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Section 3.1

sl & 239 5 238 4ada EXERCISES (3.1) cuiida

maximum value of a function
R 5 i 3 Al Aad LT gl Al alial) Za)
R sl 4iiall olae V) auen oo 5l o iy 1368 5 yiil) aaas ol 13

minimum value of a function

Lipna 5y 4 Al dad J8I (o ADall (5 jraall dagl)

the maximum and minimum values of a function are called
extreme values or extrema of the function

s sadll Lt ol (g gl adll e Al s 5 paall g alaal) 2l



the maximum and minimum values of a function are called
absolute ( or global) maximum and minimum

ddlhaall (5 jrall o abaall cand Al Gas 5 paall g cabaal) 2l

THEOREM ( Extreme value Theorem )
If fisa continuous function defined on a closed interval I1=[a,b]
Then f attains its maximum and minimum values on |

(o sadll dagdll 4y s ) 4, ki

el (385 f (U8 [=[a,b] Adlad) 5yl o 48 ypae dliaie dlla f il 1))
| 5l oda & (5 yriall § alaall

Definition

Let c be in the domain of a function f,

a) f(c)isalocal maximum of f if there exists an open
interval (a, b)containing c such that f(c) = f(x)

forall xin (a,b)

b) f(c)is alocal minimum of f if there exists an open
interval (a, b)containing c such that f(c) < f(x)

forall x in (a, b)



O £ A Jlae b ¢ clS 1)

(a,b) Assibe s yib ax g OIS 13 f Alall dplaa abie dad (& f(C) (a
(a,b) ix K fc) = f(x) Of Cumycssas

(a,b) 4s siie 3y ax gy S 13 f Al Adaa 5 jmadnd & f(c) (b
(ab) & xdU f(e) < fx) ol Lumscgsas
Definition
Let f be a function defined at c,then c is a critical number
of fif either f'(c) = 0or f'(c) does not exist.
The point (c,f(c)) is caled a critical point
F(c) = 0 S 13 fallall xja e ¢ (i g de 48 jma dlla f cuilS 1Y)

abailly (o, f(c)) Abdl) awi, 4 e e slBagmnse 2 f'(c) O S
Al

Theorem

If f has a local maximum or minimum at x=c ,then c is a critical
number of f.

ik

f alal



In Exercises 1-4 find the absolute extreme values and where
they occur

OS5 ol s Adlhal) (5 paalll ail) an gl 4-1 Cplall b
ddlhaall (5 paall 5 alaadl adll ax ol (ol

238 dadia QUK 8 JEN Hlaild il g jee JSAI IS

adaiill o2a dic 48 jra e Al () Jixd ladl 3 0l

iafaa ¥ 61 (0,1) Adaiil) dic 48 e pe AN (KU 1 22l g 2ae S
alac

SENPTYY L;i (0,-1) ddasill dic 48 jma pe Al (Sly -1 22all g8 23 il
Gl O5Ss ora dad



No absolute extreme values

Or no absolute maximum and no absolute minimum

2.
absolute maximum is f(0)= 2 and it occur at (0,2)

absolute minimum is f(2)=0 and f(-2)=0 and it occur at (2,0)
and (-2,0)

3.

absolute maximum is f(0)=5 and it occur at (0,5)
no absolute minimum

4.

absolute maximum is f(1)= 2 and it occur at (1,2)

absolute minimum is f(0)= -1 and it occur at (0,-1)

In Exercises 5-14 ,find the critical numbers of the function

A1l dx jall dae ) an gl 14-5 g el b

5.f(x) = 2x* — 64x + 100

fl(c) =0 s )y falall x ja e ¢ Q¢ e 4 madlaf culs )y

abailly (¢, f(c)) Adhaid) awi, d8jme e glsasmse 32 f'(c) O
A sl



f'(x) =8x3—64, 8x3—-64=0,8x3=64
3=8,x=2
the critical numbers of the function is 2

f'(x) is defined for all real numbers

6.f(x)=x\/1—x2=x=x(1—x2)%

5 el 8 ddaadld) ksl
FG0) = x(5 (1= )7 )(=22) + (1 — x7)2

=(1- xz)_Tl(—x2 +1—x%)

=1 (1 —2x2)
=(1-x)201-2x% = T
(1—x?)2
1 — 2x?
( )—0 1— 2x? —O,2x2:1,x2=§
(1—x2)2

f'(x) isnotdefined atx =1and x = —

1 1
the critical numbers of the function are \/E ,— \/E ,1,—1



a—1
—a+1

7.f(@) = —

(a>?—a+1)(1)—(a—1)(Q2a-1)

flla)= (a? —a + 1)?

_az—a+1—2a2+3a—1

- (a? —a + 1)?
—a? + 2a

_ 2 _ _
=@ —at )y ,—a“+2a=0,a(2—a)=0

a=0o0r 2—a=0,a=2

az—a+1=a2—a+1—1+1=a2—a+1+§
4 4 4 4

=@+ @220, (- +52
2 4"’ 27 T 2 4 4

so f'(a) is defined for all real number

the critical numbers of the function are a =0,a = 2

2
8.f(x) =x3(x* —4)
5 Ooaill 8 ddaadld) ksl

F) = x3(22) + (2~ )G x9)

=x 3 (2x 3% 3)
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—_1<6x2+2x2—8) 8x?% — 8
=Xx 3 =

T
3 3x3
8x*—-8=0, x*=1, x=1 orx=-1
8x? — 8
f1(0) = —5— =777

f'(x) does not exist at x = 0

critical numbers of the functionare x = —-1,x=0,x = 1

5 2
9.f(x) = 4x3 — 2x3

,()_4(5 %) 2(2 %1)_20 % 4! _Tl
f(x) = 3% b =3 X3 —3X

3 20x — 4
=T(20X—4)= 1
3x3
20 4 =0 —4—1
A T
20x — 4
f’(O)=T:???

f'(x) does not exist at x = 0

critical numbers of the functionare x =0 ,x = T
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10. f(x) = |4x — 3|

flx) =<

fx) =

f'(x) does not exist at x =

critical numbers of the function is x =

C4x—-3 , x>>
4
_—4x + 3 , X > —
(4
—4
\

3

3

11.f(t) = |25 — t?| = /(25 — t2)2 = (25 — t2>%

1 -1
F1(0) =5 ((25 - 922 (2(25 - t2)(=20))
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_ 42
= —2t(25—-t?)"1(25-t?) = 2(;;25 t2§ )

=—-2t ,t#-5and t #5
—2t=0 ,t=0
t +

.

adpyuugjd\wddﬂ\wamm&ﬂﬁf’(t) u\‘.;uu

critical numbers of the function are t =-5,t =0,t =5

12. f(x) = x — sinx
5 Ooeill 8 ddaadld) ksl

f'(t)=1—cosx,1—cosx =0, cosx =1
x = 2nm ,nis integer

critical numbers of the function are x = 2nm ,n is integer

13.f(x) = 3 — 5cosx

5 Ooaill 8 ddaadld) ksl
f'(x) = =5(—sinx) = 5sinx
5sinx =0 sinx =0

x=0,m2m, 3m,... ,—m,—2m,—3m, ...,
X =nmn ,isinteger
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critical numbers of the function are x = 2nm ,n is integer

14. f(x) = 4x — tanx
5 Ooeill 8 ddaadld) ksl

f'(x) = 4 — sec®x
4 —sec’x =0 ,sec’x =4 ,secx = +2

__|_1
COSX—_2

@\)ﬁ\jdjﬁ\@)ﬂ\gxdi@q\@ cogx:% Ladic
( cos(60°) = cos (g) :% =5 Y) JsY) sl 8 x ledie

T

=—+2
X 3 nrm

@\Jﬂ\ e)j\‘_gx\.am.c

T
X=——=2m——== = = + 2nm
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» oY i o . i . "o 1 .
d\_\l\j\‘é_a\_d\@)l\‘éﬁxo\u_\q\_\@ﬁ Cogx:—; Ladic

X=T—5= =—+2nm

n 3m+m 4n

= —_ = = 2
X =1+ 3 3 3 + Z2nm
critical numbers of the function are
o iy 5 iy 2T p 41t
x—3 nn,3 nn,3 nn,3

@N\@Jﬁ\uﬁ X ladic

G ) G x Ledie

+ 2nm,n is integer

In Exercises 15 — 22, find the absolute extrema of f

on the given interval .

abanl) dalhaall 2@l ) (5 suaill dalladll 2@l an 5l 22-15 (ka3
laxall 3 yidll & f Al (s yaall

absolute extrema

Y

= absolute maximum and absolute minimum values

closed Alla <l yib & ol d slasall <l il apen o Jaa Y

intervals

b L asti [a,b] Alla 38 e 5 paalls calaal) dslhall 2l sy
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& e 0S e G gad gl (3N Ay g1 ) x=a e Aol dad a5 (1
cl & La zUl daall o) Ui, g aaally Al

e JS Ge s sl (353 Al g1 ) x=b e Al Aad a5 (2
c2 s» Lia iUl aall O Ui | daally A

aa gy, byl sda 3 (critical numbers ) Alall Ax jall dlae Y aa o (3
zoal 2l Alall 8 Hde JS e gt ) zoa 2o JST Al A

Aagdll 65 diladl el e dae ),\ST@GALA\M\@H\Q}SS (4
ALl ae V) (e dae jraal & (5 el dilhadll

15. f(x) = 3x* — 6x + 3 on [0,3]
HfO0)=0-0+3=3

2)f(3) =27-184+3 =12

3) ff(x)=6x—6=0,6x=6,x=1
critical number isx =1
f(1)=3-6+3=0

the numbers are 0,3,12

the absolute maximum value is f(3) = 12

the absolute minimum value is f(1) = o

16.f(t) =t3—6t*+9t+1 on[—1,4]
Df(-1)=-1-6-9+1=-15
2)f(4)=64—-96+36+1=5
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3) f'(t) =3t —12t+9
3t2—12t+9=0,t*—4t+3=0,(t—1)(t — 3)
critical number are t =1,t = 3
f)=1-64+9+1=5
f(3)=27-54+27+1=1

the numbers are — 15,5,5,1

the absolute maximum value is f(4) =5

the absolute minimum value is f(—1) = —15

17.f(w) = w* = 2w? + 3 on [-2,2]
f(-2)=16—-8+3=11

f(2)=16-8+3 =11

ffw) =4w3 —4w , 4w3 —4w =0,4ww?—-1)=0
w=00rw?—1w?=1,w=1lorw=-1

critical number are 0,—1,1
fF0)=3,f(-1)=1-2+43=2,f(1)=1-2+3=2
the numbers are 11,11,3,2,2

the absolute maximum value is f(2) = f(—2) =11

the absolute minimum value is f(1) = f(—1) = 2
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18.f(t) = t%(8 —t) 0n [0,8]
f(0)=0(8-0)=0
f(8)=2(8-8)=2(0)=0

1 1 -2
IO =6(-D+B-0(5t3)

=2 8—t -2 (=3t+8—t 8 — 4t

(e (5
3t3

f'(t) isnot defined att = 0 so 0 is critical number

8—4t =0, t =2

critical numbers are 0,2

f(0)=0B8-0)=0
f(2) = 2%(8 —2) = 2%(6) =632
the numbers are 0,0,0,6%

the absolute maximum value is f(2) = 63/2

the absolute minimum value is f(0) =0

X
x2+1

19. f(x) =

0

f(0)=m=0

on [0,2]
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2 2
@) ===

4+1
,()_x2+1—x(2x)_x2+1—2x2_ 1 —x?
f )= (x2+1)2 (x2+1)?%2  (x2+1)?
1—x2=0,x>=1,x=1o0orx=-1

critical numbers are — 1,1

1 1
FeD =, )=

N | =
N = N

2
the numbers are 0 T

)

1
the absolute maximum value is f(2) = >

the absolute minimum value is f(0) = 0

20.f(x) =2 —|x| on [-1,3]

fcD)=2—|-1=2-1=1, f(3)=2-]3]=1-3=-2
Fo) =2—\x? =2 - (22
f%x)=—{&(xﬂ€)(20)==—(f§§=v—§=—4,:xiO

f'(t) isnot defined at x = 0 so 0 is critical number
f(0) =2
the numbers are 1,-2,2

the absolute maximum value is f(0) = 2
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the absolute minimum value is f(3) = —2

21. f(t) = sin®t + cost on [0,27]
f(0)=sin?0+cos0=0+1=1
fQ2r) = sin*(2n) + cos2n) =0+1=1

f'(t) = 2sint cost — sint = sint(2cost — 1)

sint(2cost —1) =0 , sint =0 , t=0o0rt=2m
ort=m
2cost —1=0 ,cost =~ b= ort=—=
or 2cost—1=0 ,cost =z , —— ort=——
2 3 3
. T W
critical numbers are 0,2m, T3 T3

f(0) =sin*0+cos0=0+1=1
f@2r) =sin?(2n) + cos(2r) =0+1=1

f(m) =sin*r+cost=0—-—1=—1

T s cosT e (g i3, 100
f(g)—sm 3+C053—(2) +2—4+2—4

B D e PR S S S
f( 3) sin 3+cos3 (2)+2 4+2 2
sin(—x) = —sinx , sin?(—x) = sin(—x) sin(—x)
= —sin(—x) (= sin(—x)) = sin?(-x) , cos(—x) = cosx

55
the numbers are 1,1,1,1, —1,2,2
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the absolute maximum value is f (g) =f (— z) = Z

the absolute minimum value is f(m) = —1

22.f(x) = 2V3x + 4sinx On [0,27]
fO)=0+0=0

f2n) =2V3Q2rn) +0=4V3n

f'(x) =2V3+4cosx =0, 4cosx =-2+/3

\/§ ( T[) 5 ( 4 7'[) 71T
cosx =—— , X=|lm——)=— or x=I1 ) = —
2 6 6 6 6

Gl o S a8 x o ) s Cosx

7T

L. 5w
critical numbers are s

f(s—”)=2x/§(5?n)+4sm(5—")=2x/§(5?n)+4(1)=5\/§n+2

6 6 2 3
=5\/§n+6
3
((§)=25(5) v (§) =233 ro()
=7\/§n_2=7\/§n—6
3 3

5371+ 6 7v/3m—6

3 3

the numbers are 0,4+/3m,

the absolute maximum value is f(2n) = 4V3n

the absolute minimum value is f(0) = 0
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X

23.Find the value of k so that f(x) = x* + P

has a critical number x = 3

X=3 o~ e g f(x)=x2+%cﬁ&i=.-3=ekz\ae.é.ﬁdwi
"(x) =2 +1 2(3)+1—0 1— 6, k= 1
) =2x+e k- k- 0T T

24.Let f(x) = x?> + ax + b . Find values of a and b such that
f(1) = 3 is an extreme value of f on[0,2].

defi A f(1)=3 lcusis bsa afaasd f(x) =x?+ax+b sy
[0,2] &) e fallall (5

f)=14+a+b=3, a+b=2

fl(x)=2x+a
23)+a =3, 6+a=3,a=-3

from (1)
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Section 3.2

Qlish 5249 9 248 5247 4ada EXERCISES (3.2) cniaida

Jall 8 Lae b il el il amy 3 55 cp bl Ja J

ROlle's Theorem

Let f be a function defined on a closed interval [a, b] that satisfies
the following properties :
a. [ is continuous on the closed interval [a, b]

b. f is defferentiable on the open interval (a,b)

c. f(a) = f(b)

Then there is at least anumber c in (a, b) such that f'(c) = 0

Jyy 4k

AV el Al Biaiy [a,b] Adlie sy e 48 e Al f culS 1Y)
[a,b] 4alxall 3 yudll e dlaia f (a3

(a,b) A= sisall 3 yull o Juaad AL f (b

f(a)=f(b) (c

/() =0 of éuny (ab) 2 ¢ JEY Lo an gy adld
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Mean value theorem

Let f be a function defined on a closed interval |a, b] that satisfies
the following properties :
a. f is continuous on the closed interval |[a, b]

b. f is defferentiable on the open interval (a,b)
Then there is a number cin (a,b) such that

f(b) — f(a)
b—a

f'le) =

dau gial) dagdl) 4y las

= AV el Al Gaat g [a,b] Adlka sy o 48 yma dlla f CilS )
(a,b] s il e Alaicf (a
(a,b) 4= sidall 5 yiall e slaiidU aLE f (b

Ol duay (a,b) B € ap gy Adld

f(b) — f(a)
b—a

f'(c) =
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1.Verify that the function f in the graph below satisfies
the conditions of rolle'theorem on the interval [—1,6]

then find the values of c such that f'(c) =0

sl e gy Aok dag b (38a3 JauY) el & F Al () (88as
F'(c) =0 O Cumscaf 2a sl 5 [-1,6]

.
p!m"-n 9 & o

f is defined on [—1,6] no white circle
f is continuous on [—1,6] no white circle

f is defferentiable on the open interval (—1,6)

f(=1) =0=f(6)

c=0,2,4
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2. Explain why functions g, h and k shown in the graph
below do not satisfies the conditions of rolle'theorem

on the interval [2,4]

Loy od aad Y JiwY) JSal 84l k 5 g h Jlsall 13l g
[2,4]  esdl e Jy) Ak

in gx) f(2)=5,f(4)=1s0f(2)+f(4)
in h(x) h(x) is not continuous at 3.3 white circle

ink(x) k(x) is not def firentiable at 3

In Exercises 3 — 7 determine whether Rolle's Theorem

can be applied to f on the indicated interval [a, b]

5 il 3 e Lt (e sy i i€ 13 Lad 20m 723 el 3
[a,b] 3 all
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3. f(x)=2—-|x+1|, [-2,0]
f(x)=2—/(x+1)2 =2—((x+1)2)%

1 —
F100) = =5 (G + DA 20 + D)
x+1
((x + )22
—-1+1 0
f'(=1) =- i T3
(~1+1)2)2

—1in(—2,1) so f is notdifferentiable at x = —1

no it can not be applied

4. f(x)=|x+1], [0,2]
fO=10+1=1, f@=]2+1=3
so f(0) # f(2)

no it can not be applied

1
5 f(x) = 2 ,[=2,2]
1
f(0) =3

fisnotdefined at x = 0 so f is not continuous at x = 0
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0in [—2,2]

no it can not be applied

6. f(x) =x*—3x+4 ,[0,3]

f is polynomial so f is continuous and dif ferentiable
f(0)=4, f3)=9-9+4=4

fQ0) =f(4)

yes it can be applied

7. f(x) = xé ,[—1,1]

, 2 -1 2
f(x)=§x3 =71
3x3
IO _2
f1(0) =

0in(—1,1) so fis notdifferentiable atx =0

no it can not be applied
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In Exercises 8 — 9 find the x — intercepts of the
function , and show that there is a number c between the
the two x — intercepts such that f'(c) =0

O C e _\;ﬁ‘\_ﬁ@zjj f adlall XJPCL\)EJ.Ajig—SO:\Jw\L;
fle) =0 of sy cpalalill

8.f(x) =x%?—4x+3

x?—4x+3=0, (x—3)(x-1=0
(x—3)=0, x=3 or(x—1)=0,x=1

the two x — intercepts are 3,1

between the two x — intercepts are the interval [1,3]
f1)=1-44+3=0,f3)=9-12+3=0

f(1) = f(3) and f is continuous and dif ferentiable
for all real numbers because f is polynomial
applying Rolle's theorem there is a number c between the
the two x — intercepts such that f'(c) = 0

f'(x) =2x—4

f'(c)=2c—-4=0, 2c=4,c=2
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9.f(x) = x(x — 2)

x(x—2)=0

x=0, or(x—2)=0,x=2

the two x — intercepts are 0,2

between the two x — intercepts are the interval [0,2]
f(0)=0,f(2)=0

f(0) = f(2) and f is continuous and dif ferentiable
for all real numbers because f is polynomial
applying Rolle's theorem there is a number c between the
the two x — intercepts such that f'(c) = 0
f(x)=x(x—2) =x*—2x

f'(x) =2x -2

f'(c)=2c—-2=0, 2c=2,c=1

In Exercises 10 — 15, show that the function f satisfies
the conditions of Rolle's theorem on |a, b] and find all
numbers c €(a, b)such that f'(c) =0

[a,b] & Jso Aakaibg s 3aad f A () miay 15-10 cpoladl 8
() =0 ofCuss(ab) e e IS angly



29

10.f(x) = 3,[—3,3]

this is a constant function so it is continuous and
dif ferentiable on (—3,3)
f(=3)=3,f(8)=3s0f(=3)=f(3)

f'x)=0, sof'(c)=0,0=0

0 = 0 is true so ¢ = all numbers in (—3,3)

11. f(x) = x? —2x — 2 ,[0,2]

f(x) is a polynomial so it is continuous and dif ferentiable
for all real numbers

f(0)=-2, fR)=4—-4-2=-2

so f(0) = f(2)

fl(x)=2x—-2, f'(c)=2c—2=0,2c=2,c=1

12. f(x) = x* — 2x3 ,[0,2]

f(x) is a polynomial so it is continuous and dif ferentiable
for all real numbers

f(0)=0, f(2)=16—-16=0

so f(0) = f(2)

f'(x) = 4x3 — 6x°
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4¢3 —6c2=0,c’(4x—6)=0,c=00rc=

BN
N W

3
0 not in (0,2) so only c = 7

13.f(x) = sinx, [0,m]

f(x) is continuous and dif ferentiable for all real numbers

f(0) =sin0=0 , f(m) =sinmt =0
f(0) = f(m)
f'(x) =cosx, f'(c) =cosc =0
T3 5

272 7277

T
so the only value for cin (0,m)is ¢ = 5

1 1
14f(X)=X+; ,[5,3]

f is not continuousonly only at x = 0 so f is continuous

1

, -1 1
f(X)=1+F=1_F

f isnot dif ferentiable only at x = 0
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1
so f is dif ferentiable on (§’ 3)

1 1 1 1 4
f(§)=§+1=§+3=§

3

1 4
f(3)=3+§=§
1
f(3)=r®
, ~1 1 x?2-1
f(x)=1+?=1—x2= £2

c?—1

f'(c) = p =0, c?—1=0,c+0
ct=1, c=1lorc=-1

tnotin (1,3)
not in 3

soc=1

15.f(x) =x(x—1D)(x—-2) , [0,2]

f(x) =x3—3x%+2x

f(x) is a polynomial so it is continuous and dif ferentiable
for all real numbers

fO=0, f(2)=0

so f(0) =£(2)
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f'(x) =3x%—6x+2
f'(c) =3c?—6c+2
3c2—6c+2=0

_6%4/36-4(3)(2) 6%VI2 6+2V3

x 6 6 6
3443
3
3443 3—-4/3
c = 3 or 3
_ V3V3+V3 _ B3+1 <2
N N NG
3—+3 3-1
or C = = <2
3 V3
V3+1 . V3—1
SO C = an c =
V3 V3

16.Verify that the function f shown in the graph below
satisfies the conditions of mean value theorem on the

interval [1,6]. Then estimate the value of c such that

D)~ f(@)
fro) =—=—
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Al i Ja g 8 (3ia3 JauY) JSEN 8 dam pal) £ AN f (3
O sy ¢ dad H8 A8 1,6] sl e ddaw sidll

o~ _ S —f(a)
fie) =—3—
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no white circles and no corners

so it is continuous on [1,6] and dif ferentiable on (1,6)

o~ fW)—fl@) 5-2 3
O == = =6-1"5

c=2andc =4

In Exercises 17 — 22 ,show that the function f satisfies

the conditions of mean value theorem on [a, b] and find all
fb) = f(a)
b—a

o Ao giddl dadll Ay ket da gl (Giad f A () ia g 22417 Cpoladll
Ol &uss(a)b) e SV S aals [a,b]

numbers c €(a, b)such that f'(c) =

o~ _J) = f(a)
flle)=—p—2
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