
 

 

 

 

 

 المناهج السعوديةمدونة 

https://eduschool40.blog 

 الموقع التعليمي لجميع المراحل الدراسية 

 في المملكة العربية السعودية

https://eduschool40.blog/


Math 101
Mada Altiary



/

Continuity

continuity at a point '

Definition : A function f is continuous at a

iff
✓ fea ) undefined Thole

i ) .
f (a) is defined •

lim fex ) DNE

2) line fcx ) exist

~¥d×→a_x→a
32 xhigafcx )= f (a)

A
'xiFa*t*¥

to

.t

tighten
~•

on

Otherwise
, the function is discontinuous .

ynde
.Jump

1
.

✓



Types of Discontinuity

Removable Discontinuity Non . Removable Discontinuity
xhde " µ Jump or Avn

.

Fca ) is defined but
Fca ) is not defined

digna
fcx )

DNE

dijnafktlignafcx)

( Jump discontinuity )

.

vertical Asymptote

q ( AV )

fca ) Is defined and

lxinna fcx ) exist but

xlinsafcx) ± fcaj Fca) is not defined
and

lim f Cx ) DNE
x → a

±o

y Infinitediscontinuity ,



Example 1 : Determine if the following function is Continuous
at x = 1

fcx )= 112+2×-3
× - 1

fa ) =
( 1) 2+24 ) - 3

#
= F undefined

i. f is not Continuous at ×=1

f has removable discontinuity .

:# oiui II w ;t
a

guff
×¥?× ' 3

, ,
guises

a , ×= 1

5 - •

1) .

f ( 1 ) = a
.

2) - King
,

f- a) = tins
,

' it
,I×

,

-3 [ E case ]

= lim #( x + 3)
£

→ of
x→i xµ

s lim ( Xt 3) = 4
× -71

If we choose a = 5 then Fa )¥ tiny
,
fCx1=4

and f Still is not Continuous
.



Example: Determine if  each function is continuous at the given 
number. If  not continuous, classify each discontinuity.

But if we choose 9=4 then lxignafcxt fat

#
and f becomes continuous

.

'

f- G) = 3×2
+ x

- 1 at ×=1
.

Solution : Remark :

f a) = 3 ( 1 ) 2+ ( 1 ) . 1 =3 so 31 E if Jls >

2 s

IT ,

f G) = tiny 3×4×-1=3 - in Nis

him f ( × ) = f ( 1 ) =3
.

× → i

i f is Continuous at x=1

g(× ) =/
' ' +1

,
x< 2

2×-1 , x

72
Jl , W J , is ) a 58

Solution : 66=151 §
f (2) undefined

.

i. f is discontinuous at x=2
.

i. f has removable discontinuity



hQ1= ( xel
, x s 2

2×-1 , x > 2
of

D. f (2) .
= 2C 2) - 1 =3

at Linz

.tk
'= ties

.tt
's

3)
eaxnsait

equals
lim f G) = lim 2×-1 = 3
×→ zt×→z*him f Q ) = 3

.

x→z

3) - lim f ( × ) = 3 = f ( 2)
X → 2

i. f is Continuous at x= 2 .



.

fcx ) = {
×t 1 ,

x< 2

2×+1 g X 32

D- F (2) = 2.2+1 = 5
.

2) fizz fcx ) = fizz set I =3
.

exsit

but not

kindfan=fi→m[2×-1=5 ) equals

in lim f ( × ) DNE
.

x→ 2

i. f has Jump discontinuity .

hex , =/
' ' ? 3 if x< ,

✓× if x zl

1) - (1) = M = 1

2) - him ,

.hu
' = King

.

£
-

3=-22} exbsjt

King
,

huh - lxigy Fn
= 1 not

& + equals

... 1in h(× , DN

#
÷

- F has Jump discontinuity.



Fcx )= I at X= 1
.

X -1

Remember

;D
. Fu )= ¥-1 = 1-0 ( undefined .)

, ,

==
a

2) .

tight
G) = lxign

,
÷ (limitform1)

I=o. 0 a

= a

i. F has infinite discontinuity .

VA at  x=1

.

More Examples

: Liz 1ucx7= Inco )
him 1 =µ His

.

¥z= 's
x→ot x undefined

.

fifo - et = .

a) DNE

=a



Continuity on open interval
.

Definition ; A function f is Continuous on the ( a , b) iff

f is continuous at every point in Caib) .

c-

Remark :  -

A function f that is Continuous on the entire line

C- a , a) is every where Continuous .

D= R
D= R .{sets'M "

nngs
even → swiss > o

D= R a
odd → D= C- a , a ) = R

D= 12=(-0/0)
in side > O



Example : Find the intervals in which each the following
function is Continuous .

fcx )= X 2+2×+1

fcx ) is Continuous everywhere .

in e

f Cx ) is continuous on R= to , d)

fcx ) =

X

X
2

- 6×+9

f is continuous on R - { T WI isif
i. XZ - 6X + 9 = 0

( X - 3) ( X . 3) =o ⇒ 12=3

. :
F is continuous on 12 { 3 } = ( - a , 3) U ( 3 , a)

odd a

fcxi FEZ
f is continues on R= to , d)



ever

FC×7=

MET

f is Continues if × ( × - YZO

×¥oor × -l¥o⇒x¥1
. i. f is continues on C- a , ODU [ 1g d)

even

fix , .

#7F+f is Continues If xty 70

as X3 . 7

. .

' f is cont on £7 , d)

f (d) = In(¥)

f- is continuous ⇐ > X+4 > 0

⇒ a > -4

I f is continuous on K - 4 , a )

HW . fcx ) = 1×41



Continuity on closed Interval

A function F is continuous on closed interval [ a , b ] iff

I ) .
f- is continuous on Cai b)

2) .

lxingafcx
) = f (a) ,

•

3) - lxiyb.

fcx ) = f ( b) .

Example : Discuss the continuity of fCx7=

✓25#
- y=2FSx2

f is defined when
,

25 - XZ 70
y2= zg - x2⇒( 5- X ) ( St X ) ZO q2+y2= 25

⇒ 520 or xz -5

⇒ -BfX is§i. Dcf ) =[-5,514f is continuous on C- 5,5 )
← a

2) dips .Ex)= lxijns .

FE2J=0=
f (5)_

3) - ftp.fan = his, ✓ 25-25 = 0 = FES )

HW FQ ) = ME



One Sided Continuity 

Right and left continuity :

• A function f is continuous from the right at a if

lim f G) =
f (a)x→a*

• A function f is continuous from the left ata if

lim fan = f Ca )
x →

a-

Example 18 -

fCx7= VF fk7= tfs fCx7= €3
F is defined iff xzo f is defined iff f is defined iff

DC f) = [ 0/0 ) X - Szo ⇒ XI 5 Xt3 30 ⇒ XZ -3

f- Co )=o is D (f) = [ 5 , x ) : , D (f) = [ - 3
, a )

iim r×=r° . $✓
f is continuous

fniesiganttinounouefr;×→o+ from the right on

[ 5 , a )

/

5
-3



Greatest integer function

The

greatestintegctonxt.is

the largest integer
less Than or equal to X .

[x]=n ⇐> nfxcntl

,

22.9
= 2 0

= 0 " '4
= 1 3

= 3

-2.51 =-3-0 's
= . I - " 01

= .
2 -2

= -
2

lim [X] = 0 lim [X]= DNG Jim [x] = 1

×→1
-

: ^ → Ix→±lim [ X ] = I
,

lim [X] DNG lim [x] = 2×→z-×→2×→ztc -

lim

[X]=
2 km [ 5 DNE lim [ X ]

=3
×→J

: ×→3×→3t.

-

a

lim [

X]=n
- 1 lim [ XT DNE lim [x]= n±→n- × → n

x→nt
Discuss the Continuity of gcx )=[X]

at a=n← →
.

.

- #

�1� 9Cn)= [ n ] =n
✓

✓
lim [ x ] = n exsist
x→nt but

±
In .

Cx ] = n . ,
} not equal

-

i. g is discontinuous at a=n on 9 is cont from the right

9 has jump discontinuity .

fish,

[ × ] =n=g(n ]



💡

Remarks .

I ) . There is a jump at each integer and so
.

kiIn+[4 ] think .

[ " ]

2) .
what about if a is not integer i. e 9=1.5

Does gcx ) = [ x ] is Continuous at a =L . 5 .

/

1



Continuity of  Composite of  Function 

l

For Example : -

f- G) = sin ( f) f= g( hcx , )

g(×)= sins Is continuousonR= Go , a )

hL×1= 1- is Continuous on R . {o}=ta,o)v( 0,4

is f is continuous on ( - ago ) UC old ) .

fcx )= Sihxx
g(×7= sine is continuous on R

,

hcx ) = 1- is Continuous on R-{o }
x

, ,
f is Continuous on R

. {o}= C- ago ) UConn )



ھذه المعلومات تم دراستھا في ریاضیات ١. ونحتاج ھذه المعلومات لحل نھایات 
الدوال المركبة في ریاضیات 2 ھذا ملخص لما تم دراستھ و لمعلومات اكثر  یمكنك 

مراجعة المحتوى في ملف Limits  على   
https://t.me/MadaAltiary  

Some background

mi
-ds&

÷ 

a
HH



Limits of composite function

- r

Find the limits :

lido
cos CF F) = cos it's

ftp..dk
)

=
cos ( tg et )

= Cos (F) = lq

tins
,

sin
' ' ( i,÷ ) = sin

' ' ( my , ie )
= sin ' ' ( ein 'T )× → 1 ( \ - x ) ( Itc )

= sin ' ' ( kind
, ¥ )

sin
' '

( t ) = Ig

digs 1093
( ×

'
' ' ) = log ( Ipa x2 - i )

= lag ( 02 - I )

a

= log (D) = a 3=0



dig .

in ( II ) = in ( hiya 4ft ) = ' nai #

. ( Wins >

= In ( I ) = 0

tiaras
"

Canty) =
cos

' ( *
. Iff )

= Cost ( t ) = Eg

lines sin ( "

II. ) = since"

III )

= 8in ( 1in T ( X - 2)

×→z WTF )
= sin liar ¥ . )

s sin ( In ) = ¥
M

Egos( SEIF ) = cos Can
'

thief )

=
Cos ( 2 7) = 1



lim sin
' '

ox = sin ' ' ( i ) = I
× → it 2

±

Ling
. ,

.

sin
' '

C x ) = sin
' 'm ) = ¥ .

2 " -

. I . - - .

2

1in tan - I5×-3×-7-4-

4+4

= taut lean .FI# )
= tar '

( FEET )
5

star
'

( ✓ kinda .

4-3 . lien . tfu
= tan ' ' (F.7 .  - a )

= taut ( TF )

= taut ( a ) = I
2

'



-

himoeoslrntsecx )

-
= cos ( lifo FEE )

Remember :

-

= Cos I secx= 1
( Ftxgosecx ) asx

- seeo = also =÷=l
= cos ( Eat )

=cos( f) =tg



تمارین على الإتصال بیانیا 

. . . . - - - . .
.

Removable Removable



Discuss the continuity of  the following functions: 

تفاضل البسط 

تفاضل المقام

 case 0/0 حل
بالقسمة المطولة

حل case 0/0   بطریقھ أخرى  تعرف بطریقة لوبیتال سوف ندرسھا لاحقا

-

^

has .. {
¥÷ xa

- set 2×+2 47,1

ha ) = (-112+24)+2=3

him hcx ) = him
. 42 + 2<17+2 =3

.

z

x→it xsti - ox +

Xtl
him hcx ) = lim oxy [ 9 ] Ifk
×→i

-

×→ ,
- o

X - l ox3#÷
= Lim ( X2tXtl ) (w ) x2 + (

x→ ,
.

-CXI) -

x2e='= him X2toxtl =3 oxtl
x→r

-4¥⇒ lim hcxl =3
oo

x→ \

is 43+1=(42+21+1) ( X - l )
i ha ) = lim hcx )

x→ ,
is f is continuous at 4=1

or : -

ftp.hcxl-xhy
,

43¥ = tiny
,

3,12 = 345=3

¥×@Y=nx" -1



sing , xto

94 's { 1
, x=o

go ) = 1

lim gcx ) = lim sing [ of case ] Rule :

x→o ×→o x

= ×u→m
. # =coscoi=1 ifeng.TW

... go ) = 1 = him g ( × )
x→o

in g is continuous
.

f(×,= (
sin ( to ) , x*o

0
g 91=0

f ( o ) = 0

undefined

Limo sin ( ¥ ) =D NE sin Cot )

i f is discontinuity at to .



hat .{×¥f
. Ha

6 94=9

hc 91=6 = lim had
x→a

42-92
=

lim
- [ of " factor " ]

x→a x - a

= lim ( X #( Xta )
x→a

-a
= 1in Xta = 29

x→a

⇒ 6=29 ⇒ a= 3



The Intermediate Value Theorem

I.V.T

اذا كانت f دالھ متصلة  في الفترة [a,b] وكان k عدد 
حقیقي محصور بین f(a) و f(b) فإنھ یوجد على الأقل 
f(c)=k بحیث [a,b] في الفترة c عدد واحد

✅

✅

ماھي قیمة c التي اذا عوضنا بھا في 
f(c)=8 ملاحظھ نظریة القیمة المتوسطھ تؤكد فقط المعادلة

وجود حل للمعادلة f(c)=k دون الحاجھ الى  
c تعیین قیمة

trespasses

a. a.
Examples show that the function shed

IYLIAYEIII'

nasty;
in the

" "

assure.

III.IEIIIII's
fco ) = - 1 < 0 < 2 = f a ) .

example :

shopwasthuaathtehezfiydijisfzj

"= "

9

¥
:::÷a "

easy.⇐÷µgf4 < 8 < 9

•
•

f ( e)=
c2

8 = c2

of = c

2V2 =
C E [ 2,3 ]

fc2.VE
) = (2✓z)2=

4,2=8
✓



❎

💡

✅

f (C) = 3

what about gcx )= 42 has value 3 in [ 2,3 ] of

9 C 2) = 4

g ( 3) = 9

but
3 is not in the interval [ 4,9 ] .

Example : Show that the function fcx )=

x3+x
has

value of 9 in the interval [ 1,2 ] .

f- ( c ) = 9

f ( i ) = 13+1= 2

f ( 2) =

23+2
= 10

2 < 9 < to

fly
← d ←

f Lc )

f
(b)



Definition of the Derivative

Secant line

تعریف التفاضل 

💡

التفاضل = میل المماس لمنحنى الدالھ عند نقطھ 

faith )

.
- - - - - -

a:f(x+h ) ,
. - - - - - . - -

*9
Tangent line -

ti • 1

, ←

fan .-*, ; ¥i! ,
fct '# • i

1 1
1 • I

I .

!!
Xth

x xth x

Slope
is Yz - Y , f(×+h ) -

f- Cx )
m= - m=

tin
-

Xz . X
,

h→o
h⇒ th ) - f C × )

-

Xth
-

X= fathy
i m= f

'
( a )

h

What is happen if the tangent line horizontal

.

To
I

•
The tangent line is

horizontal line

et
•

.

•

M=Oii
x



Example 1 : Let F G) = 2×2 and 9=2 ,
find f '

(a) .

f '
( x ) = 1in fcxthl.FI

hto
h

✓✓
F ( xth ) = 2C xth )

2
= 2 (212+2×2+42)

4
fcx ]= 2×2

= 2×2+4214+242

✓
fcxth ) - fcx )

2×4+4×4
+

zht.gr/2/
-

.-hhe

, =

4xht2h_2=2/(2x-h)_h=4x+h
n x

✓ f '
( ×j=lim fC×thl-fC×7_ = him 4×+4=4 X .

hto
h

h→o

✓ fl( a) = fl ( 2) = 4.2=8
.

Example 2 : let f G) = Ix and a= 1
,

find flla )
.Effete'

( x ) = 1in fcxthl.FI
hto

h

f- ( xth ) = 1 and fcx ) = I
Xth X

b X. ( Xth )

fCxth)-f(_ =
¥n=tx

=  Itn
h h h

th= X ( Xth )
-

h



: i¥a×'  In =

¥nIEffeteness'
( × ) =

fcxth ) - f C × ) ← I - l
' inm

. =
= '

info txnx
=

I

F
'

(a) = ÷ = Yg = .
'

Example 3 : Let fcx ) = Fe
.

Find the equation of the

tangent to the graph of fk ) at × = 4 .

m= slope
Y - ? = m ( x - X

,
) ( x

,
,y

,
) points .

m= f '
( x ) at 4=4 .

Effeteness'
( x ) =

fcxth ) - f ( × )' inno =

= Lingo FtI=x [ IT conjugate method

= Enemies . IFFIER
= ' in:O

IjYn¥T+r×itiIo÷Ir×=
= ¥t#



: . f 'L4 ) = k¥
,
=£+s= ±

,
→ m

X. = 4

io Y - y
,

= m ( X - Xi ) f C y ) .

. f4)=✓4
= 2

F
is - 2=1

,
( X - 4) 8

Y= 4- ( X - 4) +2

= {-4 . In .4 +2

= In X. It 2

i. T = In × + £
f. ( × , , y

' FH )

Example 4 : Find the derivative of y= 2×2+3

Effete'
( x ) = 1in fC×th)-fC×_

hto
h

fcxth 1=2 ( 6th )2+ 3 - 2CX2t2xh+h2 ) + 3

= 2×2+4 Xh + 2h43
FCX ) = 2×2+3

... fCx-h)n-fcx_ = 2x2t4Xh-2h2-3-(2~2_3)_/
h



n

=

2X.vn/h+2h2..f.2I3=x2h=4Xht2h2_n=2Xl2nx#=2(2xth).;..--fMBhdhfxhfCx7

linmo #
= Lingo 2 (2×+4)

=
4 x .

Examples : Let f ( x ) = VET
.

Sowh that f
'

( x ) = 1

fishhooks f ( × ,

£ # '

life
. =

= Line MT.F_xtx [ so conjugate method ]
k 4

= thing
. Entire.

FtI+r=
VET t Ft

Xth -1 . ( x - I )=LIOFine= In
www.T#IfI=wEoxiTeF..+r==niFofI.Trx+

,

= ¥FE= 2¥
,



Basic Differentiation Rules
القوانین الأساسیھ  للتفاضل 

The constant Rule:

Power Rule: 

Radical Power Rule 

Remark

It is useful to know : 

تفاضل مابداخل الجذر 

الجذر نفسھ* 2
مابداخل الجذر

.

FCX ) = C then f '
( x ) =o Ex : f G) =e

,
f

'
( X ) = o

f ( x ) = 2/4 then F
'

( X ) = n X
" -1

Ex :

fcx ) = xtn then f '
( x )= ÷×÷ ' 1

xk =

"

VF and oxmh
=

In
For example ;

Let f ( x ) = F
.

Find f
'

( × ) .

fcx ) = x¥,
f

'
Cx ) = £x±

' '

. £
It = £ ÷ = ¥

± [r×I= st and

dd×[T
]

=

For example : F ( x ) =
TXET then

fkx ) = 242kt



Product Rule : 

Example :  -
Let fcx )= 2×3

. Fx . Find f
'

( x ) .

f-
'

( x ) = 6×2
-

I
2V×

Example o
.

Let fcx )= 42+43 .
Find f '

( x ) .

no - E is

f
'

( x ) = 2X + 0 =2x
i

Example : let y= 3×4 . Find y )

y
'

= 3.4×3 = 12×3 .

( fCx7g( x , )
'

= FCX )
. g

'

( x ) + g ( X ) .
f

'

( x )

for example : f ( x ) = ( 3X - 242 ) (5+44)

f '
( x ) = (3×-2×2) (5+421) '← ( 5+421 ) . (3×-2×2)

'

= (3×-2×2) ( 4) + ( 5+4217-(3-44)

= (122/-8×2) i. (15-20×+12×-1642)

. .. .
= (12×-8×2) +(15-8×-1.6×2)
= -24×2+4×+15



Quotient Rule: ( fogey)*=
fix

'9cx±§cx)f(
x ,

g2( X )

For example :

FCX ) =
3×-2×2

-

5+421

f '
( x ) =

(34-2×2)
'

( 5+4×7 -
( 5+4×5 ( 321-2×2 )

( 5+4×12

=
( 3 - 4X ) (5+421) . (4) (3×-2×2)

(5+44)

:,

15+12%-20×-1621
-

1/2×+842t

( 5+4 4)
2

15 - 20 X . 8×2
= -

(5+421) 2



Derivative of Exponential, Trigonometric and 
logarithmic functions 

Exponential function Trig.function Log.function

Properties: 

Exponential Function

الدالھ عبارة عن حاصل 
ضرب دالة أسیھ بدالة 

كثیرة حدود لذلك نطبق 
قانون تفاضل حاصل 

ضرب دالتین 

In general :

:

dd×[e×]=e×
-

dd×[cosxT= .
sinx ddxllogax) = 1-

Xlnq

ddg [a× ] = Elna ddx

[sinx]=

cosx ddx ( Inx ) = -1
x

dq[tanxJ=s€× da [ iogacgan]
him e×=a

ddq[secx]=

secxtanx
X→a

=
91 ( × )

x
-

ftp.ae =o

dq[cotx]=
.

csix scxsiua

dd×[ In ( gcxi ) ]
ix. ey=e←'T

da [ cscx ]=
.

cscxcotx
a ( × ,

x xy
=

-

e 9k )
-

= e tanx cotx
EY

•

e- ×= 1- CSCX
ex secx secx esezy

Example : Find y
' if y= 5×

Y '= 5× In 5

Example : Find y
' If y=

xQ@
*

Y '= C

xD
'

E
+ (E) ( ex )

'

Fx = aexlxy
= 2Xe× + x2e×

⇒
×

(2×-1×2)



x

Example : Find y
' if y= 3

Xtex

y
'

=
(3×1 '

. ( xtex ) - ( x+e× ) '
.
3×

( X + ex ,
2

=
3×ln3fx+e× ) - ( 1 + ex ) . 3

"

( Xtexj 2

=
3×1^3×+5 lnzex -

5
.

Tex( Xtex ) 2

=
3×(ln3x . 1) + 5e×( In 3 - l )

( Xtex ) 2

=
3× ( In 3×-1 ) + ( 3e )

"

( In 3- I )

( Xtexjz
( x ,y )

Example : Find the points on the curve y= x2e×+l
at wieh the tangent line Is horizontal

y= X2e×+1
yl= (oxy

' ext x2( ex )
*

to

= 2x of + x2e×

= ( X2+2x)e×



راجعي المعلومات في ملف Exp.F  على الرابط 
 https://t.me/MadaAltiary التالي

5=0 Horizontal tangents
( X2+2x ) F

= 0

X2t2x = 0

4 ( X+2 ) = O

X = o or Xt 2=0 ⇒ X= - 2

in Points : ( o
, fco ) ) and ( -2

, ft2) )

f ( o ) = 02
.

e° + 1 = 1

f C- 2) = C-2)
2

e. 2+1
= 4 e- 2

+ 1

i. The curve has a horizontal line at ( o ,
1 ) and (-2,462+1)

Example 8 For what value of x does the curve

fcx ) = 2x -
ex

,
have any horizontal tangents ? Also

for what value of x does the tangent line to the
curve parallel to y= - 321 .

f
'

( x ) =o ← horizontal tangent
2- EX = 0

x
2= e

X = In 2 → How →

Remember

from math I

]



f
'

( x ) a slope of the given line y=mx+b ← parallel
tangentM

T Y = - 3 X

i
, f

'
( x ) = - 3

2- ex = - 3

2+3 = ex

5 = ex

⇒ X= In 5



 Derivatives of Trigonometric Function

Example : Find y
' if

Remember :

Y= ( sinoxtcosx ) secx tanx = sinxcosx

Y= Sinxsecx + Cos X SECX secx = 1
cosy

= Sinx .
1 + Cosx . I

Cosx COSX

s
sinx cosx

⇒Sx COSX

= tanx + 1

i. Y= tanc +1 ⇒ y
'

=
SEE x

y=

tanx-FxYl-sec2x-l2Vxy-X2Cosox-2xsinXyl-2XcoSXtX2C-sinXJ.2C1.SinxtX.CoSXtfs.2xc@s.x2sinx.2sinX.2XCoSX-sinXC.X

'
- 2)



y = Cotqicotox

y
'

=

C-CSEX ) . ( ltcotox ) - ( . CSEX ) ( Cot 4)

( ltcotox)2

=
.

csihx.SE#ox+cc2xTotx( It Coty ) 2

2

-
CSCX

=
-

( ltcotox)2

y= Sinx Cos X

Y
'

= ( Sinn ) '( cosx ) + ( sinx)( cosx )*

= Cosox ( Cos X ) + sinx ( . sinx )

= coshx
. sirix

Y= t an x + 42 Coty

T
' = seix + ( 2x cotax + x2tcsEx ) )

= Sein +2 xcotox . x2csEx



Y = Sing

:Sx. ox . 1 . Sihx
y

'
= -

XZ

=
XCOSX - sinx

-

ox
2

Y= Secoxtanx

Y
'

= ( secox )
'

. ( tanx ) + ( secxj . ( tanxl '

=(secxtanx ) ( tanx ) + secx .
SEEX

= secx tarry + secx . SEEX

= Sec ox ( tan2X + SEEX ) .

y= Cos x CSCX

Y= Cos X . 1- Remember
sinx

cscox = I
COSX sinx

y =
-

= Coty
Sinx cotx =Cosxi

. y
'

= -
CSEX Sinx



y= sinx CSCX

y= sinx . I = sing =1
sinx sinx

. i y =\ and y
'

= O

Y= tanxsecx

Y= + an ox . 1
secx

=
sinx

⇒'
Cosh = sinx

i. y
'

= COS 4 .

y = Cosx Secx

y= cfsx.¥ =L

i y
'

= 0

Example : Find all points on the curve

y= 3tanX -Ez < X ( I
2

where the tangent line is parallel to the line Y=6x .

f
'

( x ) = 6

3 SEE X = 6

3¥
,

=6 ⇒ costs = 6 ⇒ 6co5x =3



Derivatives Logarithmic Function

⇒ cos2x= 3- =£
⇒ Cosx = ± 1-

Vz

⇒ Cos x= I [ cosx 30 on
. Is < x< § ]

Vz

⇒ x= cos
' ' ( t ) ⇒ x= IF

i. f ( It ) = 3 tan ( In ) = 3. 1=3

f C. In ) = 3 tan ten )= 3. C- D= - 3

Y⇒y= m ( X - X. )

y . 3=6 ( x - Ia ) ⇒ y= GCX - The ) +3

Example 8

y=logC x ) y= lnx
2

y
'= 1

Y '= I
X

X In 2



The Chain Rule

The General power Rule :
= f (

g÷off = dddu .
dud Y '=f'( gun ) .gl ( × )

dx

Example : If y= Cx2+43 .
Find y

'

let u= 42+1
, y=U3 y

'
= 3 ( x2H ) • 24

dddy=2x 9 % =3 "
2

=6x ( x2+i )
ddd×= date . Txt

=
342 . 24

=3 CXZTI ) , 24

= 6×(42+1)

Example :
Find

y= 1

y=3FtF

x2 -1

y= (4×2)+3 Y= ( xz . i )
- l

's . 1 y '=
. ( xlii ".2x

i. y
'

= zt (1+42) • 2 X

. 2- = - ( X
'

-
152.221

3

= 13 ( 1+42 ) . 24
- 24

2x
=

-

=
- ( x2 -1) 2

33¥42



\

6

Example : Let 9. C x ) = ( 3×+11 3k¥
.

Find 9
'

( x ) .

6 513
9 ( X ) = ( 3×+1 ) ( 2×-3 )

.
a \

9 C x ) =[( 3×+1,6 ] (

2×-31513+(3×+1)
6. [(2×-3)%3]

5

= ( 6C 3×+4.3)) ( 2×-3%3
+ (34*116. § (2×-33551.2

= 18 ( 3×+15 ( 24.3 )%
+ (3×+116. If (2×-3)%3

= 18 ( 3×+1 )5 3¥35 + (

3×+1
)6

. lgo 3¥72

Example : Find all the points on the graph of

Gcx ) = 3-( x
'

. 4) 2

for Which g
'

( x ) = o and those for which 9
'
C x ) DNE .

2-

9C X )
= ( XZ; 4)

3

±
3- I

9
'

( X ) = 2g ( 42.4 ) • 221

= 451 ( x2
. yj }

421

÷ ¥



 3 مجرد عدد ثابت لایؤثر 

, r

9144=0 ←→ 4€ =0 ag=o ⇒ a=o

30T
⇐ > 4x=o

⇐ X=o

Skx ) DNE  ⇐s 33k¥ =o 9g DNE  ⇒ b=o

←→ x2 -4=0

⇐> 4=12

Example : Find y
' if y= ( 3x -

x2+Fx)6

y
'

= 6 ( 3x - x2tFx)5
. ( 3 - 2Xt{-× )

Examples If y=t2 and x= t÷ find
dddx

of = Ma . data

y=t2 and dY_ = 2t
At

ax =
£I and
ttl

dx 1. ( tti ) - 1 Lt - l ) tt+ I ¥+1 = 2
-

= =
-

dt ( tti )2 ( £+1,2 ( ttl ) 2

in dy old
.

dt
-

=
- -

DX dt DX

L.ttl.2.tt

( ttl )2. 1st.

Fu
g. got



sec تفاضل ال
sec تفاضل مابداخل ال

الحل بطریقھ أخرى 

Trig. Function and the chain  Rule 

Example :

Let 9 G) = 3t2
- cos Lt ) and fcx ) = Sec ( x ) •

KO @

Set y=f( 94 ) ) .
Find G-

It

Q y= f ( 3t2
.

cost ) = Sec ( 3t2
-

cost )

�2� Ga = see ( 3£
.

cost ) . team ( 3t2 . cost ) . ( 6t + Sint )

÷
= Sec ( 3t2 -

cost )

let u=3t2 -
cost and y= Sec ( U )

✓ dug = Gt + Sint and
,

gh÷= Secor ) , tancu )

dy DY du
-

=
- • -

dt du dt

= seccu ) .
fan (a) . ( 6t+ Sint )

= Sec ( 3t2
.

cost ) .
tan ( 3t ? cost ) . ( Gttsint ) .



Example : Find the derivative of the following
functions :

f ( X ) = Cos ( 3X )

f '
( x ) = - sin ( 3 × ) . 3 = → 3 Sin ( 3X ) .

FCX ) = X2+ Sin(X3 )

f
'

(4) = 2x + Cos (2/3) . 3×2

= 221 + 3×2 cos (2/3) .

Fcx )= see ( Fx )

f ( x ) = ( Sec ( Fx ) )
2

F '
( x ) = 2 ( Sec ( Fx ) F ( Sec ( Fx ) tan ( Vx ) . 2¥ )

=

¢
. SEE ( Vx ) fan ( Vx ) . 1-

=
seicrx ) tan ( r× ,21k-

rx

9 Lx ) = fan ( x + Mx

9' ( x ) =
see ( Xtrx ) . ( It 2¥ )



Exp.Function and the Chain Rule 

f ( X ) = Csc ( COSX )

f-
'

( X ]= - cscccosx ) cot ( Cosx ) . C- sinx )

= Sinxcsc ( cosx ) cotl Cos X )
,

gcx )= tan ( sin ( cosx ) )

91 ( X )= SEE ( sin ( cosx ) ) • cos ( Cosx ) . C- Sinx )

= - SEE ( Sin ( cosx ) ) .
cos ( Cosx ) sin ( X )

f ( × ) f ( x )
If y= athen yl= a . f

'
( x ) . In a

9 ( x ) 9 ( x )

y= e then y
'

= e . 9
'

( x )

Example : Find y
' if

Vx
y= 5

rx
Y '= 5 . I .

In 5
ZVX

xr
In (5) . 5÷ rx



Log.Function and the Chain Rule 

Example : Find the derivative of the following :

secL4X ]

Y= e

SecC4X )

yl= e .
Sec ( 4×1 .

tan ( 447.4

Sec(4X )
= 4SecC4X ) fan ( 421 ) e

.

oxtcscx

fcx ) = I Xt CSCX

f 'Cx)= 2
•

( 1
-

cscxcotx ) .
In 2

Xtcscx
= In 2 ( 1- cscxcotx ) 2

dq[ 109A
( 9cm )]= 9¥

94 ) lira

dd×[ In ( 9cm ) ]= 9¥
gk )

Examples Find y
' if

Y= In ( sinx )

y
'

=
COSX

¥
= cotx .



Logarithmic Differentiation 

~
= logo ( sinx )

is
'

= sees

't;s9?m÷=tn

.
cotx

Example : Find where the

tangent
line to the

graph y= In ( x3 - x2+4 ) is horizontal

F '
(4) =o ← tangent line horizontal

f
'

( x ) = 322-24=1 = n(3X-2)_1 =O

x3 - 2/2+4 ×3 - x2+4

=> X (3×-2)=0

=> 4=0 or 3×-2=0

⇒ 3x= 2 ⇒ ×= 2g

The graph has two horizontal tangent lines

at x=o and x = 2g
.

If y=[g(×,
]£

"

we will use Log . D

to find yl

a.



لإیجاد تفاضل ھذه الدالھ نحتاج الى تطبیق 
 .y قانون تفاضل الدالھ الكسریة لكي نوجد
ماذا لو طبقنا Log. Differentiation ؟ 

ھل سنحصل عَلى نفس النتیجة.   
Let’s try ! and see Ex3 in the  

lecture of Exp.function  

:
+2

Example 8 Find y
' if y= ox

4+2

Y= ox

X+2

lny = In ax

lny = (21+2) In ( X )

§ = ( 1 ) . In ( × ) + ( Xt2 ) a ±

g- = In Cx ) + XZI
x

9
'

= �1� [ In ( x ) + ttf ]

Y
'

= x*2 [ lncx ) + 4¥ ] .

X

Example : Find Y
' if

Y=(x÷ex

) '

X

lny= In 3

Xtexclny= In (3)
-

1n(x+e× )

±j=#s!÷3
; teas

/ xte

:
y

'
= y In (3)

'

-
1ft

xtex



اذا من الممكن إیجاد تفاضل 
الدالھ الكسریة بطریقة 

  Log.Differentiation

x

Y
'

= 3 ( ( oxtex ) In (3) - ( He× )

ox+e4 '

xtex

×

=
3 C xte× ) In (3) - 3×(1+51)

( xtexjz
.

34 In 34 + He 's
lncz ) - 3

' '

- 3¥
( X + ex 2

)

=
34 ( ln3x - a ) + 3×e× ( In 3 - l )

,
same

( 4 + ex ) 2 result

H .w : Find y
' if y= (2×-1)=2+133

re



Implicit Differentiation and Higher Derivatives

dax [ y
" ] = ny

" "

y
'

Example : If x2+y2=5 ,
find the following

1) 2X + 2y y
1

= •

⇒ 2yY
'

= - ZX

⇒ is '= -2g = I .

2) Equation of the tangent line to sit 92=5 at

the Point ( 31ns , 41ps ) .

Y - Y , = m ( X - Y )
Remember

in m= 9
'

( 31ps , 41ps ) = -31=5 m= f
'

(a)
415 or

= ¥. ¥ = ÷
,

as 't=a
i. y . 4g = if ( x - Fg )

⇒ y= -3g ( x - 3g ) + ¥
= tax + Frs + ¥

= -}x + 9¥454.5



= -43 x +

#201= -43×+5=5
4

Example es If y3+y2
- Sy -

x2=
. 4 .

find the

following :

1) - Y
'

-

3Y2y'
+ 2yY

'
- Sy

'
- 221=0

Y
'

( 3y2 + 2y - 5) = 2X

2X
Y

'

=  =3y2t2y - S

2) - Equation of the tangent line to y3+y2 . Sy - 2/2=-4
at the point ( 3 ,

-1 )

y - Y =m ( x - X )
1 1

m= Y
'

( 3 , -1 ) =
2 ' 3 6

=
=

3¥ =±,= - I
3C - 1) 2+2 ( - 1 ) - 5

: y - l . i ) = . 3g ( X - 3 )

Y = - 3g ( X - 3) - 1

= . 3gx + 9g - 1

7
= . 3g x +

2-



Example : Compute the slope of the tangent line

to the curve sin ( xy ) = x at the point ( th , § ) .

slope = Y
'

( ox , Y ) .

gdx [ sin ( xy ) ] =
cos Cxy ) . ( a . y

'
+ 1. y ) =p

Cos Cxy ) . ( Xyl + Y) = I

XY
'

+ y = €
cos Cxy )

⇒ ay
'

= 1- . y
coscxy )

is
'

= tx ( tow - 9)

i. slope = Y
'

l 's , F) = II , o÷↳.÷T - F

-

= 2 1
Cos ( Ig )

→ §

i. E 2

¥2 - Fi

= 2 2

.
Fs

- F

= ¥ - 273



,

Example : Find the equation of the tangent line to
the graph of y= 2x2y - 3y = atat the point ( 1 , -1 ) .

Y - y ,
= m LX - Y )

m= Y
'

( 1 , -1 )

dd× [2×29-3]=4 ] = 4 oxy + 2x2y '
- 391=1

⇒2×2 Y
'

- 3y 1=1- YXY

⇒ y
' (2×2-3) =

1 - 4Xy

⇒ y
'

=
1-

4xy
-

x2 - 3

2

. : m= y
'

( 1 , - 1) = 1-41172( 1) 2- z

= -5T = - 5

is y - ( - I ) = - 5 ( X - 1)

Y +1 = -5×+5

Y = - 5 x + 5- I

Y = - 5×+4



cos تفاضل ال  cos تفاضل مابداخل ال
تفاضل ضرب دالتین 

Example : Find y
' if y= coscx . y )=Xe%

. sin ( x . g) ( 1 - y
'

) = 1. e×+ X. E

- sink . g) + ylsintky )=e×( ltx )

Y
'

sincx . g) = e×( itx ) + sin ( x . y )

y
'

=
excltx )

+
sin ( x - y ).incx . y ) sin ( x - y )

eoxcitox )
+ 1

= -

sincrty )

=
e

"

(1+21)
.t_ + ,

Remember

sincx . y ) 1- =cscX

= e×( HX ) • Csc ( x . y ) +1
sinx



Higher Order Derivatives

The following notations for higher derivatives, with y= f(x) are usually used

Example : Find the third derivative of fCx7=ox£+x3
.

f
'

( × ) = lg ×¥
+

3×2

f
"

( x ) = g. ( Is ] x

' £ "

+

3.2×-3= -14 X
2

+
6 X

f
' "

( × ) = c.§ ) ft ) x÷ "

+ 6

= 3- ×
-£

+ 6 Remember

oxF=T×m
I

= 3- .  - + 6

8 2nF , ;l ,

:# A

3
i. is n=2 is

=
- 3- 0k¥31 JI

& Fxs
+6

Tatsuo



Example : Find y
" if XP = 2

1 .
93

+ x
. 3y2 y

'
= 0

3 X y 'T '

= - y
3

3

is
'

= ;'€yy= I = - § ( ¥ )
3X

.

y
'

. x - 1 . Y
is

"
= . y -

X 2

= . § Et
.

x.
y

← XZ

= .
1 F - 9 - y - sy
3- ⇒ F- ÷=  

,

. 4-9 =-493 3
=

. } -

XZ

4 Y

÷ -
= E. to = III



Example : Find the nth derivatives of the function

f ( X ) = X4
-

43+42
- 44+4

F
'

( × ) = 443
-

342+ 2 X -

tf
"

( X ) = 12×2
- 6 X+ 2.4 ) = 24 X - 6

(4)
f ( X 7 = 24

( 5 )

f ex ) = 0

Example 8 Find 12,25 ( Sin x )
6

o 4-
Dx ( sin x ) = Cos X 25

2413×2( sin x ) = - sinx 2

D×3 ( sinx ) =
- cosx

12,4 C sin x ) = sinx

ooo DX
"

( sin x ) = Dx
"

( sinx ) = Cos X .



L’Hopital’s Rule

-

Indeterminate Forms ( I. F ) : -

The following expression are called ( I. F )

% , I ,
. oix , a

°

,
o°

,
{ and

x-ptttopitue Rule :

If hiya foggy = I or F then

xtijna Egg
,

= fizz #
9

'
LX )

where a can be real number
.

Example : .

win 43¥ = 03¥ = d- ( I. F )
×→N x2_ ( µ2

- (
N

↳ 8him 3×1 ( g I F again )
×→a 2 ×

t ' him 6X
= -

x→a 2

= him 312 = A
x→a



-

KI YE = led = I can

I↳ "

I
him #

× → a I
32143

= legal's .3¥51
= him 3×1 x÷t

,
E

.
a's

x→ a ax

= GoEa= Faso
Example:

i. II.A

tins xI÷= I÷i :

son
=o

No need 10 use ( L .
�1� ) .

what happen if we use L
. R e.

f. 1¥ a

Emcee

= as



لمزید من المعلومات راجعي ملف Limits على 
https://t.me/MadaAltiary الرابط التالي

Example :

Lingo sing = sing = 0g ( I. F) ✓

H↳
.

lim cosy = cos = I I
×→o 2X 2 ° 0

Remember
°

)
him cosy = + a and

×→ot
zx

lim cost = - a
x→o

-

zx From math ( i )

• : lim cosy
-

DNE
× → 0 qx



÷i÷÷i±o
Example :

= und

him
2,tan×_geg = 2tanlE)_ = I ( I. F) .

n' → left it Sec (E) °

H 2HEox↳
=

ftp.eyat#taIx
=

him

2secoxx→(Fz)t
fan 4

=
lim2.co#xnslF1yt

Sina
-

=
lim

cots×→c%,+
[IX. Fina ]

=
him 2
x→l%1+ 8inX

= s¥c%,
= 2g = 2

.



Maximum and Minimum Values

Extreme values:

Absolute Extreme Values Local Extreme Values

max and min values

.

:
. -

-

→

1

f- ( c ) is an : Fcc ) is an

•
Absolute min of f if g Local min of F

F ( c ) s f Cx ) Fos e

Dcff
) FCC ) { fcx ) f x in Some

• Absolute Max of f if
0PM interval containing a .

Local Max of f
f (c) z fcx ) txe D ( f ) f (c) z f ( × ) f x in Some

open interval containing a .



Remark:
Every absolute extremum is a local extremum but the 
converse is not true always.

.

:O
.

• f has no absolute Max • f has absolute • f has absolute
non absolute min min at X=o Max at ox=tr

with value with Value ftp.o

feel = - t
• f has absolute

( o , - il
min at

q=o

with value

fco ) = - 1



Critical numbers 

c

:

A critical number of a function f is a number c in the domain

of f such that either F
'

(c) =o or F
'

(c) DNE

Example : Find the value of the derivative at each of
the local extremum shown in the following Figures .

local Max

at ×=o M
-

> .
local min

,
at x=2

.

Fcx )= X 3- 3×2 Fcx ) = . 112-11+2

Flcx ) = 3×2
-

6 X . ( x - i ) + 2 ,

2131
f

'

( ° ) = 3 6) 2-6 ( o ) =o ,

f- G) = {
-

f '
(2) =3 (2) 2-6121=0

.

( X - i ) +2 ,XSI.

⇒ 4=0,2 are critical f 'Cx)= {
- l ' × Z '

numbers of f 1
, oxg 1

⇒ 4=1 is lhe critical
number of f since

f
'

( i ) = 1=1

⇒ F
'

( i ) D N E



Example : Find the critical numbers of fCx)= 43
. 3242+1

F
'

CX ) = 342
. 3.2 .

24

= 342 . 34

= 3 ox ( X - l )

f-
'

(4) =o => 34 (4-1)=0

⇒ 34=0 ⇒ox=o or 6-1=0 ⇒ 4=1

°o° D ( f ) .=R ⇒ ax=o , l are the critical numbers

Example : Find the critical numbers of

FCX) = 3434 3g ox
"5

FKX ) = 3 . } nj 43
+3£ ,4g £3

= ox -43
+ 2 acts

-213 -33
= ox ( l + 2 X ) x . X

- 43+1
it 2 x = 4

=
- l

x
43

= ox
-3



f
'

G) =o ⇒ it 2×=o

⇒ 2x= - I => x= I
2

f
'

Cx ) undefined ⇒ 443=0 ⇒ X=o

÷ DCF )= R ⇒ X= o
, - £ are the critical

numbers
.

Examples Find the critical numbers of fcx )= NI

f 'Cx)= 24 . 43 . 3×2 ( ni , )
43

-

( 9/3 ) 2

=24.4. 344 + 342
#

342 - ox4
=

-

XG

212C 3- 42 )
=

-

ox6

3 - ox 2
=

-

q4



f
'

G) =o ⇒ 3-42=0 ⇒ 3=42

⇒ x=±

.
F

'
Cx ) undefined ⇒ aM=o ⇒ 4=0

.

.  .

t D ( f ) = R . {o } ⇒ ox=±T3 are the only

critical number of f

Format 's theorem % .

If f has local extremum ate
, then C is a critical

number of f- .



r

Example : .
Find the absolute maximum and minimum

of f- G) = 2/2-4 ox on [ 0,3 ]

f 'cx ) .

. 24-4

f
'

( × )=o ⇒ 2×-4=0

⇒ 24=4 ⇒ 4=2

fco ) = o → Absolute Max .

f (3) = 32-4.3 = -3

f ( 2) = 22
. 4.2=-4 → Absolute min

Examples Find the absolute maximum and minimum

of f- G) = 3443 - 2 X on [-1,8] .

- 1
flcx )= ¢, 2g4 3

- 2

=

263
. 2

= ni's (2-2415)
g- 2443

=
-

X 't

flcx )=o ⇒ 2- 2×43=0

⇒ 2%43=2



⇒ 443=1 ⇒ x=l

flcx ) undefined ⇒ 443=0
⇒ 4=0

i
' 0,1 E E

1,8
] ⇒ 0,1 are the critical

numbers of f
.

f- C- i ) = 3 C- 1)
43

- 2 C- i ) = 3+2 = 5 → Absolute Max

f ( i ) =
3 G) 43

-
2 C i ) = 3 - 2= A

f- (a) = 3 ( 0343
- 2 ( o )=o

f (8)
=3

(8) 43
- 2( 8) = 12 - 16=-4 Absolute min



Rolle’s Theorem and the Mean Value Theorem

Rolle 's Theorem : - Let f be

1) . continuous function on closed interval [ aib ]

2) . differentiable on open interval ( a. b ) ,
and

3) -
f- (a) = f C b ) .

then there is a number cecqb ) sit fkd=o
•

✓

q

Example :  .

Let fcx ) = XI 24 .
Find all value of c in the

interval [ - 2 , 2 ] Sit F '
(c) = 0 .

1) . f is cont . on [ - 2 , 2 ]

2) - f is diff on C- 21 2)



3)
. f- C- 2) = C- 2) 4- 2 C- 2)

2

= 16 - 8=8

⇐
2) = 2

"

.
z( 2) 2=16 .

g. =

g) ft2)=fC2 )

i. 2 C E ( - 2 , 2) sit F 1
( c ) =o

f
'

cx )=

4%3-4
X

flcc ) =O ⇒ 4c3
-

4c=o⇒ 4C ( e
- l ) =0

⇒ 4c=o or E-1=-0⇒ C=o or 02=1

⇒ to or¢=-11

Example oo Let f G) = ( i .ox)"3+|
.

show that Fco ) = f (2)

but there is noc.E-(

0,2
) sitf-' (c) =o

%
3

f ( o ) = ( ( - o ) +1 = 1+1=2

Fat
= ( l - 2) 43+1 = ( → 43

+ I = Pfyz a 1 = 5+1 = 2

i. fco ) = f C i ) .



The Mean Value Theorem  MVT

\

% - I

f
'

( x ) = § . ( 1- X )
• C- 1) ✓

= .§ ( i. is's

- 2
=  -

3 ( I - %) tz

=
-2

3¥
-

F is . not differentiable at ox = 1
.

Since F
'

Cx ) undefined at X=1
- critical

number

✓
Let f be

i )
.

continuous function on closed interval [ a. to ]

2)
✓ differentiable function on open interval Cai b )

A

then there is a number c G ( a , b)

s.tl
f (c) =

FCbtfC#
b- a

•

@. §
.



Example : Let fcx ) = 2- 3€ Find all values of C in the-
interval ( 1 , 3) g.

tffke
) = f(3)-FC3

- 1

,

- D (f) = R . { o } ⇒ f is Continuous on [ 1,3 ]
.

F is differentiable on ( ↳ 3) .

i. F C E ( 1 , 3) sitff*(c) =

f- ( 3 ] - f ( i )

3=1

fC3)= 2 . 3g =2-1=1f ( 1.) =
2- I = 2-3=-1

f(3)-fin, 1 - Ct ) 2
i. f

'

G) =

#
=  g-=

-2=9
-

a
f

'
( × ) =3g ⇒ f (c) = 3g

⇒ 3g =1

⇒>e£=
3 ⇒ c=±3T

. : C= - ✓3 € ( I , 3) ⇒ C=✓3
.



Constant

Decreasing Increasing

Monotonocity and The First Derivative Test

Definition for Monotonic Function:

Test for Monotonic Function:

\

If

Increasing : of < 42 => f CX
,

) < fez ) ,

Decreasing : X. < Xz ⇒ FCY ) > f (E)

Constant ; q < as ⇒ f Cox
,

)=fCz )

increasing
g fkx ) > o

Decreasing : flcx ) < o

constant : fi ( × ) =o



Example 18

Find the intervals on which Fcx )=3a4_ 4×3-1242+1
is increasing or decreasing . -

�1� f 'Cx)=o

✓
1243

-

12×2-2421=0
→

1221 ( XZ - 4 - 2) =o

1221 ( ox . 2) (21+1)=0

⇒ x=o
, 4=2 , X= - l

i
. Def ) = R ⇒ -1 , o and 2 are critical numbers .

�2�
- l o 2

- a < → a

Test value -2 - o . 5 1 3*( Test value ) - 96 7 - 5 - 24 144

sing off '
- t -  +

•

Dec T.INT#/Inc

�3� f increasing on the intervals C- 1,0 ) v ( 2,0 )

decreasing on the intervals C- a , - 1) U(o , 2)



Example 2 :

Find the intervals on which f G) = ( XI \)% is increasing
or decreasing

1)
. F

'
( × ) = 2g ( x2 . , )

- %
( 2× ) f '(x1=o fcx ) undefined

44=0 3Fxtf#=o
44

= - 4=0 ⇒ 4=11

3 ( ×2 . 1)
'
13

. :D (f) = 12

= 4×__ i. -1 , 0,1 are critical
3 VEE ) numbers of f .

2) .

-1 o 1
- a < → a

Test value -2 - 0.5 1 2

f ''( Test value ) -1.8 0.7 - 0.7 1.8

sing off '
- t -  +

•

Dec \•#Dec\•Fnc

3)
-

f is increasing on C- 1,01 ucl , A)

Decreasing on C- a , - i )

Ulosl
)



First Derivative test and local Extremum:
1) .

If f '
Cx ) changes from of to .

at C ⇒ F has a local Max

.
A atc

2) .
If f

'
Cx ) changes from

-

to
+ at C ⇒ F has a local min

W ate
•

3)
Iff-

'
Cx ) doesn't change at c ⇒ f has no local

maxorminate

Example 38

Find the local extreme for f- G) = 3×4-4×3 -
1242 - l

�1�

from Example 1 we have 8 r

.

- 1 o 2
- a < → a

Test value -2 - o . 5 1 3*( Test value ) -96 7 - 5
.

-24
144

sing off '
-  t -  +

•

Dec \•¥Dec\•Fnc
-

b T toealmin
local min local

Max

in f has local Max at 4=0 with value fco ) = 1

local min at 4=-1 with Value FGH = - 4
local min at 4=2 With Value F (2) = - 31



Find the local extreme for f- 4) = 12 + sinox in the

interval (

as
2 F) .

f
'

( × ) = 12 + Cos X

f
'

( x ) =o ⇒ lg + Cos 4=0

⇒ Cos x= - 1
2

⇒ X= Cos
' '

C- I )

⇒ of 2¥ , X= 451
" D (f) = ( og 2 F)

i.
251 , 455 are the critical numbers .

local Max local min

F C235)=

gl-231
+ sin ( 2§y F ( 431 )= ts . 4¥ + since

= § + Is = 2¥ - B
2 2



Example : Find the local extreme for fcx )= I
42+1

and find the intervals on which f- is increasing and

decreasing
.

fcx ) = X ( X2t' )
t

.

- z

F '
G) = a) ( x2+y "

- 24 (42+1) . ( X )

- 2

= ( X2ti )
"

-

2.42
( X2+i )

. 2

= (42+1) ( n4l#
- 2 212 ( Xtti )

(42+11

= (212+1) ( 212+152
-
244×2+152

-

2=(42+1)[ x2+l - 2×2 ]

-2

= ( x2+D [ . ox2+| ]

1- ni
=

-

(

42+112
=

(1-4)<1+41×4113

never

Jero
-



f
'

( × )=o ⇒ ( ( - 4) (1+4)=0

⇒ x=±1

, Def )= R ⇒ ±l are critical numbers for f.

- 1 1

a <
.

→ a

Test value -2 0 2

f ''( Test value ) - 3- 0 - 1
25 2

sing off '
-  + -#

.

q
Dec )/InT \ Dec

local min
local

max

flu ) = - I f C i ) =
1

2 2

F is increasing on ( - Is i )

is decreasing on C- a ,
-1 ) v ( Iso )



Example : Find the local extreme for f- G) =

1×2-11
and find the intervals on which f is increasing
and decreasing ,

x2_
/ if ax >,l or Xf - 1

Fcx )= |
. (

axe
. , ) if - is XSI

(

f
'

G) =/
2 " if × > 1 or x< . ,

[ 2× if
. 1 < X < 1

f
'

( × )=o f
'

Cx ) undefined
. 24=0 X=  ± )

4=0

• :D (f) = R ⇒ -1,0 , 1 are the critical numbers ,

•

local m•in
10cal Max • local men

F ( t ) = O
f ( 0 ) = H f ( i ] = O

f  is increasing on ( -1 , o ) U ( Isa )

Decreasing on ( - og - 1) 1



Example 8 : Find the local extreme for fcx )= In ( q - oxy
and find the intervals on which f is increasing and

decreasing .

f
'

Cx ) = -249
- 42

F 'Cx7=o F
'

( x ) undefined
- 24=0 9-42=0

4=0 9=42

✓ 13=4

i. 1) ( f) = ( -3 , 3) because

9- x2 go

a > 4

1=3 > X

: . X=o is the only critical number .

-3 < → 3
.

Test value -1
.

'

*( Test value ) f
'

C- y = I F
'

( i ) - -1
y u

sing off '
t -*IncTf Dec

local Max

fCo1= lnq = In 32=2 In 3

F is increasing on ( -3,0 )

decreasing on Cos 3)



Concavity and the Second Derivative Test

Definition and Test for Concavity 

Points of  Inflection:

By TestBy Defintion

f  ھي النقطة التي یتغیر عندھا تقعر منحنى الدالھ

CD

;

I : open interval

f : differentiable on I

÷'
is increasin on I  → CU f

"
Cx ) > 0 → Cu •U

f '
is decreasing on I → CD

'

local mind

f
"

Cx ) ( o → CD

Alocal Max W

A point at which the graph of a function f changes
concavity .

Example 1 :

Find where the graph of fcx ) = lg x4 . lg X3t§
is Concave up and Concave down and points of inflection

n

f- '
G) = § .

443
. 3. £42

= £ 43
. 3g XZ



ملاحظھ :  نقط الإنقلاب ھي 
نفس النقاط التي  یكون  
التفاضل الثاني الدالھ یساوي 
الصفر أو غیر موجود 
وتنتمي الى مجال الدالھ 

f "C×1= 3zx2 - 62-4
d

-• '

= 3gx2 - 3g4.2

= 3-24 ( X - 2)

f "(x)=o ⇒ 3gx (4-2)=0

⇒ 324=0 or X - 2=0

⇒ 4=0 or 4=2

/

. local Max

v. a u
.

local mind → local
min

i f is CU on C- ago ) U ( 21 d)
is CD on Cos 2)

The inflection points are o and 2 .

r



Example 2 ;

Find where the graph of fexs= The is concave up
and Concave down .

f '(×|= ( Xll ) ( 2× ) - (

X2t\
) ( 2x )

-

( XZ - \ )
2

=

2%232×-2/43
- 24

-

( 2/2-1 ) 2

- 44
=

-

( 2/2 .

1)
2

f
"

( x ) =
( 42 - i )

2

( -4 ) - C- 421 ) ( 2) ( 2/2 - 1) ( 2× )

(2/2
-1) 4

=
4 ( 3×2+1 )

-

( XZ
-1) 3

F "
( x ) =o f

"
( × ) undefined

3×2+1 =O ( XZ
-1) 3

= 0

but there

.is
no such X

f-( Xtl ) ( X - l ) = 0

x=±l

i. Dlf ) = R . { Ii }
i. f has no inflection points .



.

v
✓

✓ a

,
r

,

•U M •U
, .ca

local min
' omeadx"

min

i. f is CU on ' C- N , - , )

u
( 1 , & )

is CD on ( t ,
\ )

✓
Example : Find where the graph of fcx )= 4- is

concave up and concave down and points of × ' '

inflection .

f '
( × ) =

( XZ - i ) ( l ) - 4( 24 )

( XZ -1)
2

=
42-1 - 22/2

-

( 212 .1) 2

= -x2=

( XZI ) 2

=

- ( X2+i )
-

( XZ -1) 2



f "(x)= ( 42-172 ( - 2X ) + 2 ( X2tl ) . 2 C x ) ( XZI )

( X2 -1 ) 4

=
2×(212+3)

-

(212-1) 3

f "

( x )=o f "
CX ) undefined

22/(212+3)=0 ( X2 -1) 3=0
→

2x=o never ⇒ 4=11
3ero

4=0

'
-

' D (f) = R - { tl }

i , f has point of inflection at 21=0

i. F is CD on C- a , -1 ) v ( o , l )

is CU on C- 1,0 ) U ( I , a )



.

y

Example :

Find the local exterme For f- Cx ) = Isinx + Cos 221

of XE 2T .

f
'

( X )= 2 cos X - 25in 2X

= ZCOSX - 4 sinx Cos X

= 2 cos x ( 1- 28in X )

f-
'

Cx ) =o => 2 cosy ( 1- 28in X ) =o

⇒ 2CosX=o on 1- 28in 4=0

⇒ Cos X=o or sin X = 1
2

⇒ X= If ,
31 X= If , 51

2 6
-

f
"

CX) =
- 2 sin X

- 4 Cos CZX )



f
"

( %) =
- 2 sin %) - 4 Cos ( 2 . TYG )

= - 2 . 12 - 4 . 1-
2

=  - l - 2 = - 3 < 0

FCTYG )

⇒
2 sin ( %) + cos (2-46)

= 2. Is + £
= It lg = 3- is a local max

2

f "( 5% ) = - 2 sin ( 546 ) -4 Cos ( 2 ' 5% )

= - 2 . { - 4 . £
=  . 1 . 2 = - 3 < o

FCS '% )

=
2 sin ( 5 '% ) + Cos ( 2 . 5% )

= 2 . lq + £
= 1 + lg = 3- is a local Max

2



f
"

( Hz ) = - 2 sin ( TYZ) - 4 Cos ( 2 . Tyz )

=
- 2 ( 1) - 4 C- l )

=  -2+4 = 2 > 0

FCTYZ ) = 25in ( Tyz ) + Cos ( 2 . TYZ )

= 2 . ( \ ) + C- l )

= 2- I = 1 is a local min

f
"

( 31% ) = - 2sin( 3% ) - 4 Cos ( 2.3% )

= - 2 C- 1) - 4 C- 1)

= 2+4 = 6 > o

f ( 3¥ )= 28in ( 332 ) + Cos ( 2 . 3¥ )

= 2 . C- 1) + C- 1)

= - 2 - I =-3 is a local min



Properties of  Integral لوكان لدینا داخل التكامل 
دالتین بینھم عملیة جمع او 
طرح فان التكامل یتوزع 

العدد الثابت یكون  خارج 
التكامل

اذا كان التكامل من سالب العدد الى موجب 
العدد دائما یكون صفر 

Fundamental theorem of  Calculus 

Definite integralIndefinite integral

باستخدام قوانین التكامل سنحصل 
F(x)   على الدالھ الاصیلھ

مشتقھ

سبب وجود ال c في التكامل

Antiderivative( integrals) 
عكس التفاضل التكامل

For F
'

( × ) = fcx ) then

÷× ) d×= Fcxltc §fL×)dx= Feb ) - Fca ) .

fcx )

Fl ( x )= 2×9What is Fcx ) - / 2×d× = 42 + c

Fcx )= 2/2

42 + 1
 → 2×

.is?IF.:ICfx2tlsix2Iofo
,

C & 's ID ,

( i )
.

|[fcxi ± g ( x ) ] dx =

Jfcxidx
±

19
( × ) dx

(2)

-
/ c f C × ) DX = c /fCx|DX

a

(3) . ) f Lx ) DX =o
{33 x2d× =o

check ! !
- q



Integral of  Power Function

تطبیق الخاصیھ ١ (توزیع التكامل)

ntl

fax "

dx = =
, n± - I

ntl

f(fun )
"

. f
'

( × ) dx = It
'

+ c

ntl

Example 18 Evaluate S 45 dx

f x5dx= ¥ + c

Example 28 Evaluate ] x2t7 dx

fx2t7 dx = / x2dx
+ f7d×

= / X2dx +7/1
DX

. :#
Sldx = X

= 2¥ + 7.21 + C 9×0=1 . :#
's '

S x° dx

= x°t' =x
'

Example 38 Evaluate § x2d× oti

{ nidx = ×÷ ! =

=
' ±j . ;D = §



دالھ مرفوعة لأس 
مشتقتھا

نأخذ الدالھ المرفوعة للأس 
ونضیف علیھ واحد ونقسم على 

الاس 

دالة مرفوعة لأس

في ھذا المثال لاتوجد مشتقھ الدالھ 
ولكي اطبق القانون لابد ان اضرب 

في مشتقة الدالھ وأقسم علیھ 

ھنا طبقنا القانون  لان التكامل 
اصبح على الصوره الدالھ في 

مشتقتھا

Example 4 : Evaluate /

siixeosxdx/ siiixcosxdx = sin3×_ + c

:Examples : Evaluate J
"

(3x-_i
)3 dx

§(3×-1) dx = lg§( 3×-53
. 3 dx

1
4

= lg (3xgl)_ !
= 's [ (

34¥
"

.

(

3cq÷i
'

]
= 's [¥'

.¥ "

]

= ÷ [ ¥ . ± ]
4

= lg ( ¥ ) = 1512

5
=  -

q



Integral of  Logarithmic Function

دالھ

مشتقة الدالھ

في ھذا المثال نطبق القانون  2 

تم تطبیق القانون 

تطبیق خواص الدالھ اللوغاریتمیھ

دالھ

تفاضل الدالھ
نطبق القانون ٢ مباشره

Q f bxdx = In 1×1 + C

�2� f fly dx = In lfcxiltc
f ( x )

�3� / fix dx= Zixtc
ri

Example 1 : Compute ) 5- dx
Xtl

/ ×÷ dx = 5) ¥ dx

= 5 In 1×+11 + C

Example 2g compute ftanx dx

ftanx .dx= f sing dx
cosx

-3 cos X Ji Taiwo , = of-si~×_ dx

4 Wioiw , , -
sinx cos ax

# ; Jj E > aged

swim
'

, .w -1.2
'

s - In lcosox | + C-
I

= In |Cosx I + c

= In last I + c

= In lsecxl + C



دالھ

مشتقة الدالة

نطبق القانون ٢ مباشره

نطبق القانون ١ مباشره

E

Example 3

:{
3g dx

2
2

tesxdx =3 get:= 3 tncxl!
= 3 [ In ( e2 ) - Ina ) ]

= 3 [ 2 In (e) - Ina ) ]

= 3 [2-0] = 6

Example 4 : compute § eetsxdx

§ee÷×
,

dx = in 1*+11 !
'

= In | @2+1 ) - ( e°+i ) I

= In |(e2+i ) -
2 |

=
In ( eh ) -

In (2)



تطبیق القانون ٣ 

دالھ تحت الجذر 

لاتوجد مشتقھ

دالھ تحت الجذر 

مشتقة الدالھ
نضرب التكامل في ٢ 

وھو مشتقة الدالھ 
ونقسم علیھ لكي 

نستطیع تطبیق قانون 
التكامل

طبقنا القانون ٣ بعد تعدیل 
التكامل

Examples : Evaluate f I dx

cos Faux

Es¥+ran×d×=/ steamy dx

= 2 # + c

Examples ; Evaluate So

"

¥g dx

sina.ae#=tzI2Etdx=tx.gFIl
"

0

= FEI
.

Fil

. na . a

= 3 -
1 = 2



Integral of  Exponential function

KX

S ek
"

dx
= ± e + c

f at dx =
I + c

lna

Example 1 :  . compute fe
"

dx

f e2×d×
= £÷ + c

In 5

Example 2 : Compute / 5 e× dx
0

§
"

55 ex dx = Sf
"

5e× dx

In 5

= s ex 1

= 5 [ elns
°

.
e° ]

= 5 [ 5 - i ]

= 5 ( 4) = 20



Example 3 : Compute f2× dx

×

fz
"

dx= 2-
+ C

In 2

1

Example 48 Evaluate / 2× dx

§Ed×=ELI
o

l

= 2-
-201ns

In 2

= Fuse - ¥2
= 1

In 2
'



Integral of  Trigonometric Function

g) / Sin ( kx ) dx = I cos ( Kx ) + C
K

2) / Sed ( Kx ) DX = lq tan ( Kx ) + c

3) / Sec ( kx ) tan ( kx ) d×= |= Sec ( Kx ) + C

4) ) Cosckx ) dx =
- ÷ Sin ( kx ) + C

s ) / CSECKX ) dx = - lg cot ( Kx ) + c

6) .
/ Csc Ckx ) cot ( Kx ) DX = - lg Csc ( K×7 + C

Eoxampl 18 Evaluate ) Sin ( 2x ) dx

/ sin ( 2×1 dx = -1g Cos ( 2×7 + C

Z F

Example 28 Evaluate f sinxdx
0

2 f

Jo

"

sinxdx =  - cosx !
=

- cos ( 2T ) + Cos Co )

= - 1 + 1=0



Example 3g Evaluate f Cos Csx ) dx

/ cos C3x ) dx = § sin × + C

%

Example 48 Evaluate / Cos C3x ) dx
0 TYZ

f.
" ↳

cos (3x ) dx = lg Sin ( 3× ) !
= cg [ Sin ( 3. %) -

sin ( 3. o )]

= lg [ since ) - sing ]

= 's [ o_O ] =o

Example 5 oo Evaluate / SEE ( 3x ) dx

/ SEECSX) d×= 1- tanCsx ) + C
S



TI

Example 6 : Evaluate J SEE dx
0

of

"

see (g) dx = §FeE(tax ) d

:
= 1- tan ( ÷x )

I
-1 0

4

I

= 4 tan ( tax ) !
= 4 [ tan ( ÷ . it ) - fault .o ) ]
= 4 [ tan ( In ) - tan ( o ) ]

= 4 [1-0] = 4 .

Example 78 Evaluate

|csc2(
3×7 dx

S est
( 3x ) dx = -31 Cot ( 3× ) + C

Example 8 : Evaluate f Sec 24×7 tancox ) DX

/ Sec ( 4×1 fan ( 4×7 dx = lq SecL4× ) + C



4/4

Example 98 Evaluate f Sec 24×7 tancox ) DX
- 144

9/4

/ Sec ( 4×1 fan ( 4×)d×= lq SecL4× ) /
- %

= 4- §ec(4. ¥ ) - Sec ( 4. Fj ]

= lq [ Sec ( T ) - Sec C- F ) ]

= at El- c- i ) ]

= lq [-1+1] = lq ( o ) = 0 .

Example Lo 8 Evaluate / ESCCZX ) Cotczx ) dx

/ Csc ( 2×7 Cot ( Zx ) DX =
- 12 csc ( 2x ) + C




