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Independent of path

Independent of path

Theorem 1

If F(z,y) = M(z,y)i+ N(z,y)j is continuous on an open connected
region D, then the line integral fCF - dr is independent of path if and
only if F is conservative that is F(z,y) = Vf(z,y) for some scalar
function.

Theorem 2: Fundamental theorem of line integrals

Let F(z,y) = M(z,y)i + N(x,y)j be continuous on an open connected
region D, and let C be a piecewise smooth curve in D with endpoint
A(z1,y1) and B(za,y2). If F(z,y) = Vf(z,y), then

(z2,92) (z2,y2)

/CM(:U,y)dw—FN(x,y)dy :/( F-dr= {f(xvy)}
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Independent of path
Independent of path

Theorem 3

If M(x,y) and N(x,y) have continuous first partial derivatives on a
simply connected region D, then the line integral

fc (z,y)dx + N(z,y)dy is independent of path in D if and only if
_oN
Oz -

By

Example 1: Let F(z,y) = (22 + v%)i + (3zy? + 4)j
(a) Show that [ F - dr is independent of path.

23
b)f01))F dr.
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Independent of path
Independent of path

Example 2: Show that [ (e?¥ + y?sinz)dx + (3ze — 2y cos x)dy is
independent of path in a simply connected region.

Example 3: Determine whether [, z*ydx 4 3xzy>dy is independent of
path.

Example 4: Let F(z,y, 2z) = y? cosxi + (2ysinx + €2?)j + 2ye**k
(a) Show that [, F - dr is independent of path, and find a potential
function f of F.

(b) If F is a force field, find work done by F along any curve C' from

(0,1,3) to (%,3,2).
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Green’s Theorem

Green's Theorem

Green's theorem

Let C be a piecewise-smooth simple closed curve, and let R be the
region consisting of C' and its interior. If M and N are continuous
functions that have continuous first partial derivatives throughout an
open region D containing R, then

Figure 14.28

Dr. Bandar Al-Mohsin MATH203 Calculus



Green’s Theorem

Green's Theorem

Note: Note the line integral is independent of path and hence is zero

Jo F - dr =0 for every simple closed curve C.

Examples: (1) Use Green's theorem to evaluate fc 5xydr + x3dy, where
C is the closed curve consisting of the graphs of y = 22 and y = 2z
between the points (0,0) and (2,4).

(2) Use Green’s theorem to evaluate §,, 2zydx + (2% 4 y*)dy, if C'is the
ellipse 422 + 9y? = 36.

(3) Evaluate §,(4+4 e“5%)dx + (siny + 322)dy, if C the boundary of the
region R between quarter-circles of radius a and b and segment on the
x— and y—axes, as shown in Figure.

Figure 14.34
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Green’s Theorem
Green's Theorem

Theorem

If a region R in the xy—plane is bounded by a piecewise-smooth simple
closed curve C, then the area A of R is

ff dA = $oxdy (i)
R

- e @)
= 3¢ zdy— ydz. (iii)

Examples: (1) Find the area of the ellipse (22/a?) + (y?/b%) = 1.

(2) Find the area of the region bounded by the graphs of y = 42? and
y = 16z.
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Green’s Theorem

Examples: (1) Show that fc F - dr is independent of paths by finding a
potential function f
(@) F(z,y) = 322y + 2)i+ (2% + 4¢°)j
(b) F(z,y) = (2ze?¥ + 49°)i + (22%e?Y + 12292)j
(2) Show that [ F - dr is independent of paths and find its value
f((3 ) (0 + 2uy)da + (32 + 2wy)dy
1, 1 2
b) f((4 0.3) yz + 1)dz + (22 + 1)dy + (zy + 1)dz

(3) Use Green's theorem to evaluate the line integral

(a) $, 2?y*dx + (2* — y?)dy, where C'is the square with vertices
(0,0),(1,0),(1,1),(0,1).

(b) $o zydx + (z + y)dy, where C is the circle 2% 4+ y* = 1.

(¢) . zydz 4 sinydy, where C' is the triangle with vertices
(1,1),(2,2),(3,0).
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Surface Integrals

Surface Integrals

rface Integrals

Line integrals are evaluated along curves, Double and triple integral are
defined on regions in two and three dinensions, respectively. In this topic
we consider integrals of function over surfaces.

f 9(z,y,z)ds = IIPH Zg Tk, Yk 2k) ATk
s
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Surface Integrals

Evaluation Theorem for Surface integrals

(i) ﬂg(x, y,2)dS = j j 9@y, f(ﬂc,y))\/ [fo(@, ]2 + [fy (3, 9)]2 + 144

(ii ffgx y,2)dS = jj x, h(z,y), ha(z,y))2 + [hy(z,9)]2 + 1dA

ﬂgw )ds = jjg (#.9),9, % ¢ y(@,9)]2 + [k (2, )] + 1dA

v

Dr. Bandar Al-Mohsin MATH203 Calculus



Surface Integrals

Surface Integrals

Examples: (1) Evaluate [, 2%2dS if S is the portion of the cone

22 = 22 4+ 32 that lies between the planes z = 1 and z = 4.
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Surface Integrals

Surface Integrals

(2) Evaluate [[(xz/y)dS if S is the portion of the cylinder = = ¢ that
lies in the first octant between the planes z =0,z =5,y =1, and y = 4.

pigure 14.40

z
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Surface Integrals

Surface Integrals

(3) Evaluate [[4(z +y)dS if S is the part of the graph of z = v/1 — 22 in
the first octant between the zz—plane and the plane y = 3.

Flgure 14.41
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