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Linear Programming: A Geometrical Approach 
Homework 

 
 
 

1 )  MAXIMIZATION APPLICATIONS 
For the following maximization problems, choose your variables, write the objective function and the constraints, 
graph the constraints, shade the feasibility region, label all critical points, and determine the solution 
that optimizes the objective function. 
 
Exercise ( 1 ) 
A farmer has 100 acres of land on which she plans to grow wheat and corn. Each acre of wheat 
requires 4 hours of labor and $20 of capital, and each acre of corn requires 16 hours of labor and 
$40 of capital. The farmer has at most 800 hours of labor and $2400 of capital available. If the 
profit from an acre of wheat is $80 and from an acre of corn is $100, how many acres of each crop 
should she plant to maximize her profit? 
 
Exercise ( 2 ) 
Mr. Tran has $24,000 to invest, some in bonds and the rest in stocks. He has decided that the 
money invested in bonds must be at least twice as much as that in stocks. But the money invested 
in bonds must not be greater than $18,000. If the bonds earn 6%, and the stocks earn 8%, how 
much money should he invest in each to maximize profit? 
 
Exercise ( 3 )  
A factory manufactures chairs and tables, each requiring the use of three operations: Cutting, 
Assembly, and Finishing. The first operation can be used at most 40 hours; the second at most 42 
hours; and the third at most 25 hours. A chair requires 1 hour of cutting, 2 hours of assembly, and 
1 hour of finishing; a table needs 2 hours of cutting, 1 hour of assembly, and 1 hour of finishing. 
If the profit is $20 per unit for a chair and $30 for a table, how many units of each should be 
manufactured to maximize revenue? 
 
Exercise ( 4 ) 
The Silly Nut Company makes two mixtures of nuts: Mixture A and Mixture B. A pound of 
Mixture A contains 12 oz of peanuts, 3 oz of almonds and 1 oz of cashews and sells for $4. A pound 
of Mixture B contains 12 oz of peanuts, 2 oz of almonds and 2 oz of cashews and sells for $5. The 
company has 1080 lb. of peanuts, 240 lb. of almonds, 160 lb. of cashews. How many pounds of 
each of mixtures A and B should the company make to maximize profit? 
 
 

2 )  MINIMIZATION APPLICATIONS 
For each of the following minimization problems, choose your variables, write the objective function and the 
constraints, graph the constraints, shade the feasibility region, label all critical points, and determine the 
solution that optimizes the objective function. 
 
 
Exercise ( 5 )  
A diet is to contain at least 2400 units of vitamins, 1800 units of minerals, and 1200 calories. Two 
foods, Food A and Food B are to be purchased. Each unit of Food A provides 50 units of vitamins, 
30 units of minerals, and 10 calories. Each unit of Food B provides 20 units of vitamins, 20 units 
of minerals, and 40 calories. If Food A costs $2 per unit and Food B cost $1 per unit, how many 
units of each food should be purchased to keep costs at a minimum? 
 
 
Exercise ( 6 ) 
A computer store sells two types of computers, desktops and laptops. The supplier demands that 
at least 150 computers be sold a month. In order to keep profits up, the number of desktops sold 
must be at least twice of laptops. The store pays its sales sta_ a $75 commission for each desk 
top, and a $50 commission for each lap top. How many of each type of computers must be sold to 
minimize commission to its sales people? What is the minimum commission? 
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Exercise ( 7 )  
An oil company has two refineries. Each day, Refinery A produces 200 barrels of high-grade oil, 
300 barrels of medium-grade oil, and 200 barrels of low-grade oil and costs $12,000 to operate. 
Each day, Refinery B produces 100 barrels of high-grade oil, 100 barrels of medium-grade oil, and 
200 barrels of low-grade oil and costs $10,000 to operate. The company must produce at least 800 
barrels of high-grade oil, 900 barrels of medium-grade oil, and 1,000 barrels of low-grade oil. How 
many days should each Refinery be operated to meet the goals at a minimum cost? 
 
 
Exercise ( 8 ) 
A print shop at a community college in Cupertino, California, employs two different contractors 
to maintain its copying machines. The print shop needs to have 12 IBM, 18 Xerox, and 20 Canon 
copying machines serviced. Contractor A can repair 2 IBM, 1 Xerox, and 2 Canon machines at a 
cost of $800 per month, while Contractor B can repair 1 IBM, 3 Xerox, and 2 Canon machines at 
a cost of $1000 per month. How many months should each of the two contractors be employed to 
minimize the cost? 

 
 
3 )  REVIEW EXERCISES 
Solve the following linear programming problems by the graphical method. 
 
 
Exercise ( 9 )  
Mr. Shoemacher has $20,000 to invest in two types of mutual funds, Coleman High-yield Fund, 
and Coleman Equity Fund. The High-yield fund gives an annual yield of 12%, while the Equity 
fund earns 8%. Mr. Shoemacher would like to invest at least $3000 in the High-yield fund and at 
least $4000 in the Equity fund. How much money should he invest in each to maximize his annual 
yield, and what is the maximum yield? 
 
Exercise ( 10 )  
Dr. Lum teaches part-time at two different community colleges, Hilltop College and Serra College. 
Dr. Lum can teach up to 5 classes per semester. For every class taught by him at Hilltop College, 
he needs to spend 3 hours per week preparing lessons and grading papers, and for each class at 
Serra College, he must do 4 hours of work per week. He has determined that he cannot spend more 
than 18 hours per week preparing lessons and grading papers. If he earns $4,000 per class at Hilltop 
College and $5,000 per class at Serra College, how many classes should he teach at each college to 
maximize his income, and what will be his income? 

 
Exercise ( 11 )  
Mr. Shamir employs two part-time typists, Inna and Jim for his typing needs. Inna charges $10 
an hour and can type 6 pages an hour, while Jim charges $12 an hour and can type 8 pages per 
hour. Each typist must be employed at least 8 hours per week to keep them on the payroll. If 
Mr. Shamir has at least 208 pages to be typed, how many hours per week should he employ each 
student to minimize his typing costs, and what will be the total cost? 
 
Exercise ( 12 )  
Mr. Boutros wants to invest up to $20,000 in two stocks, Cal Computers and Texas Tools. The Cal 
Computers stock is expected to yield a 16% annual return, while the Texas Tools stock promises 
a 12% yield. Mr. Boutros would like to earn at least $2,880 this year. According to Value Line 
Magazine's safety index (1 highest to 5 lowest), Cal Computers has a safety number of 3 and Texas 
Tools has a safety number of 2. How much money should he invest in each to minimize the safety 
number? Note: A lower safety number means less risk. 
 
Exercise ( 13 )  
A department store sells two types of televisions: Regular and Big Screen. The store can sell up 
to 90 sets a month. A Regular television requires 6 cubic feet of storage space, and a Big Screen 
television requires 18 cubic feet of space, and a maximum of 1080 cubic feet of storage space is 
available. The Regular and Big Screen televisions take up, respectively, 2 and 3 sales hours of 
labor, and a maximum of 198 hours of labor is available. If the profit made from each of these 
types is $60 and $80, respectively, how many of each type of television should be sold to maximize 
pro_t, and what is the maximum profit? 
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Exercise ( 14 )  
A company manufactures two types of printers, the Inkjet and the Laser. The Inkjet generates a 
pro_t of $100 per printer and the Laser a profit of $150. On the assembly line the Inkjet requires 7 
hours, while the Laser takes 11 hours. Both printers require one hour for testing. The Inkjet requires 
one hour and the Laser needs 3 hours for finishing. On a particular production run the company 
has available 1,540 work hours on the assembly line, 200 work hours in the testing department, and 
360 work hours for finishing. How many sets of each type should the company produce to maximize 
pro_t, and what is that maximum profit? 
 
 
Exercise ( 15 )  
John wishes to choose a combination of two types of cereals for breakfast - Cereal A and Cereal 
B. A small box(one serving) of Cereal A costs $0.50 and contains 10 units of vitamins, 5 units of 
minerals, and 15 calories. A small box(one serving) of Cereal B costs $0.40 and contains 5 units 
of vitamins, 10 units of minerals, and 15 calories. John wants to buy enough boxes to have at 
least 500 units of vitamins, 600 units of minerals, and 1200 calories. How many boxes of each food 
should he buy to minimize his cost, and what is the minimum cost? 
 
 
Exercise ( 16 )  
Jessica needs at least 60 units of vitamin A, 40 units of vitamin B, and 140 units of vitamin C 
each week. She can choose between Costless brand or Save more brand tablets. A Costless tablet 
costs 5 cents and contains 3 units of vitamin A, 1 unit of vitamin B, and 2 units of vitamin C, and 
a Save more tablet costs 7 cents and contains 1 unit of A, 1 of B, and 5 of C. How many tablets of 
each kind should she buy to minimize cost, and what is the minimum cost? 
 
 
Exercise ( 17 )  
A small company manufactures two types of radios- regular and short-wave. The manufacturing of 
each radio requires three operations: Assembly, Finishing and Testing. The regular radios require 
1 hour of Assembly, 3 hours of Finishing, and 1 hour of Testing. The short-wave radios require 3 
hours of Assembly, 1 hour of Finishing, and 1 hour of Testing. The total work-hours available per 
week in the Assembly division is 60, in the Finishing division is 60, and in the Testing is 24. If a 
pro_t of $50 is realized for every regular radio, and $75 for every short-wave radio, how many of 
each should be manufactured to maximize profit, and what is the maximum profit? 

 

Exercise ( 18 )  
A factory manufactures two products, A and B. Each product requires the use of three machines, 
Machine I, Machine II, and Machine III. The time requirements and total hours available on each 
machine are listed below. 
Machine I Machine II Machine III 
Product A 1 2 4 
Product B 2 2 2 
Total hours 70 90 160 
Table 6.1 

If product A generates a profit of $60 per unit and product B a profit of $50 per unit, how  many units 
 of each product should be manufactured to maximize profit and what is the maximum profit? 
 
Exercise ( 19 )  
A company produces three types of shoes, formal, casual, and athletic, at its two factories, Factory 
I and Factory II. Daily production of each factory for each type of shoe is listed below. 
Factory I Factory II 
Formal 100 100 
Casual 100 200 
Athletic 300 100 
The company must produce at least 6000 pairs of formal shoes, 8000 pairs of casual shoes, and 
9000 pairs of athletic shoes. If the cost of operating Factory I is $1500 per day and the cost of 
operating Factory II is $2000, how many days should each factory operate to complete the order at 
a minimum cost, and what is the minimum cost? 
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Exercise ( 20 )  
A professor gives two types of quizzes, objective and recall. He is planning to give at least 15 
quizzes this quarter. The student preparation time for an objective quiz is 15 minutes and for a 
recall quiz 30 minutes. The professor would like a student to spend at least 5 hours (300 minutes) 
preparing for these quizzes above and beyond the normal study time. The average score on an 
objective quiz is 7, and on a recall type 5, and the professor would like the students to score at 
least 85 points on all quizzes. It takes the professor one minute to grade an objective quiz, and 1.5 
minutes to grade a recall type quiz. How many of each type should he give in order to minimize 
his grading time? 
 
Exercise ( 21 ) 
A company makes two mixtures of nuts: Mixture A and Mixture B. Mixture A contains 30% 
peanuts, 30% almonds and 40% cashews and sells for $5 per pound. Mixture B contains 30% 
peanuts, 60% almonds and 10% cashews and sells for $3 a pound. The company has 540 pounds 
of peanuts, 900 pounds of almonds, 480 pounds of cashews. How many pounds of each of mixtures 
A and B should the company make to maximize profit, and what is the maximum profit? 
 

Solutions to Exercises 
Solutions to Linear Programming: A Geometrical Approach: 

Homework 
 

Solution to Exercise (1)  
80 acres of wheat and 20 acres of corn should be planted to maximize profit to $8,400 
Solution to Exercise (2)   
 (16000, 8000); $1600 
Solution to Exercise (3)  
10 chairs and 15 tables should be manufactured to maximize profit to $650. 
Solution to Exercise (4)  
(1320, 1120); $6880 
Solution to Exercise (5)  
30 units of Food A and 45 units of Food B should be purchased to keep costs at a minimum of $105. 
Solution to Exercise (6)  
(100, 50); $10000 
Solution to Exercise (7) 
Min: Z = 12000.x1 + 10000.x2 

I. 200x1 + 100x2 ≥  800 high-grade oil 
II. 300x1 + 100x2 ≥ 900 medium-grade oil 
III. 200x1+ 200x2 ≥ 1000 low-grade oil 
Refinery  A should be operated for 3 days, while Refinery B should be operated for 2 days to keep a 
minimum cost of $56,000. 
Solution to Exercise (8)  
(6, 4); $8800 
 
Solution to Exercise (9)    (16000, 4000); $2240 
Solution to Exercise (10)  (2, 3); $23,000 
Solution to Exercise (11)   (8, 20); $320 
Solution to Exercise (12)   (12000, 8000) 
Solution to Exercise (13)    (72, 180); $5760 
Solution to Exercise (14)   (165, 35); $21,750 
Solution to Exercise (15)   (20, 60); $34 
Solution to Exercise (16)   (20, 20); $2.40 
Solution to Exercise (17)    (6, 18); $1650 
Solution to Exercise (18)    (35, 100); $2600 
Solution to Exercise (19)     (40, 20); $100,000 
Solution to Exercise (20)     (10, 5): 17.5 minutes 
Solution to Exercise (21)    (1000, 800); $7400 

Good luck 

Prof. Dr. Anwar Al-Lahham 
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GOOD LUCK     

  Prof. Dr.  Anwar Al-Lahham 
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 خوارزمية إيجاد الحل الأمثل  
 باستخدام طريقة السيمبلكس

 

 

 

 

 

 Max Min 

            NOنعم
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 أمثلالحل 

 Xiتعيين قيم متحولات القرار       -1

  Dual Pricesتعيين أسعار الظل        -2

   Ranges of Optimalityميةثحساب مجالات الأم -3

 العنصر القائد تعيين -1

إعدام كل الأعداد تحته وفوقه  -2
 وفوقه 

 Minالمذكورة تحت  الخطوات نفسها

 بعد تغيير السؤال , حيث  يصبح :  

 كمها موجبة أوصفر ؟" Zهل أعداد سطر "

 

Yes    

   



 مارين محلولةت
 (1يحهىل  ) يثال

 (2يحهىل  ) يثال
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RHS  S3 S2 S1 X3 X2 X1 Basic V. 

0 0 0 0 -1 -2 -1 Z 

5 0 0 1 -1 3 2 S1 

4 0 1 0 2 -1 1 S2 

7 1 0 0 1 2 3 S3 

10 / 3 0 0 2/3 -5/3 0 1/3 Z 

5 / 3 0 0 1/3 -1/3 1 2/3 X2 

17 / 3 0 1 1/3 5/3 0 5/3 S2 

11/3 1 0 -2/3 5/3 0 5/3 S3 

7 1 0 0 0 0 2 Z 

2.4 1/5 0 1/5 0 1 1 X2 

2 -1 1 1 0 0 0 S2 

2.2 3/5 0 -2/5 1 0 1 X3 

 

 

0,,

723

42

532..

2

321

321

321

321

321











xxx

xxx

xxx

xxxts

xxxZMax

 

 

The Optimal solution is: 

X1 = 0   ,  X2= 2.4  , X3 = 2.2 

 The Optimal Value is:     Z = 7 

The Dual Prices Are: 

    0                     0                    1 

The Ranges of  Ci  are: 

C1 ≤ 3 

                 2 ≤ C2 

  - ⅔ ≤ C3 ≤ 1 

RHS A3 A2 S2 S1 X3 X2 X1 Basic 
V. 

0 M M 0 0 -1 -2 -1 Z 

5 0 0 0 1 -1 3 2 S1 

4 0 1 -1 0 2 -1 1 A2 

7 1 0 0 0 1 2 3 A3 

10 / 3 M M 0 2/3 -5/3 0 1/3 Z 

5 / 3 0 0 0 1 / 3 -1 / 3 1 2 / 3 X2 

17 / 3 0 1 -1 1 / 3 5 / 3 0 5 / 3 A2 

11/3 1 0 0 -2/3 5/3 0 5/3 A3 

7 M+1 M 0 0 0 0 2 Z 

12 / 5 1/5 0 0 1/5 0 1 1 X2 

2 -1 1 -1 1 0 0 0 A2 

11/5 3/5 0 0 -2/5 1 0 1 X3 

7 M+1 M 0 0 0 0 2 Z 

2 2/5 -1/5 1/5 0 0 1 1 X2 

2 -1 1 -1 1 0 0 0 S1 

3 1/5 2/5 -2/5 0 1 1 1 X3 

 
 

0,,

723

42

532

..

2

321

321

321

321

321











xxx

xxx

xxx

xxx

ts

xxxzMax

 

 
 

The Optimal solution is: 

X1 = 0   ,  X2= 2  , X3 = 3 

 The Optimal Value is:     Z = 7 

The Dual Prices Are: 

    0                     0                    1 

The Ranges of  Ci  are: 

     C1 ≤ 3 

                    2 ≤ C2 

-1 ≤ C3 ≤ 1 



 (3) مثال محلول

 

  

 

 

 

 

 

 

 

 

 X1 =2           X2 = 0           X3 = 1        The Optimal Solution:            انحم الأيثم

   The Optimal value      Z = 3  انقًٍة انًثهى:               

 0.2-نهقٍذ انثانث                0.4-نهقٍذ انثاًَ                   0نهقٍذ الأول              The Dual  Prices            الأسعار انثُىٌة :  

 The Optimal Ranges                C1 ≤ 3           0 ≤ C2           1/3 ≤ C3يدالات أيثال دانة انهذف :         
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The Mathematical Model: 

0,

723

42

532

..

2

21

321

321

321

321











xx

xxx

xxx

xxx

ts

xxxzMin

 

 

The Standard (Canonical) Form: 

0,,,,,

71123

41121

51132

0002

322121

3321

22321

1321

3221321











AASSxx

Axxx

ASxxx

Sxxx

MAMASSxxxz

 

 

RHS A3 A2 S2 S1 X3 X2 X1 Basic V. 

0 -M -M 0 0 -1 -2 -1 Z 

5 0 0 0 1 -1 3 2 S1 

4 0 1 -1 0 2 -1 1 A2 

7 1 0 0 0 1 2 3 A3 

7 1-M -M 0 0 0 0 2 Z 

12 1 0 0 1  0 5 5 S1 

10 2 -1 1 0 0 5 5 A2 

7 1 0 0 0 1 2 3 X3 

3 1/5-M 2/5-M -2/5 0 0 -2 0 Z 

2 -1 1 -1 1 0 0 0 S1 

2 2/5 -1/5 1/5 0 0 1 1 X1 

1 -1/5 3/5 -3/5 0 1 -1 0 X3 



(4مثال محلول )  
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The  Primal  Problem: 

0,

2

102

6..

53

21

2

21

21

21











xx

x

xx

xxts

xxZMin

 

The Dual Problem: 

0,,

52

3..

2106

321

321

21

321









yyy

yyy

yyts

yyyZMax

 

S A3 A1 S3 S2 S1 X2 X1 B . V. 

0 -M -M 0 0 0 -5 -3 Z 

6 0 1 0 0 -1 1 1 A1 

10 0 0 0 1 0 2 1 S2 

2 1 0 -1 0 0 1 0 A3 

18 -M 3 - M 0 0 -3 -2 0 Z 

6 0 1 0 0 -1 1 1 X1 

4 0 -1 0 1 1 1 0 S2 

2 1 0 -1 0 0 1 0 A3 

22 2 - M 3 - M -2 0 -3 0 0 Z 

4 -1 1 1 0 -1 0 1 X1 

2 -1 -1 1 1 1 0 0 S2 

2 1 0 -1 0 0 1 0 X2 

 

HS S2 S1 Y3 Y2 Y1 B . V. 

0 0 0   -2 10 - 6 Z 

3 0 1 0 -1 1 S1 

5 1 0 1 -2 1 S2 

18 0 6 -2 4 0 Z 

3 0 1 0 -1 1 Y1 

2 1 -1 1 -1 0 S2 

22 2 4 0 2 0 Z 

3 0 1 0 -1 1 Y1 

2 1 -1 1 -1 0 Y3 

 

 
The Optimal Solution Is:           

X1 = 4         X2 = 2 
The Optimal Value is:                       

Z = 22 
The Optimal Ranges are:   

0 ≤ C1 ≤ 5           3 ≤ C2 

  The Optimal Solution Is:    Y1 = 3      Y2 = 0       Y3 = 2                                                                                                                       
The Optimal Value is:                         Z = 22 
The Dual Prices are:    
           for the first constraint             4          
           for the Second constraint       2 
The Optimal Ranges are:   

2 ≤ C1 ≤ 8         C2 ≤ - 8          0 ≤ C3  ≤ 4                                                                                                                   
                                                                          

The Graphical Method: 

 

 

Note  :  
1) The Optimal Solution of The Primal Problem  is  

The absolute value of the Dual Prices Of The Dual  Problem. 
 
2)  The Optimal Value of The Primal Problem  is The Optimal Value Of The Dual Problem 



(6+  5)أمثلة محلولة    

 

(5)                                (6) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Unbounded  

 

The Optimal Solution Is:    X1 = 3           X2 = 6           Z = 18 
The Dual Prices are:   for the first constrain              1.6     
for the Second constrain      - 0.2  
for the Third constrain                0 
The Optimal Ranges are :       

)
3

1
(1

3

4
314 21  CC  

  

  

-13- 

RHS A2 A1 S3 S2 X2 X1 B . V. 

0 M M   0 0 -1 - 4 Z 

15 0 1 0 0 1 3 A1 

30 1 0 0 -1 3 4 A2 

20 0 0 1 0 2 1 S3 

20 M M+4/3 0 0 1/3 0 Z 

5 0 1/3 0 0 1/3 1 X1 

10 1 -4/3 0 -1 5/3 0 A2 

15 0 -1/3 1 0 5/3 0 S3 

18 M+1/5 M+8/5 0 1/5 0 0 Z 

3 1/5 3/5 0 1/5 0 1 X1 

6 3/5 -4/5 0 -3/5 1 0 X2 

5 -1 1 1 1 0 0 S3 

HS S2 S1 X2 X1 B . V. 

0 0 0 -1 -2 Z 

10 0 1 -1 1 S1 

40 1 0 0 2 S2 

20 0 2 -3 0 Z 

10 0 1 -1 1 X1 

20 1 -2 2 0 S2 

50 3/2 -1 0 0 Z 

20 1/2 0 -1 1 X1 

10 1/2 -1 1 0 X2 

0,

402

10..

12

21

1

21

21









xx

x

xxts

xxZMax

0,

2021

3034

153..

14

21

21

21

21

21











xx

xx

xx

xxts

xxZMax
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     The Mathematical Model 

0,,,

250113

2005.0112

1501211

4002132

2346

4321

421

4321

4321

4321

4321













xxxx

xxx

xxxx

xxxx

xxxxtoSubject

xxxxZMax

 

The Standard (canonical) Form is 

0,,,,,,,

2501113

20015.0112

15011211

40012132

000002346

43214321

4421

34321

24321

14321

43214321













SSSSxxxx

Sxxx

Sxxxx

Sxxxx

Sxxxx

SSSSxxxxZ

 

The Optimal Solution  is:       X1 = 50            X2 = 100           X3 = 0             X4 = 0       The Optimal Value  is:           Z = 700 

The Dual Prices are:                For the First Constrain is     0.5                For the Second Constrain is     1.25             

                                                    For the Third Constrain is     0                 For the Fourth  Constrain is     1.25    

The Ranges of the  CI   ( The Coefficients of the objective function ) are:              9)3(6363 1  C

9)5(4143 2  C 6)3(3
7

15
3

7

6
3  C

2

7

2

3
24 C  

ا  , نقسم سطر     ix:  إذا كان    أولا  :       iC ملاحظة   لتعيين حدود     ثم نكتب :      ixعلى سطر      Zمتحولا أساسيا

ناتج سالب (  كبرناقص   أ   iC) قيمة                               iC     قيمة (iC   ) ناقص   أصغر ناتج موجب 

 iC(   Zعلى سطر      ix+   العدد الوارد تحت     iC) قيمة       فإن  (Max)والمسألة   متحولا غير أساسي   ix:  إذا كان    ثانياا 

 (  Zعلى سطر      ix+   العدد الوارد تحت     iC) قيمة    iCفتصبح               (Min) المسألة حالة أما في                          
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RHS S4 S3 S2 S1 X4 X3 X2 X1 Basic V. 

0 0 0 0 0 -2 -3 -4 -6 Z 

400 0 0 0 1 2 1 3 2 S1 

150 0 0 1 0 1 2 1 1 S2 

200 0 1 0 0 0.5 1 1 2 S3 

250 1 0 0 0 1 0 1 3 S4 

500 2 0 0 0 0 -3 -2 0 Z 

3/700 3/2 0 0 1 3/4 1 3/7 0 S1 

3/200 3/1 0 1 0 3/2 2 3/2 0 S2 

3/001  3/2  1 0 0 6/1  1 3/1  0 S3 

3/250 3/1 0 0 0 3/1 0 3/1 1 X1 

600 1.5 0 1.5 0 1 0 -1 0 Z 

200 2/1  0 2/1  1 1 0 2 0 S1 

100/3 6/1 0 2/1  0 3/1 1 3/1  0 X3 

0 2/1 1 2/1  0 2/1  0 0 0 S3 

250/3 3/1 0 0 0 3/1 0 3/1 1 X1 

700 1.25 0 1.25 0.5 1.5 0 0 0 Z 

100 4/1 0 4/1 2/1 2/1 0 1 0 X2 

0 12/1 0 12/7 6/1 6/1 1 0 0 X3 

0 2/1 1 2/1  0 2/1  0 0 0 S3 

50 12/5 0 12/1 6/1 6/1 0 0 1 X1 



 (8) مثال محلول
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RHS A3 A2 S2 S1 X2 X1 Basic V. 

0 - M - M 0 0 -3 -2 Z 

16 0 0 0 1 1 2 S1 

20 0 1 -1 0 3 1 A2 

10 1 0 0 0 1 1 A3 

20  - M 1- M - 1 0 0 - 1 Z 

28/ 3 0 -1 / 3 1 / 3 1 0 5 / 3 S1 

20 / 3 0 1 / 3 -1 / 3 0 1 1 / 3 X2 

10/3 1 -1 / 3 1 / 3 0 0 2/3 A3 

25 3/2 - M 1/2-M - 1/2 0 0 0 Z 

1 -5/2 1 / 2 -1 / 2 1 0 0 S1 

5 -1/2 1 / 2 -1 / 2 0 1 0 X2 

5 3/2 - 1 / 2 1 / 2 0 0 1 X1 

 
 

0,

10

203

162

..

32

21

21

21

21

21











xx

xx

xx

xx

ts

xxzMin

 

The Optimal solution is: 

X1 = 5   ,  X2= 5 

 The Optimal Value is:     Z = 25 

The Dual Prices Are: 

    0                     0.51.5 

The Ranges of  Ci  are: 

C1 ≤ 3 

                    2 ≤ C2 
 
 

 
    

 



 (9) مثال محلول
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 أولا :    أوجد الحل الأمثل لمسألة البرمجة الخطية

 The Dual Pricesثاٍَاً:   أوخذ الأسعار انثُىٌة نها      

 (Ciثانثاً:   أوخذ يدالات الأيثهٍة لأيثال جاتع انهذف  )يدالات  

 The Dual Problemرابعاا :   أوجد  المسألة الثنوية      

 The Opt. Sol. (Graphical)أوجد الحل الأمثل لها بيانياا    خامساا:    

 

 

0,,

12122

9211

..

16128

321

321

321

321
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RHS A2 A1 S2 S1 X3 X2 X1 Basic V. 

0 -M -M 0 0 -16 -12 -8 Z 

9 0 1 0 -1 2 1 -1 A1 

12 1 0 -1 0 1 2 2 A2 

72 -M 8-M 0 -8 0 -4 -16 Z 

9/2 0 1/2 0 -1/2 1 1/2 -1/2 X3 

15/2 1 -1/2 -1 1/2 0 3/2 5/2 A2 

92 8/3-M 20/3-M -8/3 -
20/3 

0 0 -
28/3 

Z 

2 -1/3 2/3 1/3 -2/3 1 0 -4/3 X3 

5 2/3 -1/3 -2/3 1/3 0 1 5/3 X2 

 

 
  

 
         

 

 
 

 
 

 
         

                              

 
 
 

The Optimal solution is: 

X1 = 0   ,     X2= 5,      X3 = 2 

 The Optimal Value is:     

              Z = 92 

The Dual Prices Are: 

 

The Ranges of  Ci  are: 

 

 
Graphical Solution 

 
The Dual Problem is: 

0,
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1221

821
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A(0,0)   B(8,0)   D(
  

 
 
 

 
      E(2,5)   

F(0,4) 
The Optimal Solution is:  

    x1=  
  

 
                   x2 

 

 
 

The Optimal Value is: 
                        Z = 92 

The Ranges of  Ci  are: 

 
 6                           



 (11) مثال محلول
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 أولا :    أوجد الحل الأمثل لمسألة البرمجة الخطية

 The Dual Pricesثاٍَاً:   أوخذ الأسعار انثُىٌة نها      

 (Ciثانثاً:   أوخذ يدالات الأيثهٍة لأيثال جاتع انهذف  )يدالات  

 The Dual Problemرابعاا :   أوجد  المسألة الثنوية      

 The Opt. Sol. (Graphical)أوجد الحل الأمثل لها بيانياا    خامساا:    

 

 

0,,

3311
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321
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RHS A2 S2 S1 X3 X2 X1 Basic V. 

0 M 0 0 12 -2 -9 Z 

5 0 0 1 -1 1 1 S1 

3 1 -1 0 3 1 -1 A2 

45 M 0 9 3 7 0 Z 

5 0 0 1 -1 1 1 X1 

 8 1 -1 1 2 2 0 A2 

33 M-3/2 3/2 15/2 0 4 0 Z 

9 1/2 -1/2 3/2 0 2 1 X1 

4 1/2 -1/2 1/2 1 1 0 X3 

 

             

                                    

 
 
 
 

The Optimal solution is: 

X1 = 9   ,  X2= 0, X3 = 4 

 The Optimal Value is:     

 Z = 33 

The Dual Prices Are: 

For the first constrain is:            7.5 

 For the second constrain is:       1.5 

The Ranges of  Ci  are: 

 

 

 

 
 

Graphical Solution 

                                 

                   

 
The Dual Problem is: 
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A(9,0)               B(12,0)                   D(
  

 
 
 

 
  

 
The Optimal Solution is:  

                   x1=  
  

 
                   x2 

 

 
 

The Optimal Value is: 
                        Z = 33 

The Ranges of  Ci  are: 

 
                     



 (11) مثال محلول
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 أولا :    أوجد الحل الأمثل لمسألة البرمجة الخطية

 The Dual Pricesثاٍَاً:   أوخذ الأسعار انثُىٌة نها      

 (Ciثانثاً:   أوخذ يدالات الأيثهٍة لأيثال جاتع انهذف  )يدالات  

 The Dual Problemرابعاا :   أوجد  المسألة الثنوية      

 The Opt. Sol. (Graphical)أوجد الحل الأمثل لها بيانياا    خامساا:    
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RHS A1 S2 S1 X3 X2 X1 Basic V. 

0 -M 0 0 -4 -3 -2 Z 

24 1 0 -1 1 2 -1 A1 

18 0 1 0 -2 2 1 S2 

96 4-M 0 -4 0 5 -6 Z 

24 1 0 -1 1 2 -1 X3 

66 2 1 -2 0 6 -1 S2 

41 7/3 - M -5/6 -7/3 0 0 -31/6 Z 

2 1/3 -1/3 -1/3 1 0 -2/3 X3 

11 1/3 1/6 -1/3 0 1 -1/6 X2 

 

 
  

 
         

                                

 
 
 

The Optimal solution is: 

X1 = 0   ,  X2= 11, X3 = 2 

 The Optimal Value is:     

 Z = 41 

The Dual Prices Are: 

For the first constrain is:            
 

 
 

For the second constrain is:       
 

 
 

The Ranges of  Ci  are: 

 

 

 
 

Graphical Solution 

 
The Dual Problem is: 
 

0,

421

322
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A(0,0)      B(1.5,0)      D(
 

 
 
 

 
          E(0,2)   

 
The Optimal Solution is:  

    x1=  
 

 
                   x2 

 

 
 

The Optimal Value is: 
                        Z = 41 

The Ranges of  Ci  are: 
 
 
                                        



 (12) مثال محلول
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 أولا :    أوجد الحل الأمثل لمسألة البرمجة الخطية

 The Dual Pricesثاٍَاً:   أوخذ الأسعار انثُىٌة نها      

 (Ciثانثاً:   أوخذ يدالات الأيثهٍة لأيثال جاتع انهذف  )يدالات  

 The Dual Problemرابعاا :   أوجد  المسألة الثنوية      

 The Opt. Sol. (Graphical)أوجد الحل الأمثل لها   خامساا:    
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RHS A2 A1 S3 S2 S1 X3 X2 X1 Basic V. 

0 -M -M 0 0 0 -1 -2 -3 Z 

3 0 1 0 0 -1 1 1 3 A1 

6 1 0 0 -1 0 1 3 -3 A2 

3 0 0 1 0 0 1 1 1 S3 

3 -M 1-M 0 0 -1 0 -1 0 Z 

3 0 1 0 0 -1 1 1 3 X3 

3 1 -1 0 -1 1 0 2 -6 A2 

0 0 -1 1 0 1 0 0 -2 S3 

9/2 1/2-M 1/2-M 0 -1/2 -1/2 0 0 -3 Z 

3/2 -1/2 3/2 0 1/2 -3/2 1 0 6 X3 

3/2 1/2 -1/2 0 -1/2 1/2 0 1 -3 X2 

0 0 -1 1 0 1 0 0 -2 S3 

 

          
                   

             

 
 

The Optimal solution is: 

X1 = 0   ,  X2= 1.5, X3 = 1.5 

 The Optimal Value is:     

 Z = 4.5 

 

The Dual Prices Are: 

-1/2           -1/2              0 

 

The Ranges of  Ci  are: 

 

 
RHS S3 S2 S1 X3 X2 X1 Basic V. 

0 0 0 0 3 -6 -3 Z 

3 0 0 1 -1 -3 3 S1 

2 0 1 0 -1 3 1 S2 

1 1 0 0 -1 1 1 S3 

4 0 2 0 1 0 -1 Z 

5 0 1 1 -2 0 4 S1 

2/3 0 1/3 0 -1/3 1 1/3 X2 

1/3 1 -1/3 0 -2/3 0 2/3 S3 

9/2 3/2 3/2 0 0 0 0 Z 

3 -6 3 1 2 0 0 S1 

1/2 -1/2 1/2 0     0 1 0 X2 

1/2 3/2 -1/2 0 -1 0 1 X1 

 

       

        

       

 
The Dual Problem is: 

0,,
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The Optimal solution is: 

X1 = 1/2 ,  X2= 1/2, X3 = 0 

The Optimal Value is: 

Z = 4.5 

 

The Dual Prices Are: 

0           3/2            3/2               

 

The Ranges of  Ci  are: 

 

 



 (15  -  14   -   13تمارين محلولة  )

 
 أولا :    أوجد الحل الأمثل لمسألة البرمجة الخطية

 The Dual Pricesثاٍَاً:   أوخذ الأسعار انثُىٌة نها      

 (Ciثانثاً:   أوخذ يدالات الأيثهٍة لأيثال جاتع انهذف  )يدالات  

 The Dual Problemرابعاا :   أوجد  المسألة الثنوية      

 Solve The Dual Problemالمسألة الثنوية        حلاا :   خامس
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RHS A2 S3 S2 S1 X3 X2 X1 Basic V. 

0 M 0 0 0 -1 -2 -1 Z 

25 0 0 0 1 -1 3 2 S1 

20 1 0 -1 0 3 -1 1 A2 

35 0 1 0 0 1 2 3 S3 

50/3  M 0 0 2/3 -5/3 0 1/3 Z 

25/3 0 0 0 1/3 -1/3 1 2/3 X2 

85/3 1 0 -1 1/3 8/3 0 5/3 A2 

55/3 0 1 0 -2/3 5/3 0 5/3 S3 

275/8 M +5/8 0 -5/8 7/8 0 0 11/8 Z 

95/8 1/8 0 -1/8 3/8 0 1 7/8 X2 

85/8 3/8 0 -3/8 1/8 1 0 5/8 X3 

5/8 -5/8 1 5/8 -7/8 0 0 5/8 S3 

35 M 1 0 0 0 0 2 Z 

12 0 1/5 0 1/5 0 1 1 X2 

11 0 3/5 0 -2/5 1 0 1 X3 

1 -1 8/5 1 -7/5 0 0 1 S2 

  

The Optimal solution is: 

X1 = 0  ,    X2= 12,      X3 = 11 

 

The Optimal Value is: 

Z = 35 

The Dual Prices Are: 

 

0           0            1 

 

The Ranges of  Ci  are: 

 
      , 

                          
 

The Dual Problem  is: 
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RHS A2 S3 S2 S1 X3 X2 X1 Basic V. 

0 M 0 0 0 -1 -2 -1 Z 

25 0 0 0 1 -1 3 2 S1 

20 1 0 -1 0 3 -1 1 A2 

35 0 1 0 0 1 2 3 S3 

35 M 1 0 0 0 0 2 Z 

27.5 0 1.5 0 -1 2.5 0 2.5 S1 

37.5 1 0.5 -1 0 3.5 0 2.5 A2 

17.5 0 0.5 0 0 0.5 1 1.5 X2 

35 M 1 0 0 0 0 2 Z 

5/7 -5/7 8/7 5/7 -1 0 0 5/7 S1 

75/7 2/7 1/7 -2/7 0 1 0 5/7 X3 

85/7 -1/7 8/7 1/7 0 0 1 8/7 X2 

 

 (1) حل بديل
 

The Optimal solution is: 

X1 = 0  ,    X2= 85/7,      X3 = 75/7 

 

The Optimal Value is: 

Z = 35 

The Dual Prices are: 

 

0           0            1 

 

The Ranges of  Ci  are: 

 
      , 

 

 
                       



 
RHS A2 S3 S2 S1 X3 X2 X1 Basic V. 

0 M 0 0 0 -1 -2 -1 Z 

25 0 0 0 1 -1 3 2 S1 

20 1 0 -1 0 3 -1 1 A2 

35 0 1 0 0 1 2 3 S3 

35 M 1 0 0 0 0 2 Z 

60 0 1 0 1 0 5 5 S1 

85 -1 3 1 0 0 7 8 A2 

35 0 1 0 0 1 2 3 X3 

35 M 1 0 0 0 0 2 Z 

60 0 1 0 1 0 5 5 S1 

85 -1 3 1 0 0 7 8 S2 

35 0 1 0 0 1 2 3 X3 

 
 

 (2) حل بديل
 

The Optimal solution is: 

X1 = 0  ,        X2= 0,        X3 = 35 

 

The Optimal Value is: 

Z = 35 

The Dual Prices Are: 

 

0           0            1 

 

The Ranges of  Ci  are: 

 
      , 

                  
 

 

The Dual Problem 

 

 

 

 

 

 

 

 

 

 

 

The Optimal Solution is:  X1 = 0        X2=0        X3=1              The Optimal Value is:       Z =35           

The Dual Prices  are:                  0                            0                            -35 

The Optimal Ranges are:         :                                                          
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RHS A3 A2 A1 S3 S2 S1 X3 X2 X1 Basic V. 

0 -M -M -M 0 0 0 -35 20 -25 Z 

1 0 0 1 0 0 -1 3 -1 2 A1 

2 0 1 0 0 -1 0 2 1 3 A2 

1 1 0 0 -1 0 0 1 -3 -1 A3 

35 - M+35 - M - M -35 0 0 0 -85 -55 Z 

2 3 0 -1 -3 0 1 0 -8 -5 A1 

4 2 -1 0 -2 1 0 0 -7 -5 A2 

1 1 0 0 -1 0 0 1 -3 -1 X3 

35 - M+35 - M - M -35 0 0 0 -85 -55 Z 

2 3 0 -1 -3 0 1 0 -8 -5 A1 

4 2 -1 0 -2 1 0 0 -7 -5 S2 

1 1 0 0 -1 0 0 1 -3 -1 X3 

35 - M+35 - M - M -35 0 0 0 -85 -55 Z 

2 3 0 -1 -3 0 1 0 -8 -5 S1 

4 2 -1 0 -2 1 0 0 -7 -5 S2 

1 1 0 0 -1 0 0 1 -3 -1 X3 



                                 
  

 
      

Q(16)  
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(i) Draw the feasible region. 

(ii) Find the optimal solution. 

(iii) Find the Dual Problem . 

(iv) Solve the Dual Problem. 

 

The Solution 
(i)  

 

ii ) The Optimal Solution is:       X1 = 5     ,      X2 = 1    
      The Optimal Value  is:                        Z = 22 
iii ) The Dual Problem is: 

iii)
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B.V. X1 X2 X3 S1 S2 A1 RHS 

Z -6 8 -4 0 0 -M 0 

A1 1 -4 1 -1 0 1 5 

S2 -1 1 1 0 1 0 3 

Z 0 -16 2 -6 0 6-M 30 

X1 1 -4 1 -1 0 1 5 

S2 0 -3 2 -1 1 1 8 

Z 0 -13 0 -5 -1 5-M 22 

X1 1 -5/2 0 -1/2 -1/2 1/2 1 

X3 0 -3/2 1 -1/2 1/2 1/2 4 

The Optimal Solution is:     X1 = 1   ,      X2 = 0   ,      X3 = 4            

The Optimal Value  is:                        Z = 22 

The Dual Prices are:       (    -5       ,        -1    )             

      The Optimal Ranges are: 

 

                                    

Q(17)     
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(i) Find the optimal solution. 

(ii) Find the Dual Problem . 

(iii) Solve the Dual Problem (Graphical). 

The Solution 
(i) 

 
The Optimal Solution is:   X1 = 0   ,      X2 = 3   ,     X3 = 2       

      The Optimal Value  is:                        Z = 34 

The Dual Prices are:       (    -2       ,        -6    )             

      The Optimal Ranges are: 

 X1 X2 X3 S1 S2 A1 A2 RHS 

Z -4 -6 -8 0 0 -M -M 0 

A1  0 1 -1 0 1 0 2 

A2 0 1 1 0 -1 0 1 5 

Z -4 0 -2 0 -6 -M 6-M 30 

A1 1 0 1 -1 0 1 0 2 

X2 0 1 1 0 -1 0 1 5 

Z -2 0 0 -2 -6 2-M 6-M 34 

X3 1 0 1 -1 0 1 0 2 

X2 -1 1 0 1 -1 -1 1 3 

(ii)  The Dual Problem is: 

0,
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6

4..

52

21

21

2

1

21











xx

xx

x

xts

xxzMax

 

 
The Optimal Solution is:       X1 = 2   ,      X2 = 6          

      The Optimal Value  is:                        Z = 34 
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 ملاحظات هامة

 ( 1)يلاحظة 

 :َكحةiCنلأيثال (The Optimal Ranges)انًدالات الأيثهٍة  نحعٍٍٍ   

ا :    ix:  إذا كان  أولا   متحولا أساسيا

 .  ixعلى سطر    Zنقسم سطر آ (  

ناتج سالب (  أكبرناقص      iC) قيمة    ب(   iC     قيمة (iC      أصغرناقص ) ناتج موجب 

 ج( إرا نى َدذ َاجدًا يىخثاً جكىٌ    

 iCَاجح سانة (  أكثرَاقص      iC) قًٍة   

 إرا نى َدذ َاجدًا سانثاً جكىٌ

 iCَاجح يىخة ( أصغرَاقص      iC) قًٍة   

 :فإٌ  يححىلاً غٍر أساسً   ix:  إرا كاٌ    ثاٍَاً 

               Maxفً حانة             iC(   Zعهى سطر      ix+   انعذد انىارد جحث     iC) قًٍة   (   1

     Min  فً حانة          iC(   Zعهى سطر      ix+   انعذد انىارد جحث     iC) قًٍة    (  2

 

 ( 2)يلاحظة 

 نًسأنة انثريدة انخطٍة :  (The Standard Form)نكحاتة انشكم انًعٍاري    (1

 iS"أصغر أو ٌساوي"   َضٍف يححىلاً     iآ(  فً حانة كىٌ انشرط   

 iAثى َضٍف يححىلاً        iS"أكثر أو ٌساوي"   َطرذ يححىلاً     iب( فً حانة كىٌ انشرط   

 iA" ٌساوي"   َضٍف يححىلاً       iج( فً حانة كىٌ انشرط   

 

 ( 3)يلاحظة 

 فً حم يسأنة انثريدة انخطٍة تطرٌقة انسًٍثهكس: (The Optimal Solution)َصم إنى انحم الأيثم    (1

 "سانثة أوصفر"  Zوكاَث كم الأعذاد عهى انسطر     iAإرا نى ٌكٍ هُاك يححىلاً رئسٍاً :   )Min)فً حانة آ( 

 وصفر"يىخثةأ"  Zوكاَث كم الأعذاد عهى انسطر     iAإرا نى ٌكٍ هُاك يححىلاً رئسٍاً : axM))فً حانة ب( 
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Operations Research Homework(1) 
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The Opt. Sol. (1, 1)  ,   Z=-3,  DP (-19, 7)      

C1 ≤   4/3,   -5 ≤ C2 

 
The Opt. Sol. (0, 0, 5)  ,   Z=0,    DP (0, 0)      
0 ≤   C1,        0 ≤ C2,      0 ≤ C1 ≤ 3/4   
 

 
 
The Opt. Sol. (0, 6, 0)  ,   Z= 12,    DP (-0.4, 0)      
0.4 ≤   C1,        C2 ≤ 7.5,      0.8 ≤ C3   
 

 
 
The Opt. Sol. (0, 1.5, 1.5)  ,   Z= 4.5,  DP (-0.5,-0.5, 0)      
0 ≤   C1,        1  ≤ C1 ≤  3  ,      2/3 ≤ C1 ≤ 3/2   
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The Opt. Sol. (1, 0, 3 ),     Z=18,     DP  (0.8,    1.4,    0) 
The Opt. Ran.   2.143 ≤ C1 ≤ 10,      C2 ≤ 5,        1.5 ≤ C3 ≤ 9

 
The Opt. Sol. (1.5, 1.5, 0, 0, 0 )     Z = 10.5     DP( 4/3 ,0.167) 
5/3 ≤ C1 ≤ 3  ,  4 ≤ C2 ≤ 6,   C3 ≤ 3.5,   C4 ≤ 5.167,   C5 ≤ 1.5      



 
The Opt. Sol. (0, 10, 0,0 )     Z = 70     DP( 0 , -7, 0) 

0 ≤ C1,  0 ≤ C2,   C3 ≤ -35,   C4 ≤ -42

 
The Opt. Sol. (3.2, 1.6 )     Z = 128     DP( 14 , 2) 

20/3 ≤ C1 ≤ 40,  15 ≤ C2 ≤ 90 
 

 
The Opt. Sol. (0, 100, 230 )     Z = 1350    DP( 1 , 2, 0) 

C1 ≤ 7,     0 ≤ C2 ≤ 10,     7/3 ≤  C3  
 

 
The Opt. Sol. (0, 2, 0 )         Z = 4        DP( 3 , -1, 0.5) 

C1 ≤ 6.5,     C2 ≤ 9,     1.6  ≤  C3  

 
The Opt. Sol. (4, 2, 0 )     Z = 4    DP( 3 , -1, 1/2) 

C1 ≤ 6.5,     C2 ≤ 9,     1.6 ≤  C3  

 
The Opt. Sol. (2, 0 )     Z = 10     DP( -5 , 0) 

0 ≤ C1 ≤ 6,     5 ≤ C2  

                     
The Opt. Sol. (3/4, 1/4 )     Z = 7/2     DP( -5/2 , -1/2) 

2 ≤  C1,      C2 ≤ 4 

 
The Opt. Sol. (2, 0 )     Z = 4     DP( 0 , -2) 

C1 ≤ 3,      2 ≤ C2  

 
The Opt. Sol. (14, 18, 0 )        Z = 28       DP( 0 , 2, 2) 
               0 ≤ C1,     -1 ≤ C2,     C3 ≤ 4

 
The Opt. Sol. (3, 1 )     Z = 0     DP( 2, -1 , 0) 

-3 ≤  C1 ≤ 3,      C2 ≤ -1 

 
No Feasible Solution 
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The Opt. Sol. (5, 0, 2 )     Z = 9    DP( 1/2, 3/2) 

0 ≤ C1,     C2 ≤ -1/2,     -1 ≤  C3 ≤ 7 
 

 
 The Opt. Sol. (14/3, 0, 11/3 )               Z = 25/3      
DP(2/ 3 , 1/3),   1/2 ≤ C1,     C2 ≤ 1,     -1 ≤  C3 ≤ 2 

 

 
The Opt. Sol. (1, 1 )     Z = 9     DP( 0, -1 , 0, -3) 

4 ≤  C1 ≤ 8,        2  ≤  C2 ≤ 3 
 
 

 
The Opt. Sol. (0, 110/3, 30/3 )     Z = 100/3 
    DP(1/ 3 , 4/3, 0) 
C1 ≤ 7/3,    -1.2 ≤ C2 ≤ 3,     11/4 ≤  C3 

 
 

 
The Opt. Sol. (0, 4/3, 0 )     Z = 70/3    DP( 0 , 7/3) 
C1 ≤ 7,          6 ≤ C2 ,      C3 ≤ 14/3 

 

 

 
 
The Opt. Sol. (80, 20 )         Z = 8400        DP( 0, 1 ,6 0) 

50 ≤  C1 ≤ 100,        80 ≤  C2 ≤ 160 
 
 

 
No Feasible Solution 

 

 
 
 

Unbounded 
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The Opt. Sol. (2, 0, 8 )     Z = 280    DP( 0 , 5, 5, 0) 

 56 ≤ C1 ≤ 80,          C2≤ 35 ,     15 ≤  C3 ≤ 22 
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The Opt. Sol. (2, 0 )         Z = -10       DP( -5  ,  0) 

C1 ≤ -2,        C2 ≤ 5 
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The Opt. Sol. (30, 0,  0 )      Z = 150       DP(5, 0) 

 1.5 ≤ C1,          C2≤ 25 ,     C3 ≤ 10 
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The Opt. Sol. (8, 0, 2 )     Z = 280    DP( 0 , 5, 5, 0) 

 15 ≤ C1 ≤ 22.5,          C2≤ 35 ,     56 ≤  C3 ≤ 80 
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The Opt. Sol. (2, 0, 8 )     Z = 280    DP( 0 , 5, 5, 0) 

 56 ≤ C1 ≤ 80,          C2≤ 35 ,     15 ≤  C3 ≤ 22.5 
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16134

40348

48168..
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The Opt. Sol. (2, 0, 8 )     Z = 280    DP( 0 , 5, 5) 
56 ≤ C1 ≤ 80,          C2≤ 35 ,     15 ≤  C3 ≤ 22.5 
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 الأستاذ الدكتور أنور توفيق اللحام 
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If the objective function is    Max  Then: 
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If the objective function is    Max  Then: 
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If the objective function is    Min  Then: 
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If the objective function is    Min  Then: 
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If the objective function is    Min  Then: 
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If the objective function is    Min  Then: 
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Review Problems  
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Solve the Following Transportation Problems 

 
The Total Cost is:  1026            The Total Revenue is:   1508 

 

The T. Cost is:  3475      The T. Rev. is:   3625                      The T. Cost is:  3675      The T. Rev. is:   3975

  

The T. Cost is:  130      The T. Rev. is:   210                     The T. Cost is:  160      The T. Rev. is:   250 

 
The T. Cost is:  1910     The T. Rev. is:   2170                      The T. Cost is:  1750      The T. Rev. is:   1980 

 
The T. Cost is:  274      The T. Rev. is:   469                      The T. Cost is:  98      The T. Rev. is:   220 
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Max 

6 0 0 30 

0 20 30 0 

40 0 0 0 

 
The Optimal revenue is  1508 

Min 

0 10 26 0 

46 0 4 0 

0 10 0 30 

 
The Optimal cost is  1026 

Supply 4 3 2 1  

36 9 10 6 8 Plant 1 

50 7 13 12 9 Plant 2 

40 5 16 9 14 Plant 3 

 30 30 20 46 Demand 

Customers 

Max 
10 10 10 0 

0 0 0 20 

 
The Optimal revenue is  2900 

Min 

10 0 0 20 

0 10 10 0 

 
The Optimal cost is  2330 

Customers 

Supply 4 3 2 1  

30 69 80 65 55 Plant 1 

20 45 24 15 10 Plant 2 

 20 10 10 10 Demand 

 

Max 
0 1500 2000 1500 

6000 0 0 0 

0 2500 0 0 

 
The Optimal revenue is  
80500 

Min 
3500 1500 0 0 

0 2500 2000 1500 

2500 0 0 0 

 
The Optimal cost is  39500 

  Customers  

Supply C4 C3 C2 C1 

5000 6 7 2 3 P1 

6000 3 2 5 7 P2 

2500 5 4 5 2 P3 

 1500 2000 4000 6000 Demand 
 

Max 

0 65 0 

0 0 100 

80 25 0 

 
The Optimal revenue is  7400 

Min 

0 65 0 

80 20 0 

0 5 100 

 
The Optimal cost is  6120 

 TV Pictures Tubes  

Supply C3 C2 C1 

65 32 16 10 Plant 1 

100 40 22 14 Plant 2 

105 34 24 22 Plant 3 

 100 90 80 Demand 
 

Max 

0 0 300 

200 300 0 

0 100 0 

 
The Optimal revenue is  
14000 

Min 

0 300 0 

100 100 300 

100 0 0 

 
The Optimal cost is  10400 

 Customers  

Supply C3 C2 C1 

300 24 16 20 Plant 1 

500 8 10 10 Plant 2 

100 10 18 12 Plant 3 

 300 400 200 Demand 
 

Max 

7 0 0 

0 4 1 

1 0 8 

 
The Optimal revenue is     
183 

Min 

0 4 3 

5 0 0 

3 0 6 

 
The Optimal cost is      93 

 Customers  
 Supply C3 C2 C1 

7 8 5 14 Plant 1 

5 6 12 2 Plant 2 

9 3 8 7 Plant 3 

 9 4 8 Demand 
 

Max 

15 47 0 

65 0 0 

0 23 36 

 
The Optimal revenue is  1818 

Min 

21 5 36 

0 65 0 

59 0 0 

 
The Optimal cost is  1543 

 Customers  

Supply C3 C2 C1 

62 10 13 15 Plant 1 

65 8 6 8 Plant 2 

59 9 6 7 Plant 3 

 36 70 80 Demand 
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Min 

10 5 0 

0 0 5 

 
The Optimal cost is  70 

 
Max 

5 5 5 

5 0 0 

 
The Optimal revenue is  110 

 

 
Min 

10 0 5 

0 10 5 

 
The Optimal cost is  115 

 
Max 

0 10 5 

10 0 5 

 
The Optimal revenue is  145 

 

 
Min 

30 15 0 

0 20 30 

 
The Optimal cost is  3675 

 
Max 

0 15 30 

30 20 0 

 
The Optimal revenue is  3975 

 

 
Min 

15 35 0 

0 0 15 

 
The Optimal cost is      3475 

 
Max 

0 35 15 

15 0 0 

 
The Optimal revenue is    3625 

 

 

 
Min 

50 0 10 

0 40 0 

0 30 10 

 
The Optimal cost is  1900 

 
Max 

0 60 0 

10 10 20 

40 0 0 

 
The Optimal revenue is  2170 

 

 

 
Min 

50 0 10 

0 30 0 

0 40 0 

 
The Optimal cost is  1750 

 
Max 

0 60 0 

10 10 10 

40 0 0 

 
The Optimal revenue is  2040 
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 :  u , vطرٌقة   

 :Minأولاً  : فً حانة انًطهىب جصغٍر قًٍة انحاتع انًسحهذف )انكهفة(  , أي فً انحانة  

 

 :Maxثاٍَاً  : فً حانة انًطهىب جعظٍى قًٍة انحاتع انًسحهذف )انعائذ(  , أي فً انحانة  
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 خوارزمية إيجاد الحل الأمثل  

 (Transportation Problems)لمسائل النق ل  

 

 

 

 

 

                          

 

 

                Min Max 

  

   

 

      yes                           No No yes 

 

 

GOOD LUCK 

Prof. Dr.  Anwar Al-Lahham 
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 الحل الأمثل

 eij = ui + vj  - cijاحسب          

 لكل المتحولت غير الأساسية  

 نوع المسألة

𝒆𝒊𝒋 ≥ لأجل جميع    هل    𝟎

 المتحولت غير الأساسية

𝒆𝒊𝒋 لأجل جميع    هل    𝟎 

 المتحولت غير الأساسية

 الحل الأمثل

 𝒆𝒊𝒋 الأصغر    ثم عد إلى الخطوة   الثالثة

 أدخل المتحول الأساسي ذا القيمة

 𝒆𝒊𝒋  الأكبر    ثم عد إلى الخطوة   الثالثة

 أدخل المتحول الأساسي ذا القيمة

 حل المعادلات السابقة



Operations Research   

 Homework  
       

            Q1 )     Consider the following linear program:                                                                     

0,,

10

16134

40348

48168..

203060

321

2

321

321

321

321













xxx

x

xxx

xxx

xxxts

xxxzMax

              

             a •   Find the optimal solution   ),,( 321 zandxxx .                            

             b •   Find the Dual Prices.                                         

             c •   Find the Optimal Ranges of  C.                                              

             d •  Find the Dual Problem.                       

i) Find  the optimal solution.                                                   

ii) Find  the Dual Prices.                                                            

iii) Find  the Optimal Ranges of  C.       

Q2 ) consider the following two transportation problems:    

 

1)              

CUSTOMERS 

 

 

P
L

A
N

T
S

 
 C1 C2 C3 C3 Supply 

P1 3 7 9 4 25 

P2 9 4 7 5 45 

P3 11 3 6 10 160 

 Demand 37 52 84 57  

 

2)              

CUSTOMERS 

 

 

P
L

A
N

T
S

 

 C1 C2 C3 C3 Supply 

P1 3 7 9 4 70 

P2 9 4 7 5 45 

P3 11 3 6 10 115 

 Demand 37 52 84 57  

i) Find the optimum solution ( The  Maximal Revenue   ) for each one. 

ii) Find the optimum solution ( The  Minimal Cost  ) for each one. 

GOOD LUCK     Prof. Dr. Anwar Al -Lahham 
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 خوارزمية إيجاد الحل الأمثل  

 هنغاريةطريقة الالباستخدام  

                                                 

     
 

                    

                  

 

 

    Yes          

    NO  

                   
-54- 



 

The Hungarian Method:         (MIN  Problem) 

 

 

 

Example(1):       (MIN  Problem) 

      

The Optimal Solution is:                A → 2          M → 1         K → 3  

The Total Cost is  :                           10 + 9 + 8 =27     

Example(1):       (MIN  Problem) 

                            

The Optimal Solution is:              A → 1          B → 3         C → 2          D → 4 

The Total Cost is  :                        1 + 7 + 5 + 5  = 18                                                                            

The Hungarian Method:         (MAX  Problem) 

Step (1):  Identify each Column's maximum  , and subtract all the entries of the column from it.                                

The problem becomes (MIN  Problem). Go on as steps  before .                   (1)  

-55- 



Assignment  Problems                                                                                                                                               

      

-56- 

The Assignment  Problem Max Min 

15 10 9 

9 15 10 

10 12 8 
 

1 → 1      15 
2 → 2      15 
3 → 3      8               
                38 

2 → 1       9 
1 → 2       11 
3 → 3       8                   
                 27   

10 6 12 8 

15 18 5 11 

17 10 13 16 

14 12 13 10 

 

4 → 1      14 
2 → 2      18 
1 → 3      12           
3→ 4       16                       
                 60 

1 → 1       10 
2 → 3        5 
3 → 2       11                
 4→ 4       10     
                 35                    

1 4 6 3 

9 7 10 9 

4 5 11 7 

8 7 8 5 

 

4 → 1      8 
1 → 2      4 
3 → 3      11            
2 → 4      9                         
                 32 

1 → 1       1 
2 → 3       11 
3 → 2       5                 
 4→ 4       5     
                 21                    

 
3 8 2 10 3 

8 7 2 9 7 

6 4 2 7 5 

8 4 2 3 5 

9 10 6 9 10 

 

4 → 1      8 
2 → 2      7 
3 → 3      2           
1 → 4      10                        
 5→5       10 
                37         

5 → 1       9 
3 → 2      4 
2 → 3      2                 
 4→ 4      3    
 1→ 5       3  
                21                             

3 9 2 3 7 

6 1 5 6 6 

9 4 7 10 3 

2 5 4 2 1 

9 6 2 4 5 

 
 

5 → 1      9 
1 → 2      9 
4 → 3      4            
3 → 4      10  
2 → 5      6 
               38 

4 → 1       2 
2 → 2       1 
5 → 3       2                 
 1→ 4       3   
3 → 5       3 
                 11                    

9 10 11 10 

11 7 17 11 

5 13 12 13 

 

1 → 2       11 
2 → 3       17 
3 → 4       13 
                 40 
 

3 → 1       5 
2 → 2       7 
1 → 4       10 
                 22 
 

14 8 14 15 13 

5 22 11 9 10 

11 15 15 10 11 

16 11 12 8 15 

12 7 14 12 12 

 

4 → 1      16 
2 → 2      22 
3 → 3      15          
1 → 4      15 
5 → 5      12 
                80 

2 → 1       5 
5 → 2       7 
1 → 3       14                
 4→ 4       8   
3 → 5       11 
                 45                   

5 4 7 9 7 

6 5 5 4 7 

5 7 9 8 8 

4 6 8 7 9 

7 9 8 9 8 

 

2 → 1      6 
5 → 2      9 
3 → 3      9          
1 → 4      9 
4 → 5      9 
                42 

4 → 1       4 
1 → 2       4 
5 → 3       8                
2 → 4       4   
3 → 5       8 
                 28                   

5 9 4 3 5 

7 8 7 8 9 

4 11 8 10 8 

10 9 4 12 5 

 

4 → 4      12 
1 → 2      9 
3 → 3      8            
2 → 5      9                         
                38 

3 → 1       4 
2 → 2       8 
4 → 3       4                 
 1→ 4       3     
                 19                    



Solve The Following Assignment Problems:  

Max 
1 →  2                16 
2 →  3                41 
3 →  1                22 
                           78   

Min 
1 →  2                16 
2 →  1                14 
3 →  3                34 
                           64   

Job  
Engineer 3 2 1 

32 16 10 Ahmad 

40 22 14 Walid 

34 24 22 John 
 

Max 
4 →  1                5 
2 →  2                8 
1 →  3                8 
3 →  4                9 
                          30  

Min 
3 →  1                3 
1 →  2                5 
4 →  3                6 
2 →  4                4 
                          18   

 Job  
Enginee

r 
4 3 2 1 

2 8 5 7 1 

4 9 8 7 2 

9 7 5 3 3 

7 6 5 5 4 
 

Max 
3 →  1                22 
4 →  2                18 
2 →  3                40 
                           80  
Ahmad  unassigned 

Min 
1 →  1                10 
3 →  3                34 
4 →  2                18 
                           62   
Walid  unassigned 

Job  
Engineer 3 2 1 

32 16 10 Ahmad 

40 22 14 Walid 

34 24 22 John 

36 18 14 Samer 
 

Max 
1 →  1                54 
2 →  2                57 
4 →  3                55 
3 →  4                56 
                          222   

Min 
3 →  1                51 
4 →  2                54 
1 →  3                51 
2 →  4                52 
                          207   

Time( Seconds )  
Swimme

r 
Butterfly Backstroke Breaststroke Freestyl

e 

53 51 54 54 1 

52 52 57 51 2 

56 54 53 50 3 

53 55 54 56 4 
 

Max 
3 →  1                26 
4 →  2                27 
1 →  3                31 
2 →  4                22 
                          105  

Min 
4 →  1                21 
2 →  2                20 
3 →  3                24 
1 →  4                18 
                           83 

 Job  
Enginee

r 
4 3 2 1 

18 30 18 22 1 

22 27 20 18 2 

28 24 22 26 3 

28 25 27 21 4 
 

Max 
1 →  1                14 
2 →  2                12 
4 →  3                  6 
3 →  4                   9 
                            41   

Min 
1 →  2                  2 
2 →  4                  5 
3 →  3                  3 
4 →  1                  5  
                            15  

 Job  
Enginee

r 
4 3 2 1 

7 8 5 14 1 

5 6 12 2 2 

9 3 8 7 3 

10 9 4 2 4 
 

Max 
1 →  3                62 
2 →  2                67 
4 →  1                67 
                          196  
Ahmad  unassigned 

Min 
1 →  1                65 
3 →  2                61 
4 →  3                60 
                          185   
2    unassigned 

Job  
Enginee

r 
3 2 1 

62 63 65 1 

65 67 68 2 

59 60 63 3 

60 62 67 4 
 

    GOOD LUCK   Prof. Dr.  Anwar Al-Lahham 
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GOOD LUCK      Prof. Dr.  Anwar Al-Lahham 
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GOOD LUCK             

Prof. Dr.  Anwar Al-Lahham 
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Review Problems 1 

Find  : (i)   The Optimal Solutions of the following  Linear Programing Problems 

            (ii)  The Dual Problems , and their Optimal Solutions. 

 GOOD LUCK 

Prof. Dr.  Anwar Al-Lahham 
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0,

2325

1332..

73

21

21

21

21









xx

xx

xxts

xxzMin

 

 
The optimal solution is 

                                     
The optimal Ranges are :  

                                            

                                                 

0,

535

323..

111

21

21

21

21









xx
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xxzMin

 

 
The optimal solution is  

The optimal Ranges are :  
                                       

                                                   

0,

1231

1523..

13

21

21

21

21









xx

xx

xxts

xxzMin

 

 
The optimal solution is  

The optimal Ranges are :  

                                             

0,

132

1153..

53

21

21

21

21









xx

xx

xxts

xxzMax

 

 
The optimal solution is 
                                             
The optimal Ranges are :  

                                                  

0,

132

1153..

53

21

21

21

21









xx

xx

xxts

xxzMax

 

 
The optimal solution is 
                                                       
The optimal Ranges are :  

                                             

                                           

0,

212

123..

914

21

21

21

21









xx

xx

xxts

xxzMax

 

 
The optimal solution is  

The optimal Ranges are :  

                       ≥                               

0,

7534

3552

203..

910

21

21

21

21

21
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xx

xxts

xxzMin

 

 
The optimal solution is 

                                              
The optimal Ranges are :  

0,

532

2035

323..

21

21

21

21

21

21
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The optimal solution is 

                                              
The optimal Ranges are :  

                                       ≥         

  

0,

123

123

8..

23

21

21

21

21

21











xx

xx
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xxts

xxzMin

 

 The optimal solution is 

                                             15 
The optimal Ranges are :  

                                   

                                        

                                          

0,

1037

1073

1..

35

21

21

21

21

21











xx

xx

xx

xxts

xxzMax

 

 
The optimal solution is  

The optimal Ranges are :  
                                                  

                                              

0,

7534

3552

203..

35

21

21

21

21

21











xx

xx

xx

xxts

xxzMax

 

 
The optimal solution is  

The optimal Ranges are :  

                                             

0,

3025

513

1512..

52

21

21

21

21

21











xx

xx

xx

xxts

xxzMin

 

 
The optimal solution is 
                                          
The optimal Ranges are :  
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                                         ≥                 

0,

723

252..

4527

21

21

21

21









xx

xx

xxts

xxzMax

 

The optimal solution is 

                                           3 
The optimal Ranges are :  

                                        

                                            

0,

132

1153..

53

21

21

21

21









xx

xx

xxts

xxzMax

 

The optimal solution is  

The optimal Ranges are :  
                                                 

                                                  

0,

132

323..

1215

21

21

21

21









xx

xx

xxts

xxzMax

 

The optimal solution is  

The optimal Ranges are :  

                                           

0,

1213

2831..

1818

21

21

21

21









xx

xx

xxts

xxzMax

 

The optimal solution is 

                                         
The optimal Ranges are :  

                                                

0,

2032

2023..

43

21

21

21

21









xx

xx

xxts

xxzMax

 

The optimal solution is 

                                                    
The optimal Ranges are :  

                                               

                                               

0,

2012

3021..

51

21

21

21

21









xx

xx

xxts

xxzMax

 

The optimal solution is  

The optimal Ranges are :  

0,

1,232

5

625

832..

53

21

221

21

21

21

21













xx

xxx

xx

xx

xxts

xxzMin

 

The optimal solution is : 

                                   
The optimal Ranges are :  

                                  ≥     

0,

3,632

15

2025

2432..

72

21

221

21

21

21

21













xx

xxx

xx

xx

xxts

xxzMin

 

The optimal solution is : 

                                    
The optimal Ranges are :  

                                  ≥     

0,

2,3

22

1

2254..

63

21

21

21

21

21

21













xx

xx

xx

xx

xxts

xxzMax

 

  The optimal solution is : 
                                                21 
The optimal Ranges are :  
                                    

                                        

0,

311

511

102..

21

21

21

21

21

21











xx

xx

xx

xxts

xxzMax

 

The optimal solution is  

The optimal Ranges are :                               

                                             

                                                  

                                           

0,

2021

3034

153..

14

21

21

21

21

21











xx

xx

xx

xxts

xxzMin

 

The optimal solution is  

The optimal Ranges are :  

                                             

0,

8004

100012

120032..

43

21

2

21

21

21











xx

x

xx

xxts

xxzMax

 

The optimal solution is 

                                                  
The optimal Ranges are :  



 

Review Problems 2 

Find  : (i)   The Optimal Solutions of the following  Linear Programing Problems.  
            (ii)  The Dual Prices   &   The Optimal  Ranges  of    Ci .                    (iii)  The Dual Problems , and their Optimal Solutions. 

                       
                    ≥    

                       9 

            ≥ 0 
 

The optimal solution is:  
                                

The Dual Prices are;  (  -3  ,   4 ,   -1 ) 
The optimal Ranges are : 

            
 

 
                                     

                     
                       

                        2 

                            ≥    
                             ≥ 0 

The optimal solution is  
                                

The Dual Prices are;  (  4  ,   1 ,    0  ) 
The optimal Ranges are : 

                   
  

 
             

                        

                       

                         ≥10 
                          

            ≥ 0 
The optimal solution is:  

                                
The Dual Prices are;  (  0 ,   -1  ,   1  ) 
The optimal Ranges are : 

                                     

                        

                     15 

                         ≥18 
                              

            ≥ 0 
The optimal solution is:  

                                 
The Dual Prices are;  (  1 ,   -1  ,   3  ) 
The optimal Ranges are : 

                                     

                        
                        

                      ≥18 

                                    

                             ≥    
            ≥ 0 

The optimal solution is:  
                                 

The Dual Prices are;  (    5  ,   0 ,   -8  ,   0  ) 
The optimal Ranges are : 

                                 

                        
                        

                       ≥12 

                             

            ≥ 0 
 
The optimal solution is:  

                                         
The Dual Prices are;  (  2 ,   -5  ,   2  ) 
The optimal Ranges are : 

                                       

                       

                       
                       10 

                                   ≥                
                               ≥ 0 

 
The optimal solution is:  

                                
The Dual Prices are;  (    2  ,   0 ,   -1    ) 
The optimal Ranges are : 

                               

                        

                        
                        36 

                         ≥    

            ≥ 0 
 
The optimal solution is:  

                                 
The Dual Prices are;  (  5/6 ,   5/6  ,   -1/6  ) 
The optimal Ranges are : 
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                          45 
                         ≥75 

            ≥ 0 
The optimal solution is:  

The Dual Prices are;  (  0.829 ,   1.486  ,   -0.686  ) 
The optimal Ranges are : 

                        

                        

                             

                                

                                    

                       ≥12 

            ≥ 0 
 
The optimal solution is:  

The Dual Prices are;  (  3.5 ,  0  ,  - 0.2 ) 
The optimal Ranges are : 

                        
                        

                                  

                                    

                          40 

                       ≥50 
            ≥ 0 

The optimal solution is:  

The Dual Prices are;  (  5.5 ,   0  ,   -2.5  ) 
The optimal Ranges are : 

                        
                        

                                  

                                        

                          40 

                       ≥50 
            ≥ 0 

The optimal solution is:  

The Dual Prices are;  (  2.6 ,   0  ,   -2.75  ) 
The optimal Ranges are : 

                        

                        

                                    

                                      

                          40 
                       ≥50 

            ≥ 0 
The optimal solution is:  

The Dual Prices are;  (  4.5 ,   0  ,   -2.5  ) 
The optimal Ranges are : 

                        

                        

                                  

                                 

                          40 
                       ≥50 

            ≥ 0 
The optimal solution is:  

The Dual Prices are;  (  3 ,   0  ,   0  ) 
The optimal Ranges are : 

                        
                        

                                  

                                                

                         ≥45 

                         5 
            ≥ 0 

The optimal solution is:  

The Dual Prices are;  (  0.6 ,   0  ,   0.8) 
The optimal Ranges are : 

                        
                        

                                  

                                       

                         ≥45 

                         5 
            ≥ 0 

The optimal solution is:  

The Dual Prices are;  (  0 ,   -8.5  ,   5.5  ) 
The optimal Ranges are : 

                        

                        

                                  

                                             

                         ≥45 
                         5 

            ≥ 0 
The optimal solution is:  

The Dual Prices are;  (  0.644 ,   -2.378  ,   1.956  ) 
The optimal Ranges are : 

                      

                                 

                                      

                                  

                  ≥            ≥     

                               ≥24 

                   ≥ 0 
The optimal solution is:  

The Dual Prices are;  (  0 ,   -3/4  ,   -1/8  ) 
The optimal Ranges are : 



 
                       

                        
                         

                       ≥50 

            ≥ 0 
The optimal solution is:  

                                   
The Dual Prices are;  (  2.4 ,   0.2  ,   0  ) 
The optimal Ranges are :  

                                        

                        

                        
                       ≥12 

                             

            ≥ 0 
 
The optimal solution is:  

                                
The Dual Prices are;  (  3 ,  0  ,  - 2.75  ) 
The optimal Ranges are : 

                                    
                        

                        

                          40 
                       ≥50 

            ≥ 0 
The optimal solution is:  

                                  
The Dual Prices are;  (  5.5 ,   0  ,   -2.5  ) 
The optimal Ranges are : 

                                    

                       

                        

                        
                       ≥30 

            ≥ 0 
The optimal solution is:  

                                
The Dual Prices are;  (  0 ,   3  ,   - 4  ) 
The optimal Ranges are : 

                                  
                        
                        

                          40 

                       ≥50 

            ≥ 0 
The optimal solution is:  

                                    
The Dual Prices are;  (  4.5 ,   0  ,   -2.5  ) 
The optimal Ranges are : 

                                      

                        
                        

                          40 

                       ≥50 

            ≥ 0 
The optimal solution is:  

                                  
The Dual Prices are;  (  3 ,   0  ,   0  ) 
The optimal Ranges are : 

                                 
                        

                        

                         ≥45 
                         5 

            ≥ 0 
The optimal solution is:  

                                  
The Dual Prices are;  (  0.6 ,   0  ,   0.8) 
The optimal Ranges are : 

                                                

                        

                        

                         ≥45 
                         5 

            ≥ 0 
The optimal solution is:  

                                  
The Dual Prices are;  (  0 ,   -8.5  ,   5.5  ) 
The optimal Ranges are : 

                                       
                        
                        

                         ≥45 

                         5 

            ≥ 0 
The optimal solution is:  

                                  
The Dual Prices are;  (  0.644 ,   -2.378  ,   1.956  ) 
The optimal Ranges are : 

                                             

                      
                                 

                               ≥24 

                                      

                   ≥ 0 
The optimal solution is:  

                                  
The Dual Prices are;  (  0 ,   -3/4  ,   -1/4  ) 
The optimal Ranges are : 

                  ≥            ≥     
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