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Block 1
Block 2
Block 3

& LQ-

Differentiation

Differentiation is one of the most important processes in
engineering mathematics. It is the study of the way in which
functions change. The function may represent pressure, stress,
volume or some other physical variable. For example, pressure of
a vessel may depend upon temperature. As the temperature of the
vessel increases, then so does the pressure. Engineers often need
to know the rate at which such a variable changes.

Block 1 explains how to calcuiate the rate of change of a function,
y(x), across a range of values of the input variable, x. The rate of
change of y(x) at a single point is then developed. This requires
the introduction of the idea of taking limits which is also important
in Chapter 14 on the applications of integration. :

In practice, most people use a standard table to differentiate
functions and how this is done is explained in Block 2. The chapter
closes with a study of repeated differentiation.

Chapter 11 contents

Interpretation of a derivative

Using a table of derivatives

Higher derivatives

End of chapter exercises




BLOCK

1 Interpretation of a derivative

1.1 Introduction

Engineers are often interested in the rate at which some variable is changing. For
example, an engineer needs to know the rate at which the pressure in a vessel is
changing, the rate at which the voltage across a capacitor is changing and the
rate at which the temperature is changing in a chemical reaction. Rapid rates of
change of a variable may indicate that a system is not operating normally and
approaching critical values. Alarms may be triggered.

Rates of change may be positive. negative or zero. A positive rate of change
means that the variable is increasing: a negative rate of change means that the
variable is decreasing. A zero rate of change means that the variable is not changing.

Consider Figure 1.1 which illustrates a variable, y(x).

Ya

/

. 1 1 1 1 1
—!5—4—3—2—10 1 2 3 4 5

Figure 1.1 The function y(x) changes at different rates for different values of

= o
Between x = —5 and x = -3, 1 is increasing slowly. Across this interval the
rate of change of ) is small and positive. Between x=—3 and x=1, y is

increasing more rapidly; the rate of change of y is positive and fairly large.
Between x = 1 and x = 2, y is increasing very rapidly and so the rate of change
1s positive and large. From x =2 to x =3, y decreases rapidly; the rate of
change is large and negative. From x = 3 to x = 5, y is constant and so the rate
of change on this interval is zero. _

The technique for calculating rate of change is called differentiation. Often it
is not sufficient to describe a rate of change as, for example, ‘positive and large’
or ‘negative and quite small’. A precise value is needed. Use of differentiation
provides a precise value or expression for the rate of change of a function.

1.2 Average rate of change across an interval

We see from Figure 1.1 that a function can have different rates of change at
different points on its graph. We begin by defining and then calculating the
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618 Block 1 Interpretation of a derivative

average rate of change ol 4 function across an interval. Figure 1.2 shows a

function, p(x), and values X, X, y(x1) and y(x2).
Ya ¥x)

)'(-\'3) r

¥(xq) — ¥(xy)

X - =
'V( ‘) = .\':’_Xl

Figure 1.2 Average rate of change =
X — Xy

Consider x increasing from x; to x;. The change in x is x; — Xj. AS X
increases from x; to X, then y increases from ¥(x;) to y(xz). The change in y is
y(x;) — y(x;). Then the average rate of change of y across the interval is

change in y _ y(x) — ¥(xy)
change in x T XX
_3C
~ AC

From Figure 1.2 we see that BC —tanf which is also the gradient of the

straight line or chord AB. Hence we see that the average rate of change across an
interval is identical to the gradient of the chord across that interval.

change in y
change in x
= gradient of chord

KEY POINT
- average rate of change of y =

Example 1.1
Calculate the average rate of change of y = X~ across the interval

(@) x=1tox=4
(b) x=-2tox=0

Solution
() Changeinx =4—1=
When x=1, y=1
16 —1=15.50

19

— 1. When x = 4, = 4% = 16. Hence the change in y is




1.2 Average rate of change across an interval 619

This means that across the interval [1, 4], on average the ¥ value increases by 5 for
: every | unit increase. in . _
(b) Changein x=0— (=2) = 2. We have ¥(=2) =4 and p(0) = 0 s0 the chiange in y is
0—4=—4 Hence

average rate of change = —;i
—_

On average, across the interval x — —2 to x =0, y decreases by 2 units for every 1
unit increase in x.

@7 Example 1.2

The voltage, v(¢), across a capacitor varies with time, 7, according to
v(f) = 3 4 2e~

Find the average rate of change of voltage as time varies

(@ fromt=0tor=2

(b) fromr=1tor=3

Solution

(@ Changeinr=2-0=2
When/=0,v=3+2¢ = 5.

When =2, y= 7 3+2e72 = 32707
So :
average rate of change of v(r) = F J
3.2707 -5 — 0.8647
2
(b) Changeinr::l:j ) Gl
(1) = 3 + 2e! ,
= 3.7358

W(3) = L 7 | 3+ 2e-3 = 3.0996

average rate of change of v(r)across [1,3] = [ 7

3.0996 — 3.7358
2

So

= —0.3181

Across the interval from 7 = | to s = 3, the voltage is decreasing but at a slower rate
than across the interval from 7 = ol =2,
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620 Block 1 Interpretation of a derivative
Exercises
1 Calculate the average rate of change of 5 Calculate the average rate of change of
y=x+2xfromx=Ttox= 4. z(f) =4 +21* across (a) (=1 to 1=3,
b)r=-1tor=0.
9 Calculate the average rate of change of
h(r) =262 =2+ 1 from 1 = Otor=2. ~ 6 The temperature, T, of a vessel varies with
time, 1, according to
3 Calculate .the average rate of change of
~i(t) = 50sint from r=0to 7= 7. (1) = 320 +§£
; 2
4 Calculate the average rate of change of Culiiluic the aveiiss rareref diange:of T

r(x) =

1 fromr=2tor=4.

x+1

fromx=—-3tox=—2

Solutions to exercises

4 05
5 (2)8(b)-2
6 —6.094

1.3 Rate of change at a point

As mentioned earlier, we often need to know the rate of change of a function at

a point, and not simply an average rate of change across an interval.
Suppose we wish to find the rate of change of y

Refer again to Figure 1.2.
at the point A. The average rate of change across the interval from x = x; t0
x = x, Is given by the gradient of the chord AB. This provides an approximation

to the rate of change at A.
Suppose the chord AB is extended on both sides as shown in Figure 1.3. As

B is moved closer to A, the gradient of the chord provides a better approx-
imation to the rate of change at A.

Ya

Extended chord AB

Tangent at A

Fioure 1.3  The extended chord ultimately becomes the tangent at A.



1.0 ndie U Cnange at a point 621

Ultimately B is made coincident with A and then the chord AB becomes a
tangent to.the curve at A. The gradient of this tangent gives.the rate of change of
ratA;

!

KEY POINT ‘ rate of change at a point = gradient of tangent to the curve at that point

Calculating the rate of change of a function at a point by measuring the gradient

of a tangent is usually not an accurate method. Consequently we develop an

exact, algebraic way of finding rates of change. ' '
Consider the function y(x) as shown in Figure 1.4.

_V;r

] TR

1
X+ dx
“<“—Hyr—>

Figure 1.4 As B approaches A, éx — 0.

Let A be a point on the curve with coordinates (x, y(x)). B is a point on the

- curve near to A. The x coordinate of B is x -+ éx. The term dx is pronounced

‘delta x”. It represents a small change in the x direction. The ¥ coordinate of B is
(x + 6x). We calculate the gradient of the chord AB:

gradient of AB = change in p

change in x
_ Px+6x) - y(x)
X +dox —x
_ Y(x+6x) - y(x)
B ox

The change in y, that is Y(x 4+ 6x) — p(x). is also written as oy. So

gradient of AB = y(x+ 5‘-;’) — 1(x)
X

&
ox

The gradient of AB gives the average rate of change of y(x) across the small
interval from x to x + éx. To calculate the rate of change of y(x) at A we require
the gradient of the tangent at A.




§22 Block 1 Interpretation of a derivative

cach position of B we
closer to A, the chord AB approximates more closely to t

as B approaches A, the dist
at A we calculate the gra
smaller. We say dx tends to zer

5x — 0, and likewise the ¥ di
the gradient of AB, given by the ratio 3=

and let B move along the curve towards A. At
f the chord AB. As B gets
he tangent at A. Also,

ance 6x decreases. To find the gradient of the tangent
dient of the chord AB and let 5x get smaller and
o and write this as éx — 0.
- difference between A and B gets smaller, that is

As B approaches A, the x
fference, &y, also gets smaller, so 8y — 0. However,

v approaches a definite value, called a

sl

Consider A as a fixed point
can calculate the gradient 0

limit. So we seek the limit of —g{— as &x — 0. We write this as

Note that ‘limit’ has been shortened to ‘lim’.

In summary we have

KEY POINT

rate of change of y = gradient of tangent
i
T ax—0 x

Let us see this applied to an example.

Example 1.3
Find the rate of change of y(x) = x°. ’

Solution
Suppose A

on the curv

is the fixed point with coordinates (x,x?) as shown in Figure 1.5. Bis a point
e near to A with-coordinates (x + ox, (x + 5_\‘)2). We calculate the gradient of

the chord AB.

—_— X

] H
X x+ ox

-(——é_\‘——)'

Fioure 1.5 The gradient of the tangent at A is approximated by the gradient

of the chord AB.

A TR



change in v = dx
change in y = &y
C = (x+8x)Y - F
= x? 4 2x6x + (6x)* — x2

= 2x(8x) + (dx)’
gradient of chord AB = 5J
by
_ 2x(6x) + (6x)
B ax
=2x 4 6x

1.4 Terminology and notation 623

This is the average rate of change of y(x) across the small interval from x to x + éx. To
obtain the gradient of the tangent at A, we let dx — 0.

gradient of tangent at A = 6lim0(2x + dx)

= Ix

Hence the rate of change of x2 is 2x.
For example, if x = 3, then A is the point (3, 9) and the rate of change of y at this

point is 6. Similarly if x = —1, A is the point (—1.

Exercises

1

Find the rate of change of y(x) = x> + 1.
Calculate the rate of change of y when x 15

(a)6(b)3(c)-2(d)0

Solutions to exercises

]

2x,(a) 12(b) 6 (c) -4 (d) 0

38

1) and the rate of change of y is —2.

Find the rate of change of y(x) = x? + 2x.
Calculate the rate of change of y when x is
(a)6(b) =5(0) 0

2x+2,(a) 14 (b) -8 (c) 2

1.4 Terminology and notation

The process of finding the rate of change of a given function is called
differentiation. The function is said to be differentiated. If y is a function of
the independent variable x, we say that y is differentiated with respect to
(w.r.t.) x. The rate of change of a function is also known as the derivative of

the function.

There 1s a notation for wrting down the derivative of a function. If the

function 1s )(x), we denote the derivative of » by

dy
dx

pronounced “dee y by dee x". Hence

s

[ | il | e |

g

T

8 ¥ TR L | TR i 1 T e

Tl

W W

T
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624 Block 1 Interpretation of a derivative

e

e e A e e e e R e et e e e

lim —él- = 9—
Sx—0 (S_\j d_'\'

KEY POINT

ash. Similarly if
_‘When the independent
e dot notation. Thus, for
Sometimes, instead of
ow the derivative of

vative is simply »', pronounced- y d

Another notation for the deri

the function is z(f) we write
variable is #, the derivative may also be denoted using th
example, & may be written as Z, pronounced ‘z dot’.
writing y, a function is written in full; for example, to sh
sin 5x we write

d(sin 5x)

dx

the derivative as § or Z

Exercises

If x is a function of the independent
variable 7, write down two Ways in which
the derivative can be written.

2 If fis a function of x, write down two
ways in which the derivative can be

written.

1

Solutions }
£ 2 Yoy

] —orx
dx

dr

End of block exercises
1 Calculate the average rate of change of 4 Explain the meaning of the expression d~
X

y=x*—1{rom
(a) Calculate the rate of change of

(a)x:lt0:¥:3 .
(b) x=0tox=2 y(x)-—S—xl
= —2 1 — 2 = "
) o o (b) Calculate the rate of change of y when
2 The pressure, P atmospheres, in a vessel x =4
varies with temperature, T (Celsius), dR _
according 10 6 (a) Calculate = when R(x) = 2x*.
P(T ——*‘120-20&‘]720 .
) (b) Calculate %5 when x = 0.5.
x

Calculate the average rate of change of
pressure as T varies from 10°C to 100°C.

3 The current, i(f), in a circuit decays
with time, 1, according to the

exponentially
equation
i(1y=54+2"

Calculate the average rate of change of
current as 7 varies from 0 10 3.
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Solutions to exercises

I (@) 13(b) 4 (c) 4 . L 5 (a) -2x (b)8
2013 | 6 (a)4x (b)2

3 —-0.63
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2L

Using a table of derivatives

21 |Introduction

Block 1 gave a brief introduction to the meaning of a derivative. A derivative is
the rate of change of a function. Geometrically we saw that this is given by the
gradient of a tangent. If we consider a typical function, as illustrated in Figure
2.1 it is clear that the gradient of a tangent depends upon where the tangent is
drawn. For example, tangent A, drawn where x has a value x;, has a different
gradient to tangent B, drawn where x has a value x;. In other words, the
gradient of the tangent is itself a function of x. This was seen n Ex;mple 1.3 of

Block 1 where the gradient was found to be 2x.

YA

Tangent at A
Tangent at B

1
[
4
1
i
[
[
[
[

—»- X

'

:

1

1
X X3

_ Figure 2.1 The gradient of a tangent varies along the curve.

Rather than calculate the derivative of a function as explained in Block 1, it
is common practice to use a table of derivatives. This block shows how to use

such a table.

55 Table of derivatives

Table 2.1 lists some of the common functions used in engineering and their
corresponding derivatives

Example 2.1

Use Table 2.1 to find :—1 when y 1s given by
X

(a) 3x

(b)3 (0)3x (d) 4x7



2.2 Table of derivatives

Fabie 2.1 Canm'r()n Junctions and their derivatives.
Function Derivative
/ 'é_h constant 0
i ' X 1
kx k  k constant
f X" nx"! n constant
ﬂr foxt knx"™' k. n constants
? ol et
% ol ke* [k constant
I » Inx —1—
1 ™ Inkx —1-
ﬁ;\ sin x cosx x in radians
M“ sin kx kcoskx k constant, kx in radians
= . sin(kx +«) kcos(kx+a) k,« constants, kx + « in radians
cos x —sinx xin radians
coskx —ksmkx I constant, £x in radians
cos(kx + «) —ksin(kx+ o) k, o constants, kx + « in radians
tan x sec’x x in radians
tan kx ksec’kx k constant, kx in radians
tan(kx +a)  ksec(kx 4 ) k, xconstant, kx + o in radiang

Solution

(@) We note that 3x is of the form kx where k — 3. Using Table 2.1 we then have

dy

dy a

(b) Noting that 3 is a constant we see that . 0.

(©) We see that 332 is of the form kx", with k

X

then 6x', or more simply, 6x. So if » = 3x2%, then :ji—l = 6x.

(d) We see that 4x7 is of the form kx"

given by 28x5.

@Example 5

X

Find & when y is (a) /X (b) £ (©) —2-
dx x?2 x

1

=3 and n = 2. The derivative, knx"-!

627

— =3,

, 18

,Withk=4and n=7. Hence the derivative, %ﬁ, is
x



628 Block 2 Using a table of derivatives

Solulion

(a) We write VX as x*. and use the result for X" with nn = 1. So

4P _ -
dx
L
= %xf 1
=1 xI
This may be written as " . 3
J v 1
(b) We write X as 3x~2, Using the result of kx" we see that
L= . knx™"!
dx

3(~-2)x72! = —6x7?

(c) We write 2 as 2x~'. Then we see that

o 2(-Dx' = —2x72 ;
dx : ;
!

@7 Example 2.3 ;

Use Table 2.1 to find %‘;— given z is (a) ¢’ (D) e’ (c)e. .

Solution
&
Although Table 2.1 is written using x as the independent variable, it can be used for any
variable.
i X d_]"‘ X 2 ' dz I
(a) From Table 2.1, if y =¢7, then < = ¢*. Hence if z = ¢’ then % = &,
x -y
(b) From Table 2.1 we see that when ' = e3* then i
B e 3e*
dx
Hence -CE = 3e3r
dt
(c) Using the result for ¢** in Table 2.1 we see that when z = e~
_CE __:V _Se—ir
~ds - )

«. -~ Example 2.4

Find the denivative, %‘— when y is (a) sin3x  (b) cos% (c) tan2x.
X




2.3 Extending the table of derivatives 629

Solution
(a) Using the result for sinkx,.and taking:k = 3. we sce that

ﬂ = 3cos3x
¥

(b) From the result for cos kx, and taking k = 1 we see that

dy 1 .. %
—_ = ——sin—
dx 2 2

() From the result for tan kx, we see that

¥ | 2sec? 2x
dx
Exercises
1 Find the derivative of the following 3 Find the derivative of each of the following
functions: functions:
; _ 3 142 .
(@) 9x (b) 4x () 6x° (d) ~3x" (e} In 31 (a) sin S (b) cos 41 (0) tan 3r (d) € (&) =
e

2 Find Be when z is given by
ds 4  Find the derivative of the following:

4 - ) )
(a) B (b) V2 (¢) 57 (d) — 3177 (a) cosz?'x (b) sin(—2x) (c) tanzx (d) e*/*

Solutions to exercises .

1 (a)9 (b)4(c) 18x% (d) —6x (e) A 3 (a) 5cos 5x (b) —4sindz (c) 3sec? 3r

. ! (d) 26> (€) =3~ “
2 (a) =12 (b)) 3112 () =107 (d) - /2 5 . B
4 (a)- Esinj— (b) —2 cos(—2x) (c) = sec® mx

(d) 12

2.3 Extending the table of derivatives

We introduce two simple rules which enable us to extend the range of functions
which we can differentiate.

KEY POINT  The derivative of f{x) & g(x) is

) 47 | dg
dx dx

This rule says that to find the derivative of the sum (difference) of two functions,
we simply calculate the sum (difference) of the derivatives of each function.
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630 Block 2 Using @ table of derivafives

KEY POINT | The derivative of Af(x) is
81
dx

s us that if a function is multiplied by a constant, k, then the

This rule tell
he same constant, k.

derivative is likewise muliiplied by t

Example 2.5
Find the derivative of each of the follo

(@) y = 6sin2x (B)y= 6sin 2x + 3x°

wing functions:
(c) v = 6sin2x + 3x2 — 5¢¥*

Solution
(2) From Table 2.1, the d 2x 1S

6(2 cos 2x), that is 12cos 2X.

erivative of sin2x 1s 2¢os 2x. Hence the derivative of 6sin

y = 6sin 2Xx, LY = 6(2 cos 2x)
; dx

= 12cos2x

comprises two parts: 6sin 2x and 3x%. We have already differentiated
2 The derivative of x* is 2x and

rt (a), so we consider the derivative of 3x

(b) The function
6x. These derivatives are now summed.

6sin2x in pa
<o the derivative of 3x? is 3(2x), that is

y = 65in2x +3x%, % = 12c0s2x + 6x
- .

(c) We differentiate each part of the function in turn.
y = 6sin2x+ 3x2 — 5e7
Eil = 6(2co82x) + 3(2x) — 5(3¢™)

dx
- 12 cos Jxd 6x— 15

@97 Example 2.6

Find gl where y is defined by
g

.\'6 —y X 3
)= 37 (b) 4cos§ +9—9x

Solution
"o - & 5 . . :\-6 - 6I5 s
(a) The derivative of x® is 6x°. Hence the denvative of —2— is ~—2— = 3x°
The derivative of ™" is D —2e~



(b)

2.3 Extending the table of derivatives 631

-2x

Hence the derivative of 3e™V is

3(~2)e = —6e

L2 ! 37 s Gg~2*

The derivative of cos% 1S

o X
18 e
2

The derivative of 9 is zero. The derivative of 9x° is

2Ix*

So given
y= 4005%-1-9 -9}

then

L2 —2sinZ — 27x%
dx 2

Exercises

1

Find :_y when y is given by 3 Differentiate the following functions:
p :

- n2
(a) 4x8 + 8x3 (b) —=3x* + 2x!° @) A(1) =@ +e )1
: b) B(s) = ne® 4+ —+ 2si
(c)i+ﬁ—3_t(d)3+2'\ © (2+3x)2 (b) B(s) = ne +s+ sin 7ts
Xt ox 4 : 2
2
Find the derivative of each of the following (© V(r) = (] “*“;‘) +(r+1)

functions: ] 8 )
(a) z(r) = 5sin1 +sin 51 (d) M(6) = 6sin26 — ZCOSE + 26°

(b) h(v) = 3cos 2y — Lidii (e) H(1) =4tan3r+ 3sin2r — 2cos4s
2

(c) m(n) = 4e> —1—i gl
eln 2
e3r
(d) H(t) = E) + 2 tan 2¢

(e) S(r)=(r +1)" —4e~>
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632 Block 2 Using a table of derivatives

Solutions to exercises

1 (a) 24x° 42457 (b) —12x% +3x% 3
18 14 :
(© FF—?—B(d)%(c)llirl&\ (© —,—_25—%+2r+2

2 (a) Scos!+ 5c0s5t (b) —6sin2v — 3cosa§~

2 -2 3631 2
() 8e* —4e " +n(d) = + 4 sec” 2t

(e) 4r +4r+ 8e~%

24 Evaluating a derivative

Engineers may need to find the rate o
that is, find the derivative of a functio
the derivative of the function, and then eval
value of x. When evaluating, all angles are 1n ra

We use the notation %
=07

Example 2.7

Find the value of the derivative of y = 3x2 where x = 4. Interpret your result.

Solution
We have y = 3x” and so gl — 6x. We now evaluate the derivative.
% .

Wihiom see=ck; gl _ 6(4) = 24, that is
X

dy .

gy

d_\-( )

The derivative
x = 4, y is increasing at a rate of 24 vertical units per horizontal unit.

‘:/@/’ Example 2.8
Find the rate of change of current, i(z), given by
i()=3e"+2 t20
when 1 = 0.7 seconds.

Solution

The rate of change of a function is the same as the derivative of the function, that is 4

di

(d) 12cos28 +—;—sin%+ 460
() 12sec? 31+ 6cos 2t + 8sinds

is positive when x = 4 and so is increasing at this point. Thus when

(a) 6e' + 2e* (b) 2me™ — L’ + 2m cos(ms)
2

b R e

G AR

f change of a function at a particular point;
n at a specific point. We do this by finding
uating the derivative at the given
dians. Consider a function, y(x).

' (0.7) or 3'(0.7) to denote the derivative of y evaluated at

T S SR b SRR -

o

t

—3e™!



When 1 = (.7

2.4 Evaluating a derivative  §33

{ = 0.7, the current is decreasing at a rate of 1.49 As!,

Exercises

1 Calculate the derivative of p=3x2per 3

when x = 0.5,
2 Calculate.the rate.of -change of
i(t) = 4sin 21 + 3¢ when (a) ¢ =§
(b) 1 =0.6.
Solutions to exercises
I 4.6487 3
2 (a) —1 (b) 5.8989
End of block exercises
I Find % when y is given by . 4

(@) 7x° 4 6x2 4 gin 2y
(b) 3cosdx — 6sin S5x
(©) ™ +e v ey
P X 1
€] dtan T el
(d) SR

(e) 3ﬁ+2+2lsin6x+lnx
¥

[0%]

Find the rate of change of the following
functions:

(a) &' + e~ (b) 2sin 3¢ +1In2s(c) —3cos x
(d} Vr + 217 (&) 2605 + 13

3 Find % when x is given by
(@) 2:* —3r +1 +2In17 (b) sinnr ~ 2 cos 7y
() 3tan2s — ¢’ (d) e — e~ +1
(e) 132 _ ;213

Solutions to exercises
I (a) 3524 — 132 + 2cos 2y

(b) —12sin4x— 30 cos Sx
(€) 3e™ — 3e-3ry 9pr

Evaluate the rate of change of
H(1) = 5sint — 3 cos 21 when @r=0
(b) r=1.23.

(a) 5(b) 4.4305

Find the rate of change of each function
when 7 = 1.2:

- 64"
(@) 372 — 253 (b)—é—+3e"
© 6siné~+3coszi(d)2tant—-tan2!

{(e) %—Hﬂnf

Find the derivative of the following:
2
@ e+ o) o) 2F1
©) (2r+1)(2r - 1)
(d) sin?2x + cos?22x + 8in 2x + cos 2x

©) — () Sinx
[y COosx

(d) 2sec? X _ _]__,_.—3/2
2 2
OIS

s Eicosé.\‘—f-i
A X

B

TE

m
=
=
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Block 2 Using a table of derivatives

(a) ¢ — ¢ (b) 6cos 3+ ,II. (c) 3sinx

(d) %I.—I/Z + 4r (e) _e~08 32

(a) 82 =3+ -2{— (b) 7 cos il + 2msin !

(c) 6sect 2t —¢

(d) 2e¥ +2e7 ¥ +1(e) :;Lr‘fl - %,—1/3

(a) —1.44 (b) 242.12 () 1.6290 (d) 11.5538
(€) 0.5556

(a)3eM +¢ (b)2— Ii () 8t

(d) 2cos2x — 2sin2x (e) —€™* (f) sec? x



C35

3.1 Introduction
Block 2 showed how to calculate the derivative of 3 function using a table of
derivatives. By differentiating the function, ¥(x), we obtain the derivative, %.

The function, g::%, Is more correctly called the first derivative of y. By
differentiating the first derivative, we obtaip the second derivative; by
differentiating the second derivative we obtain the third derivative and so op. The
second and subsequent derivatives are known as higher derivatives.

Example 3.1

Calculate the first, second and third derivatives of y = e 4 x4,

Solution
The first derivative is —@
dx
By 2e*" 4 453
dx

To obtain the second derivative we differentiate the first derivative:
second derivative = 4e2¥ 4 122

The third derivative is found by differentiating the second derivative:

third derivative = 8e2v | 24x

3.2 Notation

Just as there is a notation for the first derivative so there is a similar notation for

higher derivatives.
Consider the function, y(x). We know that the first derivative is denoted by

-;3_1—_‘ or )*. The second derivative 1s calculated by differentiating the first derivative,

that is

second derivative — d_ (i],,)
dx \dx

2
So, the second derivative is denoted by Ed%- This is often written more concisely
x

as .




636 Block 3 Higher derivatives

The third derivative 13 denoted by F or y" and so on. SO, referring to
+

Example 3.1 we could have written

8y _ontegpdn
dx

dz)’ 4 2% 2
22— 4™ 4 12x
dx?

djy 2x
£ - ge™ +24x
dx3

KEY POINT Ify = }J(x)

first derivative = g¥
dx
o d?y
second derivative = ——
dx?
3
third derivative = —%
dx3

L I
re often indicated using a dot notation, so &= can

Derivatives with respect to 7 2
a second derivative with respect to 7 can be written as

be written as X. Similarly,
%, pronounced x double dot.

&2/ Example 3.2
&3

dy &y
Calculate —= and —= given y = sin? 4 cos 1.
dr? de B

Solution

dy
J —COSI—SlnI

d* )
——7 —sin ¢ — cos!{
d-
d* ;
——= —cos t+ st
drs

— —sint—CoSl.

We could have used the dot notation and written ¥ = €COS — sint, and y =

We use an obvious

ate higher derivatives at specific points.
x = 2, is written s

derivative of 1(x), evaluated at, say,
The third derivative evaluated at

We may need to evalu
notation. The second

d £5(2). or more simply as 3"(2).

written as %(_1) or J’"’(—l )_

x-_.—_——] 1s




: Example 3.3

Given
J(x) = 2sinx + 312
find (2) /(1) (b) y"(~1) (c) y(0)
Solution
We have
¥ =2sinx+ 3x2
Y =2cosx+ 6x

Y =-2cosx

(@ y'(1)=2cosl+ 6(1) = 7.0806.

) 1=

(€) y"(0) = ~2cos0 = —2.

End of block exercises 637

—2sinx4+ 6

—2sin(—1) + 6 = 7.6829

Exercises
42
1  Find E—'z where y(x) is defined by
X
(a) 3x? — e (b) sin 3x + cos x {e) /%
(de"+e (@) l+x+x+Inx
- 3 y
2  Find :_J3 where y is given in question 1.
R

Solutions to exercises

I (2) 6 — 4e* (b) =9 sin 3x — cos x
1

(©) —2x™2 (d) & 4 e (¢ 2 A
4 i
2 (a) —8e™ (b) —27cos 3x + sin + () $x—32

@ e ~e (o2
X

End of block exercises

I Calculate y" where ¥ is given by
(a) cos 21 — sin 27 (b) €2 — e* (c) 248 — 3,47

(d) —x* + 322 () 9 — 2_

X

Calculate y"(1) where »(1) is given by
@) ¢ +1) (b) sin(—2r) (c) 2e’ + e (d)—i—

7
e) cos —
()02

Calculate y”(—1) of the functions given in
question 3.

(a) 6 (b) 3.6372 (c) 34.9928 (d) 2
(€) —0.2194

(a) 6 (b) —3.3202 (c) 1.8184 (d) —6
(e) —0.0599

Find the fourth derivative of the following
functions:

(a) e¥ (b) e, k constant (c) sin 21

(d) sin k1, k constant (e) cos ki, k constant

——

i

wh rwm
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End of chapter exercises

Show that v = ¢¥ 4 2 satisfies the
equation

Wy —y=-2-2x-¢
Evaluate 1"(0) where y is given by
(a) sin31 4 1} (b) 2cos  + cos 2t
(© (e +1) (@) 3 = 3r* ()

e.\'

Solutions to exercises

v

(a) —4cos 21 + 4sin 2t (b) 4™ — e
(0) 60x* — 126x3 (d) —6x + 6 (€) —18x~7

(a) 81e¥ (b) ke (c) 16sin2¢ (d) k* sin k
(e) k* cos kt

End of chapter exercises

1

Calculate %Z- where y is given by
X

(a) 3x* — 2x + Inx (b) sinSx — Scosx
~2v

©) (x+1)* (d) e™ +2e7 > +1
(&) 5 +5.\'+£+ S5lhnx
X

Find the second derivatives of the
functions in question 1.

. Find 3'(1) of the functions in question 1.

Find y"(1) of the functions in question 1.

Find the rate of change of the following
functions:

r -7
(a) 57 () In vx (©) (t+2)(2r - 1)

(d) €% (1 — ) (&) VE(VE— 1)

Find the third and fourth derivatives of y
given the second derivative of ' is
I+ x 2
o (c) 3lnx~

2
=1 —
e R g . )
(d) sinx + sin(—2x) (e) e D
- cos.\

Differentiate  (sinx + cos .\')3. (Hint: use
the trigonometrical identities on p. 279.)

10

11

The function y(x) is defined by
) =2 =3+ 30+ 1

Calculate the values of x where y* = 0.

(a) =21 (b)0(c) —1(d)0(e) 0

, 1

t<]—

Verify that
y = Asinkx + Bcoskx A, B,k constants
is a solution of
_]'” 4 kzy — 0
The function y(x) is given by y(x)=

1 —cosx. Find the values of x where
(a)y =0, (b) y"=0.

The function p(x) is given by y(x)=
¥ — 3x. Calculate the intervals on which y
is (a) increasing, (b) decreasing.
The function y(x) is given by

p(x) =223 —9x2 + 1

(a) Calculate the values of x for which

v =0.
~ (b) Calculate the values of x for which
=1,
(c) State the interval(s) on which y 15
increasing.
(d) State the interval(s) on which y 18
decreasing.
(e) State the interval(s) on which 3 s
increasing.
(f) State the interval(s) on which VoIS
decreasing.

; 7%“%%%%‘*%%%'@ B ;

il

4
i
3

£,

ki

CCan bt SR B A A Vs v



Solutions io exercises

L. @ylad—24 l (b) ScosSx + §siga
X

(€) 2x + 2 (d) 3e™ — ge-2v (e)5— i,, + 3

g

2 (1) 362 — -]? (b) —25sin5x + 5¢os x (c) 2
X

(d) 9e* + 8e=2x (¢) '—? - —5—
= X-

3 (a) 11 (b) 5.6257 (c) 4 (d) 59.7153 €5
4 (a) 35.(b) 26.6746 () 2.(d) 181.8525 (€) 5

5 (@)3r—0.5(b) - () 4143
2x

. ’ 1
(d) 3e™ — e () | — m

11

End of chapter Exercises 639

(@) —6e7, 1873 (b) 23 _ -1,

634 x2 () 8, =6
x x?
(d) cosx -2 cos(—2x),
= SIn.x — 4 sin( —2x) () —sinx, — cog

2cos2x

@) tnn, n= 0,1,2,3,...
(b)%r:!:mr, n=0,1,2,3,...

(@) (=20, ~1) and (1, o0) (b) {(=1,1)

(a) 0.3 (b) 1.5 (c) (—oc,0) and (3,00)
(d) (0, 3) (e) (1.5,00) (f) (—oo0, 1.5}

-
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