CHAPTER (7)
Limits and Continuity Jiaiy/ ¢ Sbibgil
/.1 LIMITS OF FUNCTIONS: Page (200)
Objectives:
*One-Sided Limits
*Rules for Calculating Limits

* The Squeeze Theorem.
INTRODUCTION TO LIMITS

Example: 1
Describe the behavior of the function
2
f (x)=""Lnear x=1.
X—1
* As an illustration , consider
2
X =1
f(x)=
(x)="—
* Note that 1 is not in the domain of f , since substituting
2
X =1 gives us the undefined expression 17-1 =9 :
1-1 O
X f(x) X f(x)
0.5 1.5 1.1 2.1
0.9 1.9 1.01 2.01
0.99 1.99 1.001 2.001
0.999 1.999 1.0001 2.0001




0.9999 1.9999 1.00001 2.00001
0.999999 | 1.999999 1.000001 |2.000001

* 1t appears that the closer x to 1, thecloser f (x) to 2 .

2
. ) X =1
lim f(x)=I|m =
X—1 X—>1 X —

2 .

* In general
2
X =1
f(x)=
(x)="—
* The number 1 is not in the domain of f since the meaningless

2
expression (11) 1=g Is obtained if 1 is substituted for

X .
* Factoring the numerator and denominator

2 —
lim X —1=Iim (x=1)(x+1)
Xx—1 X—-1 X—=>1 (X_l)

* Since x =1 , we may cancel the common factor (x —1)
=lim (x+1)=1+1=2.

X—>1

y=/x)

2 --—>Za,2

Figure 1 The graph of
x2— 1
f(x)= —

x 1



Homework 1:

1

What happens to the function g(x)=(1+x? )XZaS X approaches
ZEro.

Solution:
X f(x) X f (x)

0.1 2.7048138294 -0.1 2.7048138294
0.01 2.7181459268 -0.01 2.7181459268
0.001 2.7182804691 -0.001 2.7182804691
0.0001 2.718287983 -0.0001 2.718287983
0.00001 2.7182820532 -0.00001 2.7182820532
0.000001 2.718523496 -0.000001 |2.718523496

* It appears that the closer x to 0, the closer f (x) to

2.7182818285 .
1

lim £ (x)=1lim (1+x?)x* =e = 2.7182818285

X—0 X—>0

* In general
1

f(x)=(1+x2)x’
* The number 0 is not in the domain of f since the meaningless
.1 . : :
expression 0 Is obtained if O Is substituted for x.

1
lim g(x)=lim (1+x?)*° =e =2.7182818285

X—0 X—>0



Definition 1 An informal definition of Limits of a function :

Page (2006)

NOTATION INTUITIVE GRAPHICAL
MEANING INTERPRETATION
We can make
_ f (x) asclose to
lim £ (x)=L L as desired by
X—>a

choosing x
sufficiently close
to a,and X #a .

Example (2) : Page (201)

Find (i) lim x (i) im ¢ (where c is a constant)
X—>a X—>a
Solution :
(i) im x =a . (i) limc=c .
X—>a X—>a
HOMEWORK 2
Evaluate:
, 1 1 \/_
. X5 4+X—2 W a . X —2
a) lim b) lim X2  (¢) lim
( )x—>—2x2+5x+6 ( )x—>aX—a ( )x—>4x2—16
Solution:
2
X +X=2
a) f(x)=

X’ +5X +6




* The number -2 is not in the domain of f since the
(= 2°)+ € 2-)
(- 22)+ 5-—( 20
obtained iIf -2 1s substituted for X .

meaningless expression IS

* Factoring the numerator and denominator

X +x=2 . (x+2)(x-1)
lim — = lim
xs>-2X° +5X+6  x-2 (X+2)(x+3)

* Since x #—2 , we may cancel the common factor (x + 2)

lim f(x)= lim X~ _(=2)-1_-3
NP -2 X+3 (-2)+3 1

=-3 .

b)

f(x)=%
X—a

* The number a is not in the domain of f since the meaningless
1 1

a a_0 is obtained if a is substituted for x .
a—a 0

expression

* Factoring the numerator and denominator
1 1 (a—x)
x a_;  xa

x—>a X —a x—>a(X_a) X—a Xa (X_a)
* Since x #a , we may cancel the common factor (x —a)
—(x-a) 1 -1 -1

= |lim =lim — 5
X—a Xa (X—-a) x»aXa a




JIx -2
X2 —16
* The number 4 is not in the domain of f since the meaningless
Ja-2 2 2

42_16 16— 16
substituted for x .

c)f(x)=

— IS obtained if 4 is

expression

* Factoring the numerator and denominator

Hmﬂ@=M1§;2ﬂm (Vx~2)
X —>4 x4 X° =16 X—)4(X_4 )(X+4)
(Vx-2)

= lim

xoa (VX =2) (VX +2)(x +4)
* Since x #4 , we may cancel the common factor ( Jx =2 )
= lim 1 = L = L
xosa (NX+2)(x+4) (Vb +2)(4+4) 32

Example (3): Page (201)

.1 :
a)Show that lim — does not exist .
XxX—=>0 X

Solution
* The graph of f (x)= % is sketched in Figure 2.

Figure 2



* Note that we can make \ f (x)\ as large as desired by choosing
x sufficiently closeto O (but x #0).

* For example , if we choose x =-0.000001 , we obtain
f (x)=-1,000,000 and if we choose x =0.000001, we

obtain f(X)=1,000,000 .

* Since f(x) does not approach a specific number as X
approaches 0 ,|the limit does not exist

1 .
lim — =does not exists .
x>0 X

X ifx#2
Let g 0)=11 ifwez

(b)



lim g(x)=1lim x=2, Although g(2)=1

X— 2 X— 2

One- sided Limits of a function : ~ Page (208)
NOTATION INTUITIVE GRAPHICAL
MEANING INTERPRETATION
We can make AY )
lim f (x)=L |f(x) asclose i) = R}
X—>a to L as desired i\
(left—hand | by choosing x f@r i
limit) sufficiently close g
to a,and X <a .
We can make V
lim f(x)=L |f(x) asclose | \
x—>a’ to L asdesired e y = 1)
(right ~hand | by choosing R
limit) sufficiently close EI(_;C —>
to a,and X >a .
Homework 3 : Page (202)

The signum function

Sgr( )§=‘

and find , if possible ,

(a) lim sgn(x)

XxX—>0"

. (b) lim sgn(x) .

x—07

X

X

X—>0

, Sketch the graph of f

(c) lim sgn(x) .




‘ <

f(x)=sgn(x)=

x 1f x=0
—x If x<0

x|

* Since x={

* f is undefined , % cat x =0

*If x>0 ,the |x|=x and f(x)=‘§—‘_§=1 .

*1f x<0 ,the |x|[=-x and f (x)=—=—=-1.

Figure 2.7

Yy = sgn(x)

Figure 4 lim sgn (x) does
not exist, because
]|m sgn (x) =—1, 11m sgn (x) =1

(@ lim sgn(x)=[-1].

Xx—> 0

(b) lim sgn(x)=/1 |.

_)

(c) Since lim sgn(x)= lim sgn(x) ,then
Xx—0 x— 0%

lim sgn(x) doesnot exist
Xx—>0




Theorem (1) : Relationship between one-sided and two-sided
limits  Page (202)

A function f(x) has limit L at x=a if and only if it has both left
and right limits there and these one-sided limits are both equal
toL

lim f(x)=L < lim f(x)=L= lim f(x)

X—a X— a x—at

Example (4) : Page (202)

X =2
If:f(x)=
(x) X% 4+X—6
Find lim f(x), lim f(x) ,and lim f (x).
X—2" x—2% X —> 2
Solution
2x—2 ~ for x>2
f(x)=<X +x;6
—2(x— ) Cfor x <2
L X° +X—6
*If x>2 ,then
. X —2 _ (x-2) _ 1
lim 5 = lim = lim
X2t X +X—-6 x—)2+(X—2)(X+3) x—>2+(X+3)
1
5

*If x <2 ,then




im —X=2) oy m(x=2) b

x>2" X2 4X =6 xo2- (x=2)(x+3) xo>2- (x+3)

1

5
*Since lim f (x)= lim f (x),then
X—> 2" x— 27
lim f (x)=does not exist.
X— 2
Homework 4:

What one-sided limits doesg( x) =1 —x?%| have at x=-1 and
x=17?

J

N

-
ﬁ(K): Vi-x2

\

*If x>-1,then

lim f(x)= lim V1-x?= lim y1-(-1)[=0].

Xx——17 Xx——17F X — —1
*If x <1 ,then

lim f(x)= lim V1-x2=4y1-(1) =0].

X—>1 X—=1"




Rules for Calculating LIMITS : Page (209)
Theorem (2) :Limits Rules

If limf (x)=L and lim g(x)=M both exist, then

X—>a X—>a

(i) lim [f (x)+g(x):|— I|m f (x)+1lim g(x)=L+M .

X—>a X—>a

Example: find
lim (3x°+5x—=9)

X— =2
= lim (3x%)+ lim (5x)+ lim (-9)
X—> =2 X— —2 X—> —2

=3(-2)°+5(-2)-9=12-10-9=-7
(ii) lim [f (x).g(x)]=|imf(x) lim g(x)=L.M .

X—>a

lim 20x-(x+5)= I|m (20x)- I|m (Xx+5)=(20-2)-(2+5)

X— 2

=40-7 =280
lim f (x)
(i) lim P =X21 L , provided M #0 .
x>a| g(x)| lim g(x)
X—>a

(x2—1)_x'in4(x ~1) g6 1_ 15

lim =
x4 ~4X lim J4x 4.

X— 4

(iv) lim [kf(x)]= k[llmf(x)}=kL .

X—>a X—>a

Example : lim 9x=91lim x=9-8=72

X— 8 X— 8




(V) I|m [f (x)- g(x)]—llmf(x)—llm g(x)=L-M .

X—>a

Example: find
lim (3x— 5)—I|m(3x)— I|m(5) 3:4-5=12-5=7

X— 4
m

(vi) lim [ f (x):|n _[ lim f (x)] =Ln, provided L>0 if n is

X—>a X—>a
even, and L #0 if m<O0.

Example: find lim (3x=5)°=[lim (3x—=5)]°=7% =49
X— 4 X— 4

(vi) If f(x) <g(x)on an interval containing a In its interior,
then

L<M
Example 5
2
Find a) lim X% and b) lim v2x +1
x—s>aX~ —2X° +7 X —> 2
Solution:
2 2
a) lim — tXx+4 _ atta+d providea® —2a* +7 %0

wosaXS =2x%+7 a’-2a’+7

b) lim v2x +1 =122 +1 =5

X— 2

Theorem (3) Limits of Polynomials and Rational Functions

1-1f P(x) is a polynomial and a is any real number, then
lim P(x)=P(a)

X—>a




Quiz (1)

Finda) lim (x2—4x+1) b)lim XX ¢ lim 3X*4
X — 4 x—>3 X+ x—2 99X +7
Solution
a) lim (x?—=4x+1)=(4)?-4(4)+1=1
X—>4
b) lim X+3 =3+3 =6_=g
x>3X+6 3+6 9 3
lim (3x+4
o) lim 3X +4 _x_>2( )_3(2)+4 |10
x—»25Xx+7 lim (5x+7) 5(2)+7 |17
X— 2
Quiz (2):
Prove that lim x° =a® .
X—>a
Solution

*Since lim x=a |,
X—>a
lim x° = lim (x.x.x)
X—>a X—>a




=(m x ) (1m x} (im »)

3

=a.a.a=|d

Theorem 4. The Squeeze(sandwich) theorem Page (211)

Suppose f (x)<h(x)<g(x) holds for all x in some open
Interval containing a , except possibly at a , suppose also that

If lim f (x)=L=Ilim g(x),

X—>a X—>a

Then lim h(x)=L.

X—>a

Similar statements hold for left and right limits.

Figure 5

Homework (5) : Page (211)
Given that 3 —x°<u(x)<3+x? for all

limu( x)
x—0

Solution :

* Since )I(iLnO (3 —x2)

X #0, find

3, lim (3+x2)=3 . then

X—>0



lim u(x) =3

X—0

End
More examples
QUIZ1:
2X% =5 X +2
If f(x)= find lim f (x
(x) 5x% -7x—6 im0
Solution

2X°% =5X +2
f(x)=
(x) * —7x—6
* The number 2 is not in the domain of f since the meaningless

.0 . N : .
expression 0 Is obtained if 2 iIs substituted for x.

* Factoring the numerator and denominator

2X2 =5 X +2 (x-2)(2x-1)
lim
x—)25X —/ X —06 x—>2(X 2)(5X+3)

* Since x =2 , we may cancel the common factor (x —2)

jim £ (x)=fim 2X~1_2(2)=1 |3
<y D x»2 5x+3 5(2)+3 |13

QUIZ (2) :

f .
If f(x)= J; 3
(a) find Xllmgf (x).



(b) Sketch the graph of f and illustrate the limit in part (a)
graphically .

@) f()f:s

* The number 9 is not in the domain of f since the meaningless
.0 . : : : :
expression 0 Is obtained if 9 is substituted for x.

* Rationalizing the denominator by multiplying the numerator
and denominator by JX +3

- i (x -9 \/—+3)
x—>9\/— 3 x-9 \/— \/7+3

o (x-9)(Vx +3)

X—>9 X—=9

* Since x #9 , we may cancel the common factor (x — 9)

lim f(x)=lim (Vx+3)=+9+3=[6

X—9 X—9

(b) The graph of f is the same as the graph of the equation
y =X +3 , except for the point (9,6) , as illustrated in
Figure 2.3.

* As x gets closer to 9, the point (x,f (x)) on the graph of
f gets closer to the point (9,6 ) .

* Note that f (x) never actually attains the value 6 ; however
f (x) can be made as close to 6 as desired by choosing X
sufficiently close to 9.

Figure 2.3



: . .1
Use the sandwich theorem to prove that lim x?° sin — =0

X—>0 X
Solution

*Since —1 <sint <1 for every real number t,

-1 SSinile , forevery x #0
X

* Multiplying by x? ( which is positive if x =0 ), we obtain

01
—x? <x?%sin — <x?
2

* This inequality implies that the graph of y = x? sin XLZ lies
between the parabolas y =—x° and y =x? .
* Since  lim (—x2)=0 o lim (x2)=0 “then

X—>0 X—>0

i R |
lim x? sin—-=0
X—0 X




Theorem (2.10): Page (62)

If n is a positive integer , then
(i) lim x" =a" .

(i) lim [ f (x)]" =[Iim f (x)}n, provided lim f (x)
exists .

Example (3) : Page (62)
Find lim (3x+4)5 .

X— 2

Solution

* lim (3x+4)5 =_Iim (3x+4)]5

X— 2 _x—>2

'3(2)+4]° =10° =[100,000 |.

Example (4): Page (62)
Find lim (5x3 +3x7° —6) .

X—> 2
Solution
Xli_)rn_2(5x3+3x2—6)=Xli_)m_2(5x3)+xli_)m_2(3x2)—Xli_)m_2(6)
T 3 - 2\
—5XI|_)m_2(x )+3XI|_)m_2(x ) 6

=5(-2)’ +3(-2)" -6



=5(-8)+3(4)-6 =[-34

Theorem (2.11): Page (62)

If f isa polynomial function and a is a real number , then
lim f (x)=f (a) .

X—>a

Corollary (2.12): Page (63)

If q isarational function and a is in the domain of q, then
lim q(x)=q(a).

X—>a

Example (5): Page (63)
5Xx°% —2x%x +1

Find lim 2
X—3 4x° =7
Solution
* [im 5x2—2x+1=5(3)2—2(3)+1
X—>3 4X3 —7 4(3)3 —/

_45-6+1 [ 40

108 -7 101
Theorem (2.13): Page (63)




1-1f a>0 and n is a positive integer ,or if a<0 and n is
an odd positive integer , then

lim Yx =%a .

X—>a

2-1f m and n are positive integers anda >0, then
m
lim (V)" =(Iim W) =(Va)"
X—a X—>a

m
or lim x /n =a™/"
X—>a

Example (6): Page (64)

2/3
Find lim *_ *SVX
s 4—(16 / x)

Solution
: 213
- X2/3+3\/;_)I(|Ln8(x +3\/;)
xoed—(16 1/ x) lim [4 (16 / x)]
8

X—>

lim x2/% +lim 3/x
_x—>8 X—8

~lim 4 —1lim (16 / x)

X—>8 X—>8

_82/3 +3\/8—
4 —(16/8)

=4+6ﬁ=4+6\/§= 2250 I

4 -2 2




Theorem (2.14): Page (64)

If a function f has a limitas x approaches a, then

lim W \/Ilm f(x),

X—>a X—>a

provided either n s an odd positive integer or n is an even

positive integer and lim f (x)>0
X—>a

Example (7): Page (64)
Find lim 3/3x2 —4x+9

X—>5

Solution

lim (3x2 —4 X +9)

X—>5 X—>5

* lim 3/3x2 —4x +09 =3\/

=33(5)" =4 (5)+9

=364 =[4].




7.2 LIMITS at INFINITY and
INFINITE LIMITS:

Page (212)

Objectives:

*Limits at infinity

*Limits at infinity for Rational Functions
* Infinite Limits.

Limit at Infinity:

Consider the function:

f ( X ) =2L
X +1
Find lim f(x), lim f(x).
X —> 00 X — —00
Solution:
able 1
=+ f)=xh/2+1
—1,000 —0.9999995
~100 ~0.9999500
~10 09950372 J
L ~0.7071068 { L mm—
0 0.0000000 R
1 0.7071068 o
10 0995032 -
100 0.9999500
199 R > Figure 7 The graph of .x‘/\/m

lim f(x)=1, lim f(x)=-1

X—> 00 X—> —©




Definition (3) : Limits at infinity and negative infinity (informal
definition). Page (213)

If the function f is defined on an interval (a, ») and if we can
ensure that f(x) iIs as close as we want to the number L by
taking x large enough, then we say that f(x) approaches the
limit L as x approaches infinity, and we write

lim f (x) =L

X —> 0

If the function f is defined on an interval (- »,b) and if we can
ensure that f(x) is as close as we want to the number M by
taking x negative and large enough in absolute value, then we
say that f(x) approaches the limit L as x approaches negative
Infinity, and we write

lim f (x)= M
X—> —©0
: : 1
Example 1: Find lim —
X —> oo X
Solution:
_ .1 : 1 .
In figure 8, we can see that lim —= lim —=0, the x-axis is
x>0 X x5 -0 X
: 1 : 1
a horizontal asymptote of the graph y = =, then lim —=0
X X = oo X




® | =

CL, 1)

1
Figure 8 Iim ;zO

x—>Foo ~

Definition Page (214)

If n is a positive rational number and c Is any number , then

. C . C
lim —=0 and Iim — =0,
x> X" x——0 X"

provided x" is always defined .

For example:

lim £=0, lim LZ=O, lim ig=0,...
X— 100 X X — oo X X — oo X
Example (2):

Evaluate lim X
x> to0 X% +1
Solution:

Rewrite the expression for f(x) as follows:




X X . X
Iim ———= Ilim = |im
x>t \x2 +1 Hm\/ (14 Ly xo 2 1
2 2
X
= lim = lim sgnx Re meber Vx* = x|
X—)+00‘ ‘ 1+7 X — +oo /
1 if x>0
Where Sgn(x)_m_ 1 i %<0
Then
L =1 If X >
I sgn X _<\/1+O
X — +oo 1 —1 .
1+ =-1 if X > -0
x2 |V1+40

Then

=-1

lim =1, and lim

X X
x>w X241 x>0 \X2 +1

Limits at infinity for rational functions:

Let

Pn(Xx)=a,x" +..4+ay, and Q,(x) =b, x" +...+b,
be polynomials of degree m and n, respectively, so that
a, #0,b, #0. Then




(0 if m<n

Lim P (X) _J]%m if m=n
Abﬁan(x) bn

( £ o0)does not exist if m>n

A

Homework (1) :  Page (214)

_2X% =X +3
Evaluate |im -
Xx—>+0 3X°+5

2X% =X +3 2

lim 5 =—, MmMm=n=2
X = Fo0 3IX“+5 3
Homework (2) : Page (214)
Evaluate lim IR
xaiwzx -1
Solution:
lim 5X3+2 =0,m=1,n=3,m<n

x— 1t 2X° =1




Example (5) : Page (216)
o x3+1

lim —

x—0 X +1

x4+
lim 5
x—=smo X°+1

=00, M=3,Nn=2,Mm>n

Example (3): Page (215)

If f(x)=vx%2+x-x ,find

(@) lim f (x). (b) lim f(x).
Solution

f(x)=Vx*+x-x
(a)



[ 2 [\, 2
lim Vx? +x —x = lim (VXT X = X)(VXT +X +X)
X — 00 X — 00 ('/X2+X+X)

= |lim =_

X — 1
1/(1+)+1
X

b) lim VX% +x —x =00 (does not exists)

X —>—00

A function whose values grow arbitrary large can sometimes be
said to have an infinite limit.

)!l_r)naf (X) = o0

Solution :

. 1 : 1
lim —-=0, and lim — =
x—>0% X x>0~ X



f(x)=l
G

] l

-

L 1) | I

A | .1
lim — =0, and Ilim —=-—o0
x—=>0tX x— 0" X

.1 .
lim — =does not exists
x>0 X

Example (5) : Page (216)
. ox3+1

lim —

x>0 X~ +1




I x2 l=oo, m=3,Nn=2,m>n
X— oo X +1
End
More examples.
Example (2): Page (70)
Find each limit , if it exists .
(@) lim . (b) lim . (¢) lim .
x_94—(X-—4)3 x_94+(X-—4)3 x—+4(X-—4)3
Solution

(@) If x iscloseto 4 and x <4 ,then x -4 iscloseto 0 and
negative , and

. 1
lim
X%4_(X—4)

3=




(@) If x iscloseto 4 and x >4 ,then x -4 iscloseto 0 and
positive , and

lim
X—>47" (X —4)

3=

: : 1 : 1
(c) Since lim ;= lim 3 » then
X—>4" (x —4) x—>4" (x —4)

. 1 .
lim 3 does not exist
X4 (X _4)

* The graphof y = is sketched in Figure 2.29. The

(x-4)

line x =4 is a vertical asymptote .

Figure 2.29

1

f(x)=m

AY




Solution

* Since the highest power of x in the denominator is 2 , we first
divide numerator and denominator by X% obtaining

2x—5
. 2x° -5 . x 2
lim 5 = lim
x>0 3X° +X+2 x5wg L1 2
X x?2
=0 —f—oo
" 3+0+0 3
Example (6): Page (74)
I f(x )—*/9)( +2 find
(@) lim f (x). (b) lim f(x).
X—> o0 X—> —0
Solution
2
f(x)=\/9X + 2
4X+3

(a) If x islarge and positive , then

JIx2+2 ~49x2 =3x and 4x+3 ~4X
and hence

Jox? 42 3x 3

f =
(X) 4X+3 4x 4

this suggests that | lim f (x)—— .

X —> 00

* To give a rigorous proof we may write



C J9x%+2
m =

,, 1)

x>0 4X+3 X — 0 4X +3
Vx? 9+22
- X
= lim

X —> 00 AX +3

If X Is positive , then Vx? =x , and dividing numerator
and denominator of the last fraction by x gives us
J9x? 42

Vx? 9+22
X
lim = |

x>0 4X+3 X —> 00 AxX +3

X ‘/9+22
= lim X

x>0 4X+3

o)
+
X WX |,

= |lim
X — o0 4

+

_~V9+0
4 +0

_|3
ol

(b) If x is large negative , then VX? ==X . If we use the
same steps as in part (a) , we obtain

Jx? \/xz (9 +22)

X

x—>-wo 4X+3 X — —00 4X+3



X
B~ w




7.3 CONTINUTY: Page (218)
Objectives:

e Continuity at a Point

e Continuity on an interval

e There are lots of continuous functions.

e Continuous Extension and Removable Discontinuities.g)aU

Continuity at a point.

Definition (4) :Continuity at an interior point. Page (219)

We say that a function f is continuous at an interior point c of
Its domain if

lim f (x)=f(c)

X—>C

If either lim f (x) fails to exists or it exists but is not equal to

X—>C

f (c), then we say that f is discontinuous at c.
Which equivalent to the following conditions :
(i) f (c) isdefined.
(ii) lim f (x) exists.

X—>C
i) lim f (x)=f (c).
(i) lim f ()= (c)
Figure 10
(i) (ii)
o s
y = f(x)
f(x) @
N /—\/
| e t >
( X C X




(iii) (iv)

p> AY

y = f(x) f(x)
—

% >
X

—_—
=Y

* Not that :
In (i) of the Figure 10, f (c) is not defined .
In (i), f (c) isdefined ;however, lim f (x)=f (c).

X—>C

In (iii), lim f (x) does notexist, f (c) is defined.
X—>C

In (iv),, f (c) isundefined and, in addition, lim f (x) =0
X—>C

Definition (5) : Right and left continuity Page (219)

We say that f is right continuous at ¢ if lim f (x)=f(c)

X—>C
We say that f is left continuous at c if lim f (x)=f (c)
X—>C
Example 1:
The Heaviside function
1 if x>0
H(x) = .
-1 if x<0
LimH (x)=Lim1=1,H(0)=1

X—0 X—0
s LimH(x)=H(0)

X =0



Then H(X) is right continuous at 0.

LimH(x)=Lim-1=-1,H(0) =1

x—0 X—0
~LimH(x)=H(0)
x—=0

Then H(x) is not left continuous at 0.
Theorem (5): Page (219)

Function f is continuous at ¢ if and only if I it is both right
and left continuous at c.

Definition (6) Continuity at endpoint  Page (220)

We say that f is continuous at a left end point c if it is right
continuous there. lim f (x)="f(c)

X—>C

We say that f i1s continuous at a right end point c if it is left

continuous there. lim f (x)=f(c).
X—>C

Homework (1) : Page (220)

If f(x)=v9—x*, sketch the graph of f and prove that f is
continuous on the closed interval [-3,3] .

Solution
f(x)=v9 -x"
* The graph of x* +y? =9 isa circle with center at the origin

and radius 3.  Solving for y givesus y =+v9 —x? , and

hence the graph of y =+/9 —x° is the upper half of that
circle .




Figure 2.37
AY

*If —3<c<3 ,then

lim £ (x)=lim V9 —x? =9 —¢? =f (c) .

X—>C X—>C

Hence f is continuous at ¢ .

* All that remains is to check the endpoint of the interval
[-3,3] using one-sided limits as follows :

lim f(x)= lim J9 —x2 =49 -32 =0 =f (-3)

Xx— -3 x— -3
lim f(x)= lim 9 - 9-3°=0=f(3)
X—>3 X—>3

Thus, f is continuous from the right at —3 and from the
leftat 3 .

*Then, |f is continuous on [-3,3] |.

Definition 7 Continuity on an interval:
Page (220)




We say that a function f is continuous on the interval | if it is
continuous at each point of 1. In particular, we will say that f is a
continuous function if f is continuous at every point in its
domain.

Let a function f be defined on a closed interval [a,b]. The
function f is continuous on [a,b] if it is continuous on (a,b)
and if , in addition ,

lim f(x) f(a) and lim f (x)=f(b).

x—>at X—>b"

Example 2

Show that the function f ( x) = JX is a continuous function.

Solution:

The Domain Is [O,oo).The function is continuous at the left
endpoint 0 because it is right continuous there.

lim £ (x)= lim x=0=f(0)

x—=>0"

Also, f is continuous at every number ¢>0 since:

lim f (x)=lim Jx =+lc =f (c).c>0

X—>C X—>C

Homework 2:

: 1. : :
Show that the function f ( X ) = ;IS a continuous function.




® | =

CL, 1)

1
Figure 8 Iim ;zO

x—>Foo ~

The function f is continuous on its domain ( —%:0) U/ (0, ) ,
the point 0 is not in its domain.

Example 3:
The greatest integer function: f (x) =[x]=n if x €[n,n+1),n
IS an integer.

Solution : examples: [2]=2,[2,5]=2,[-1]=-1,[-1.5]=-2,...

This function is continuous on every interval [MN*+1) 1 is an
Integer. It is right continuous at each integer n but it is not left
continuous there, so it is discontinuous at the integers.

Lim+[x] =n=[n],

Lim[x]=n-1#n=[n].

There are Lots of Continuous Functions:

The following functions are continuous wherever they are
defined

a)All polynomials

: : f . :
b)A rational function q = 5 IS continuous at every number

except the numbers ¢ such that g (c)=0 .




m

c) All rational powers xn ={x™m
d)The sine, cosine, tangent, secant, cosecant and cotangent
functions and

e) The absolute values function |x|.
Theorem 6: Combining continuous functions Page (221)

If f and g are continuous at c , then the following are also
continuous at ¢ :

(i) thesum f +g and the difference f —g .
(ii) the product f g .
(ii1) the constant multiple kf, where k is any number.
(iv) the quotient f / g , provided g (c)=0 .
1
(vi) the nth root (T (x))n , provided f(c)>0 if n is even.

Theorem? : Page (221)

If f(g(x))is defined on an interval containing c, and if
lim g (x)=L andif f iscontinuousat L, then

fim £ (g (x)) = (L) =f (im g (x))].

In particular, if g is continuous at ¢ and if f is continuous at
L =g (c), then

i tim f (3.(x))=f (im 9 (x) ] =f (2.¢)).

(ii) the composite function f og is continuous at c .




Homework 3

The following functions are continuous everywhere on their
respective domains.

X-2

a)3x°=2x b c) x% -1

) ) 2, ) X% -1

d )X &) Vx2 —2X =5 fﬁ

) ) iz

Quiz (1) :

x% -1 . . o
If f(x)= 3 _find the discontinuities of f.
X~ +X°—=2X
Solution

X% =1
f(x)=
(x) X2 +X°% =2x

* Since f is a rational function, it follows that the only
discontinuities at the zeros of the denominator x° +x% —=2x .

* By factoring we obtain
x> +x%=2x =x(x2 +x—2)=x(x+2)(x—1)=0

* Setting each factor equal to zero , we see that the
discontinuities of f areat |0 ,—2 ,and 1




Continuous Extension and Removable Discontinuities
First: Continuous Extension

If f(c) is not defined, but lim f (x)= Lexists, we can define
X—>C

a new function F (x)by

{f(x), if x is in the domain of f
F(x)=1, .

L if x=c.

F (x) is continuous at x =c. It is called the continuous

extension of f (x) to x=c. For rational functions f(x),

continuous extensions are usually found by cancelling common
factors.

Example 4:
N
has a continuous extension to x=1

Show that f (x)=
x% -1
and find that extension.

Solution :

Although f (1) 3 Is not defined, if x # 1we have

|—\‘|—\
OIO




X% — X X(x—1) X
f(X) = > = ~ ]
x“—=1 (x+1)(x-1) x+1
The function

X
F(X)= X+1

isequal to f (x) for x # 1 but it is also continuous at x =1,

1 : :
having there the value > The graph of f (x) IS shown in

figure 14. The continuous extension of f(x) to x=1is F(x).
1
It has the same graph as f (x) except with no hole at (1,5).

Second: Removable Discontinuities

If a function f (X) Is undefined or discontinuous at a point a
but can be redefined at the single point so that it becomes
continuous there, then we say that f has a removable
discontinuity at a . The function f in the above example has a

_ - _ _ 1
removable discontinuity at x=a. To remove it, define f (1) =5

Homework 4:

X Ifx#2

The function g (x)= {1 -

% g(x)

/_/’ (2 2)
/
S

(b)




lim g(x)=1lim x=2, Although g(2)=1

X— 2 X—> 2

Has a removable discontinuity at x=2. To remove it redefine
g(2)=2.

G(x)— X 1fxX#2
|2 ifx=2
End

ILLUSTRATION :

FUNCTION VALUE GRAPH DISCONTINUITIES

"
None , since for every c,
lim f (x)=c+2
f(x)=x+2 X—>¢
A =f(c)
Sr

c =1 since g (1) is
undefined

(removable discontinuity).

2
2
G(x):{x ;_X; x#1
3.

x=1




X“+X=2

if x#1 i

2 if x=1 ail
—*7’4*4*—*—7

c =1since
lim h(x)=3
X—>1 ( )
#h(1)
(removable discontinuity).

x2+x—2

H(X)= X—-1
3 if x=1

if x#1

c=0 since h(O) does
not exist and also

lim h(x) does not exist
X—0

(Infinite discontinuity).

(non-removable
discontinuity)

c =0 since p(0) is
undefined and also

lim p(x) does not
X—0

exist

(jJump discontinuity).
(non-removable
discontinuity)

Quiz (2) :

V9 —x?

3x* +5x° +1
closed interval [-3,3] .

If k(x)=

,prove that k

IS continuous on the

Solution

et f(x)=\/9—x2and g(x)=

3x* +5x2% +1 from

example 3, f is continuous on the closed interval [-3,3] and




from Theorem (2.21), g iIs continuous at every real number.
Moreover for every c in [—3 ,3] g(c) #0 Hence by Theorem

(2.23) (iv), the quotient k =f5is continuous on the closed

interval [-3,3].

Quiz(3):
If k(x)=3x" -7 x -12
number.

, show that k Is continuous at every

Solution
Ifwelet f (x)=|x| and g(x)=3x*-7x-12
Then

k(x)=f(g(x))=(f eg)(x)

Since both f and g are continuous function (see example 1 and
(i) of Theorem (6)), it follows from (ii) of Theorem (7) that the

composite function K=T°0 jscontinuous at c.

Intermediate value theorem (2.26) : Page (84)

If f is continuous on a closed interval [a,b] and if w is any
number between f (a) and f (b) , then there is at least one
number c in[a,b] such that

f(c)=w.

Figure 2.38




If f(a)and f (b) have opposite signs, then there is a number
C (zeroorroot) In [a,b] such that

f (c)=0.

Example (6) : Page (84)
Show that f(x)=x>+2x*-6x°+2x-3 has a zero
between 1 and 2.

Solution
f(x)=x>+2x*-6x>+2x-3
* Substituting 1 and 2 for x gives us the function values :
f(1)=1+2-6+2-3=—4
f (2)=32 +32 -48 +4 -3 =17
* Since f (1) and f (2) have opposite signs , it follows from
the intermediate value theorem that f (c) =0 for at least one

real number ¢ between 1 and 2.
Theorem [2.27].




If a function f is continuous and has no zeroes on an interval
then either f (x)>0o0r and f (x)<0 for every x in the

Interval.

Exercises 2.5, pages 85-87, from 1-60.
Example (2) : Page (70)
Find each limit , if it exists .

. 1
I . b) li . li
(@) X'_)Wl_ (x4 (b) X'_)”L (x—a) () fim (x_a)
Solution

(@) If x iscloseto 4 and x <4 ,then x -4 iscloseto 0 and
negative , and

1
[im —0 |.

x4~ (X - 4)

(@) If x iscloseto 4 and x >4 ,then x -4 iscloseto 0 and
positive , and

1
lim © |.

x+4+(x 4)

(c) Since lim 1 g # lim L 3 » then
x+4_(x—4) x+4+(x—4)

. 1 .
lim 3 does not exist
X—>4 (X _4)

* The graphof y = 5 Is sketched in Figure 2.29. The

(x~4)
line x =4 is a vertical asymptote .




Figure 2.29

1

f(x)=m

Ay

Solution

* Since the highest power of x in the denominator is 2, we first
divide numerator and denominator by X% obtaining

2x—5
. 2x°% -5 . x 2
lim 5 = |im
x>0 3X  +X+2  xswq 1 2
X x?2
oo —0 o0
= = — =| OO .
3+40+0 3
Example (6) : Page (74)
2
If f(x)=\/9x *2 fing

4x +3



(a) lim f (x). (b) lim f (x).

X—> © X—> —00

Solution

Jox? +2
f (X)= 4X+3

(a) If x islarge and positive , then

JIx2+2 ~49x2 =3x and 4x+3 ~4X
and hence

f(x)_\/9x2+2 3x 3
T 4Ax+3  4x 4

this suggests that | lim f (x)= S

X —> 00 4

* To give a rigorous proof we may write

JIx2 42 \/X2(9+22)
lim = lim X

x>0 4X+3 x>0  4X+3
VX2 9+22
, X
= lim

X — 00 4X+3

If x is positive , then +x? =x , and dividing numerator
and denominator of the last fraction by x gives us



‘/XZ 9+2
2
m Vox? +2 lim [ x

x> 4X+3 x>0  4AX+3

X .94+ —

I
5

= lim X
X — o 4+3
X

_\/9+O_
4 +0

<
|

(b) If x is large negative , then x° =-x . If we use the
same steps as in part (a) , we obtain

Jx? \/xz (9 +22)

. \/9X2+2 . X
lim = |im
x>-o 4X+3 X = —00 4X+3
(-x) Jo+ 2,
: X
= |lim
X — —0 4X+3
: X
= |im 3
X — —© 4+°
X
_—\/9 +0 B _g
440 | 4







