is a straight line
passing the pole with a slope equals 1 (in fact it is the line y = z) .

1 1

T 1 -
= — 2 = — 4 — _ — = —
A= 2/0 (sec6)°do 5 [tan 6]; 2[1 0] 5

Note : In fact it is the area of the triangle of base equals 1 and height
equals also 1 .
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2. Find the area inside the polar curve r = 2cosf, — I <0 <

vl

s
2

r = 2 cost

?

o polar axis

Note that r = 2cos @ is a circle with center = (1,0) and radius equals 1 .

us

5 1 12 2 1
A=§/ (200s9)2d9=§/ 460829d9=2/ 5[1+C0529]d9

jus
2

[NE)

2

A= o 2] =[G~ (G o) =

jus
2

Note : In fact it is the area of a circle of radius equals 1 and in this case
A=71(1)2=7.

3. Find the area inside the polar curve r = 4cosf and outside the curve
r=2cosf .

r = 4 cost

2, also r = 2cos f is another circle with center =
1.

Note that » = 4 cos@ is a circel with center = (2,0) and radius equals to
(1,0) and radius equals

3 1 %
A= 5/ (40059)2d9—§/ (2cos 0)%dh =

2 T2

/2 12cos? 6 do

[NE

B
A:6/ 5[1—1—00529] d9:3[9+

jus
2

sin 29}

Note : In fact it is the difference between the area of a circle with radius
2 and the area of a circle of radius 1 , so the desired area is A = 7(2)? —
7(1)? =3 .
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4. Find the area inside r = 4 and to the right of r = 2sec

r = 2 sect

Note that r = 4 is a circle with center = (0,0) and radius equals 4 |
r = 2sec is a straight line perpendicular to the polar axis (it is the line

x=2)
Angles of intersection between r = 4 and r = 2secf :

1 s ™
sec sec = COs 5 3 3

Since the desired area is symmetric with respect to the polar axis , then

™

A=2 (; /j (4)2d0 — %/{; (2 sec e)%ze)

5 5
A:16/ d9—4/ sec2 6 do
0 0

A=160]5 ~ altan6)] =16 (% —0) ~4(v3-0) = 167” _ 43

5. Find the area inside r = 2 and above r = —csc .

\J

r = —csct

Note that r = 2 is a circle with center = (0,0) and radius equals 2 ,
r = — cscf is a straight line parallel to the polar axis (it is the line y = —1)

Angles of intersection between r =2 and r = —cscf :
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—CSC9:2é65C9:—2ésin9:—%é@z—f

T, _im

0:
6

6 3

Since the desired area is symmetric with respect to the line § = 5 , then

A=2 <;/ : (—csc0)2d9+%/2 (2)2d9>
-3 3
A:/ 05629d9+4/ df
_z jus 2w
A=[—cotf]_% +4[0]% :\/§+3

. Find the area of the common region between r = V3cosf and r = sinf

V3

2

, also r = sin# is a circle with center = (0, 3

Note that » = v/3 cos 8 is a circle with center = <§7

0) and radius equals

1) and radius equals 3 .

Angle of intersection between r = V3 cos@ and r = sin 6

1 ™
V3cosf =sinf = tanf = — = 0= =
V3 3
1 [3 1 73
A=§/ (Sin9)2d9+§/ (V3 cos 6)%dh
0 3
A= %AS %[1—00829] d9+;éz %[14—00529] df
1 sin20]% 3 sin20]°?
e I
3

1{r 13
A_4<3_22>+

?)

o) (5

3
4

129



5 _ V3

T 4

. Find the area inside r = 3 and outside r = 2 + 2cos 6 .

Note that r = 3 is a circle with center = (0,0) and radius equals 3 ,
r =2+ 2cosf is a cardioid .

Angles of intersection between r = 3 and r =2 4 2cos 6 :

_57T s

, 0

m T
3 3 3

Since the desired area is symmetric with respect to the polar axis , then

1
2+2c059:3:>0059:§:>0:

1 (" 1 (7
A=2 <2 / (3)%d6 — 5/ (2+2cos 9)2d9>
5 3

A:/ [9 — (4 +8cosf 4 4cos? )] do

™

3

A:/ [65—8cosf —2(1 + cos26)] db

™

3

A:/ [3 —8cosf — 2cos26] df
5
A =130 —8sind —sin20]%

A:

B3r—0-10)— (7‘(’—8?—?)]

14:27T—&—9—\2/g
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8. Find the area inside r = 3+ 3 cosf , outside »r = 3+ 3sin 6 and at the first
quadrant.

Angles of intersection between r = 3 + 3cosf and r = 3 + 3sin6 :

7r79:5£

3+3€050:3+3Sin9:>tan9:1#92Z 1

™

1 [3 1[4
A= 7/4 (3—}—30089)2(19—*/4 (3 + 3sin6)2dl
2.Jo 2 Jo
1 s
A= 5/4 [(9+ 18cosd + 9cos® 0) — (9 + 18sind + 9sin® 0)] do
0
A= 7/4 [18C059—18sin9+9c0529—9sin29] do
0
K 9 9
A== 1800s¢9—1831n0—|—§(1+cos20)—5(1—c0s29) de
0

1 (%
A:E/ [18 cos§ — 18sin 6 + 9 cos 26] db
0

1 9 i
A= —-118sinf + 18 cos + — sin 20
2 2 o

A:;[(\1/%+\1/%+g>—(0+18+0)]:\1/8§_17
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9. Find the area inside » = 2 + 2 cos 8 and outside r = 2 .

Note that r = 2 is a circle with center = (0,0) and radius equals 2 ,
r =2+ 2cosf is a cardioid .

Angles of intersection between r = 2 and r =2 4 2cos 6 :

2—1—2cos0:2:>(:050:0:>9:g79:3?7r

Since the desired area is symmetric with respect to the polar axis , then

1 (32 1 [3
A=2 </ (2 +2cos0)?df — 7/ (2)2(19)
2.Jo 2.Jo

A:/2 (4+8cosf +dcos? 0 — 4) df
0

A= /2 (8cosf + 2(1 + cos 20)) db
0

a=[° (2 + 8cosf + 2 cos20) d)
0

A=1[20+8sin0+sin20); = +8
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10. Find the area inside one leaf of the rose curve r = 2 cos 36 .

2n 2

N

3
T
1
1
1
1

’,

The rose curve r = 2cos 36 , 0 < 6 < 7 starts at (r, ) = (2,0) and reaches
the pole when r =0

r=0:>2cos39=0:>39=g:»9=%
Since the desired area is symmetric with respect to the polar axis , then

™

1 (% ©
A=2 (2/ (2 cos 39)2d9> = 4/ cos® 30 d
0 0

™

%1 s
A:4/ 5(14—00869) d9:2/ (1 + cos60) db
0 0

: 5
A2[0+sm69} oo
0 3

11. Find the area betwen the loops of the curve r = 1 + 2cos 6

1 2 4
r:0:>1+2cost9:0:>c089:f§:Hﬁ):g,0 ?ﬂ
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2 4
The interior loop starts at 8 = % and ends at 0 = g

2z 2m 4,7""
A= %/s (1+20059)2d9+/ (1+26059)2d9—/ (1 +2cosf)?df
0 = =

Since the desired area is symmetric with respect to the polar axis , then

A:2<;/3 (1+20059)2d9—%/ (1+20059)2d9>
0 =

A:/3 (1+4cosf + 4cos? ) dH—/ (1+4cosf + 4cos? 6) d
0 =

A:/3 (34 4cosf + 2cos206) dﬂ—/ (34 4cosf + 2cos20) df
0 =

A=[30+4sin6 + sin26];" — [30 + 4sin6 + sin 20]7,

A=[(2r+28) —0] - [3r— (2r+ 28)| = +3v3

Exercises :
1. Find the area inside » = cos 6 and outside the curve r = 1 — cos 6

2. Find the area of the common region between the curves r = 2sinf and
r=2cosf

3. Find the area inside the curve r = 1 and outside the curve r = 1 — cos 6
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ARC LENGTH OF A POLAR CURVE

The arc length of the polar curve r = () from 6; to 6 is
02 2 dr 2
L= /9 (r(8)” + <dg> 6

Examples : Find the arc length of the following polar curves :

1.r=14cosf, 0<0 <27
dr

i

Since r = 1 + cos 6 is symmetric with respect to the polar axis then

—sind

L= 2/ V(1 +cos8)2 + (—sinh)2 df
0

L:2/ \/(1+20080+cos20)+sin20d0
0
L:Q/ V2 +2cosf df
0
L:2/ vV 2(1 4+ cos8) df
0

Note that cos? <Z> = 1(1 4 cosf) = 2(1 + cos #) = 4 cos? (Z)

2
0
cos <2) ’ do

L:2/07r”40052(g) d9:2/07r2
bt [ (2) ar=s i (4)] =s0-0s

2. r=2cosf, 0<6<2m

dr .

0 —2sin6
27

L= V/(2cos0)2 + (—2sin6)? db
0
27

L= V4cos?2 0 + 4sin® 6 db

0

27 27
L= \/Zlcw:/ 2 df = 203" = 4r
0 0

Note that 7 = 2cosf , — 5 <6 < 7 is a circle with center = (1,0) and
radius equals 1 , therefore its circumference equals 27 , in this example
r=2cosf ,0 < 6 < 27w which means that the curve is doubled , hence the
circumference is also doubled .
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3.r=ef,0<0<nm

dr _
— = —e 6

db
L= /0 \/(6*9)2 + (—e=9)? df

L= / Ve 20 4 e=20 df = / V2e=2040
0 0

L:/W\/ﬂe_e‘ d@z\/ﬁ/ﬁe_edé?
L=V -]y = V2[-e T+ =V (1-¢7T)
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SURFACE AREA GENERATED BY REVOLVING
A POLAR CURVE

The surface area generated by revolving the polar curve r = r(6) , 6; <0 < 6,
around the polar axis is

SA4 = 27r/:2 1r(6) sin 6] \/(r(e)f + (fl;)z d

The surface area generated by revolving the polar curve r =r(6) , 61 <0 < 6,
around the line § = %

2
SA:27r cose|\/ )2+ ) do

Examples :Find the surface area generated by revolving the following polar
curves :

1. r=e2 , 0 <0 <7, around the polar axis .

ar_ 1l
a9 2

2 1 2
SA—27r ez sm@‘\/ es 5 g) df

g 1 g 1
SA:27r/ egsinewee—&—feQ d9:/ 3 \/14+— db
0 4 0 4
SA:27T/ 3 sinf eg\/> df =27 —/ e sin6 do
0

Using integration by parts

1 T 5
SA =57 [2ee(sin9 — cos 9)} = % (e"+1)
0
2. r=2+2cosf, 0 <6< 7, around the polar axis .
d
d—g = —2sinf

us

SA:27T/2 |(2+2cosf)sinf] /(2 + 2cos0)2 + (—2sin )2 db
0

us

SA = 27r/2 (2+20059)sin9\/4—|—8cos€+4(:0529—|—4sin20 de
0

SA = 27r/2 (2+2cosf)sinfv8 + 8cosf db
0

SA:27T/2 (24 2cosf)sinf/4(2 + 2cosb) db
0
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SA :47r/2 (2+2cosf)sinfv2 + 2cos b df
0

us

SA:47T/2 (2 4+ 2cos )% sind do
0

3
2

SA= —27r/2 (24 2cosh)z(—2sin ) df
0

us

0

. r=cosf , —gg@g%,aroundthelineﬁzg
d
dfgz—siHG

SA = 27r/ lcos @ cos 0] \/(cos0)2 + (—sin )2 d

2

SA:27T/2 |cos 9‘ vV cos?2 6 + sin? 6 db

jus
2

[ME)

SA = 27r/ cos? 6 do

SA:27T/

st 5] el (5] -

us
2

2

[NJE TN

%(1 + cos 26) db

w\a

.r=2sinf, 0<4 Sg,aroundthellne9—§

dr
—_— = 2
20 cos 6

SA= 27r/2 |25in6 cosf|\/(2sin6)2 + (2cos6)2 db
0

.
SA = 27r/ |sin 20| V/4sin 0 + 4 cos? 0 df
0

SA:27T/2 sin 20 V4 df
0

2072
cos ] .
0

Note : it is the surface area of a sphere of radius 1.

SA=A4r [—
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