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Definikion : LB’\MQ o?qu\(o\\
Let G be asel. A \ai-w«3 9?,8\'9-,\"\9\'\ ow G 18 a Lunedion ek
assigns eath ordeved Pair of Qlemenks of G an clement ie
%' GxG — @
e 3k G s Seael Yo be Clases) wncler Yae u?vm\-ioh * -

YQ‘ Pyc\u‘\’ \e - “'. R
+: RxR 3 R «: RxR—3 R
(a\b) 3y axb k) — aslo

Eravaple A o
. L) and () axe \o'\\w(a o?cxm\s‘ov\s on N2, @ and R.
. () s k‘\\»\k‘f‘a ng\-q\-im-\ onwZ, @ R bul nok on N
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() i3 nedk b\n.n-:s operakian on N 2, @ ond R.
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Deliation: A \oiwwa o?cx-o.\icv\ s Saiol Yo ke associakive il
(axb) x<C = aalbre) V¥ aypc ecq.

\;‘xqw\Q\e 45

- The operakionS 7 4% aund (-1 ew R ave assstiakive.

2. The ofexakion (=) ow % 1% Mok aSSo Clalive Tiuce

C3-9) -0 3 3. (S5-\)

Defmkian: A‘b‘w««-& o?m\fw\ 13 3otk Yo be Comwmukakive L
Axb = b ¥ ab 6 Q.
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- Wae \5’\\‘\“3 Q?M\{Q"\ () '\s S\\\Q%‘AS As&uwtbl io

be Commukakive.

- Mw\\\?\iﬁm\i on are Commukakive ton mawbtrs 3 S0
Ny, By, @), (R, and (650)
are W\ Grmubalive . Nowever 5 makvix MK\'\;?\\'Q&\CQ\\

is \.\s\\\\3 not Commukalive,

X Su\o\'r;xc\ion on R 13 nok Commutakive Since §5-% +3-5
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| Definilien (Qmu‘\)'.
. A Qronp s oa sl & ’roac\kcr Wik a\n&mn% Q_Fxs}m 22 GQRG— G
.'Sq‘:;aciwsx
- Pcémt.\qhx;\\é hold sy

ax(bwc) = (axb) xC  for sl abc €&
| TAduadilyy

“There us:\a\~ an e\ement € @ Gy Such Vook:

Exa= A% =Q teral ACG,

L Inverse:
- Tor l\lcn‘s A € G, Yhaere 3 an elewent o' eG 3%

axal=alia =@
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5 X
€= 1 opd a™ = _OL\
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- Examgple 41
- Z: TThe stk of inkegers
(2, %) is agroup . Newever; (Z,.) 35 nek a PISUP Since

the lnverses do nok q\u.mds exsist. For examgle,
5ez bak .‘é. & Z.

what abeut ( ¥4,-1%. ). ¥s i} a 3muf‘

| Exgmsg\r. :
| Q: e Set 0% voliowel wamloers
(Qs54) ¥s a Pronp. However, (Q, =) is nek a group
Dmce the Yalio .‘AG s undefined Whenever bz=o .
(Q%,.)  where Q= Q-50F

Whak abeuk Q*: @-36%. T\ o Qroup? Nes 2
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= Nss.\\i_\b_\im.\iav\ is associa Mve.

= Tae ‘\d.m\'\\:s is 1 and |\

| “Gae inverge ol ﬂg s Jush %
L %.: = 6

%;wl\%r\‘x 5 wie Coded deBive R*, € and Hese toodd
be %wg\es‘ wadier M\\\\&?\‘\ c.a.\ low,

. Exawple 3
|21 TYhe sel o8 ;A\,e.a.ezrs mocl YL.
—;“; 19;\3 == n:\.s
(2.“ > +) i3 & graup. Wowever, (Z ,.) is neka Qrenp

Smce inverses Sonl . For examp e :
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| , = 4 s e identily clement.
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- Exewple H:

[ M, (R): The 3ok ob all nxin makrices Wikh Yeal mumbex embries .
f (ML (R 7%) i3 a wmu%. Rowever LM*L&\__, ,) S nok-

- o qroup becmse iwverses Feill Tor excople:

P L
\ex A= (6 3l e N‘L (R) . Swmce dex (M= C-‘:oa _R."\
Wil net exsisk.

Lx2
| Rewnewber the Dack: Givem o Sauar wmarcix s
4. 3% dek (A) 2o Yhew A™' Wil exsas}.
2. TR der (M =c Yhew A Wi\ no exsiz).

l
|

% E’,so_w.-\?\c B

; \ .

Genered \mere Gl (RYT TThe et of all wmvertable nxn matriees wilth
| ©%

3row{> L QL) Yeal numleer enlrvies

GL R = §ReM @)\ detA)30]

(_.GL-‘ (B, ) is not a group smee 1L e take

-3 -2

As (Z :\ calL® so -A- (,z, -;) € QL (R)

sl N T T e
So 4 is melt B'\MY'a o?ew&igm on &L (R).

| Rowever; (GL (R),.) is « YrouP . (Prove)!
Closue i Gl (R) s desed umdler wmadviz M\i%\imﬁ-‘\sh because
'S A (A) e and det (R)Fo ¥aem
ek (AR = ded (M. JdeX () F 0
Aste ,122. For ol makvices the associatiuily holds and se For QL (R) c M (®)
| ik o\u\om\%c-.l_\a holds



2 TThe Weebily makRx L& Gﬁ.\—v:.LQ\ > VN A S

4-"The wverses exsist becans of the fack that
A exnials = A (Mo

. Remaxt: Tor %‘m.?\i Aty , We il reshrick aur wmakdix rample
e AX2 CSE.

| E*‘\w?\e SN
“petial] & S.‘s-“ (R): e sel of all nxn malrices with Yea) number
\' 3¢y S - L
PASRY S TmiR) entYies and delerminant 1.

T SL (Ry: TR e MR dex (=13

Bt prave fhak SL (1) Tocwms agroud uwnder wekeix wé\{?\icq\;,

Remar kS
[ 1= Tn &\3_@\) 3 e inverse ot
Y_q - . & -t
c 4l 1s

ad-bC =C <

2= In S (RY 5 the inverse ol

c d 'S Sl = swee  dedr (Ryrad-bae =4

| et Al
3. Whal cgbawt the invese oF Lo d lin G\\-;)-_LZ?') DS\EL%}

2 6
3 5

P R e R B
35| 2-5-6-3}]-3 2| -8|]-3 2
InZ;;,—8=3,-6=5and -3=8.
L0 o] e R TR [
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Finally, 3 -4 mod 11 = 1s0 3! = 4in Z3,. Therefore

r 1 r Sl | piomns, | i T sl

. 'Find the inverse of the element [ ] in GL(2,Z11).




| Exsme\r. =

v, or o

U Ln): The sek of al posiive. inkeaers i & Yot is
\less Yhan n and m\g\‘we\j Prime Ao .

BREEE

\ b 3 ‘4-:“\_‘
333‘q111":-'1'
1;4 1_:‘\:3
3 I E Y
Definition:

— PV N SIS NS =

1
} Remark S22

|

T aludey Cmoomaa ko Xione. .

Uni= Y ae '2-;\ \ 3cd (a,m) :13

(U, -) is a rowl, Yo examle :
For nz=le we have Wlie) = 31,3,3.4qF
: . ; A Frowa e lahle We nee Yhak:
| | A S \a\k\mns sporakion om U (e}
'S asse akive.
e The ‘\d@a\;‘:a e\ement s A
= Eeadh tloment 1n Llls) has an iwverse.
| Se (L_&L\.o),.) \s '\3‘:9&?.

Let (G, %) boe 3 Prowp . Them G iz abelian 6o s
mmutelive e ax b =bxa.

CEra) 5 (Qya),; Rox), (Cox) 5, (MR, 4), (Z,4)

are all abelian aroups.

i . ‘t's‘sahi- or mlak\' wek be abeliow.
{

2 ~oan N
4

- Cov\\m\x\-ﬂ.‘ﬁu ch
Nl s,

A 0 SR o B R ot

C(ZEF ) and (Um0

are all abelian growps.

i DW= Corrarni i ook e
okl el P Weakion
; (Ma R),.), (QL V), .)
ancl LS\_-K(.R))..) are
rot abelian gro«_ef? Por
na.



Exawmple
\

e G: BF awne (‘xQ.%:v\Q e \-.'\\«ox\S adorakisn an G 'h\\

o % Yoz U},\ﬂ_

S
Trene \,\M\* LG\, ) VYD aw ak T\t %‘tou\‘h.

- Qosure Waw: Lek ok € Q. Prodtuct ab o lwo vaktensl
numbexrs s qaqiv\*vg\-iowo.\ wumlatrd cned ‘3%_ 13 alse a Yalkonal
Nuwber. MUs ¥a,b € Q% jaxb:ab ¢ Q

3

Tk \a‘w\\\rj o?c:rq\io»\

- AssoCishive haw: ket qib, ¢ € Q*

QQ-&B) * C = “_\i«&-(‘_ = Q_._§_Q.~
3 3

ax (Lbac) = ax bc - abe
>

De » s QSOQ‘Q’(;\)Q.

. Tdenbidy low: Let e e @ =4

Qx € =Q
e e
3

= £=3 13 Ywe ‘\Aun’r'\ﬁde.mu\.

Twverse elaw: Led g o' e OF sd
Axat =e

ast - 3
-.-;q-‘:?‘._.
QU

- Commudadive hawos ek ab & @F Auen
AQx b = 9..%-:\)0‘ —\;*OL

Soe x 15 Cowmmuntarive

-ﬁ“""v‘."'ﬁ (C\( % ) 1S aw abe \ion %vowe.



Ee\mf:»‘mra Pro Yw¥it& ol G:.mmfss

“Weovem: Letr G e o Youd. “Then
|

A_ Thexe \n o\r\\a one Qckeae\'.\\-;j elevaant.
“ ?Yooﬁ—“,

J ek e be Ywo \'olen)rl‘a elements , Then
| ¢ as ¢ is Hee io{e«.\-:l-d

i
J

= C as € is%eie)enkla

-0

\ o
Thus q ancl (;_ are both e%_u_al o g*%an_cl So

are ,e.%;qgl Yo eachother

2- "The ‘n'ah-}- anal left cancellation laws hold ; Thet is
| \OQ.*..Ca—:) bz=c and ab:ac3>lor.c
§ Proal': :
| SupPose Yot ab=ac . Let @' be an tverse OJ‘—Q . Then
at (ab) = o' fac)
= (alal)b = (a-la)rc
= eb =ec
=5 b=c
$'\m'\\q\~\6 5 evne Can Prove that baz= co =y b-e L_zt}
m\H%\\éi" a-' on the wght . See Lor exaw P1€ 4
! @ow*@M?ovg\va Ala¥rech A\%e\w.q ; ?&&‘\)X .

2 _ " The wmverse o} qn.:j deme.w‘— 1S qniage.
let b, , b be two inverses o L o . Then
baxze and \%q.—.e So that

e 0 O Cgvxcz\ivﬂ e o on belh Sides % ives
o K

,O’ —76—
i
b
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g Cakyt o E-ligr!
Stuce (ab) L)' —e  and
(ak) (') = a Cbb) et

)‘

Y
r
9

= Cakd s b o

| 5. “he esi;mhnn ax=h has g.smit)_ue salulion

| and the e}_\u:\xm sa=b has a *:milr\t Solution.

Exq\«v\cbz Solue the Qo\\uwiva &%\_xﬁimﬁ‘.

| 1- 3% =S M (i o))

20 3 =5 i L‘z::,.) .

o T zg\s = Sla .

i AENGE . ! 2|3 |4 5 6
C = At = | R ;
S D5 = aASz 4 Gmed AN 3 .._.2_4,“_ ,LE ! = ..-.j:;__l-.i.l

3.3 4% 44 =\ in (%a"")
v 3oyt o4 L Shace Yue invexse
of o fn CZ 54) is given by
otz n—a . Wwe have
- O s R T . oy o S

| TTalsy ®x Daval =10z 9 (med ).

4. TP we deline % on Q7 by ax b= 'i‘.%.,#hm Solve
Hiﬂel)_uu*mh Yx x=F
Sol;
Hx =1 o "’_;-;‘-1-

N



| : Iez:\mm\oa\j anedd nekealion:

= Exponeniiod Niokakion:

| Givesn a Qroup G, ae G then:
&« For er\-e\\-icm o We haye:

1,; OMe. OO O s mrnn )

i 6 e el

} ~V\_ -\‘\__ -\ b\ A \
P 3~ s - § AL S S

-"_?: .\_°_\~

% | Yor o?%q*:?\r\, 4 We have:

1 o= [+ e W i T - o VY UL — o LT 08

at.a™ = a*™™

| (@\u )"‘ < asm™m

| (O\-b)“ = OS‘QQk

LQEBB“ = o™\,

|

|

- Definiliont (ocder o q Vyrewl )

. TThe order oF a qrowd G, demoted by LG\ is the wawber
of clemedk in G, TP Qs mbinte ; we Sow thek Gy

oy tntiXe crdec:

|
|
T

| Exenmple sy
1. \?-,‘\ =N

T L2 1= o
3. \%&\= oo

Y \1\:-\_;1,—'!‘3\ =
52 1lGE R\ =



| Definition ng ol an ehem ent )

| “The order ot an element 9 im G s Ye Swmalleg) Qs-.&\\-'\\!e
- wkeger N Sudh Ak

- In m\-\-’.?\'\cd-im nokakiom: Q= 1

- Ty =ddilive wekakian » N 8 =

! Exqb\\nc i

. Consider the grewp WU (IE) -~ > Hat it a Jreuwn
: 3‘- u‘P ) 2411”] » ‘

- a)e Find Vhe order of U (15).

| b~ Eind the order of the element 7.

N U0 Y@e 2 | ged (a1s)=1]
. = 11,2,4,% 8 1,3, 13
| se Jubsl= R

(®-T Gwmpuie e orden ob Yhe emed T, we
. Vawne o Cquchc e Se%.\_&mt_e:

g AR S

1% 4a =24

= B el 1 UL

ML By opzaai=H]

—————

| Example 2.:
| . g :
| Compui’c the order of element 2 tn 2 * tris is a greup
j lo L‘u’«“‘) +
2.1z 2 Py 2.4=8
2:2=4 , 2.8 lo=lg] shp
2.3= 6
Thwus [2] = 5



Exawple 31 Tiual the order of eachh element i a reup ( 24 )
1 is e ;sigg}_\:s lement = |2\ =1

0Y @) o
2=2 l 2:-3 | &=¢
2% 4 | Faazz 168 3= vy
8. 252 sqa0 8;‘.11@ 3% £ 3:2.32¢ ' = lel= 1

sop 1295 2%

= 121 43 lgl s s e ngae L0

SO =1 _l 2= al3a W3 =S | Whak velalian do Yo Sce

e i =1 betocen Hae orders % the

'l elements of a Qrewd Z}nnz\
__the arder o e Yo

3
|
|
|

~

—
=

=>\3\=1Q

w

LgE_ yem 2

| s D S

,Lk(__qs gy -= 3;_;1]_4 - T A
| 14} (3] I s'2s AT 13\—\51 =L
G : __z 5% 25 = Y anch \9.\ =141 =< ol
COTO““‘"ZS s Lek G be a Qe ..53; 5% Sz a.5=46 - TTis s bgm& Siy %ke.
ﬁ;rm?._-\-\nc,n; .ESL’: 5% 5= €.5S=2 L iwverse of 3 i
i- lel =4 e 5%S: 2.523 | 3= wmed} = X= 5
RECRR P 2 lal= Y q| 5t Ss, S 2.5=1 | A\se,
?.,;,v,;«,:.gg',q.;, 3! lallla) = 15l= & | \%-;l =& and Ythe orxcdler
s Y. every element has of all ements divide €.
e L il

an ovder.

Example 41 Find dhe onder of eachh elewment iu a 3‘rou.?(zs )

YAy o

| 2 Y it i ——
| 2'z 2 I Y-y

| 2% 4 4*= 162 1

12’923 = l4l=

,2-q: 2-3- 2=-32=1
=121 =4 = 13]

l""'
T

(g...w
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WMere ExerciseS
Lel G» R-9\Y awnd deline M ‘b;‘-\‘\\"& o?uo.\‘mv\ an G B\j
axb = axbrab

Prove that (&, «) in on dooliaw Wop.

SeluMan:
- Qloswe Woaw: To Shows Yhat Giis cloSed umder x 3-8
WElar b el S ey 66 } we need Yo S\w\o*\\'\ik
TE ax-) oawdd ba-l Yew qxb £ -\
Assamae ek a % b =-\
AR ok R
L £ S0 TR O \Suee b-l ,We divide both siole by (nb)'g
=  a=-\ Lohic 3% & Candrashichian

_W\r.\-cco\'el axbE-1 ond qxb €G. Twus xis \o‘\m\-a o?&\‘\\.\ﬂh ow G

2. BSsoCiakive Raw: et a,b, ¢ € & )
@dxb) 2c = (axb yab) & C
= QAabenbac & (axhaak)e

= Oy b;,q\g.*(‘_ 2 OC *kc *Q\)C

ax% (bec) = ax (bicy be)
= aaxbvrcarbe x albyexbe)
= axbicarbecrab 4, aCiabe

So % is asicClakive.

3. Ide-&‘\\—] how: Lel o, e ¢ G )
Qx € = Q
= axe yae=Qq
= e+ = o (laa o =5 a=-\X)

= € =



u- Twverse Lald: lLel q,a” € G =\
axql =@
o xat xax' o *

a” (xa) =2
& e wierse oo

e e e

oy

- Covamulakive lody V-ed abe G Vazan,
axbs axbrak = baxanxbwa= b xe

B & V5 o Cawwsadakive

-T\'\mg-m C G, %) IS aw Seeltawm %‘nw?.

Let Gz R-11% and debine o ‘o‘mo«;j m'ee:v-u\{avs ow Gy by
axbo: axle -k
Preve Ywak { Gy x) VS aw abcian ‘hmw\“.

Hiw\-‘.
- AssoCiokive lawy a % (bxc) = (axb) «C .

P T-e\em\-l\—\x eleawmenk €= o
< .L_Y\\lu'sg bty s Q' . =&
ey
Lek Gz QF and define q‘ow:«‘& sperakion ow G \;ﬁ
Q % \): “_E’_
i
Prove thed (G %) is o auelan Prowp.

“’\"\*'-
. A ssoCiskxive hawn (axk) xC = ax (bxt) = q‘;‘;

% uuxaxa glement €= 9

3. Twverse Laus S i L
<L



Lel (A = 2 aud o\teine e \Q.‘MN:’S o?ﬁvu\‘\‘hw \0\6
O % k = axh-8

ay. ?T!)VC 'HM&‘{ (c\‘ - X 1S eva ‘\\)ﬁ\;qv\ (6‘9“'%-
bl. Jelve X433 = 2,

SQ\L\“Q‘(\‘.
o). _Clogux®e : Lek o, b e 2. C’.\Emn\& otk -8 s a gain

an glewment oe Z . Taus abe 2z -:'yQ&L-? axb-S €Z

- Associehive Law: Lek o b, C € 2 S
(ash) %C = (a2} % C

= ooarb-SiaC %

-

= axbsrC-_\o

ax (bxc) = qx (barc-S5)

= ax bic-5-5

oo Yo OO XS

Sa 4\ assaCialive.

= 'Sc\tnsl'\‘ts Low: Llel ae e 7 s
8x€ = Q

= ax€ -85 =¢

LR S 15 Mae tdendily elewent.

- Twverse Law: Lek a,a'e 2 5.}
axa'z=¢

= Q& S L s

o a-' 2 \lo—a 1% e uverse ala.

-  ovamulalive Logw: Ya beZ we have

a4+ bz arb-5- b+ra-5- barog

So % 15 Commuiative.



Thas (Z5 %) is an abellew Froup.

S R e el
Firsky we Gupute T From ) we have:
a?t - 1o-A . s
7 ‘bl S Y TGt Wi &
p > i
S e O T S T
T Xx 1+ -S =2

-:,_> > =20

lek Gz Z anedd define e b:mv:s o\ae.m\cm oy
axb=s axb -2

Finck the identity and the wverse of .
Selwkion:

Tdeakidn Vet a,e €2 st

axe€z=a
= a4 &-1 =
= e: 3 is the ide-\\a\-:s

Twvevge: Lel o, ,a'cZ .}
axa e

= ayat~-1=3

= a™t = WM-q

So: W™t =2 WM. o



Prove Muak 1t az=a? Torala in a Qroup Gu, dhew Guls abelian.
Suppese UL 0:\::.Q For al ac @

led abeG = be G

- LQ\O)-\ =°tk
e s g DR S
- Yo x=b
= G is ckellan,

é
TWE Wi s goum e

= N g U

ek Gishe a Qroup . prove Mat (ab)Z=a’b" fer al g be G 1tE Giis okeMan.
(=) IT G iz akeliam thew

L‘\\:\z = ob C&k
= Qo \a\)

- S Yot

(&) I ()= ot

9"\\) Q‘a = ?(R\oy
\QO« = Q\b

= G is abelionm

Yo

PY

Prove Yok e ‘y’ou\b Gh is aellan &\ (,‘Jﬂo\‘\f S
(=) Let Gibe akeliom ek is Gor oy abeG ,

al = bc,\ . Them
G atetian (AN V2 (o) V2 a7

(&) SWppose TR » (Q\Q\.\z v N B wlh q,\) e Gi. TThew
(%) ("‘\Q\-\ = e

awch (ba) (b} = bLala'bv)=e
= Cab) (ab)l™ = Cba) (als)™
= ab = oo
=

G 1s alve\Mawn



S‘-&_\)s‘rou)e S

CDefidliont A swbsed Bol a IR G\ a &?ax‘; ok a
AR Wkl o eup undert S oberakion oL G.

-y ohwerto oxd sy

A subset ot aqroup & is g\&«)aam_v.% L~ W

L xoge N =) X axy &W

| X e = ete W

| ee W

| Remark,
. e do net neesk Yo theckd e %&;&9;\-%&2\3 in B because

| .‘\.‘ (owes c\w*sm\-kg\\a Ran G-

| Netekion
e R 3»5:3*(0“? G wewvle W G

Exawle 1t
4L Lza*) s (@ :-\') kS LRz*) eS8 (:c'--:*)

3L (R Y CRS N (e,

3. Vae s'mﬁ\e.\cau 1e¥ is o 5“!53“*? ol G which is
Collest  Fhwe Meuial 3&\:;&1'9\?.

Ul NG Y IS vk o Ea)oa“(.o»% QQ (E_,gc)
smee A SN Wk -\ ¢ N -

| Rewaekes |
1. Every group G has at leagt bwo suPqrewps =
G kel and 1e3l
¥ N
- Tmporpen rivis\



A oWer &\o@-qg\;s ol G are meid Yole Proper '.m\a‘a’:gmgs
o  Nowm- Irivie) 5\4\9_319_:?35

)

21- Tk s wportant do Know Mhaek Yo seks wmus) have the
i Same oferaiion . For exawmple,
(*,.) is ne} QS&L%‘!Q&? ot CRs %)
l\_\\:\n.m_aak Q* e R but the operakion aw Yhese Tuso
Seks are AilRerenml
| Ansther exawsple:
(‘E_\, -l) S nek a suhgrwu? ot LZ.,.R)- T
A+ wodh i m-nlima +

€ ‘e Q?ch*im An net the Some)

| Example 2: Dhous Yhok ‘S\-_L(.R\ S sm&:%rgu% ol Ga\,iﬁ.k\,
1. W\ osure:
For any A, B € Bl (R), we have AR eSL(R)
because dek (AR) =dek (A) . Jdet (B)
=L A A A
and Do AR e S\EC’:'.).

2. Iolenmj: it
. The m«dkfa]icd(va fdenjn'l-j is. L= [Q' ] and oet (I)=1

e I e S\ELE)-

3. Inverse:

- For Ae SLR) , we have a’ GS’;C@') because
de.‘{‘(ﬂ-‘) = L N »_1,44. - 1
det(A) 1
o | oY € skl rzy

o S

(4= dek T= dek (A1) = deb(A) . clet (A7) =lelet (A)
se At ¢ 51;__(3);



e e R i

I3

| Example® Show Wat 1o, 3,45 in a sukgroun o Z.

i R
Loz : 2o 3 i’-e i — A \.03533'3 _Qeu'ns(inn own Z;.\
S &= k. 6_,'.- . e '\9&9.5\_’\\-3 element 1S O
3 3 i €_, _9_4' - Eeacd slemenk hos on wverse.
6 & & 3 | e | o 5 \L
g '= T

: Seo sl-pt 3\63 ’$ 2’:‘.

Deliwlion: Led n ke a pesifiue Wregen The vunloer o
| ivisors ob w is densted oy Sltn).
For example: o
| The ywmber ob divisers i Tl S, S L A UTRY (o e ol e
| “Theorom: e number of all _6\\)@31'95\)_»5 ot (Z.,x) is ?—%__\_kg.\
Yo AN,
For QA AY \e
Al 5\_\\03?0\,9?"; ob 'Ié axe QS‘:\A-\ o (@)= N,
“Then arer
Woa Loy v Sy C,'l-s = Zg { Toaprefes S "L’\E"(‘.-’»' ‘r\}
\-\L S 1T RN TS 5 ‘:\lr preper  Subaieubs OY

| Non keivie) suparsuns
3 3 \ \
\5\ = S. °\ "\3 — /

2>
.g.)* = 10 -& ()(“(\\I\r\.\ ‘;)‘{".’,' (5;!.';1 l’% ;

. Thesremy e nwmloer oL Prodee &\a%myes of (Z.x)

RN _G.y-&su\ o A ~2

| Yer ut.\mx:\t:

| “The vrumber of Prepen S\A\og\’o‘Qs ,o?. L.'ia.,a-) s &£ /\* E‘..w'

| Ad(RVI-2 = Q.2 = 2 A 8
They are: wapie  pr

| W= 102 ,4,6F owd W=le,4F

== ™ I wewer—r 2



| Remone ke

| 1% ns P (Prime) Yaom L"é?_-,s\-) has na {¥s per 51&\2%‘['&‘_&\3.3

| Swce the diviners o P ave fust Land O Yy AP =2

L ond, e numbers of Propes S‘LAQ%YQ)&\)S = d(9)-2 = %-2=0.

. 'S\-&:rﬁxv-sw Teah:
~ one shep m\oaxw? Yesh
Lel Gnh:s%\‘ﬂ,&? andd 932 W < G

_s = = e ——————— 1-———--—__._*
AT MA&R?\(Qq\ion nokakion T addilive notalion
%'SX- aken = obten TEakenN = a.ben.
1
; Ex(\w\\)\(‘_

1 led G (Q%.) and Mz LinezF. Ten
TE .37 € B thewwe have
S VLG S T SO o i Sl SR
Tws W & Q%

2l bed G= 7 omd WaFZ:3Frived e
TF 3x R 5 W W Yuen We have
B30 = 3Im 30 - 3(n-%) et2.
Yy W S %

| T MesYerm:
AN TR 4 “The inlerseckton of e '&).&;%‘mu?s o% a %N\A? & s alse
7’““‘{ * Yroup.
- Remark

- TThe ataw oSl Yoo '6\_&%‘{‘9.!\?5 need nek Yo be a sub a\'o\;\?,



v c_ac;\:c, G“-o\.?g w
Debinition:
A greud G iz oyelic L Gl e lan genervated by a Shwle elewment.
T e cthan werdsy,
There exsisy a€ G .4+
1+ G is a Proup undey 4

1t Gis o grevd wraley 4
G= XQ“‘. n GZ;_%:(CI)'

Gisina Ynezl =da)

we A\l o e %mew\'cv.

Example 1: Show Mk ('Z LG s c&c_\\c %mv
2 3.1 %.3,4,5,63%

alt. “‘J quivnes’l

(UE " PRy
o S | ya4 b Boe als G343 @
2,‘: 1 _ a3 Stma by, B3 (E3I4L | S5
2* - 4 S 3=asmy TV N PO W
2%, 22 9.:4.2- 81{ | | e X dma-asc
=, 22V 3 ha T, 43 3tz 33- 3= £.3 =y eI\ 73y .\:-r;f\s\:&\@
3% 3\ 2 a2 us 53,,3;"\»,,\{,\2:
| 3% 2.3 5.3 =1 |
S o U S YR T i %3 S 53 M (2 Syt (©)

é -:.SL‘L,%,'Llé“‘i « 53 3:;&@,&1@56(@
S 2_4.:‘ \S Cnac\lc %\-ou? %CV\Q.TW\'Q_J \s:j 3. R —‘-jrw\c,d‘ ’Z‘: .bt
‘ *=o W o,i_a
Ezxample 23 Show thsd t& >(x) is C-sc,\\c %‘vou?
2‘1: 10;\3 ‘)“’l 3.5

' 1 - \‘A_)\}; ~ s
\ ]

1.0 o l 2.020 o .00 o),),ov_’)?q an DASY .3\‘,3,\\;9.5 )
144 a1 | 2122 AT Uit
e 2 l 2.2=2420 stop | 3.2z 2 f GheY 0V 50 ¥y LA s §
2.323 | <ay=%enX | 3.3=8=4 | oul (%,4) Gop w0l

4\‘7=<L°,l,2"s'ki * F, | &3y =10\ 2,3y | 3":0.3:4 00D, vt neq
o 3 =z

q »



L'.»uu_s e\ 9 A

Rewarks

- The Qeneralor is ol Lnigue

2 LE Qs davy s SHlic then G 4arty QUL @ had

A= CE Ja) 1S oyehic Qreud genexated by A anet n.l EAN \"L‘.\‘@‘S*‘“
D ab,

“Teoxems- IR Qi o cyelie qroup Qemeratesl \oa a. then
, a7 are ov\\a we geme rator.

e £ SE(2ICS \wtiw'\\c Mew O
25N R Bl ek X @\ v Maer all %ev\em.‘rov- Yake the

Corm 1 L dements o} G oxder o G

fenerater &= a¥ Wwere qedh (X, y\\ =
o\ G\
Exampler Fwd all qeneralor N L‘é_: ey
we have ed thakx 27 % \i¢c qre Yoo b
ave Prov ?\sct\c.cﬁ WP Jemerxe 43
So al %&\QX‘%\O\“ o? Z{ -\.th. “r\ng Q—o\*h\-‘

8" Gl et o
%0 ¥2 1,5 and -\\n.exe are lwo 867\&.\’&\'0\\ ok Z"

Bl oral A0 AaS

Examples Fondl all am&\'q\co\s N\ Q%%o 2%
" AR (T YR W ¥ (s el group qenevakech \»‘a | G \'i“ie\z N

3o e, ‘
So all generakter ot '% take Ye Tocwa
o

wmeons,

: o
S lamexe ged Ch g2 = A i

Seo + (1, F 1413, \} 1q, 23 and aa . ‘\T‘%

are ‘the %u\u'ox\'ov e& 'i



E'X‘\\A\Q\e_‘, Show ok L?::y AV uac.\tc andd Tl all of s %evnxq\-vr.

Saluliown:,

€ xy
1\3:1&)?,3‘....\1’3 wd |27\

2°-= < b ?.5= 21?.: 3.2=6 2“': 28. 2-92=58
22 2 S S A el e s
2°- 3 29100 20 alia% e et
M e 1C w3 23;- 9.1'.2 =lL2=q

S0 Z\’; 1S %c\ic. %\-ou.? %e,\r\uro.\"gn\ \)\\,'l
- Al generater o v QL\:’ Yo ke Yhe Tovwa

2+ where gco (4, 12) = 1

So t= 14,5, 3%, 1 and there are Pour Scnemk»« ot zl:
~L : 25. 241 oY
- 2] 6 1 l" -'1" -

Exeawple: Show Yhal U o) s Syelic ansl Ringl oMl of ks %ex\e.w\o‘t".
Selukiow, yeo

wlwe) = 1a € | gcd (ae)=13
- 1\7 ?, T QS awel \‘-\U«b\\ =4.

30'.:-'..‘.. 3 ?;‘: i ) 32.'; Q , 33= e 3\‘: 33.'5: 1,.3'—_’1
Do K3¥= 11y 3, #,4F = Ulw)
Thus U () is cyclic growp gene vated by 3.

AL Benerakor o & W(le) take the Lowm,

2 Wwhere gech (L u)=).

Se Y= A and 3, and there are lsc.ner-og\-w o L (i)
2'= 3 and 33-.: +



Examgle: TS u@@)= 11,3, 5, 2] eyelic groud.

R ¢

‘5 1 : o=\
PR | 5= 5 I e
=1 | 52 | 3= dq sl e

#(3}: 1\533 5Y= 5,‘353 | L ¥y 1\37‘(‘3

|
{
{
Se LulR) \s net c.sac.\k %‘\'ov.\) belomse

MR) = £ay tor ony A €& W)

Theareyny

E\wx:& Q&Q\;Q %\rou? 1s ok \ion. g.&-

e Cawvexse \s V\Q)t eue . ‘:5’0 txqv\?\e‘. SaSets 05 yu «g.';

(@5 +) Is abelion bur net Q&Q/\\'Q.

A Ssume,
R ssume Yok (Q,+) is cac,\cc. Jrowp Gene rotes) k:s Et “Iv: X S
B ®= {2y = In(F)inee] <°\7r1V\f«\V}ez.S

Dimce & & A_ = n (&
e (%)

\
Y\: -—
=G = ¢ Z
LAMIAA 1S o Cowbrachickion .



’Perm\-cgkovx (Sveuds

‘ Mrm x;\&s‘.;‘ (?QW/\V\\-Q*\QV\ QQ ﬁ\
‘ A M\X-q“rmn 92- a =t Ay :‘vmcx-mv\ Svom A Yo Paser 18
‘ both 4.4 awh ento.

[
t

| Noke: We WA Socus on ke B8 Lihere A Nite . We \A&\AQ\B
L Yake A= 0, 2, ~--,h’3 Fov met. Yc«-emg@e we detine
A Permatelion & ol e sel Y, oy, ul h:\ ,s?cg&;_
xO) =2, xCA) =, x(3)=-) . oc(a)=Y
. We Can express X in Cmr\a?-mm as

RC W
o = P SR A T | |

| L\c&:\“"\'\fsn‘; ('-‘i-n el G\\-o»? 3»\)
[ Led A =100, vani. e ne: é& al\ ?n-m\g\g‘:hn% ot B

1 Galledd the Sbnne.\ﬁc %Tcme o 6231'& N anal S dens heal

- BElemenks o‘\\- D haye e Egrm;
4 SRR
Xz (oc(n OB G )

= Exew;?lex Final al\ ?emv\ukq\-iqms on A=11,72,3).

“There are TX Permulabions . We Wil \',e%*r&'s,eu\- Tuese fermubakions
\asﬁvn M Ama Rorms as Tallows:

?-(::2 = (;1\
‘ ?3: (3 i 33 ¢ ?y\: (;s:- i
SRR N Y )

T, 33:' SLP\ s i )?&\ ?\s\ ?SI ?6’%



‘ “Theovem: “The seder ok Tw AN\

Yac MM‘\Q} “Te srder 02_ g} =3 =¢ ?&m\'ﬂ\\'iﬂni

The order QQ- Sy = 4l = AL DPermu bakions.

f

k Delimibamt A %You.%.bp .Pmk\ggyss y Laala (gm%gg'.)ﬁq\!\

‘.0\5 sderalan s Salled A Permaleabion yeem an B. Feor Wrawmle
L Dw s & Permedakian %ﬂ&(%

® QQ!?‘?QS\'.\QY& 9?- ?WM\Q\';QV\S ¢ o
gg‘”‘.%s:ﬁs}ﬁiﬁ\!& _e&- ?&v\vo«\«\-ion& Qmemss,i’.d Ly om,a voration
L it Cawried ouk Trom ﬂa\t& do 1) \3 %&\% Rrom \x-a]o.\-g

e beatow , then TS Froma Yo o tue bottows . Teor example s
‘ T I ?3\
| \ed x (b‘\!'ﬂ-'}, : S |

2

3
i '\iiqs;(}y13“5)
.‘“'\CV\O(O%: S“\lsx%“sg\

il
AN
: —
[
- W
w A
w\ﬂ
Lo—

KO‘ivF PQO‘\

| % Oac.\e Nokabiony

B L S e 3
Considenr &= (?- 149 £ s 3), x fahows dhe Civcde
Datrern:
> ) R ot
7/ - ¥ O
2 ‘l“ 6 J\ \'K
2k S o



| .
|
1‘ Tw %C\t Mx‘\)f{ow wWe Cow Wrike &= (.\. ) Ry é) LS).

i L 2 3 NS €>
:Es: E*Q«ss Me ?m\g‘ﬁgn \:S-. (s - R B I A, wsiwé Q\:)dg
| C2318) (£4).

l' = {‘\) |_ »l‘: S r',\\l

"6)
I
P
md
w e
-
a~_ﬁ
pw
'Cd'\
[
1"

| RewarXKs:
4. We Can owmik Sycles thal have only one g»\-vn - Tw Wis

| Case ‘k in undertlood el om.j mlssiwcj elemenr 1S M??Qo\
TS '\-S'z-\e (xs)\ia!e element). Tor Sxmuapie

‘-‘“‘ch Q\Qh\.cn\’.),
L S~ e S § "S) O,
og e R o Ny W) o U‘sn'c%u%) = (1ag)
_ e evim
(
2. The '\Ae.\\\\-:j ?mk\\‘im_«. Conmtinhas ov\\n i X bacle.s Witk awe
! Ew\"ln ; Do We Coanatr owil- o\ 9_?' dhese ! . T Baan Case

onk \A,suq\\.d Lorires _jus\.- one ;%c.\e_. Yor &wm\z\i;
Y R e
X (\ e S (W L S\_: ) or () o Om.a.%c,\e,
| F23 Mew W\&V\a ?emw\\-m\-ichs AT O
\-_ixi\z.a L wmeans Fhal the pormalalion becomes a Jormulalian
own e ek %, 3, b\ﬁ?] andd Yhere are Y4\ = 94 such

Q ?M\A takions.

|
i How W\A\Aa ?m—m\«\-&\»{gv\s W Ss ‘-R oot 4 and 3.
'I
\



11 ?\'g.ﬂwp\- Al 9%&\3\% oW \w, ma:l{c. ‘}gx-mx-
| A M%z?x{mhoh ol ‘;a_c.\r.s is ggr-gamv.ok \93 9??\3‘\\/._\3 Yhe ’ﬁah&-

| ?trhw;\:\’ﬁs}!s ‘-:.Yﬁ‘r. ?‘?{ u*&m%‘.ﬁﬁ‘.
L ket

Rxa\,\\— ?i'r rn,u:k o \ A\ 0y
4

TAiem U2)L4S) , Bs (153) (24).TThew xPx (14) (A5 3)

1

b s (lAm2 W) B (309 e ~xa, %Bx (213 4)(56)

3,«: (M%QM, = Cl123g) ¥z (245&3)  ~“Thenm
“py = -
Tmee Ry= (24 13) (56) 2 Wwe have
oe By = (2433 (2413) (5<)
= (23 41) (5¢)

4l ez (134) Pz (2652). Then xP= (134) (2655)
Pid eu nekic Boue\-\dwa abowr o awmad \DK‘\.

|

l Dctig;):ie\_'\_‘.
|

IR X el B oare Loo ke | -“;&3 are SeMed g\-_:.S.Sg'svs‘r

AR Aheir oade. Presemloalion Conkain diferent elemeds o0
L e sed Az V2, 3, ~eean 3.

| BEx: " The C‘jd& (124) and (35¢) are olisjoin:!' but
the Cjo_\,e (12Y4) and (344) are net g&s‘ijainl-.
Since Hg_s have numbker 4 in Commaon.

T TR X and B are disjoint cﬁde.s +then otz Bot
. For example:

x= (13) , Pz €25&). Then

xB= (13)(256) = (25¢)(13)  and

Pz (256) (13)= (13) (25¢).



Gaive an example ob o, 3,y € Sg, non oL which s Yhe
Kclc.»x\-l\—:j »tibh @z R and oY = Y bal wilhy
A
Seol:

- We Chaose x, 3, and Y to be c“des st

| x omdh B ore disjeint,

} x awd Y are oﬁs&gf\&\- 5 ouack

} B oond Y are Mot digjeiwk.

| For exawmple 1

IThAke = (02) U R=(34) | Y=z (M5). “Then

BY= (348) wkile Y P=(254)

[~ Tha Eve.\'n Permutaion o a Bimile Ser G be writren
Loaig. e Q.\Qt,\c, ox QS qQYoch_ud- Bk &is&o“u& C“Q/\&s

TTheorem, “The order of a Pormu bakion o a Cimite set
| writroea w e\'\s\'}oib\' udde. Lorem is Ane \eatk Comvaan m\\&?\e
| o% Mo \Q».a\'\\ of M. .Cabl&.

1 Ex: What is the oxder of tach o the eo\\o_\-_ai»\ﬂ Permutation:
(A24) (35 %)

(124) and ¢35H) ave o % lensgth 3. Twms b cowm(3,2)=2
| awd hemce (A24) (3 ST has oreder .

L (124 13 S) .
(12 a) of leagth 3 aral (3%) o ma&h 2 . "Tauy
Yl owm (3,22 €. Rewce (V24)1(3S) has orden 6.



; ?gy-;\% -,Q fermutakion St (Even or oddl 9%&&9&’6«:\)
|

The ?‘—‘\\\-3 oQon n-c.nc,\e s everm 1% nis odd
. and Vite versa. Lt -

(13 us) s an 4 _c_-&_cfle aned Se 1k is an odd Permulalion.

- (1463 253) in an Toyde amsh Bo ik IS aw Qen permulakian.

| Rewarke -
. R X Ven = fNewm

| oddx odds wem
| oddl + 2uen = oddl.

| Yor Cxo\\m&f\c‘.

QA3 ) (XS 63) 1s an odlal Qit!t‘w,\\\-a\w‘or\ SR
R ?.-q&d& anal C2563) ix o q.c_ngg\g‘
|
CO2) (13w} (152) 1S an cdd Pormulalion Dince

‘ Cy2) (s am *)..c%g.\g. , 7 E1AU) awed (AS2) ave gac,les

o R \eaa\-\\ e

L Exi Fimd all evenr andd odldl Pormutakian = f Da .
el

Saa 3 T o Yy Ciays CINY (i) (13215
. AW evewn ?Q.mw’rm’v\‘cns og S‘S ane.
PE 21T 5 Guady, C1aany

L AW odd Permudalions o¥ S, are
Qa’ =% Q) XAy C'l'i)g

| "Th:
lE-'n\-.:IOnl:.\i\Sn[: n',‘

e,
v \



Delivkian: e \ma:&\a Qt ?.m*e&ian&
| Awn exp ression of Phe Porm (9,92, o 0m) in calesd o sycle
Laf \2&3‘\"@ n or n- %g\_e

| Yor exampie:

LGy A s) S5 e c%de s \sv_-%&h 4 or oaw Y- C:ac.\g
S2R) s ey o lewgth 2 or o a.zuadg
L Cexa) S8 .« e_ag\g o8 \u\a\—ks oY an ’s-gﬁdg.
CEx: Wyite Yhwe Pormukakion o= (_\\ .’E. i ;.. SS fl :-)
. Qan \\-Q»Ac,\e.

as

e e e 6’*)
= (\ € 3 2 5 w2/ =z G euN@RIG) = (2eyT)

| Rewmar-y
| NoYe Hat one o wate the Same _qd_c.\e. b Wnawy Lieue Laing
| Yais \-%?g o® votalan: We haye:
x> (2€647%F)
= (e432)
= (4320
(F264)

[ hu} he Car?—sd.e\
x= (2643 F (6F24)

T A \s'cgac.\e, Conm b2 w¥ilren in W _ditlerent WodS , Binee
Casa e i) = (B9 sty ()2 mne = (Qiy 52 Y



% The invexse ol Pcrmw\-dthh:
I TR = (9e @ —-Gu) Ahen Me luverse = & & 1y

-\
o™t 2 (Qn -ee cq_‘_ C\\QG‘}

Tm" Q&Qﬁy\ﬁ‘.
S M ST
= (1s 2\ 3)

| Cyapea)™ = (A ry 4
l LA NC YN
| oty )

‘ toskey

| Lo&o\?-\"‘ = plo o

la SWhows Mank ( S‘gx o) s Nam Commmmmakakive %\’9“-\%
e AT, CNaN N AN, CAa R, CVR2YE

: id | (12) 1 (13) | (23 (123) (132) |
= d (12 (13) (23 (123 (39
12) | @2 | d (132 (123 23 (193

|
1‘ (13) | 13) |(@123) id (132 (12) (23)
jt

|

L

(23) | 23) [(132) (123) id 13 @12
(123) [ (123) [ 13) (23 [ (12 @32 i |
(132) | (132) (23) (12 (3 id (@23 |

R

Frow the Yakle:
V. e o?tﬂ\\-\‘m s \o'\vuuu on O3 |

e, o ‘s assoTiakwe on D3.
A T is e ié.u\'\\ra e ment
).

= ' T G a3 (23) Q23 (139)

atl T w2y (13 (23) Qaz) (2a)

' Hemce (53 0) 35 a rowp. Smee
(el = (132) and (13)e(12) = (123)

CTRus (2) e U3) £ (13)e (12) . The oporation is not Gmmutalive .
Bence (35;,0) is non- Cammuhlﬂnaremf.



l
‘ “Theorem: e Sek ol evem Pormutakion n Du Tormg
;. °N 5\\\:3%0“-? QV- e

| Exi LD E:s Q bubamm\: s b s
l ' 1 T ;nh\ '_\"\Q \-s\-\e.‘.
S, [URES ff sl QB?’),L —e oporadiow 1% \_b_f\m\ra ansh asSaciadive ow % -
X T ‘(\rg} .(\“') [ o X 3 Yhe ié&g&i¥3 lement.

| m.a)i Q) (0 o | _
| , | | |
W33)  QG3yy | T Q)|

. HNewce LEsto) s a ‘b\a&asxov.? ot S3.

| Remark, .

,‘ Ev_cra S-_&;aros&‘-\ o abelaw P in akelion.
\

l Ex: Giwve Muo Yeasowns \_nb\l\-a e sel ol add W}'\cu i D
L iz nek o s\&oargg%

4. ™e '\s).:.zs\%\ra 1n e Pervaulelton

2 _ The Sek is nok Qosed Dwmce e (fadd ?Er) o (add ?W\ = (Qven pex-) .

el BESEEEL

f o Q:L\\m?\e.‘. e ek og- ook ?%M\A\n‘c\‘-\—s N 33 S
(33-_ { Cx2)s Q) U—“‘j £ Q
N Q has Mo Idenkily dement (X
. G ON= (\32) & Qg + TTae speralien in nek \o'wexa own Oy .

L Exy Tind the ovder ol eacdh element w Q%‘rm.«\l o R B T Y
o oyelMe 1



Sel s
|
|

T s e idadily element in agroup Sy = o (T)=1

| Q23%= (2 02) = T = o (2} = 2 aa Gy = o t2),
Q)R Q) vz} = Qv 3e)

L CL2my®s oAl ea) = Qi) (2a) =T«

L= oltian) = 3= Win),

Q T Q) Q3 () (123 iy

-
|

.0(‘\31 2 R I 2 o 3 %

+

| No, Sa is net a ENC growp imee aexe s no o €& Dy
<% o (a)= \Da\ =6,

x Ex1 TS E o gole

| NesS, Es S o (amc. %\'9.\_4? dene xaresl \:3 G2 o (132)
ag o (a3 151

| Remark sq .
Fov ‘Evex\& &..\a%mQ ol Q&c)dc. Froegp is yelic.

non- Cammuwialive i NS 2
2= (Sn o) 35 a grewp /
~ Commulraline T & n= 1y 2

Sa8¥R. s N3 Gl
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1. Express each of the following permutations as a product of disjoint
cycles:

(a) The permutation o & Ss given by

o(1) =5,0(2) =3,0(3) = 7, o(4)=1
o(5) =8,0(6) =2,0(7) =4, o(8)=6

(b) (135)(357)(570) < S,

(c) (13)(234)(4578) € S

(@) (12)(23)(43)(57)(24)(61) € S,
Solution:

(a) o = (15862374).
(b) (13)(79)

(c) (1345782)

(d) (162)(34)(57)

- For each of the permutations of question 1 say, giving a reason, whether
1t is even or odd.

Solution:

(2) This is an 8-cycle. It is odd, since 8 is even.

(b) This is even; it is a product of two transpositions.
(c) This is a 7-cycle and hence is even.

(d) This is even; it is a product of six transpositions.

. For each of the permutations of question 1 say, giving a reason. what
its order is.

Solution:

(a) This is an 8-cycle and has order 8.

(b) This is a product of 2 disjoint transpositions and has order 2.
(¢} This is a 7-cycle and has order 7.

(d) From its representation as a product of disjoint cycles, the order
of this permutation is lem{3, 2, 2) < 6.

1)



123458@ 12 %45 g
“‘[21354&]“"““[612435]’
Compute each of the following. 7
‘ (@) a7
. a_1_123406 .
| 31 35 4.6
‘ (b) Ba
123456
i Pasilee i sas
| (©) ap : . 4
{ wp—|1 23456
6 20155 34| N8
- B Let
ac|12345678 dﬁ_12345678
2034 SR el el 38 T e s v
Write a, 8, and a8 as

(@) products of disjoint cycles;
o = (12345)(678), B = (23847)(56), o = (12485736)
(b) products of 2-cycles.
a = (15)(14)(13)(12)(68)(67), 5 = (27)(24)(28)(23)(56),
af = (16)(13)(17)(15)(18)(14)(12)
& Write each of the following permutations as a product of disjoint cycles.

(@) (1235)(413)
(15)(234)

(b) (13256)(23)(46512)
(124)(35) or (124)(35)(6)




3

. disjoint cycles (disjoint cycle notation), (ii) Find its order, (it1) Write it as a product

-—

For each of the following permutations, do four things: (i) Write it as

a product of
of transpositions (not necessarily disjoint), and (iv) Find its parity (even or odd).
(a) 12357)(2476)

Solution: (i) (12 4)(3 5 7 6) (ii) order = 12, (iii) (1 4)(1 2)(3 6)(3 7)(3 5) (iv)
odd

(b) (12 3)(1 4
Solution: (i) (14 3 2) (ii) 4 (iii) already done (iv) odd
() (12345)(12346)(12347)
Solution: (i) (14736 25) (i) 7 (i) (1 5)(1 2)(1 6)(1 3)(1 7)(1 4) (iv) even

(@) 123)(132)

Solution: (i) e (i) 1 (i) (1 2)(1 2) (iv) even

(0 123)@3571(123)!

Solution: (i) (15 7) (i) 3 (iif) (1 7)(1 5) (iv) even

i1 (f) (12345)3

Solut"qn:- (i) (14 2-5.3) (ii) 5 (i) (1 3)(1 5)(1 2)(1 4) (iv) even



{ Comeks o® o s&anu?

} Defiation:

ek G qu«;m.?, RLG . Axiﬁk\- N-coset w G \w aser of
Cdve Bormas

| Ha= ikﬁ\\'\e\'\k, B Soewme & & G, .
| Shwa\ax \\t.\ 3

| alelt BN-cosel in G indc el of dhe Corm
a W= igh\ heh] . v Sowme a €Ge.

| Debinidtan ( Tudex)
| TRe wamber o0 dishineil ‘S’.‘\a\ﬁ- (efh) cosels ofF @ i

CGled Yhe lundex o W in G awl is denoked ba
LG W\,

| Re\\qh\ks“
3 I Gond W are btk Bidle Qrend , Wen TG W] : LS

WA
| T G ansd W are beth ’\\«in{xks Yoa LGLRY Caw \a;
Biwite.

- Example :
Lled G = 33 ond W= 5;_C\\, L,\'B\x.. Then ;
AN lebd Coseds <b W W Gare
M=\

CGaK: 02, Gaunf= L0, Qan]
Mz} A, onani= 3, iy = #
(ks 1023, eyl = ey, Qanf = taw.

————

[CLaay = 1 Qany ) A Qand= J6a), ()
CGU3a) W= 3 Qaa), an) Gaal: fasay, anl = auw
S AN dishinct lell cosels of W 1w G are

W,y N 4 G W



1 CV R

W) = 102), e =3 G2y, Q23 = G2y
BRAN= N as O ew. 2

WQawn= 1, (3 (20, 03} = taan
AN s limek gkt Cosels of W in & axve

A g Ba) 5 WAl

,Sivssz\$3 2= ancdd LNl =% , dhe index o8 B WG 'S
‘b‘wm\oa

-

L.Gsi\'\-ks \._G'L - é_ = 3.
VHL %X

L Nete ey 0D W .4 RO

CRwn Fad el diskuel Lef L and \-\‘ak\- coneks of W= LW ;S.\.?-lx
T

_%A
_ Rtmr\’\'.
| TCa '\sg\og.lim%rg&% > HE & ; ae Gi. Then

| Exs ek Gu= 2 and M= 5F 210,15, 4105~ J - Then
An \et) (= Yla\ﬁ) Cosers of BZ in Z are

| o+8E2Y . ~lo,.%,06,5,l0,.---Y

ELUOBR AR W SR (il R \\‘523

e LS 25 TRRERRE, TR 0, S Y D T

T Y O VH WA T A |

MaSE: Yaiy by al, Wy Ay 4]

565%21 200 3-5,0,51815,.... %

(e 5% ="ly82

TaFT-2.5T

—r =

T _yf)t"(li >,



AR oislbinck leblt Lﬁa\n’c ) Coseks o £ 82 w2 are
Sk SNSRI BT 3 EX. Hoxz

T generaly

Aw LBl ('ﬁa,k\-) wseki of Wz W Z are

NE3 VnE 5 A MNEH ccan, (M=\\anZ.

Neke hal : C2,521:- 5
TR

0. *y

. In 3werq", L& syl = N

CEx 21 Bad all distiack lefd and Tiah\- Gosets oF R=%1, -13
st G0 A i Y

. Simece (s abelan o, B G |, then all el (= ‘f\'ak_ﬂ
Cosets o B in G are
Gk = H=- (-\1M as -\,;4 €n.
(ima 3, 0%

B T T SR

; TThus all distinck Cozeds arer ¥, WAL

Pro perties o Cosehs:

Let H be a subgroup of G, and let a and b belong to G. Then,

1L e€aH

2. ad=Hifandonlyifa & H,

3. e =bH¥fandonlyifa € bH

4. aH=bHoraHNBH =0,

S. all=bHifandonlyifa ‘b € H,

6. laHl = 1bH),

7. aH = Ha ifand only if H = aHa !,

8. aH s a subgroup of Gifand only if ¢ € H.



; \eg‘amn.&g'ﬁ Maeorem:

| TE G ‘\sgtu\e%ms_\\}., RL G, Yven

. W\ \@)

| Smee Gis a Bwile groud , then I a Gwte olishimed \e®t k’ﬂn\\*)
| cosers of W in G, 'So.\a
AR, AR, e (W

S Gz aMLRLAN .Y aad,
L Wwhaere

AR AN =D Vi#\s

= )@= Lalle 1aMa s s \awt)
B DR

| sy

"

_ E:'M\MQ‘&:

| TR LGl = 12 ten Yhe QV\.\\_& ?oss'_\\o\_e orders tor
| a %\JQ%N&QS ace L, 2 D oG ok V2.

B3 QQYM\VK

a_| Loy \—oms:'s T Thcorem ckvem’t\a Biva ?\'\Qies Yhe Vroklom o\
| clz:\-ermna all the %\-a.\)%bo».?s eb =N Qim\-& %rn&%.

2. “The CanMerge 4} \a%\-qua ‘s TThesrem is not true ;m%e,\’\,“\:

ek 13, 18 0 i adiviser o8 QL A G has o Sbgread S)

ordexr n.

For e;&esni\e. o

. TWe Sed o% all evem Pormutalians Eﬂ im Sy is Aivam b
| E.= 5,‘ QY 2y CGaw) 5 Q13 C2au) , QA9 23) , Q23),(132),
Qaw), Qu2), (134), 43y, (234), (245)3
LE L= 12 dhen the oy Possible snders for andbgunup s



! aney
1Y st erden 4
LODGW, Gdf2h), N @R b oo

1 Qay, 3y, Qza), Q) , (ad), LM3), (234), €243)3
o erder

| $RLE of oedon 1,
| We see Ytk E, kasng&&l:jbwroﬁfwdw(.

| 'I'ngenorw\:_
For n> 3, A, doesnt Conkain 9.&)03‘!‘9&?_ o srdlen

“‘_._.

———

Ty

i "TFQW%- E‘v&rzj m}zar_o—f “3‘ fﬂd“c Growp is t;jdn_-c ;

\amoQ; we P FH-F& (LQYACJ!)YQY@(J Bbsad leebrq).

. c.omuqv‘é: Sul:gmuf.s ﬁf Zne.

. For each pesitive divisor Kol n the setd{n /Ry is the
! unij_ug §ubgmu{2 of Z:.n of order K. Morecuer; these are
- the onld sddm\?s ol Zn-

| €71 Find all ét&:jmﬂ—‘s of Z
%,1 :s Binile c:jd.\'c 31'0‘%? Au Ssbjmufs b 2‘:2

\f;.
L LRy =417 2 Yol 2, aeea 12] of order 19
L2 /6y = L2y = o 2,%,6,3,45 o oxder 6

| Lyl 4% = {3> = Y03, Q& qs QQ‘ sroler Y
412)3% = 44y = 10,4,8] s L srdac
<l o Al €)= %,9163 c?— C”"AQ’(‘l

Zi2l1y= K12y 103 ot onder 1.

—_—



} SN TEEEENE. ==

Sdogrowp \athic oF Z,
<\z>

<6> 4 q)

{3y \“ L2y
\ 4 /

L Ext Tnal ol sépcbmusoQ Z

'»\ is Bwlbe uy.,\ & grenp o s b \n\gv au . Al 5‘“\0‘3?0“?& ke % A,
Saulawy= Ly = d ez, ooy

o diays  Zave VoG K0, .- 223

Lan [y = L3y Y03, ¢,a, 12,15, 18, 23

auf €y = 44y= Loy 12, 16 2oF

daufygy= 46>z Yo, 18,13}

L)3y = 48y= Yoy 8,163

daw]2y= 4125 Vel

d24) 19> 424y : 103

5‘“\5‘319\%) \aBic o ?'7&‘% -
A L

e

Yy <=y
I{3Y LN
> \ 4
{3y GBS

\<_‘>



. Nice Corellawies ol Lq%mrtrj 3
| Cgm\\_q\-a -« Y

| Ew:xa 3“:“% al scder Prime s Q.»\é&\iﬁ.: Ls\_ng.\-:sg.}

- Prests

| \.e_\-G\aeo.%ro»Q » 1 &l =9

Letr N ke Gy clic S\uk%tmx?_ ot G generxated by a

Where. O =€ . Rl‘x mmg's Yheorerm We Wwele

LR ET
Buk V&l =p = \n =4 or \\‘\\‘;?
TE WMl =4 = WN=leh =<cy WA is o Gukvadidion
W axe
Yence \&i\:?-:\&.\ = G=1 is %c‘\;c
| (& is abelian R

-,

.Cbm\\qré o
TGS qu\e_ %\-ou.?, aeG , then
N CA RN

&\
a =€

| RemarK s
J. Evvﬁé %m&? a% avclen ?ﬁw\a has ,o_v\\a rwe &Qa%vow\bs ' nmgka
| AR onmd Ye Qroup AT

| T exampler The subgrowds o) Z are : 1 and 2-5

! Tmce \‘is\a 5 (Reiwe).



. Novmal su\o@mu?.

| Delinikian:

TEG s aqrewp , MG, then W is called normal 1§
. all= {a VaeG.

we wete W AG.

| Remary,
TR G is shelian qrawp , HE G |, them allz Ba VaeG
Landh T\ neema) &&319%: e

2 Ev:.vd &4\:3!9\_«? ol abelian rep s navmal.”

. Yer t.xswg\ez

1. 5Z is novmal §ulggtewp og Z Since Zis abelian growP anal
EZLZE. Wewrile 52 AZ,

2. H= 2, 09F is not novmal subgroup of S, Since
2> H 3+ H Q2)

| Ex: Shew Yk a S««Lgrouf; E is nermal of S,

Seluwkiany
E- 3 T, Ganacnak < S,
® Ig:%sE!I_ qs IEE’

G OnE=10a1, ancey, O] =1, 2, an)
= W\)E = (2
E C 3\%

@g\.;n% = E = §(.L;3)

X as (i123) and
L (32) E = E = & (122) | Claayec b



T

we just need o cheek Yud E G2) = O E
E02): L LU, (23)C2), G32) G2}
= 10, ), (23)3
5 0D E.

Thus % is normal sJoJrouf of Ss.

| " Thesrem:,

I 9 S -t agreud , MG them WL G 1EE aba’ oW

N ae Q.

| ?ro»@i
(=) X is normal of G (Qiven)

= al=ha VYacd.
atal: Waat = We = W,

N oavat oy

(&) avat e Ya € G Chiven)

We need o Show Hud
al - Ha Pae &.
led ahe alt = aha! € aHa™
Siuce alla' cH = aha''c «la-!' cl
= ahat gd = akhata & Wa
= aWNcWa @y
it Mse , W ag aw . )
Vaws aM = Ma Ya aGa
Therefere 3 W 3s wormal ﬁs_\\n%?g":? <X G

T Theorem:
TR G s agenp , BLQ ok Ta:l=2 Wea W AG.

N



?‘_QQQZ
Swmee LR — 9, then Rherce exishs ol Awe dishiuek

\;3&-(9»36&;%—\ coseks % B G, Sey

att < Q=¥ \a
= aW C ha

Y, an LB,
L= G MLaw > B¥Nal=9
| and
‘ G: MuMa 5, WaWa =
| Since,

| A\se , o & ol
= aw = Ra Yoy
LTS,
W is neemal oL Q.

- Vo e_xqw\Q\?:.
. We have seein Yhek 53 i Mevmal s_-ln«amﬂD 3 3_3 Amis ueorem:

We Caw Sow.

Eg S ?'S anch [.?},‘. Eg-l': \Pal = 3\ .é.. s B
\E\ 3 3

W

“Vaen EB S normal &A:%TQ‘&? X Sa,

| Remark:

T‘Ww. Cowvexse of Micsraw (s wmed Mvue | Tor examgle
- 3% 1s wermal subgrowp of Z as Z is aleNon, growd .

| Rk

| TE.321= 3 %2,



R uorient vaud?.
Delivikion:
Lebr W% be awvormal S\\oser o T Q. e Vackor %‘rw? ox (quotienk %tsm?\
@ 1N 3s Ame st of ol \elh Coseks oT W Glie
Gluzx faN1ae G, tohere e malkiplicakion is debined oy
oM x bW = ab N 7 asew

S Tesvemy (GIB, %) s aqeep.
_order el GIN:
T™e order o £ GlW 15 qiven \56
lGIHl = Taiwl- 1G] 1n).
Examples
Lok GuaF=1oii2 3105163 andh W= houy
a. Compute the Cosets of 7, [w.
b. Does ik form a qreup .
Salukiow
A, AN coseks of W | G/
ox 10,4y = sL°l‘*’X
44 1°|‘{73 = 1‘7‘3’3
2+ Lty -~ 336y
3+ Joudy = %313
R L 3 Ledd, 14,583,124, i%ﬂk
b -

[+ 04 |05 |26 [ 671 | Now e QQ“Q“\«\QM\ 'S dowe -

0,4 [ {4 | L5} | {26 | 3.7
oS [ 0% | ee | 51 | 08
| {2,6} {2,6} {3,7} {0,4} {1,5} = (241) & To,4%
61 [ 60 | o8 | (L5 | 2.8

LR S(A g SLHCSE = L+ oM + 1+{<>,L«1}

= 3y 405 "'\-3

‘_\.-'2‘3-{\:{--\'5 closed R\'\e\e:\':- i e SSJ—‘J‘S

2. i+ has an ‘\c.\en.\'s\u element H=Iouj oxe_ VE Wie doms Yomsse S TR
A Ev&r:j clement has an inverse 24123 022055 V53 ba 5 FR6 T 0aR
H- ASSoCia-kuil—j 3 Q)‘_A'Z.' ., Cosed 5,5% 3 @3.‘.}"’" 0,0 5

= QIH forms a Jrowp. 233G o



\\o\nomovi\r\'\&m.
| Debimikiawy
et (G a0 and (G 0) be growps - Atuckion G G
3% Gllesl homomerphism 1§ Yok € G £ S |

E (axb)= V»L&S.%Y-QQ .Q\\*‘. %F(a)
TS X cgerabie ( I B NS
o i Mo tw)
Fathermaover S
| TR R w 39\5;—\6..3\«0. P oackiain , We m&éc..n.'\\,r a th%\«:sm
RTEIREIl 40 7 S s s e Epi mamrphl S
L owow o Zhijecdkne - EE I 1somarthizn

;Egcﬁ@mmuam\\q

2
A howowmer ?\u&\w\ 5. G- G %&M‘cv{‘v\\ﬁ\“ -t Q.

an  TSewer ?\\\. Shwa, tk G —» G O\»s\ramq*'f\\.\'m WME e

Exawmples
let T 7;6 -3 A1 qivem \;3 E Nz nal Peam
T is not Q\\bmmf?"\‘&(\'« Tiwce o- >4
tQx2) 2 F (Naq C t)
b (11>
| Sy BN Axa=C T3 LW
L T Y 35
¢ Qea) + L R s &
&, x) (U, x)

o I e 16_4 Uy Biven oy Lone 3" S

| T o
t is SNMMQM‘BM [, e } 4 Foy=3=1

Frawmy o ™™ s
R e ta= 9=2

B3z az2=¢
Fed= 8lzy
B> 243=5

Moreaver A Tis an '\Szomﬁ\vs‘c;n TIWER.
LAk 5 A A ad ankn:
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werks),



The Rormol of \;\pmmv?\\'\&v\
! Deliwektans

| x& & Q@ - G‘i \s \\mmot?\\‘\siu_-. 5 Yaia The Kernal of §
| 3s delined ‘03

Rex§ :1‘\{“:@} > t(m;é_:iv

Yor exomp 121
1.

“The Kernal o Yhe A 3N ”i‘“: - S.l_{_ de Bineal \n3 Fanzway is given
by

l
1

K':*.‘S—: 1& ezé . Y_ LQ}-; 1:3 PI&L"“'"" w G

{ U
A S M-
3 5 -

1

= 1%6._16 : axd=z4)

= 10}

A e, (P, L i “1 delined by T =1 is

\{sre’—-.igei‘. s Py =AY

]

SL‘\&E‘. ‘g\ =1~S

z SLP.EL

3. Whe Kernal QQ g'- (.g+; ).(\—) (R,*) cl%t“,\ﬂ!& ‘03 ?‘(J-): &) §§
divein ‘ob

Ker & = dagRt s Q—L‘\\:;SA Tdenddy (R, )
= JagRY: \n(a) ;93

= 113%



| Bxewplen TP OO (R ) o3 (Ria) i o Sumchion defined by
Foo = ax 9= eR') Shew Mk ©ig somorphisim,

4 -led aheRY Yew F(ak) = Wnab) = Ina) x nlb)
. = Fey « RO
| Taus & i \'\omm\-?\'\ﬁm‘

2- ek o b @ RY Sudh Yaed T £ (0
= \nla) = n (o)
2-? QD = b

Vs T, O

3olebbeR? ) ae RY sudh Wk Blayel

! —> Wmaz=b
i 5 aze’
| Bwms Yk e R 3 aze® eRY st P@=h e

T 1> endo

| Bowe  Frowm WY, ), (), RIS isemerPwisim.

-0~ Kr_ng i3 Nocmal Su\&a\-w.? aQ. Gi.

\
{
| Teovem: TF B GG s Yoo morphis Yhen
| ) S
\
‘ ay_ km@; 1ey 18 Cis enme-‘e—ome.



