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Consider a right triangle with an angle of   radians. Because the angles of a triangle add up to 

radians, the triangle’s other acute angle is
2

   radians, as shown in the figure. If we were working in 

degrees rather than radians, then we would be stating that a right triangle with an angle of o also has 

an angle of  90 .
o  

Focusing on the angle :  cos , sin
c a

b b
    

Now focusing instead on the angle 
2

   
 

 in the triangle above, 

cos , sin
2 2

a c

b b

           
   

 

Comparing the last two sets of displayed equations, we get the following identities: 
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cos sin , sin cos
2 2

             
   

 

Distance between two points 
More generally, to find the formula for the distance between two points    1 1 2 2, ,x y and x y , consider 

the right triangle in the figure below: 
 

(x , y )1 1 (x - x )2 1

(y -y )2 1

(x , y )2 1

(x , y )2 2

 
Starting with the points    1 1 2 2, ,x y and x y  in the figure, the horizontal side of the triangle has length 

 2 1x x  and the vertical side of the triangle has length  2 1 .y y  The Pythagorean Theorem then gives 

the length of the hypotenuse, leading to the following formula: 

The distance between the points    1 1 2 2, ,x y and x y is    2 2

2 1 2 1 .x x y y    

Using the formula above, we can now find the distance between two points without drawing a figure. 
 
Example Find the distance between the points    3,1 4, 99 .and    

solution The distance between these two points is 

         2 2 2 2
3 4 1 99 7 100 10049         



The cosine of a sum and difference 

Consider the figure below, which shows the unit circle along with the radius corresponding to A and 

the radius corresponding to .B  

 

We defined the cosine and sine so that the endpoint of the radius corresponding to A  has coordinates 

(cos , sin )A A  The endpoint of the radius corresponding to B  has coordinates equals 

    cos ,sin ,B B   which we know equals  cos , sin ,B B  as shown above.  

The large triangle in the figure above has two sides that are radii of the unit circle and thus have length 

1. The angle between these two sides is .A B  The length of the third side of this triangle has been 

labeled .c  We can compute 2c  in two different ways: first by using the formula for the distance between 

two points, and second by using the law of cosines. We will then set these two computed values of 2c

equal to each other, obtaining a formula for  cos .A B  

To carry out the plan discussed in the paragraph above, note that one end point of the line segment 

above with length c has coordinates (cos , sin )A A  and the other endpoint has coordinates 

 cos , sin .B B  The distance between two points is the square root of the sum of the squares of the 

differences of the coordinates. Thus 

2 2(cos cos ) (sin sin ) .c A B A B     

Squaring both sides of this equation, we have 
2 2 2 2 2 2 2(cos cos ) (sin sin ) cos cos 2 cos cos sin sin 2 sin sinc A B A B A B A B A B A B         

 2 2 2 2cos sin 1, cos sin 1A A B B     
2 2 2 cos cos 2 sin sinc A B A B       (1) 

To compute 2c  by another method, apply the law of cosines to the large triangle in the figure above, 
getting  2 2 21 1 2 1 1 cosc A B        

 2 2 2 cosc A B        (2) 

From equation (1) and (2)  
 2 2cos cos 2sin sin 2 2cosA B A B A B      

 cos cos cos sin sinA B A B A B     

This is the addition formula for cosine 

***Never, ever, make the mistake of thinking that  cos cos cos .A B A B    
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(cosB, -sinB)
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We can find a formula for the cosine of the difference of two angles. In the formula for  cos ,A B  

replace B  by  B  on both sides of the equation and using   cos cosB B   and   sin sinB B    to 

get  

 cos cos cos sin sinA B A B A B    

This is the subtraction formula for cosine. 

The sine of a sum and difference 

To find the formula for the sine of the sum of two angles, we will make use of the identities 

 sin cos sin cos
2 2

and
             
   

  (Trigonometric identities with 
2


) 

We begin by converting the sine into a cosine and then we use the identity just derived above: 

   sin cos cos cos
2 2 2

A B A B A B A B
                             

 

 sin cos cos sin sin
2 2

A B A B A B
            
   

 

The equation above and the identities above now imply the following result: 
 sin sin cos cos sinA B A B A B    

This is the addition formula for sine 

***Never, ever, make the mistake of thinking that  sin sin sin .A B A B    

We can find a formula for the sine of the difference of two angles. In the formula for 
 sin ,A B   replace  B   by  B   on  both  sides  of  the  equation  and  using   cos cosB B    and 

 sin sinB B    to get  

 sin sin cos cos sinA B A B A B    

This is the subtraction formula for sine. 
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