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(2.2) The Limit Of A Function

limf(x)=Lis f(x) > L as x—a

xX—a

lim f(x) = Lifandonly if lim f(x) = lim f(x) =L
x—a x—at x—a~

Example (1)

a) gci_r)lgf(x) =4 and f(2) =4
b) xlilplf(x) =4 and f(—-1) =3

<) lin(} f(x) =2 and f(0) = undefind or not defind
x—



Example (2)

R

I"n 3 .
\
l\\\\\mi glx)
0.5+ e
T | =
0 1 v

linllg(x) =0.5and f(1) =2

Example (3)

gci_r)l(}f(x) =1

- Y

and f(0) = undefind or not defind



Example (4)

VAl

e |

7l

a) ki_r)ron f(x) =D.N.E and f(0) = undefind or not defind

b)lim f(x) = 0 and f(1) = 0

One side limits
Example (5)

CHUCE
N f(®) =0
R IO s

- lim f(t) = D.N.E

x—0

= Y



Example (6)

VA
4_._
3 ':/,,./-r-”'__'ﬂ
y=g(x)
1 S
1 / ’
O 1 2 3 4 5 2

a) )!Lrggr g(x)=2.5
lim g(x) =2.5
x—-0~
lim g(x) = 2.5 since: lim g(x) = lim g(x)
x-0 x—0Tt x—0~
g(0)=2.5
b) lim g(x) =1
lim g(x) =3
xX—-2"
limg(x) = D.N.E since: lim g(x) # lim g(x)
x—2 x—-2t x—2~
g(2) = undefind
¢) lim g(x) = 2
lim g(x) =2
x—5~
lim g(x) = 2 since: lim g(x) = lim g(x)
x—5 x—5t x—5~

gBb)=1



Example (7)

VA

. 1
W

0 2 A

=Y

a) lin(}g(x) =3 and g(0) =3
b) lir;l_ gx)=1

lim g(x) =4

x—3t

limg(x) = D.N.E since: lim g(x) # lim g(x)
x—3 x—-37t x—-3~

c) g3)=3



Example (8)

L
1, \
/ A
0 ) 4 ?

a)limg(x) = 4
x—4

b) lim g(x) =3

xX—27
Ji 9x) = 1
limg(x) = D.N.E since: lim g(x) # lim g(x)
x—2 x—-27t x—>2~
c) g(2)=3

g(4) isnotdefind



Example (9)

a) lim g(x) = -2
lim g(x) = -1
x—-0~
* Jip 900 # lim 9o
lin(} g(x) =D.N.E
xX—

b) lim g(x) =2
xX—-27
li 9(2) =0
limg(x) = D.N.E since: lim g(x) # lim g(x)
x—2 x—-2t x—2~
c) g2)=1

g(0) =-1



Infinite limits

lim f(x) = +oo ifand only if x = a is a vertical asymptote

x—a

lim f(x) = +oo ifand only if x = a is a vertical asymptote

x—at

lim f(x) = +oo ifand only if x = a is a vertical asymptote

x—-a~

Example (10)
-\’
A
0 X
lim f(x) = o
x-0
~ x = 0 is a vertical asymptote
Example (11)
ke ! -~ 4'7"
=%—_:;—~—-_;_~_\ I o 1 :i/,,..a—-—-—"t—__?

B =t Aw B mm——
lim f(x) = —o0

~ x = 0 is a vertical asymptote



Example (12)

Jim f() = e

lim f(x) = —x

x—-0~

lim f(x) = D.N.E since: lim f(x) # lim f(x)
x—0 x—0t x—0~

. x = 0 is a vertical asymptote
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Example (13)
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Y
Jim ) = o

lim f(x) = D.N.E since: lim f(x) # lim f(x)
x—3 x—-37% x—-3~
-~ x = 3 is a vertical asymptote

»



Example (14)

1 54
—h— ;
4 |
)
3
2
= 1
- ] -
4 3 2 4 0 1 2 3 4
l_
=1
1-
-2
-3
-4
-5
-6
-7
-8
-9 N
Y
lim f(x) = —
x—>1~
lim f(x) =D.N.E
x—1t

lim f(x) = D.N.E since: lim f(x) # lim f(x)
x—1 x—1t x—1~

~ x = 1 is a vertical asymptote



Example (15)

i =
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-1
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v
Jim, f(x) = —co

lin%_f(x) =D.N.E

x——

lim f(x) = D.N.E since: lim f(x) # lim f(x)
x—>—2 x—2t x—2~

- x = —2 is avertical asymptote



Example (16)
Find the vertical asymptotes of f(x) = tan(x)

VA

2

3

|
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NER

o
Ny T

lim tanx = +oc forall nisanodd number

()

linrlmtanx =D.N.Esince: lim tanx# lim tanx

+
xoty 1o (+1) x=(+7)
nn _ _
Lx == > are a vertical asymptotes for all n is an odd number

Example (17)

Find the vertical asymptotes of f(x) = In(x)

// -
/
/
x = 0 is avertical asymptote since: lim Inx = —co

x—0t



Example (18)
Find the vertical asymptotes of f(x) = x
4

f(x) has no vertical asymptotes

Example (19)
Find the vertical asymptotes of f(x) = x?
4

f(x) has no vertical asymptotes

Example (20)
Find the vertical asymptotes of f(x) = e*

[y

N A0 N D0

by

f(x) has no vertical asymptotes




Example (21)
Find the vertical asymptotes of f(x) = cosx

54 !
» , £
. i
3 & -
2
- >
-3m TT/2 =21 -3 - 2 0 m m /2 5m 3m
> g
-2
-3
24
-5 it ol 1 B
v THOS
f (x) has no vertical asymptotes
Example (22)
Find the vertical asymptotes of f(x) = sinx
54 :
» : F
s i
3 L
2
1
R |
S\-STI’/Z m -31/2 - -11/2 2 b1 31m/2 51/2 3

f (x) has no vertical asymptotes




Example (23)

f (x) has no vertical asymptotes

Example (24)
Find the vertical asymptotes of f(x) = {/x
Fy I
= P =
a , J
-
3
2
EEENE
//
!
| -4 -3 -2 -1 O 1 2 3 4 -E;.
-1
/
jEEE ERm—
-2
-3
—
5 =
v

f(x) has no vertical asymptotes



Note

1. Any polynomial function has no vertical
asymptote
2. Any exponintial function has no vertical
asymptote
. Any radical function has no vertical asymptote
4. Only sin x and cos x has no vertical asymptote

w

Summary of infinte limits

VA
= fx)
\ -
NG
X=a
lim f(x) =
-~ X = a is a vertical asymptote
VA
x=a
0 a ‘:
y=f(x)
lim f(x) = —

- X = a is a vertical asymptote



//\

>
0| a X
lim f(x) = oo
~ X = a is avertical asymptote
YA
>
X

LA

lim £6) =

- x = a is a vertical asymptote



Example(25)

a) lim f(x) = oo

x—5
~ x = 5 is avertical asymptote
b) lim f(x) = —c0

x—2
~ x = 2 is avertical asymptote
C) xl—}g;l+ f(x) =®

lim f(x) =—o

x—>—-3"

~ x = —3 is avertical asymptote

Example(26)

=Y




a) lim f(x) = o

x—0
~ x = 0 is a vertical asymptote
b) lim f(x) = o

x—->-3

~ x = —3 is avertical asymptote

b) lim f(x) = —

x—->-=7
~ x = —7 is avertical asymptote
) st =

lim f(x) = —

x—6~

. X = 6 is a vertical asymptote

Example(27)

Find the vertical asymptotes of the following functions

2x

@) f(0) = ——

Zeros of the denominator: x —3=0—=>x=3
Let g(x) = 2x

g(3)=23)=6%0

=~ x = 3 is vertical asymptote

X+ 3
x2 —4

b) f(x) =

Zeros of the denominator: x2 —-4=0=x = +2

Let g(x) = x+3

g2)=2+3=5+0
g(—2)=-24+3=1+0

~ x = —2 and x = 2 are vertical asymptote



+1
Y ——

2x2

Zeros of the denominator:3x —2x2=0=x(3-2x) =0
x=0 or 3—2x=0=>x=%

Let g(x) = x* +1
g0)=0+1=1%0

3 9 9+4 13
9(3)=5+1=—4 -

0

2

1=
4-+ 4 4

3
~x=0andx = 2 are vertical asymptote

x:2 —3x—-10

) f(x) = x2—6x+5

Zeros of the denominator: x> —6x+5 =0
(x—1)(x—-5=0=x=1o0orx=5

Let g(x) = x> —3x— 10
g1)=1-3-10=-12+0
x = 11is a vertical asymptote
g(5)=25-15-10=0

x = 51is not vertical asymptote

e) f(x) = cscx
_ 1
~ sinx

Zeros of the denominator:sinx=0—=x=nnVneZ

Let g(x) =1
gnm)=1+0

~ X = nm is a vertical asymptoe



) f(x) = secx

B 1
 cosx
Zeros of the denominator:cosx =0 = x = @T VvneZz
Let glx) = 1
2n+ Drm
e AR
2n+1)m ]
sx=———lsa vertical asymptote
g) f(x) = cotx
B 1
" tanx

Zeros of the denominator:tanx=0=x=nm VneZ

Let g(x) =1
gnm)=1+0
~ X = nm is a vertical asymptoe

h) f(x) = log, (1 — x?%)
1-x2=0=x=+1
~ x = 1 are a vertical asymptoe

i) f(x) =log,(x +2)

X+2=0=>x=-2

. X = —2 are a vertical asymptoe since: lin21+ log,(x +2) = —
x——
= = pE= =57
| -—
//

a

i
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SECOND EXAM-MATH 110
FROM SECTION 2.2 TO SECTION 3.1

1. If f(x) is a function whose graph is shown

VA

4 | /

: /

4

]
V4

~Y

/
/

then lim f(x) = ......
x-0

a)0 b)-1 ¢)-2 d) does not exist

2. If f(x) is a function whose graph is shown

0 2 4

then lim f(x) = ......
xX—2~

a)l Db)3 C) 2 d) does not exist



3. If f(x) is a function whose graph is shown

[ VA

.'»:V/ I

AVENEL \2/_5_

then xl_§£131.+ f(x) = —0

a) True b) False

4. If f(x) is a function whose graph is shown is discontinuous

B
3

a)x=—-3 b)x=-1 o¢)x=-2 dx=0

5. The vertical asymptote(s) of the function whose graph is

shown below is (are)......cccceeeeeennnn.
3‘
II : \ ) 2
4 ajy =
.._-—’// R \\--____ b) x=2
O O O O B A c)y=—1and y=1
I —— — dx=—-1and x=1
58




6. The horizontal asymptote(s) of the function whose graph is
shown below is (are)......cccceeeeeennnn.

R A a)y=1
™ 1/\ b)x=1
R > c¢)y=—-2and y=2
~— | ~_ dx=-2and x =2
/

7. If f(x) is a function whose graph is shown

then lim f(x) = 4
X—> 00

a) True b) False
. Vx—4
8.&1_1)1} Z—ax
1 1
a)l b) c c) -1 d) —z
~ (h+5)*-25
9.1lim =
h—-0 h

a)0 b) 1 c) 10 d 5



a) 3 b) —3 0> d) -3
1_1
11.1im 2% = .
x->5 5 —x
1 1 1
a) _E b) E C)— d) —E
u-—2
12.1im = -
u-2 \2uZ+1-3
3 3
b) 1 b) 0 C) P d) 5
13.t11)1111 In1-1¢) = ...
a) 1l b) 0 C) — d) In(2)
c e4
14.1im — = —
ot o 2
a) True b) False
15 1 x*—49
xlgl‘ |x - 7| oo
a) 14 b) —14 c) does not exist
16.1im ——*_—
'xl—lg (x—8)2 -
b) False

a) True

d) 0



10f(x) — 6

17.If &1_13 3%+ 4f () = 2 then 561_1)1‘} f(x) = ...
a) 15 b) 14 c) 30 d) 28
tan5x
- if x+0 .
18.1f f(x) = { sin3x then lln(} f(x) = ...
X—

2x+10 if x=0
a) 2 b) 10 ¢ d) 1

19.1f 2sinx < f(x) < secx then lim f(x) = ......

x-7

4

a) \/ii b) does not exist c) 2 d V2

i ] 1 15
20.1f gclllzlf(x) = 4 then &1_1)1% (Zf(x) - ;) ==
a) True b) False
2
cos(x“) —1
21. lim < ( 2) ) = rereme
x->Vm X
-2 2
a)0 b) 1 C) ™ d) -
. 6—x—14x>
22. lim ——mMmMmm = ......

xoo 2x2 —x—12

b) 1 )7 =7 d) 3



23.31)_)12 1 ax = reen

a) 2 o -2  d) w
242g¢?ﬁ§3= .......

a) o b) 2 c) —oo d 3
25.xl_i)1_noo(x2 —5x7) = e

a) oo b) -4 ¢ -  d) -5

26.The vertical asymptote(s) of the function

f(x) = —=_is (are)
3x2_5x_2 ..........

a)x=2andx=—§ b)xz—% C)x =2

1
d y=2 ey=-—3

27.The horizontal asymptote(s) of the function

2e*

f(x) = 3o 5 1S (are) ... ... ...

2 2 2
a)x—g andx——g b)x—g and x =0
C)y=§andy=0 d)yzgandyz—g

28. f(x) = tan(x) is discontinuous at......

7 7T 7T
a)x=T b)x=? C)x=7 d x=0



cx?>+2x if x>3
29.1f f(x) = is continuous on R

x—cx if x<3

a) z by oI d)1

30. f(x) = In(x) — V3 — x is continuous on................
a) (0, ) b) (0, 3] c) [0, 3] d) (—oo,3]
x—2
x3 + 9x

a)x =2 b) x=0 c)x=0andx = +3

is discontinuous at......

31. f(x) =

x2—-3x—-8 if x>3

32. f(x) = sin(x — 3) y s is continuous on R
x—3) if x

a) True b) False
33.If f(x) = |3x — 6] then f(x) is not differentiable at

a)x=2 b) x = -2 c) x=3 dx=6

1
34.If y =+ theny = —
Y Y = o

a) True b) False



35.The equation of the tangent line of the curve
f(x) =4x —3x%atx = 2is ...

a)y=12 —8x b)y=%x—%7

c) x =12 — 8y d)xzéx—%7
36.If g(x) =e*+x°theng'(1) = .......

a) 2 b) e c) 2e d) 1

15x°% — 12x* + 62

37.1f g(x) = 322 then g'"' (x) = .......
a) 5x* —4x* +2 b) 120x
c) 60x% —8 d) 20x3 — 8x

38.If h(x) = V1 + 2xthen h'(2) = .......

. J1+2x-+/5 A5 -V1+2x
a) lim b) lim
x—2 xX—2 x—2 x—2
1+ 2h-+5 . V4+2h-+5
O liny & iy =

39.1f f(x) = %x?’ — %xz + 10x then f(x) has horizontal

tangents when ... ... ... ...

a)x=5,-2 b)x=-5,2
c)x=5,2 d)x=-5,-2

40.If f is differentiable at a, then f is continuous at a
a) True b) False
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35.The equation of the tangent line of the curve
f(x) =4x —3x%atx = 2is ...
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c) x =12 — 8y d)xzéx—%7
36.If g(x) =e*+x°theng'(1) = .......

a) 2 b) e c) 2e d) 1

15x°% — 12x* + 62

37.1f g(x) = 322 then g'"' (x) = .......
a) 5x* —4x* +2 b) 120x
c) 60x% —8 d) 20x3 — 8x
If h(x) =V1+ 2xthen h'(2) = .......
- VJ1+2x-+5 . V5—V1+2x
a) lim b) lim
x—>2 xX—2 x—2 xX—2
 VJ1+2h-+5 V4 +2h-+5
O lim — D lim —,

39.1f f(x) = %x?’ — %xz + 10x then f(x) has horizontal
tangents when ... ... ... ...

a)x=5,-2 b)x=-5,2

c)x=5,2 d)x=-5,-2

40.If f is differentiable at a, then f is continuous at a
a) True b) False



Workshop Solutions to Sections 3.4 and 3.5(2-2 & 2-5)

. . 2
D) ,}l,r?+x_3— 2) xllgl—x—3_
Solution: Solution:
If x> 3%, then x>3 = x—-3>0 If x >3 ,then x<3 = x-3<0
. 2 . 2
' xllgl’fx—B_oo xllgl-x—B__oo
3 lim —— = 4) lim — =
) xlgl+x—3_ ) xlgl—x—3_
Solution: Solution:
If x> 3%, then x>3 = x—-3>0 If x >3, then x<3 = x-3<0
.2 . 2
) 9cllgl+x—3__oo ) xllgl-x—B_oo
5 1 = 6) li 2 _
) x—}£n3+x+3_ ) x—}g—x+3_
Solution: Solution:
If x> —3% thenx>-3 = x+3>0 If x> —37,then x<-3 = x+3<0
2 2
x—}I—n3+x+3 @ x—}£n3‘x+3
N 3x—1 8 1 3x—1
) xlgl+x—2_ ) xlgl—x_z_
Solution: Solution:
If x> 2%, then x>2 = x—2>0and3x—1>0 If x> 27, then x<2 = x—2<0and3x—-1>0
oo 3x—1 o 3x-—1
~ lim =00 ~ lim =— 0
x-2t x — 2 x-2" x — 2
9)  lim — 10)  lim ——% =
) x—}£n2+ (x +2)2 - ) x—}£n2_ (x + 2)? B
Solution: Solution:

If x > —2%, then x > =2
= 1-x>0and (x+2)>>0
I 1—x
’e —_— =0
x—}£n2+(x+2)2

If x> =27, then x < =2
= 1-x>0and (x+2)>>0
I 1—x
’e —_— =0
x—}£n2+(x+2)2

1) lim 2
) a2
Solution:

If x > —2%, then x > =2
= x—-1<0and (x+2)>>0
. l' x_l j—
e 22

1) lim S
) M eyt
Solution:

If x> =27, then x < =2
= x—-1<0and (x+2)>>0
I x—1
"ot 2)?

_6x—1
13) xllgqﬂ“ x2—4
Solution:

If x = 2%, then x? > 4
= x2—4>0and 6x—1>0
6x—1
im
x—2+ x2 — 4

=00

14 y 6x—1 B
) xlgl‘ x2—4
Solution:

If x > 27, then x%2 < 4

= x?—4<0and 6x—1>0
6x—1_

= — o

im —
x-2t x4 —4



SONY
Typewritten Text

SONY
Typewritten Text
(2.2 & 2.5)


15 I 6x—1 _
) x—}r—g+ x2—4
Solution:

If x > —2%, then x? < 4
= x2—4<0and 6x—1<0
6x—1

. 6x—1
16) xEEnz— x2—4
Solution:
If x > —27, then x% >4
= x2—4>0and 6x—1<0
6x—1

xigl’fxz—élzoo xighxz—‘l-__oo
17) lim 21 = 18) lim 2=
) X2 —x—6 )x—}I—n2+x2—x—6_
Solution: Solution:
6x—1 6x—1 6x—1 6x—1

f(x)_xz—x—6_(x—3)(x+2)
If x - —27, then x < -2
= x—3<0, x+2<0 and6x—1<0
6x —1

f(x)_xz—x—6_(x—3)(x+2)
If x > —2%, then x > -2
= x—3<0, x+2>0 and 6x—1<0
6x —1

9cl}£nz—xz—x—6:_oo xl}Eanrxz—x—6:Oo
19) i 1 20) i 1
) er?r,l+x2—x—6_ ) xlgl—xz—x—6_
Solution: Solution:
-1 -1 -1 -1

f(x):xz—x—6:(x—3)(x+2)
If x - 3%, then x >3
= x—3>0, x+2>0 and —1<0
] -1
xllgl+x2—x—6=_oo

f(x):xz—x—6:(x—3)(x+2)
If x> 37, then x <3
= x—3<0, x+2>0 and —-1<0

] -1
lim

_ =00
x-3"x2—x—6

21) lim  tanx =
x=("/,)
Solution:
lim ,tanx = —oo
x=("/3)
. 1-x .
23) The vertical asymptote of f(x) = i 1S
Solution:
We see that the function f(x) is not defined when
2x+1=0 = x=—%. Since
y 1—x
= 00
Mt 2x+ 1
x=(3)
and
I 1—x
im =—
1\"2 1
() 2

1. .
then, x = — is a vertical asymptote.

22) lim _tanx =
x=("/,)
lim _tanx =o0
x=("/3)
24) The vertical asymptote of f(x) = ;2__2 is

Solution:

We see that the function f(x) is not defined when

x?—4=0 = x=+2. Since
3—x

lim =00 lim = —o0
x->2+t x2 — 4 ’ x=2-x2 — 4
and
I 3—x y 3—x
1m = — 00 1m = 0
x--2+x%2 — 4 ’ x->-2"x2—4

then, x = +2 are vertical asymptotes.




3—x

25) The vertical asymptote of f(x) = o — is
Solution:

_ 3-x 3—x . —(x—3)
f(x)_x2 T (x—-3)(x+2)

—x—6 (x—3)(x+2)
1

x+2
We see that the function f(x) is not defined when

°—x—6=0 = (x—-3)(x+2)=0

= x=3 or x=-—2. Since
I 3—x _ i 3—x
xl—rgxz—x—6_xl—rg(x—3)(x+2)

—(x—3) -1 1

=lim——r————=lim——=—=

x—>3(x—3)(x+2) x=3x + 2 5
then, x = 3 is a removable discontinuity.

26) The vertical asymptote of f(x) = xz:jw is
Solution:
(W= e
I = e v G-3-2)

We see that the function f(x) is not defined when
x—3=0or x—2=0= x=3 or x=2.
Since

lim —
x—>3+x2 —5x+6

7—x I 7—x _
s x-3)(x-2)

7—x ) 7—x
e Ty ARG
and
7—x ) 7—x
xll>2+x2—5x+6 xllglJf (x—3)(x—-2) -

7—x ) 7—x

lim Rl oy

x-2-x2 —-5x+6

then, x =3 and x = 2 are vertical asymptotes.

lim 3—x I 3—x .
im ——= lim —mm— =
x>-2tx2 —x—6 x->-2+(x—3)(x+2)
and

lim 3—x y 3—x

im —=lim —————=—

x>-2"x%2—x—6 x->-2-(x—3)(x +2) +
then, x = —2 is a vertical asymptote only.
27) The vertical asymptote of f(x) = xzi;% is
Solution:
x—7 x—7

f(x):x2+5x+6:(x+3)(x+2)
We see that the function f(x) is not defined when

x+3=0or x4+2=0= x=-3 or x=-2.

Since

lim ——
xo— 3+x2 +5x+6

x—7 y x—=7 _
T G+ 2

I x—17 - x—17 _
- X2 1 5x + 6 xol3- x+3)(x+2)
and
lim x—=7 I x—7 _
sl P +5x+6 = o (x+3)(x+2)

I x—=7 ~ x—7 _
- X2 +5x+6 oo (x+3)(x+2)

x=7

28) The vertical asymptote of f(x) = p v is
(x) = x—=7  x=7
flx T x243x x(x+3)
We see that the function f(x) is not defined when
x=0or x+3=0= x=0 or x=-3. Since
I x—17 I x—=7
m ————= m —— =
x>-3*x%2 +3x x>-3*x(x +3)
y x—7 y x—=7
m ————= m —— = —
x>-3"x2 +3x x->-3"x(x+3)
and
x—=7 y x—=7
o0t X2 +3x s x(x+3)
x—7 I x—=7
m = m —,———m=
o0~ %2 + 3% xio-x(x +3)
then, x = —3 and x = 0 are vertical asymptotes.

then, x = —3 and x = —2 are vertical asymptotes.
29) The vertical asymptote of f(x) = x’::;x

Solution:

() = x—=7 _ x—=7

flx T x2-3x x(x—23)
We see that the function f(x) is not defined when
x=0or x—3=0= x=0 or x=3. Since
x—=7 I x—=7
T x(x—3)

I x—=7 I x—=7
o3t X2 — x_xlgl‘x(x—?))_
and
x—7 ) x—7
= —_ =00

+o0% x2 — 3x xl»%l+x(x—3)

x—7 . x—=7
lim ———= lim ———=—

x-0"x2 —3x x>0 x(x —3)

then, x =3 and x = 0 are vertical asymptotes.

. 2x2+1
30) The vertical asymptotes of f(x) = ——

are
Solution:
2x*+1  2x*+1
f(x) =
2-9 (x+3)(x—3)
We see that the functlon f(x) is not defined when
x>—9=0 = x=43. Since

2x2+1_1_ 2x*+1
¥o3t x2—9  xh3r (x+3)(x—3)
i 2x2+1_1_ 2x*+1
P x2—9  x(x+3)(x—3)
and
2x?+1 i 2x*+1
o3+t %29 e x+3)(x=3)
o 2x%+1 2x2+1
lim

= lim ———=
x>-3" x2 -9  x5-3"(x+3)(x — 3)
then, x = +3 are vertical asymptotes.
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31) The function f(x) =

+1 . .
9 is continuous at a = 2

xZ_
because
2)+1 3 3

1— 2:—:—:——

f2 (22-9 -5 5
) y x+1_1_ (2)+1_3_ 3
T A9 T (2)2-9 -5 5
3 I x+1_ 5
- xl—rgxz—9_f()
OR

We know that Dy = R\ {3}, so {2} € Dy .

Note: Any function is continuous on its domain.

32) The function f(x) = ;;_19 is discontinuous at

a = +3 because we know that Dy = R\ {£3},
so {£3} & Dy .

x+1

33) The function f(x) = .

29

+3 because {+3} ¢ Dy .

is discontinuous at

. x4l . . . sin3x
34) The fun"\ct|or'1 f.(x) = —— is continuous on its 35) The function f(x) = {—x , x#0 is continuous at
domain whichis Df = R\ {£3}. 3 ,x=0
a =0 because
1- f(0)=3
2- 1im 2 = 3 1im 2% = 3(1) = 3
x-0 X x—0 3x
3- lim f(x) = f(0)
x—0
sin3x 2x%-3x+1
36) The function f(x) ={ x o X*0 is discontinuous | 37) The function f(x) ={ 1 *FL g
5 , X = 0 7 , X = 1
at a = 0 because discontinuousat a =1 because
1- f(0) =5 1- f(1) =7
T sin3x _ . sin 3x _ _ . 2x2-3x+1 . (2x-1)(x-1) .
3- lim f(x) # £(0) 3- lim f(x) # f(1)
2x2-3x+1 . _xP-x—2 . . .
38) The function f(x) = {T x#+1 is 39) The function f(x) = 5 s discontinuous at
1 ,x=1 a =2 because {2} € Dy .
continuous at a = 1 because
1- f(H)=1
2_ —_ —
2o lim 23 iy EDED _ nox—1) =1
x-1 x—1 x—-1 x—1 x-1
3 lim £(x) = f(1)
X
. 2x+3, x>2 ; _ _X+3 . : ;
= ’ 41) The function f(x) = is continuous on its
40) The function f(x) {3x+ 1 x<2 ) f(x) Nz

continuous at a = 2 because
1- f2)=32)+1=7
2- lir§1+(2x +3)=2(2)+3=7
xX—

lim (Bx+1) =3 +1=7
. }Cl_r;r% fx)=7
3- lim f(x)=f(2)

domain where f(x) is defined, we mean that
x2-4>0 = x2>4 = Jx2>4
= |x|>2 & x>2 or x<-2
Hence,
D = (—,—-2) U (2,00).

42) The function f(x) = Vx? — 4 is continuous on its
domain where f(x) is defined, we mean that
x2—-4>0 = x2>4 = Jx2>+/4
= |x|=22 © x=22 or x<-2
Hence,
Dy = (=0, =2] U [2,0).

43) The function f(x) = V4 — x? is continuous on its
domain where f(x) is defined, we mean that
4—x2>20 = —x2>-4 = x?<4
=Vx2<Vi = [x|<2 & —2<x<2

44) The function f(x) = X3 _ s continuous on its

Va—xZ
domain where f(x) is defined, we mean that
4—x2>0 = —x?>-4 = x*<4
= Vx2<Vi = |x|<2 © -2<x<2
Hence,
Dy =(=22).

Hence,
45) The function f(x) = ;;_14 is continuous on its

domain where f(x) is defined, we mean that
X2 —4+0 = x2#4 = x++2
Hence,
Dy = R\ {2}




46) The function f(x) =log,(x + 2) is continuous on
its domain where f(x) is defined, we mean that
x+2>0 = x> -2
Hence,

47) The function f(x) = Vx — 1+ +v/x + 4 is continuous
on its domain where f(x) is defined, we mean that
x—120and x+42>20 = x=>21 N x=>-4
Hence,

48) The function f(x) = 5% is continuous
on its domain .

Hence,
Df = R = (—,).

49) The function f(x) = e* is continuous
on its domain .

Hence,
Df =R = (—,0).

50) The function f(x) = sin~1(3x — 5) is continuous
on its domain where f(x) is defined, we mean that

—1<3x-5<1 © 4<3x<6 o §stz.

Hence,
Dy =3.2].

51) The function f(x) = cos™(3x + 5) is continuous
on its domain where f(x) is defined, we mean that

~1<3x+5<1©-6<3r<-4 ©-2<r<-:.
Hence,

Dy =[-2-3|.

c+x, x>2

52) The number ¢ that makes f(x) = {Zx e x<?2

is continuous at x = 2 is
Solution:
lirr% f(x) exists if
X—
A S0 = I 69

Ji (e 40 = Jip 2x =)

53) The number ¢ that makes
_fex?—2x+1, x< -1
f(x)_{ 3x+2 , x>-1

xlirgl f(x) existsif
lim fG) = lim_f(x)

lim 3x+2)= lim (cx?—-2x+1)
x—-—1% x—>—1"

is continuous at —1 is

ct2=4-c 3D+ 2=c(-1)?*-2(-1)+1
c+tc=4-2 —1=c+3
2c=2 c=-1-3
Cc = 1 Cc = —4
2 <
54) The nslijnn:)tc)er ¢ that makes 55) The value ¢ that makes f(x) = {CJ; +2x, x <2
_[==+2x-1,x<0 . . 0 X*—cx, x>2
fx)=1 « 3 + 4 £ >0 Is continuous at 0 Is is continuous at 2 is

Solution:
}Cir% f(x) exists if

SO = S0
sincx

lim (3x + 4) = lim ( + 2x — 1)
x—0% x—0~
3(0) + 4 = c(1) +2(0) — 1

4=c—-1
c=4+1
c=5

Solution:
}Ci_r)r% f(x) exists if
Jim f(x) = lim f£(x)
lim (x3 —cx ) = lim (cx? + 2x)
x—-2% x—2~
(22 —=c(2) =c(2)?+2(2)
8—2c=4c+4
—2c—4c=4-8

—6c = —4
-4
c=—
-6

2

c==

3

c?x?*—1,x<3

56) The number ¢ that makes f(x) = { x+5 ,x>3

is continuous at 3 is
Solution:
lirr% f(x) exists if
xX—
lim f(x) = lim f(x)
x-3% x—-3~
lim (x +5) = lim (c?x? — 1)
x—3% x—3~
(3)+5=c?(3)*—-1

8=9c2-1
9¢?=8+1
c?=1
c=+1

x—2,x>5

57) The number ¢ that makes f(x) = {cx _3 x<5§

is continuous at 5 is
Solution:
lirré f(x) existsif
X—
'xlgg flx) = ,}ggl_ f(x)
xllggr(x —-2)= xllgl_(cx -3)
(5)—2=c(5)-3

3=5c-3
5c=3+3
5¢ =

6
C:




58) The number ¢ that makes f(x) = {Zxx-l_—gc' z Z :1
is continuous at —1 is
Solution:
lim1 f(x) exists if
x——
lim f(x)= lim f(x)
x—->-1* x——1"
lim (x+3)= lim (2x—c¢)
x—>—1% x——1"
(-D+3=2(-1)-c
2=-2-c
c=-2-2
c=-4




Workshop Solutions to Section 3.

3 (2.6 & page 192,193)

2x+3; x=-2 th
2x+5; x <=2 en
lim  f(x) =

x-(-2)"

1) If £G) ={

Solution:

x_)l%r_r;)_ fx) = x_)lgr%)_(Zx +5)=2(-2)+5=—-4+5

2x+3; x=>-2

2) If ) = {Zx +5 x< -2 then
edim, SO =
x_)l%t_nzﬁf(x) = x_}%EnZ)Jr(Zx +3)=2(-2)+3=—-4+3

=1 =_1
(2x+3; x=-2 _(x2—2x+3; x>3
3) If f(x)—{2x+5; <2 then 4) If f(x)_{x3—3x—12; <3 then
Jm, fG0) = lim £(x) =
Solution: Solution:
xli@z f(x) does not exist because ,}L‘g}_f(x) =,}L‘§-(x3 —3x—12) = (3)3—3(3) — 12
m _fG)= Hm fQ0 =27-9-12=6
lim f(x) = lim (x2 —2x+3)=(3)2-23)+3
x-3% x-3%
—9-6+3=6
lim f(x) = 6
xX—3
x% —7x; x<1 X% —7x ; x<1
5 If f(x) =4 5 ; 1<x<3 then 6) If f(x) =9 5; 1<x<3 then
3x+1 ; x> 3 3x+1 ; x> 3
i 69 = RS0 =
Solution: Solution:
i = ]i 2 _ = 2 _ = — = — i = |j =
lim f (x) —J}Lrgl_(x 7x) =(1)*-71)=1-7=-6 xlgggf (x) xlggg(5) 5
x% —7x; x<1 x% —7x; x<1
7)If f(x) =3 5 ; 1<x<3 then 8) If f(x) =3 5 ; 1<x<3 then
3x+1 ; x>3 3x+1 ; x> 3
69 = RS0 =
Solution: Solution:
xll)r?r’l_f(x) =xllg1_(5)=5 ,}l,r?+f(x) =xllg1+(3x+1)=3(3)+1=9+1=10
2 _ 2 —
( ) xx-;x46; x2_4_>0 ( ) xx-|2-x46; x2_4>0
9 If f(x) =145, " then 10) If f(x) =4 3, " then
x+x26; x2_4<0 x+x26’ x2_4<0
4—x 4-x
lim f(x) = lim f(x) =
X—>2+ X2~
Solution: Solution:
|(x2+x—6 |rxz‘|'x_6
4 x2_4 ;x2_4>0 4 x2_4 ;x2_4>0
f(x)=|x2+x—6. s aes f(x)zlm. e
U 4—x2 PETES 24— P X
x2+x—6. 2o4 x2+x—6. 254
_ x2—4'x> _ ] x2—4 %
- x2+x—6. 2 <4 - x2+x—6. 2 < 4
—(X2—4-)’ x _(x2_4_)' x
(x+3)(x—2) ((x+3)(x—2)
_ ) (x—2)(x+2) Il >4 ) =2 +2) Il >4
- (x+3)(x—2) N (x+3)(x—2)
—(x—-2)(x+2)’ lxl <4 —(x—2)(x+2)’ x| <4
x+3 x+3
x+2; x>2o0rx<-2 m; x>2o0rx<-—2
43 then = 43 then
-——; —2<x<2 -——; —2<x<2
e 3\ (2)+3 5 Xz +3 2)+3 5
X+ + X
. o _ _5 i i (_ )=_ _ 5
Jim 100 = i () = = Jm e =lim (~5) =~ 505 =3
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11) 12)
. |x—al . |x—al
lim = lim =
x=a~ X —a x-at X —a
Solution: Solution:

X —a ) >0 X —aQa ) 0
f(x)_lx—al_ x—a ¢ _{ 1, x>a f(x)—lx_al— x—a ~ *T%2 _{ 1, x>a
T x—a )—(x-a -1 S x—a |—(x—a =

X—a i_a);x_a<0 1, x<a X —a i_a);x_a<0 1; x<a
xX—a —(x—a xX—a xX—a
lim| |=lim¥=lim(—1)=—1 | |= ( )=lim(1)=1
x-a~ X —da x-»a~ X —a x-a~ x-at X —a x-»at x —a x—at
13) 14)
. |x—al . la—x|
lim = lim =
x-a X —a x-at X —a
Solution: Solution:
lim does not exist because la—x| \x—a ' *°F%
x—»a X —Qa f(x): _ = _(a_x)
lim x—al i X~ al x—a —; a—x<0
m_—= m, = x—a
x—-a~ X a x-a’T X a _(x _a) .
. . . _) x—a '’ a>x_{_1;x<a
Itis clearly obvious from questions (11) and (12) above. =) @-a 11 x>a
— s a<x
“lat x|
a—x
lim =1lim@) =1
x-at X —a x—at
15) 16)
. la—x] . la—x|
lim = lim =
x»a- X —a x-a X —a
Solution: Solution:
AX L _x>0 . la—x] .
la—x| |x—a '+ *¢°F% lim —a does not exist because
= = x—-a f—
f& =74 _(a_x)-a—x<0 Coa=x| . la-—x|
x—a ' lim # lim
—(x —a) x—=a” X —a x~at x —a
x—a =% > X -1, x<a . . .
= _ = . is clearly obvious from questions an above.
b A =S Itis clearly obvious f tions (14) and (15) ab
; <
|x_a | a X
a—x
lim = lim (-1) = -1
x->a- X —Qa x—-a~
17) 18)
|x + al |x + a|
im = im =
x(-a)” x+a x->(-a)t x +a
Solution: Solution:
X +a _ ta>0 x+a _ 0
f(x)—|x+a|— xta < 7¢ _{ 1, x>-a f(x)—|x+a|— x+a pxra> _{ L, x>-a
- T )—(x+a -1 x < —a - T )—(x+a -1 < -
xt+a %;x+a<0 xta %;x+a<0 x a
x+a xta
im | | = lim (-1)=-1 im | | = lim (1)=1
x>(-a)” x+a x-(-a)” -t x+a  x-(-a)t
19)
o |x+al
lim =
x--a X +a
Solution:
. |x+a .
lim does not exist because
x-—-a X +a
|x + al |x + a

im im
x=(-a)- x+a x-(-a)t x+a

It is clearly obvious from questions (17) and (18) above.




20) 21)
2x — |x| 2x — x|
lim ——— lim ——
x-0% x2 + |x| x-0~ x% + |x|
Solution: Solution:
(2x—(x) =0 (2x—(x) >0
Rl IS EZRIONY ¥ PNl I EE O *
X2+ |x] | 20— (=x) X2+ x| | 20— (=%) <0
\x2+( -x)’ kx2+( -x)’
(2x —x ( (2x—x (_*
) - . ;x>0
{x2+x ,x>0=4 z{x2+x ’x>0={x2+x ¥
2x+x 2x+x 3x
k ; x<0 > ; x<0 2 ; x<0
Xc—Xx Xc—X
; x>0 (L ; x>0
{x(x+1) ’ _{x(x+1) ’
B 3x ; <0
xx—1 -1
_Jx+1 7 x _Jx+1 7 X
—q1 X T—1 *
2x — |x| B lim 2x — | x| I 3 3 3
er(r)l+x2+|x|_xl>r(r)1+x+1_ fars x% + |x| Tabrx—1 0-1
22) 23)
2x — |x| cosx —sinx
—_— = im—————=
x>0 x2 + | x| x_,%cosz x —sin?x
Solution: Solution:
Zx_ . e
lim Z1lxl 2 Ixl does not exist because i S X T SIMX cosX — sinx
x>0 x% + | x| orcos2x —sin2x Xt (cos x — sinx)(cos x + sin x)
lim 2x — |x| 4 1 1
1 — —
x=0" x2 + |x| = x-0* x2 + |x| = lim — =
_Tcosx +sinx n (T
x-7 cos(4)+sm(4)
Itis clearly obvious from questions (20) and (21) above. 1 1 V2
Ti1. 172 2
V2 N2 N2
24) 25)
- cos?x+2cosx—3 lim(sin?x + 3tanx — 4) =
1im = x—0
. x-0 2c0s?x —cosx — 1 Solution:
Solution: lim(sin? x + 3tanx — 4) = sin?(0) + 3tan(0) — 4
coszx+2cosx—3_ ~ (cosx+3)(cosx—1) x=0 —043(0)—4= 4
#30 20082 x — cosx — 1 x50 (2cosx + 1)(cosx — 1) B B
cosx + 3 cos(0) + 3
~xS02cosx+1 2cos(0) +1
_1+3 4
2 +1 3
26) If m #= 0, then 27) If m # 0, then
sin (nx) tan (nx)
x>0 mx X0 mx
Solution: Solution:
sin(nx) n _ sin(nx) tan(nx) n _ tan(nx) n
m————=—lim————= m———=—Ilim———==—(1) =
x>0  mx mx-0 nx x>0  MX mx-0 nx m m

28) If m # 0, then
nx

lim ——— =
x-0 sin(mx)

Solution:
nx n_ mx

lim ———=—lim——
x-0sin(mx) mx-0sin(mx)

=2
m

29) If m # 0, then
nx

lim ———— =
x—0 tan(mx)

Solution:

nx n mx

=2yl
m

lim ———— =—Ilim ———
x>0tan(mx) mx-otan(mx) m




30) If m # 0, then

31) If m # 0, then

sin(nx) sin(nx)
—_—= im——=
x-0 sin(mx) x~0 tan(mx)
Solution: Solution:
. sin(nx) n /. sm(nx) . sin(nx) n /. sm(nx)
I ) = ) (i) i antny = ) U anGr)
x-0sin(mx) m 30 20 sm(mx) x-0tan(mx) m 50 30 tan(mx)
n n
=—1QA) =— =—1A) =—
= (1)( - - = (1)( ) -
32) If m # 0, then 33) If m# 0, then
tan(nx) tan(nx)
im——— = im——= =
x-0 tan(mx) x-0 sin(mx)
Solution: Solution:
tan(nx) n /.. tan(nx) ~ tan(nx) n /. tan(nx)
Biantn w0 e ) ) I i) = U ) (i)
x-0tan(mx) m x50 b tan(mx) x-0sin(mx) m b 50 sm(mx)
n n
=— 1) =— =—MA)=—
= (1)( )- - = (1)( > -
34) 35)
~ sin(1 — cos x) sin(sin(2x))
lim————= —_— =
x>0 1—cosx x=0 sin(2x)
Solution: Solution:
- sin(1 — cos x) _ sin(sin(2x)) B
x-0 1—-cosx x>0  sin(2x)
36) 37)
1 — cos(2x
lim - <520 _ NENE
x—0 x? lim [——-—-+4=
Solution: xXoo Xt X
 1-—cos(2x) . 2sin’x ~ /sinx\? Solution:
lim ————— =1lim = 2lim (—)
x—0 xZ x-0 xZ x-0 X 1 3 1 3
_ sinxy? ) lim —2——+4 lim(—z——+4)= 0-0+4
=2 (llm —) =2(1)“ =2 x—0 [X x>0 \x2  x
x-0 X
=2
38) 39)
y 1 I 3x + 15
im\ = *2)= . o0 9x? + dx — 13
Solution: Solution: Is
1 24 4 2D
lim <—+2>=0+2=2 N B IS
o= \x /s Ao tax— 13 4e0x? _d4x I3
5x2 x?  x?
1
— X + x2 _ 0+0
Tahwg 4 13 94040
p)
X x
40) 41)
i 3x? —8x+15 _ i 3x* —8x+15
o0 9xZ + 4x — 13 o 9x% + 4x — 13
Solution: Solution:
3x2 8x 15 3x2 8x _ 15
i 3x%2 —8x + 15 i 2 2t i 3x% —8x + 15 i —Z ezt 2
105 0x? +4x — 13 <00 9x?  4x 13 0 T dx — 13 % 0x?  4x 13
2 T 52T 57 7+ 2 2
fS o 8 15—x -
i 3_x+x2 3-0+0 . B3ty % -3+40-0 1
Txheg 4 13794040 3 Taete g 4 1837-9-0+0 3
p) p)
X x X x




42) 43)
. 3x° —8x+15 . 3x> —8x +15
$ob Ox? + dx — 13 ko OxZ + 4x — 13
Solution: Solution:
3x° 15 3x> 8x _ 15
3x> —8x+15 7—x2+xz 3x5—8x+15 | 2T ezt T2
lim ———— = lim lim ————— = lim
x509x2 +4x —13 x> 9x2  4x 13 x5-09x2 + 4x — 13 x--o0 9x2 4x 13
X2 T x2 T x? —x2 T —x2 —x2
8 15 8
L3 =3+ T 3(0)—0+40 L T3+ -27 —3(—0)+0-0
= lim A = = lim X~ — = —
x—00 9+£_§ 9+0+0 x>-0 g £+§ —-9-0+0
x  x2 X  x2
44) 45)
lim (\/x2—3x+7—x)= lim (\/x2+x—x)=
X—00 X—00
Solution: Solution:
lim (\/x2—3x+7—x) lim (\/x2+x—x)
X— 00 X—00
(Vx2=3x +7 +x) VxZ+x+x
= lim [(vx2—-3x+7 —x ] =lim[\/x2+x—x x—]
x—00 [( ) (\/x2 —3x+7 +x) x—00 ( ) VxZ+x+x
. <(x2_3x+7)—x > i ( —3x+7 )  lim ((x2+x)—x2>
= lim = A S
x>0\ Vx2 =3x+7+x X200 \Wx2 —3x +7 +x e sz‘;x*‘x
—3x 7 .
or 4 L = lim ( )
= lim X X =0 \\x2 + x + x
xooyx2 —3x+7  x X 1
x tx = lim X = lim
_3+Z X—00 ,/xZ +x+£ X—00 x2 x 1
o z IR x_2+x_2-:
xoo x2 3y 7
24 L L = lim
2 ezt tl X200 \/F+1 1+1
3+7 1+ +1
= lim = 376
X—00
_24 2
1 <t p; +1
_ -3+0 -3 3
Ji-0+0+1 1+1 2
46) 47)
lim (x? —5x + 4) = lim (x* —2x3 +9) =
X—00 X——00
Solution: Solution:
x> 5x 4 x* 2x3 9
lim (x? — 5x + 4) = lim x? -t lim (x*—2x3+9) = llmx ———t=

lim (x? = 5x + 4) = lim (x?) = oo

X—00

OR

= lim x

X—>—00

4(1_5-'_:_4):(_00)4(1_04'0):00

lim (X _Zx +9)_ llm (x4)—oo

X—>—0




48) 49)
3x2—8+2_ I 3x2—8+2_
x—>—00 x+5 a xl—IBo x+5
Solution: Solution:
3x2 -8 2 3x2—-8 2
3x2—-8+2 ) — = 3x2 —8+2 Y +=
= lim lim = lim
X——00 x+5 X——00 X4 i xX—00 x+5 xX—00 E + E
—-x  —X X X
3x2-8 2 3x2 8 2 3x2 -8 2 3x2 8 2
X2 x K2 XX X2 x xF X2t x
= lim z = lim z = lim = = lim =
X—>—00 X—>—00 X—00 X—00
-1-= -1- X 1+ X 1+ X
8 2 8 2
N3 T Tx V3-0-0 N3 TaETx V3=040
= lim —V/3 = lim = V3
X—>—00 _1_5 —-1-0 x>0 1+§ 1+0
X X
50) The horizontal asymptotes of 51) The horizontal asymptote of
3x2 —8+2 _1-x
f)=—"-— f& =53
Solution: Solution:
First, we have to find First, we have to find
3x2 —8+2 lim 21_x1
x—too x+5 xorelx t+
1 x 1
Itis clear from the previous questions (48) and (49) that o 1—x X Tx v 1 0-1 1
lim = lim X X =]1m—x - = _
. V3x?2—-8+2 Ne xo02x+1 w02 |1 xow, 1240 2
L x X x
e 3x2 —8+2 1 L_X L1 0+1
i R “X _ m SECX oy =X
Jm s = BNy R L i"xllr—noo_z_l —2-0
—-X  —Xx X
Thus, the horizontal asymptotes are - _ -
2
y= 3 Thus, the horizontal asymptote |s1
y= 5
52) The horizontal asymptote of
7x% +5
f® =377
Solution:
First, we have to find
. 7x?+5
X0 3x2 + 2
7x% 5 5
7x*+5 Szt Ttz 740
im = lim 2 = lim - = —
x>0 3x2 +2  x>03x 2 x—>003+l 340
7 7 x
21 s 7x? 5
. x°+ —x2 T 42
2 a3 2
—x2 " =2
71— -7-0 7
= i X~ - =
X2
Thus, the horizontal asymptote is

7
Y =3




53) The horizontal asymptote of

54) The horizontal asymptote of

(o A3 o= Y2x 3
= X)) = —
I 2x +7 2x2 +7x — 1
Solution: Solution:
First, we have to find First, we have to find
o Vx?+4+2x-3 I V2x — 3
oo 2x+7 xotoo 22 + Tx — 1
VxZ 4+ 2x—3 vV2x —3
I VxZ +2x—3 _ i - x I V2x -3 I 2
e 2x+7  xow 2% 7 w2 +7x—1 xow2x2 _7x_ 1
X X x2 " x2  x2
x2+2x -3 x_2+2_x 3 2x — 3 2x 3
2 2 2 32 7 ==z
= lim X7 = lim d 7 x = lim % = lim X7 Xl
X— 00 2 7’ X—00 2 ks X—00 L+ X—00 L~
+ X + 2+ X 32 2+ X %2
2 3 2 3
N1 txTe vivo-o0 1 B Tx 00
xo0 5 7 240 2 x_’°°2+z—i 240-0 2
X X x2
Vx2 4+ 2x—3 V2x —3
lm\/x2+2x—3= - = . ox —3 ~ —
xomeo  2x +7 om0 2X | 7 o 22 £ 7x — 1 xome 262 7x 1
-X —X —x2 + —x2  —xZ
x24+2x—3 x2 2x 3
2 2t 2x 23 -3
= lim lim . x4 x*  x*
X——00 7 X——00 7 = hm = llm
-2 —= —2 —= X——00 7 1 X——00 7 1
X b —2-—-+= —2-—-+=
5 3 X x X x
14+=--— — 2 3
. X x2 1+0-0 1 L _ 2
= Jim 7  —2-0 2 = Jim XXX _ 0-0 _i_o
xmme = e xo-0 o, 7, 1 —2-0+40 =2
) x 2 x +x2
Thus, the horizontal asymptotes are Thus, the horizontal asymptote is
=+ 1 = 0
y=x 5 y =
55) 56)
) 4x2 -8+ 3 ) 4x2 -8+ 3
lim = lim =
X—>—00 x+1 x—00 x+1
Solution: Solution:
4x2 -8 3 4x2 -8 3
4x2 -8+ 3 ) “x +—_x ) 4x2 —8+3 ) X +=
1 = lim lim ——— = lim
xX——00 x+1 xX——00 Xy L X—00 x+1 X—00 £ n l
—-x  —Xx X X
=8 _3 a7 _8 3 =8 3 478 3
. 2 x x2  x%2 X . x2 x .. x2  x% X
= Jm T =, 1 = Jm T~ lm 1
-1- X -1-— X 1+ x 1+ X
4 8 3 4 8 3
N i R *Taty VE=0+40
= lim = =-=2 = lim = =
x—>=00 _1_1 -1-0 x—00 1+l 1+0
X X




Workshop Solutions to Chapter 4 (chapter 3)

1) If f(x) is a differentiable function, then f'(x) =
Solution:

) If f(x) =4x?,then f'(x) =
Solution:

)  flx+h) - _ h) — 4 h)? —
f(x):}lli%fx ) f(x) f’(x)=}111£%f(x+ })l f(x):hlf% (x + })l
3) If f(x) =x2—3,then f'(x) = 4) If f(x) =+x, x =0, then f'(x) =
Solution: Solution:
, . flx+h)—f(x) _
f(x)=,lgrg,fx ) flx f’(x)=;Lirr5f(x+h})l f(x):h 0\/x+ —x
[+ h)?=3] - [x? -3 - -
_h—>0 h

5) If f is a differentiable function at a, then f is
a continuous function at a.

6) If f isa continuous function at a, then f is
a differentiable function at a.

Solution:
False
7) If y =x*+5x2+3, then y' = 8) If y=x*—5x2+3, then y' =
Solution: Solution:
y' =4x3 4+ 10x y' =4x3 — 10x
9) If y =x~/2, then y' = 10) If y = $+ 2Vx = %x'3 +2x'/2, then y' =
Solution: Solution:
5 s, 5 , 1
i A L v =5 ) @i

1 1 1
=—xttx=—— 4y =

—_— + —_—
x* 1, x* ' \x

11) If y = (x —3)(x — 2), then y' =

12) If y = (x3+3)(x2 - 1), then y' =

(4=27°" "4

Solution: Solution:
y=((x-3)(x—2)=x>-5x+6 y=x3+3)(x?-1)=x>—x3+3x2-3
y'=2x-5 y' = 5x* —3x? + 6x
13) If y =+vx(2x + 1), then y’' = 14) If y = % , then y' =
Solution: , ) Solution:
y=vx(2x+ 1) = 2xVx +x = 2x2 + x2 Use the rule (i), S
1y 1, 11 1 g 9?
y' = (—) (2)x2 (E) x2 - =3x2+ Ex 2
,_(1)(x—2)—(x+3)(1)_x—2—x—3_ -5
"3‘/_+ﬁ Y 5(x—2)2 o x=2)2 (x-2)?
OR -
I 1 ’ (x - 2)2
Usetherule (f.g)' =f'g+fg
2x+1
=(2 \/_+( )2x+1 =2Vx +
y' = (2)(Vx) ( ) N
x+3 -1 p
15) If y —xj,theny|x=4= 16) Ify=;c?,theny=
Solution: Solution:
_ MDx—-2)—(x+3)(1) =x—2—x—3 Use the rule ({) =fg—2fg
(x —2)2 (x —2)2 9 9
-5 5
_(x—2)2__(x—2)2 =(1)(x+2)—(x—1)(1)=x+2—x+1= 3
, 5 5 (x + 2)2 (x +2)? (x + 2)2
V'lx=a = —
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17) If y =+v3x? + 6x , then y' =

Solution:
Use the rule (\/ﬂ)’ = zuﬁ
Y 6x +6 6(x+1)  3(x+1)

B 2v/3x2 + 6x B 2v/3x2 + 6x B V3x2 + 6x

18) If y =V3x2+6x , then y'|,=q =
Solution:
6x + 6 6(x+1)  3(x+1)

y = = =
2V3x2 + 6x  2V3xZ+ 6x V3x2 + 6x

3(+1) 6 6

Ve = B +6(1) V9 3

19) The tangent line equation to the curve y = x2 + 2
at the point (1,3) is
Solution:
First, we have to find the slope of the curve which is
y'=2x
Thus, the slopeat x =1 is
Y'lear = 2(1) =2
Hence, the tangent line equation passing through the
point (1,3) withslope m =2 is
y—3=2(x—-1)

y—3=2x—2
y=2x—2+3
y=2x+1

20) The tangent line equation to the curve y = %

at the point (0,0) is
First, we have to find the slope of the curve which is

, @+ 1)-2x)(1) 2x+2—-2x 2

B (x +1)2 T (x+ 12 (x+1)2
Thus, the slopeat x =0 is
! == 2
y |x—0 (0 + 1)2

Hence, the tangent line equation passing through the point
(0,0) withslope m =2 is
y—0=(2)(x—-0)
y =2x

21) The tangent line equation to the curve y = 3x% — 13

at the point (2,—1) is
Solution:
First, we have to find the slope of the curve which is

y' =6x
Thus, the slopeat x = 2 is
Y'lxzz = 6(2) = 12
Hence, the tangent line equation passing through the
point (2,—1) withslope m =12 is
y—(-1)=12(x—2)

22) The tangent line equation to the curve
y = 3x%2 4+ 2x + 5 at the point (0,5) is
Solution:
First, we have to find the slope of the curve which is
y' =6x+2
Thus, the slopeat x = 2 is
¥ lxo = 6(0) +2 =2
Hence, the tangent line equation passing through the point
(0,5) withslope m =2 is
y—5=2(x—-0)

y+1=12x — 24 y—5=2x
y=12x—24 -1 y=2x+5
y=12x — 25
23) If y =xe* , then y' = 24) If y =x—e* , then y" =

Solution:

Usetherules (f.g)' =f'g+fg' and (e*) =e*.u'

Usetherules (f—g)' =f"—g' and (e*) =e*.u'

vy =@)E*)+ x)(e*) =e¥+xe*=e*(1+x) y'=1—e*
yll — _ex
25) If x2—y2 =4, then y' = 26) If x2+y2 =4, then y' =
Solution: Solution:
2x —2yy'=0 2x+2yy'=0
—2yy' = —-2x 2yy' = —2x
,  —2x ,  —2x
yI _ f y’ = _f
1 Y 1 Y
x+ . _ 1 ,
27) Ify—m,theny— 28) Ify—z\/;+secx,theny—
Solution: , Solution:
Use the rule (Z) = @ Use the rules
g g

,_(1)(x+2)—(x+1)(1)_x+2—x—1
B (x + 2)2 T (x+2)2

T @+2)2

(f+9) =f"+g and (secu) =secutanu.u’

1 -5
y=5—+secx =x 2+secx
x5
5

(25 _ S,
y 2x2 + secxtanx = 2x 2+ secxtanx




29) If y =tan"1(x3) , then y' =

Solution:
Use therule (tan~'u) = 13;2
, 1 o 3x?
Y = 1rer ) T 1e

30) If y=tanx —x , then y' =

Solution:
Use the rules
(f-9) =f"—g and (tanu)’ =sec’u .u’
y' =sec?x—1

31) If y=sec?x—1, then y' =

32) If y =x5"* | then y' =

Solution: Solution:
Usetherules (f—g) =f"—g, @"=n@™Lu' |Usetherule (sinu)’ =cosu .u’
and (secu)’ =secutanu.u’
y = xsinx
y' = 2secx. secxtanx = 2sec? xtanx Iny = Inxsinx
Iny =sinx.lnx
y' _ 1 sin x
—=cosx.Inx +smx.; =cosx.Inx +
, sinx . sinx
y' = y(cosx. Inx +T) = xSn¥ (cosx. Inx + . )
33) If y =x5% | then y' = 34) If y = (2x% 4+ cscx)? , then y' =
Solution: Solution:
Usetherule (cosu) = —sinu .u' Use the rules
W™ =n@)™ Ly and (cscu) = —cscucotu.u’
y - xcosx
Iny = Inxc0s* y' =9(2x?% + cscx)®. (4x — cscx cot x)

Iny =cosx.lnx

y' . 1 _ cosx
; = —sinx. lnx+cosx.;= —sinx. Inx +
cosx
y’=y(—sinx.lnx+ )
Cosx
= xC0s¥ (——sinx. 1nx)
35) If y = S , then y' = 36) If y =e?* , then y©® =
Solution: cotx Solution:
Use the .rules Usetherule (e*) =e*.u
Y [ l
<§) = f—gngg , (@) =a“lna.u’ y' =2e%*
"o fe2x
and (cscu)’ = —cscucotu.u’ ;}m — gp2x
1) = 16e2*
y e
, _ (5%In5)(cotx) — (5%)(— csc® x) NORIIPYIE
Y= (cotx)? y©) = 64e%*
_ 5%(In5cotx + csc? x)
-~ cot? x
37) If y =x"2e5"% | then y' = 38) If y =5%"%  then y' =
Solution: Solution:
Usetherules (f.g)' =f'g+fg , (e“)=e u Use the rules

and (sinu)’ =cosu .u’

y' = (—2x73)(e5"*) + (x~2)(e5"*. cos x)
= —2x3eS"¥ 4 x2cosxe
= x3eSI%(—2 + x cos x)
= x3eSMX(x cosx — 2)

sinx

(a¥) = a*Ina.u’ and (tanu) =sec’?u.u’

y' =5%"% In5 sec?x

39) If x2+y?2=3xy+7, then y' =
Solution:
2x +2yy' =3y +3xy’
2yy' —3xy' =3y — 2x
y'(Qy —3x) =3y — 2x
, 3y—2x

Y C 2y —3x

40) If y = sin3(4x) , then y® =
Solution: y=
Use the rules

@W" =n@™tu and (sinu) =cosu.u’

y' = 3sin?(4x).cos(4x). (4)
= 12 sin?(4x). cos(4x)
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41) If y =3%cotx , then y' =

Solution:

Usetherules (f.g)' =f'g+fg’, (@*)' =a“Ina.u’
and (cotu)’ = —csc?u .u’

y' = (3*.In3)(cotx) + (3*)(—csc? x)
=3%In3 cotx — 3¥ csc? x
= 3*(n3 cotx — csc?x)

42) If y = (2x% +secx)” , then y' =
Use the rules
@™ =n™ v and (secu) =secutanu.u’

y' = 7(2x% + secx)®. (4x + secx tan x)

43) If f(x) =cosx , then f*3)(x) =

Solution:
f'(x) = —sinx
f"(x) = —cosx
f'""(x) = sinx

F®(x) = cosx
Note: f(™(x) = cosx whenever n is a multiple of 4.
Hence,
F@®(x) = cosx
F#)(x) = —sinx

44) If D*(sinx) =

D(sinx) = cosx
D?(sinx) = —sinx
D3(sinx) = —cosx

D*(sinx) = sinx
Note: D"(sinx) = sinx whenever n is a multiple of 4.
Hence,

D**(sinx) = sinx

D*>(sinx) = cosx

y' = —sin(2x3).(6x?) = —6x?sin(2x3)

D*®(sinx) = —sinx
D*”(sinx) = —cosx
45) If y = x* , then y' = 46) If f(x) = 2%, then f'(1) =
Solution: . x
W Solution:
Usetherule (Inu)’ = u Use the rules (Z) = f—g_zfg and (Inw)' = =
) g u
y=x* 1
Iny = Inx* o (BHEH-n@0  x—2xmx
Iny=xlnx f'ix) = (x?)? = s
! 1
y—:(l)(lnx)+(x)(—) =x(1—21nx)=1—21nx
;’, x x4 x3
—=Inx+1
y L 1-2In(1) 1-2(0)
y' =yl +Inx) =x*(1+Inx) fi= 13 1 =1
47) If y = cot™1(e¥) , then y' = 48) If y =tan"1(e¥) , then y' =
Solution: Solution:
-1 ,__u’ U\ — LU o, —-1.,\/ — ' U\ — LU o,
Use therules (cot™ u)' = vy and (e%) =e" . u Use therules (tan™"u)’ = o and (e%) =e%u
L 1 v e* L 1 . €
Y T 14 @2 Y T T 1ger Y T15 (@2 % T1te
49) If y =sin"!(e¥) , then y' = 50) If y = cos™(e*) , then y' =
Solution: Solution:
R N Uy — pU o7 -1,V — _ u' Uy — LU o/
Use therules (sin~*u)' = = and (e%) =e" . u Use the rules (cos™ u) — and (e%) =e%u
, 1 X e* , 1 x e*
y' = e* = M= e ———
V1 —(e¥)? V1 —e?* V1 —(e¥)? V1 —e?*
51) If y = cos(2x3) , then y' = 52) If y =cscxcotx , then y' =
Solution: Solution:
Usetherule (cosu) = —sinu .u' Usetherules (f.g)' =f'g+fg',
(cscu) = —cscucotu.u’ and (cotu) = —csc?u .u’'

y' = (= cscx cotx)(cotx) + (cscx)(—csc? x)
= —cscx cot? x — csc x = — cscx(cot? x + csc? x)




53) If y =+vx2%—2secx , then y' =

Solution:
Use the rules
1 u'
Vu) =——= and (secu) =secutanu.u’
Vu) ==

, 2x—2secxtanx 2(x —secxtanx)

y = =
2Vx?% — 2secx 2Vx2 — 2secx

X —secxtanx

Vx2 — 2secx

54) If y=(3x%+1)®, then y' =
Solution:
Usetherule  (W)*=n@)" 1.u’

y' = 6(3x%+ 1)°.(6x) = 36x(3x% + 1)°

55) If xy + tanx = 2x3 +siny , then y’' =
Solution:

[(DB) + ()] +sec?x = 6x% +cosy.y’
y+xy' +sec’x = 6x%+y' cosy

xy' —y'cosy = 6x% —y—sec’x

y'(x — cosy) = 6x%2 —y —sec®x
. 6x?—y—sec’x
y =

X —cosy

56) If y=x"lsecx , then y' =

Solution:

Use the rules

(f.9)'=f'g+fg and (secu) =secutanu.u’

y' = (—x"?)(secx) + (x 1) (secx tanx)
=x"lsecxtanx — x %secx
=x"?secx (xtanx — 1)

57) If y =sin"1(x3) , then y' =

58) If y =cos™1(x3) , then y' =

Solution: Solution:
=1 r__ u’ -1 r_ u’
Use therule (sin™'u)' = — Use therule (cos™u)' = —
, 1 342 3x?
y = — 35X = 2
1= VT—x° S S S Y
1= (x3)2 V1 — x6
59) If y =sec™*(x3) , then y' = 60) If y =csc™1(x3) , then y' =
Solution: Solution:
-1 r u’ -1 [ u
Usetherule (sec”'u)' = N Usetherule (csc™u)' = TN
, 1 5 3x? 3 ) 1 5 3x? 3
y:—_3x: = y:——.3x = — = —
x3(x3)2 -1 x3Vx6 -1 xvx6 -1 x3(x3)? -1 x3vVx6 —1 xVx® —1
61) If y =In(x® —2secx) , then y' = 62) If y =In(cosx) , then y' =
Solution: Solution:
Use the rules Use the rules
u' u'
(Inw)' = m and (secu) =secutanu.u’ (Inuw)' = m and (cosu)' = —sinu.u’
, 1 35?2 — 2 . , 1 (= sinx) sin x )
= . — = .(—sinx) = — = —tanx
Y T3 —2secx (3x secx tanx) Y = Cosx ! cosx

3x% — 2secxtanx

x3 —2secx

63) If y =In(sinx) , then y' =

Solution:
Use the rules
ul
(Inu) ' =— and (sinu)’ =cosu.u’
u
, 0S X
y' = (cosx) = = cotx

sinx

64) If y =InvV3x?% +5x , then y' =

Use the rules (Inu)’ = u; and (\/ﬂ)’ = zuﬁ

_ 6x+5
~ 2(3x2 + 5x%)

L 1 ( 6x +5 )
Y V3xZ + 5x \2v/3x2 + 5x




65) If y =logs(x3 —2cscx) , then y' =
Solution:
Use the rules

(logaw)' = and (cscu)’ = —cscucotu.u'

ulna

1

(x3 —2cscx)(In5)
3 3x2% 4+ 2 cscx cotx

" (x3 = 2cscx)(In5)

!

y:

[3x% — 2 (—cscx cotx)]

67) If y=2x3—sinx , then y' =
Solution:
Use therule (sinu)’ = cosu.u’

y' = 6x? —cosx

68) If y =x3cosx , then y' =

Solution:
Use the rules
(f.9) =f'g+fg" and (cosu) = —sinu.u’

y' = (3x?)(cosx) + (x3)(—sinx)
= 3x%cosx — x3sinx

x—1 ;
66) Ify—lnm , then y
Solution:

Use the rules

o= () L 9

L (O6EFD) - -1 (=)

y' 2Vx + 2
x—1 \/—2
x4+ 2
Vx + 2 ( )
-1
Vit2-—=
_Vx+2 2vVx + 2
x—1 " x+2
2x+2)—(x—1)
_Vx+2 2x + 2
x—1" x+2
x+5
_Vx+2 [ 2x+2
x—1 "\ x+2
_VX+2< x+5 >
x=1\2(x+2)Vx+2
x+5

" 22— D(x +2)

69) If y =x¥* , then y' =

Solution:
Use the rule (\/ﬂ)’ = zuﬁ
y=x"
Iny = InxV¥
Iny =+xInx

!

y (1 1
7= GE) 0+ (3 (5)
y' Inx +x xlnx+2x x(Inx+2)

70) If y = (sinx)* , then y' =
Usetherule (sinu)’ = cosu.u’
y = (sinx)*
Iny = In(sin x)*
Iny = xIn (sinx)
y' ) cosx
— = (D (n(sinx)) + (x) ( )

y sinx
I

y :
— =In(sinx) +
y

- = In(sinx) + x cotx
sin x

—=—t— y" = y(In(sinx) + x cotx)
y 2Vx x Inx +22x\/§ 2xVx = (sinx)*(In(sinx) + x cotx)
1 g 1
nx+2 nx+2
v = (S ) = (55
2\/x 2Vx
71) If y =log,(x3—2) , then y' = 72) If y = cos(x®) , then y' =
Solution: Solution:
p Use therule (cosu)’ = —sinu.u’
Use the rule (log,w)' = 0
1 3x2 , o5 4 4 i (a5
y' =———— . (3x%) = y' = —sin(x?).(5x*) = —5x* sin(x>)

(x3—-2)(n7) (x3—-2)(n7)




73) If y =secxtanx , then y' =

Solution:

(f.9))=f'g+fg', (secu) =secutanu.u’ and
(tanu)’ = sec?u.u’

y' = (secxtan x)(tanx) + (secx)(sec? x)
= secx tan? x + sec3 x = secx(tan® x + sec? x)

74) If D?(cosx) =
Solution:
D(cosx) = —sinx
D?(cosx) = —cosx
D3(cosx) = sinx
D*(cosx) = cosx
Note: D"(cosx) = cosx whenever n is a multiple of 4.
Hence,
D®%(cosx) = cos x
D%”(cosx) = —sinx
D%8(cosx) = —cosx
D®°(cos x) = sinx

75) If y = (x + secx)® , then y' =
Solution:

Use the rules

@™ =n™ v and (secu) =secutanu.u’

y' = 3(x + secx)?. (1 + secx tan x)

76) If x2 =5y% +siny , then y' =
2x = 10yy' + cosy.y’
y'(10y + cosy) = 2x
, 2x
"~ 10y +cosy

77) If x> —5y%2 +siny =0, then y' =
Solution:
2x —10yy' +cosy.y' =0
y'(=10y + cosy) = —2x

, —2x 2x

78) If y =sinxsecx , then y' =
Solution:

(f.9) =f'g+fg, (sinu) =cosu.u’ and
(secu) =secutanu.u’

Y= —10y + cosy - 10y —cosy y' = (cosx)(secx) + (sinx)(secx tan x)
_ 1 sinx sin? x 5
=1+sinx. . = >—=1+tan"x
COSX COSX cos? x
= sec?x
79) If f(x) =sin?(x3+ 1), then f'(x) = 80) If y = (x +cotx)? , then y' =
Solution: Solution:
Use the rules Use the rules
W"*=n@)™tu and (sinu) =cosu.u’ @W" =n)™ Ly and (cotu) =-—csc’u.u’

f'(x) = 2sin(x3® + 1) . (cos(x® + 1)) . (3x?)
= 6x2sin(x3 + 1) cos(x3 + 1)

y' = 3(x + cotx)?. (1 — csc? x)

81) If y =tan™! (g) , then y' =

82) If y =cot™?! G) , then y' =

Solution: Solution:
-1 r_ u' -1 r_ u'
Usetherule (tan™*u)' = vy Usetherule (cot™u)' = T
, 11 1 1 2 , 11 1 1
y = 25 N N 2 y == 25 N 2
X 2 X 44+ x 44+ x X 2 X 4+ x
1+(3) 2(”?) 2( . ) 1+(3) 2<1+T) 2( . )
_ 2
_ 44x2
83) If y =sin™?! (g) , then y' = 84) If y = cos™! (g) , then y' =
Solution: Solution:
N . 1,y
Use therule (sintu)' = ey Use therule (cos™ u)' = —
, 1 1 1 1 , 1 1 1 1
y = ‘2= = y == =T ==
2 3 x2 \/9—x2 o2 3 x2 9 — x2
ONMENEE EAE THONMENENEE SN
_ 1 _ 1
J9— 2 Vo —x2




85) If D99(sinx) =

Solution:
D(sinx) = cosx
D?(sinx) = —sinx
D3(sinx) = —cos x

D*(sinx) = sinx
Note: D"(sinx) = sinx whenever n is a multiple of 4.
Hence,

D% (sinx) = sinx

D% (sinx) = cosx

D®8(sinx) = —sinx

D®°(sinx) = —cosx




Workshop Solutions to Sections 3.1 and-(Z'S)

1) xli)rzlz(x3 —2x+1)=(-2)3-2(-2)+1
=-8+4+1=-3

2) Li$(3x2+x—4) =3(2)2+(2) -4
=12+2-4=10

3) chi_rg(xz +3x—5)>=((1)?>+3(1) - 5)3
=(1+4+3-53=(-1)°%=-

4) xllrp2(2x3 +3x2+5)=2(-2)>+3(-2)?+5
=2(-8)+3(4)+5
=-16+12+5=1

o x%2-2 (=2)2-2 4-2 2 1 . x*+5 (2°+5 8+5 13
5) lim = = =—=—= 6) 11m = =—
xo-2x—2 (-2)—2 —-2-2 -4 2 ~2x24+1 (2)2+1 4+1 5
 x?+3x+5 (0)2+3(0)+5 0+0+5 , x—1 -1 1-1 0
7) lim > = = 8) lim — =— = =—=0
x=0 x2—3 (0)2 -3 0-3 -1x2+x—-5 (1)24+(1)-5 1+1-5 -3
5 5
~ 33 _
9) lim Jx3 —10x +7 = /(-1)3 - 10(=1) + 7 10) 1 1-(x+497%2 1-((-D+4)
—-— 1 =
=V-1+10+7=V16=4 x>-1 X =2 (-1 -2 .
11+ 1-)2 1-32
- -1-2 = =3 = -3
-1 8
_~9_9_ 8 1_8 8
-3 -3 97 -3 27 27
x3 + 2x (1)3+2(—1) -1-2 -3 x2—3x (4)?>-34) 16—12 4
11) lim = = — )hm = = = _
x>-18—-2x  8-2(-1) 8+2 10 x>4 54 x 5+ (4) 5+4 9
3
10
13) lim 2—4x_(4)2—4(4)_16—16_0_0 15 1 x3—5x2_1_ x%(x —5)
ey = 5v@ 5%z 9 ) Im——=lm—>
=lim(x—-5)=(0)—-5=-5
x—-0
371 —(2x—5)7" - 16) lim——2 — i X0 im—
14) lim = lim 32X =5 ) 3 M =6+ 6) rmx+e6
xX— 4 —x X4 4 —x 1 1
. 3(2x-5) 6)+6 12
= lim
x-4 4 —x
i 2x — 8 1 x2—36_1_ (x —6)(x +6) | iy
] 3(2x —5)(4 —x) ) 06 x—6 x5 x—6 B xl_rg(x )
_ 2(x — 4) =(6)+6=12
= lim
x-43(2x —5)(4 —x)
im0y 2 18) lim == lim _XF0 g L
x>43(2x —5)(4—x) x-43(2x—5) -6x2—36 x-o-6(x—6)(x+6) x--6x—6
3 ) =2 -2 2 _r 1 _ 1
T 3024 -5 3B8-5 9 9 (-6)—-6 —12 12
x3—-27 (x—3)(x2+3x+9) x—3 x—3
= 20) lim li
19) alcl—rg x—3 ch—>3 ) Jim -3x3 =27 x—rg(x—S)(x2+3x+9)
—hm(x +3x+9)—(3)2+3(3)+9 — lim 1 1
_9+9+9_27 3 xZ +3x+9 (3)2+3(33)+9
1 1

~ 94949 27
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21 1imﬂ—1im x+2 o | >+8 (x +2)(x* = 2x + 4)
—2x3+8 xo-2(x+2)(x? —2x+4) )xlm2x+ T xo-2 x+2
- lim 1 = llm(x —2x+4)=(-2)?-2(-2)+4
- o,
¥oox2 — 2x + 4 — —
) 1 T =44+4+4=12
(=2)2-2(-2)+4 4+4+4 12
239 | x2—3x—4_l, (x—4)(x+1)_l_ A | 24 1im x2+4x—-21 (x+7Nx-3)  x+7
L G R L oy A LRl L Yoy yoe sl L1 oy
=®H+1=5 _®+7_10_ .
_(3)—5_—2_
25) lim ——— = lim ad Vx+6-2  Yx+6  Vx+6-2
x-01—(1—x)? x—>01—(1—2x+x2) 26) lim ———— = lim — = lim
X x-2  x—2 x—>2(x+6) x—>2(\/—) _8
}c—>01—1+2x—x2 - lim Vx+6-—
= lin ;
—;lgg,Zx_xz L o 2 +6-2)((Wx+6) +23x+6+4)
i 1 1 1 . 1
= lim = = — = lim
x202—x 2-(0) 2 23 ¥6) +2Vx+6+4
_ 1 11
= 2 = =12 deleted
(3/(2)+6)+23/(2)+6+4 44+ 12 OFEE
Vx+25-5 X Vx+25+5
27) lim —— 28) lim — m X
x—-0 x x204/x 4 2 —5 x=0lyx+25—-5 +x+254+5
~ lim Vx + 25— X\/x+25+5 x(w/x+2 +5)
x-0 X Vvx+25+5 = x50 (x +25)—25
— lim (x +25) — 25 _y x(m+5)
=0x(vx +25+5) xl_r}})
= lim X —llm(\/x+2 +5)=,/(0)+25+5
x—’Ox('vx+25+5) _5+5_ 10
1 1
= lim =
x>04/x +25+5 [(0)+25+5
1 1
5+5_E
x —2 2+V6—x 2—-vV6—x 2-.J6-(2) 2-2
29) lim ————==lim X 30) lim g ()= =0
x=270 — \/Tx 2|2 =6 —x 2+V6—x =2 x+2 2)+2 4
i (x—2)(2+V6—x)
_xl—r>r21 4—(6—x)
_ (x=2(2+V6—x) 31) i 1-vx—-2
= lim ) lim
x=2 4—6+x 32 —-vx+1
- (x_z)(z.“/ —x) =1im[1—\/x—2xl+\/x—2
gy =32 —+x+1 1+vVx—2
= lim(2 + V6 —x)—2+ 6—(2) 2+\/x+ ]
=2+2=4 2+\/x+
" [1—(x—2) 2+\/x+1]
= IIm
34— (x+1) 14V/x=2
_ [3—x 2+\/x+1]
= lim X
=3|3-x 14++x—2
im 2+4Vx+1 2+ /3 +1 242
31 +vx—2 1+ 3)-2 1+1
4
=—=2

2
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32) If 2x < f(x) < 3x% — 8, then

lim f(x) =
x—2
Solution:
lim2x =2(2) =4
xX-2
and

lirr%(sz -8)=3(2)?-8=12-8=4
X—
It follows from the Sandwich Theorem that

lin% fx)=4

xX—

1
33) lim [x cos (x + —)] =
x—0 X
We know that the cosine of any angle is between
—1and 1. So,

1
-1< cos<x+;) <1
Now, multiply throughout by x, we get
1
—x < xcos(x+;> <x

But limy_,ox =0 and lim,_ y(—x) =0.
It follows from the Sandwich Theorem that

1
lim [x cos (x + —)] =0
x-0 X

1
34) lim [x sin (—)] =
x-0 X
We know that the sine of any angle is between
—1and 1. So,
1
—1 <sin (—) <1
X
Now, multiply throughout by x, we get
1
—x < xsin(—) <x
X
But limy_ox =0 and lim,_y(—x) = 0.
It follows from the Sandwich Theorem that

1
lim [x sin (—)l =0
x—-0 X

2
35) If “22 < f(x) <x—1, then
lim f(x) =
x-0

CoxZ+1 (0241 1
lim = =—=-1
=0x—1  (0)—1 -1

and
lirr(l)(x -D=0)-1=-1
pd
It follows from the Sandwich Theorem that
lirr(l) flx)=-1
X—

36) If 4(x —1) < f(x) <x3+x—2, then
lim f(x) =
x—1
Solution:
Ll_rg(4(x -1))=4(1)-1)=4%x0=0
and
lin}(x3+x—2)=(1)3+(1)—2=1+1—2=0
X—
It follows from the Sandwich Theorem that
lirri f(x)y=0
X—

37) If
+ 4
lim & =3,
x-3 x—1
then
lim f(x) =
x-3
Solution:
fG)+4_ lim(f () +4) _ lim £(x) + lim (4)
x-3 x—1 lim(x — 1) lim(x) — lim(1)
x—3 xX—3 x—3
limf(x)+4 limf(x)+4
— x—3 — xX—3
3—-1 2
Now

lim f(x) + 4
x—-3 —
2

limf(x)+4=6 o limf(x)=2
x—3 x—3




2(3x—4)
2—Xx
3(x—2)
— lim 2(3x—4)
x-2 2

= lim
xX—2

o 3G-2)
T X8 20Bx—4)(2 - x)
3@-» -3
—x)  x522(3x—4)
_ _ 3 _ 3
T 2(3(2)—4) 2x2 4

=G
-3

(x+1)3-1 i (x3+3x2+3x+1) -1
= lim

39) lim
x—0 x—0 X

- x343x% +3x

=lim——
x—0 ) X

x(x*“+3x+3

= lim¥ = lim(x? + 3x + 3)

x—0 X x—0

=(0)>+3(0)+3=3

40) If A 1 x2—6x+8
LS +3x ) lim =50
x-1x2 —5f(x) ~ lim (x—2)(x—4)
then x4 (x —4)(x +5)
i = -2 @-2 2
lim f(x) —im ¥ _@®-2_2
Solution: x-»4x+5 (4)+5 9
o FOO+3x lim (f (x) + 3x)
x=1x2 =5f(x)  lim(x? = 5f(x)) 3 +8
X— .
~lim f(x) + lim (3x) 42} lim ———— 2
TimfGO 13(1)  lim f(x) +3 o=z (x—3)(x +2)
— x>1 — _x>1 L x2—2x+4 _ (—2)2 -2(-2)+4
(1)? =5lim f() ~ 1-51lim f(x) s — S T =3
Now C4+4+4 12 12
lim f(x) + 3 - 5 -5 5
x—1 =1
1—51lim f(x)
x-1
. — _ . 2 _ 1 2 _ 2
lim () +3 = (1 (1-5lim () 43) lim [x b x? - Zx] W2 gy _ oy
& limf(x)+3=1-5limf(x) 1| x+4 1 +4
Tim £0) +5lim f(x) = 1 — 3 _1-2z -1 . _T1-5_ 6
x-1 x-1 igatl =25 1=—F%—=3

6 lim f(x) = -2
x—1

lim f() =—=—3

¢ ¢3¢




a0 i 4x% + 6x — 4 25) i x?—2x-3
) xLIPZ 2x2—8 ) ximl x5 — x3
B 2(2x% +3x —2) B (x=3)(x+1)
Tz 2% —4) Tt B2 —1)
. 2x% +3x — 2 _ lim (x—3)(x+1)
T 24 Cxem1x3(x— 1D (x 4+ 1)
2x—-1D(x+2) x—3 (-1)-3
= l1m = lim =
xom2 (x — 2)(x + 2) X 1x3(x—1) (—D3((-D-1)
Co2x—-1 2(-2)—-1 -4-1 1-3 —
= lim = = = =2
x—g—z x=2 (=2)—-2 -2-2 (-D(=2) 2
V2x +1(x% —9) Vv3—-2x—-1  [V3—-2x—1 +V3-2x+1
46) 11 47) lim ——— = lim X
3(2x+3)(x—3) x-1  x—1 x—1 x—1 V3=2x+1
V2x +1(x = 3)(x + 3) ; B-2x)-1
T x-3 (2x+3)(x —3) = (x—1)(V3-2x+1)
o V2x+1(x+3)  {23)+1((3) +3) — lim 2—2x
T x-3  2x+3 B 2(3) + 3 =1 (x—1)(V3-2x+1)
67 2V7 i 2(1 —x)
9 3 x-’l(x—l)(\/3—2x+1)
- lim —2(x—-1)
xo (x — 1)(\/3 —2x + 1)
= lim
x—»lx/ —2x+1 3-2(D)+1
-2
— =1
V3241 2
x+1)?%-1 x2+2x+1) -1 V2x+2-2
48) lim ———— = lim 49) lim ———
x-0 X 2x—>0 X xﬁlm_ 1
IR Gl [V E —ZX\/2x+2+2X\/3x—2+1]
- - = lim
e oy (o = 1|\3x—2-1 V2x+2+2 V3x—-2+1

=lim(x+2)=(0)+2=2
x—0

y [(2x +2) — 4 \/3x—2+1]
= l1im

o |Gx—2) -1 Voxr2+2

. 2x—2XM+1]

=1[3x =3 2x+2+2

i 2(x—1) V3x—2+1
—;Lnl_g(x_l)xm”]

i 2 \3x—2+1 3()-2+1
T3 mn] 37 2D +2+2
2 \/_+1 2. 2_1

~3 \/_+2 3273




x?+3x+2 (-1)*+3(-1)+2 1-3+2

S0) lm—"—5 S Y e S N
. —\/2x+5x3+\/2x+5 _9_0
= 11m = =
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