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Chapter Two

Matrices

2.1 Operations with Matrices

Definition 1. (Equality of Matrices)
Two matrices A =|a; | and B =|b; | areequal if

mn mn

they have the same size m xn and a; =b; , for 1<i <m and

1<j<n.
Example 1. Consider the four matrices
-1 2 -1 2
A= 0 -2| andB=| 0 -2| .Then A=B.
3 1], 3 1],
e 1 0 3
Also, A=| 0 -2| #B = :
2 -2 1
3 1 23

32

-1
If B ={ 0 3} ={ X 0 3} . Then
2 -2 1|, 2 -2y,

X =-1 andy =1.
Definition 2. Let A =[aij] and B :[bi. ]mn . Then the

mn J

sumisgivenby A +B =[aij +b;, ]mn ,forl<i <m and1<j<n

Example 2. Consider the four matrices
-1 2 3 2 -1+3 2-2 2 0
0O 2| +| 5 -6| =| 0+5 -2-6| =| 5 -8
3 1 0 11}, 3+0 1+11)) 3 12

32 32



. -1 0 3
Also,if A= 0 -2| ,andB ={ } . the
2
3 l 23

A +B is undefined.
Definition 3. Let A=[a; | and k eR . Then the scalar

mn

multiple of A by a scalar k €Ris defined by kA = [kaij ]mn :
for1<i <m and 1<j <n.
Youcanuse A =(-DA.If A=[a, | and B =|b; | ,then

A-B :[aij —bij]mn forl<i <m and1<j <n.

Example 3.
-1 2 -3 6
3 0 -2 =| 0 -6
3 132 9 332
3 -2 —6 4
-2/ 5 6| =/-10 12
0 11}, 0 —_22 32
-1 2 3 2 -3 6 —6 4
3 0 2| -2/ 5 6| =| 0 6| +|-10 12
3 1], 0O 11 | 9 3, 0 -22|,
[ —3-6 6+4 -9 10
=| 0-10 -6+12| =|-10 6
9+0 3-22|, 9 19|,

Definition 4. (Matrix Multipl_ication)
Let A=[a; | and B =[b }np . Then the product AB is

mn L IJ
given by AB =|c; ]mp , where
in™~'nj

n
Cij :Zaikbkj :ailblj +ai2b2j +.--4a. b
k=1

for1<i <m and 1<j <p.



Example 3.

-1 2 > 3 D2+ 2D (D(=3)+(2)(5)
0 -2 [ . 5} = (0)(2)+(-2)D) (0)(-3)+(=2)(5)
3 1], 2 1 Q@+0O  G(E=3)+OO) |,
[—2+2 3+10 0 13
= 0-2 0-10| =| -2 -10
| 6+1 —9+532 4
Example 5.
2 —3}[—1 41 [-2-9 8—3} {—11 5}
AB = = —
1 -2 3 1 |[-1-6 4-2 —7 2
1 4}{ 2 3] [-2+4 3—8} [ 2 —5}
BA = = —
3 1) 1 -2 [ 6+1 -9-2 7 -11
AB =BA

Matrix multiplication is not commutative in general

2 -3][1 0]
13k
1 0] 2 -3]
i
-1
{2} 2 =3 0]13:
331
-1
[ 2 =3 0]13|: 2
3

[2 -3




Systems of Linear Equations

One practical application of matrix multiplication
representing a system of linear equations.

Consider the system of m linear equations in n variables

Qg X, X, + -0 A X, = bl
aX, Fa,X,+ -+ +3,X,= b,
a31X1 +a32X2 + +a3nxn = b3
amlxl +am2X2 + +amnxn = bm
a a, Ay, Xy bl
a a - a X b
A — 21. 22. . 2n. X — 2 and B — 2.
_aml am2 amn_mn _Xn_nl _bm_m1
Then
AX =B
a, ap a, Xy 1
a,; a8y a,, X, _ 2
| 8y Gy Qg Jon L0 _bm_ml

Example 6. Solve the matrix equation AX =0, where

1 2 1
A= .
{2 3 —2}

Solution. We have AX =0. Then

X, 0
1 -2 1
A= , X =|X,| andB =|0
2 3 -2
X3 31 031

Hence the system is
X,— 2X,+ X,=0
2X,+ 3X,— 2x,;=0

IS



{ 1 =2 1|0} %R, 2R, { 1 -2 1o

2 3 —2|O 0 I —4|O
1 —2 1|O
R,—>IR, 4
0 1 ——=0
1 0 —101
R1>R;—2R, 7
0 1 —EO
! [
1
X, - 7x3=0
4
X, — 7x3=0

Then x,=t eR,x, =;t, and X, =%t . The solution is

L
AR
X =| =t =—t|4| =s|4| :seR.
7 7
t 731 731
431

Example 7. Solve the matrix equation AX =0, where

1 0 -1 2
-1 1 1 -3
1 1 -1 1

i 2 3 4

|



Solution. We have AX =0. Then

1 0 -1 2 X, 0
-1 1 1 -3 X 0
, X =| ?landB =| _|. Thus
1 1 -1 1 X, 0
i 2 -3 4] | Xy 0]
1 0 -1 20]
-1 1 1 30
LAl0]=
1 1 -1 10
I 2 -3 40
1 0 -1 20]
R,>R,+R; 0 1 0 -10
RO R 3k, 0 1 0 -10
0 2 0 -2|0
1 0 -1 20]
ror,r, | 0 1 0 -10
Rs—>R4—2R, 0 O 0 0 O
0 0 o0 0o
Hence the system is
X, —X,+2X,=0
X, -X, =0
Then

X,=teRx,=5seR,X, =X,—-2X,=s—-2t,and x, =X, =t.
The solution is

x| [s—-2t] [1] [-2]

X, Os +t 0 1
X = = =S +t

X4 s +0t 1 0

X, [Os+t] [O0] | 1]




Definition 5.
e A square matrix

a, 0 0 - 0
0Oa O .- 0

A= 0 0 a, :
¢ 0 ¢ 0
0 0 0 - a,|

is called a diagonal matrix if all entries that are not on the main
diagonal are zero.

e The trace of a square matrix A =|a; | is the sum of the
main diagonal entries. Thatis, Tr(A)=a,, +a,, +---+a_, .

Example 8.
-2 0 0
1) The matrix =| 0 -6 0] a diagonal matrix.
0O 0 11
1 0 -1 2]
: . -1 5 1 -3
2) Consider the matrix A = . Then
1 1 -1 1
3 2 -3 |

Tr(A)=a,+a,, +a, +a, :1+5+(—i)+4:9.

Homework. 4, 7, 20-21,27, 44, 47, 48, (page (55-59)



2.2 Properties of Matrix Operations

In this section, we begin to develop the algebra of matrices.
Theorem 1. Let A,B and C be m xn matrices, and let
c, and d be scalars. Then the following is true.

o gk wWwNE

A+B=B+A
A+(B+C)=(A+B)+C
(cd)A =c(dA)

1-A=A
c(A+B)=cA +cB
(c+d)A =cA +dA

Proof. Let A =|a; | and B =|b; | . Then

; o -[a:Bu -l
AR

(cd)A =(cd)|ay | +[(col )ay |
=[c(da;) |=c[(da;)]= (d E ]):c(dA)
C<A+B):C([ J+[b ]) c|a + =[c(aij +by )]

fen 8,1 [en ][y <[, o
=CA +cB
Example 1. (Addition of More than Two Matrices)
-1 | -2 0| (O -3
2+ 3|+| 1|+|2|=| 8
3 11 [-1] |O 3

Theorem 2. Let A be an m xn matrix, and letc bea

scalar. Then

1. A, +0,.. =A=0_ +A_,

2. A, +(A,,)=0,.=(-A,,)+A, (A, the
additive inverse of A, ).

3.1fcA,, =0,,, thenc=00rA, A =0

mn ! mn



Example 2. (Solving a Matrix Equation).
Solve for X , the equation 3X +A =B, for

1 -2 -3 4
A = ,and B = . Then
0 3 2 1

X +A=B=3X =B -A
1

= X :g(B—A)
_1([-3 4 1 -2
312 1/ |0 3
1|4 6
3] 2 2

4,
_| 3

2 2
| 3 3.

Properties of Matrix Multiplication

Theorem 3. Let A,B and C be m xn matrices, and let c
be a scalar. Then the following.

1. A(BC)=(AB)C

2. A(B +C)=AB +AC (product defined)

3. (B +C)A =BA +CA (cd)A =c(dA) (product defined)

4. c(AB)=(cA)B

Remark. If AC =BC, the is not necessarilyA =B
Example 3.

i
A |
|

2 4
2 3

B=

2 4 1
,and C =
2 3 -1
1 3] 1 -2] [-2 4
0 1|1 2| |1 2]
1 2] [-2 4}

L 2

AC =BC . butA =B

—2
2

|



(!

AB #BA
(1 0 0 - O]
0 1 0
Remark. The identity matrixis I, ={ 0 0 1 -.- 0

0 0 0 0 1
Theorem 4. Let A, be an m xn matrix. Then
1. AL, =A,,

2' ImAmn:Amn
Remark. If A =A_, then
1. Al =1A, =A..
2. A =AxAx---xA ,where 02k eN,and A° =1 _.

k —factors

3. AJA*¥ =AT"™:02j,0#k eN.
4. (A*) =AY;0%j,0%k eN

1 3
Example 4. If A ={ } then
0 1
5 2 -1|| 2 -1 2 -1
A =
5ol ol
__ 1 -2 2 —1__ -4 -1
| 6 -3/ 3 0| | 3 -6
1 0] [1 3
= :A
o 1o 1




The Transpose of a Matrix
Definition 1. The transpose of a matrix

Ay
Ay,
Amn = N
_aml
IS

A matrix A is called symmetric if A] =A

a12 ain

a22 a2 n

am 2 amn
A =

Example 5.
1 0 -1
-1 5 1
A =
1 1 -1
' 3 2 3
1 0
(AT)T _1 5
11 1
3 2
1 0 -1
0O 5 1
B =
-1 1 -1
2 3 1
1 0
0 5
=BT =
-1 1
2 3

amn
a; ady Ay
d, ady m 2
| ain a2n amn _nm

n"

2 1 -1 1 3
-3 T 0O 5 1 2
=A =
1 -1 1 -1 -3
4| 2 3 1 4
-1 2]
1 -3
=A
-1 1
-3 4]
5]
-3
1
4_
-1 2]
1 -3 :
=B = B symmetric
-1 1
1 4]

AR



'Y

Theorem 5. Let A, and B be m xn matrices, and let ¢ be
a scalar (with order such that the operations is defined. Then.

1. (A7) =A
2. (A+B) =A" +BT
3. (CA)" =cA’
4. (AB) =BT AT
Example 6.
2 1 -2 3 1

3 2 3
BTAT={ }1 0 -2



'Y

Example 7.
1 3

; 1 0 -2
3 2 -1
2
1 3 10 -6 -5
; 1 0 -2
AAT =| 0 -2 -6 4 2
3 2 -1
2 5 2 5
10 -6 -5
(AAT) —|-6 4 2|=AAT
5 2 5

e A square matrix A, is called skew-symmetric if
Al =-A .
Example 8. The matrix

SN

{2 s I

Then A, is skew-symmetric.

Home work.
1,5, 8, 13-
14, 16,19-
22,32, 59
7, 29,30,
39, 40




Chapter Two

Matrices

2.1 Operations with Matrices

Definition 1. (Equality of Matrices)
Two matrices A =|a; | and B =|b; | areequal if

mn mn

they have the same size m xn and a; =b; , for 1<i <m and

1<j<n.
Example 1. Consider the four matrices
-1 2 -1 2
A= 0 -2| andB=| 0 -2| .Then A=B.
3 1], 3 1],
-1 2
-1 0 3

Also, A=| 0 -2| #B = :

3 1 2 -2 1],

32

-1 0 3 X 0 3
If B ={ } :{ } . Then
2 -2 1|, 2 -2y,

X ==1 andy =1.
Definition 2. Let A :[aij] and B :[bij] . Then the

mn mn

sum is given by A+B:[aij+bij o for 1<i<m and

1<j<n.
Example 2. Consider the four matrices
-1 2 3 2 -1+3 2-2 2 0
0O -2 +| 5 6| = 0+5 -2-6| =| 5 -8

3 1 0 11| | 3+0 1+11) | 3 12

32



. -1 0 3
Also,if A=| 0 -2| ,andB :{ } , the
2
3 1 23

A +B is undefined.
Definition 3. Let A =|a; | and k eR . Then the scalar

mn

multiple of Aby ascalar k eRis defined by kA =|ka ]mn ,
for 1<i <m and 1< j <n.
You can use -A =(-DA. If A=|a

A-B=|a —b;, | forl<i<mandi<j<n.

] and B =[b; | . then

I

Example 3.
-1 2 -3 6
3 0 2| =| 0 -6
3 1 32 9 3 32
3 -2 —6 4
-2l 5 6| =/-10 12
0 11}, 0 —_22 -
-1 2 3 -2 -3 6 —6 4
3 0 -2 -2/ 5 6| =0 -6| +/-10 12
3 1], 0 11 | 9 3, 0 -22|,
[ -3-6 6+4 -9 10
=| 0-10 -6+12| =|-10 6
9+0 3-22], 9 -19],

Definition 4. (Matrix Multipl_ication)
Let A :[a ] and B :[bij ]np . Then the product AB is

ij mn
given by AB :[cij ]mp , Where
in™~nj

n
Cij :Zaikbkj :ailblj +ai2b2j +..-4+a. b
k=1

for1<i <mand1<j<p.



Example 3.

-1 2
2 -3
[M )
3 132 22

Example 5.
2 3][-1 4]
AB =
1 -2 3 1
-1 4] 2 -3]
BA =
3 1| 1 -2
AB = BA

= 0-2 0-10

=1 (0@ +=20) (O)=3)+(=2)(5)

- 32+ D)Q)
2+2 3 +10}

(3)(=3)+ ()

0 13
=| -2 -10
7 4l

- (-D@)+AO) D3+ (2)(5)}

6+1 -9+5

2-9 8-3] [-11 5
_1-6 4—2}{ -7 2}
214 3-8] [ 2 -5
| 6+1 —9—2}{ 7 —11}

Matrix multiplication is not commutative in general

1 0] 2
0 1) 1

(2 -3
1 -2J0 1] | 1

1 0] [ 2 -3

_ N
3] [ 2 -3]
21 -2




Systems of Linear Equations

One practical application of matrix multiplication
representing a system of linear equations.

Consider the system of m linear equations in n variables

Qg X, X, + -0 A X, = bl
aX, Fa,X,+ -+ +3,X,= b,
a31X1 +a32X2 + +a3nxn = b3
a X, +a.,X,+ - 4+a X = b
a, a, Ay, Xy bl
a a R | X
A — 21. 22- - 2N X — 2. and B — 2
_aml am2 amn_mn _Xn_nl _bm_m1
Then
AX =B
&; ap e A X1 b1
8y 8y R X _| ~2
R @ o L0 o _bm_ml

Example 6. Solve the matrix equation AX =0, where

1 2 1
A= .
{2 3 —2}

Solution. We have AX =0. Then

X, 0
1 -2 1
A = , X =[X,| andB =|0
2 3 -2
X3 31 031

Hence the system is
X,— 2X,+ X,=0
2X,+ 3X,— 2x,=0

IS



1 -2 10] e | 1 -2 10
2 3 -20 0 7 4o

1 —2 1|O
R,—>IR, 4
0 1 ——|0
7
1 0 1 0
R15R;—2R, 7
0 1 _4 0
L 7 -
1
X, - 7x3 =0
4
X, — 7x3 =0

Then x,=t eR,Xx, =;t, and X, =%t . The solution is

L
AL
X =|—t =—t|4| =s|4]| :seR.
7 7
t 731 731
131

Example 7. Solve the matrix equation AX =0, where

1 0 -1 2
-1 1 1 -3
1 1 -1 1|
i 2 3 4




Solution. We have AX =0. Then

1 0 -1 2 X, 0
-1 1 1 -3 X 0
X =| *|andB =| _|.Thus
1 1 -1 1 X, 0
i 2 -3 4] | Xy 0]
1 0 -1 2/0]
-1 1 1 -30
[Alo]=
1 1 -1 10
I 2 -3 40
1 0 -1 2/0]
R,>R,+R; 0 1 0 -10
RS OR 3k, 0 1 0 -10
0 2 0 20
1 0 -1 20]
eoren, | 0 1 0 o
R,—>R,—-2R, O O O O 0
0 0 o0 0o
Hence the system is
X, —X;+2x,=0
X, -x, =0
Then

X,=teRXx;=seR,X, =X,—2X,=s-2t,and x, =X, =t.
The solution is

x| [s—-2t] [1] [-2]

X, Os +t 0 1
X = = =S +t

X4 s +0t 1 0

X, [Os+t] [O0] | 1]




Definition 5.
e A square matrix

a, 0 0 - 0
0Oa 0 - 0

A= 0 0 a, ;
¢ 0 : 0
0 0 0 - a,]|

is called a diagonal matrix if all entries that are not on the main
diagonal are zero.

e The trace of a square matrix A =|a; | is the sum of the
main diagonal entries. Thatis, Tr(A) =a,, +a,, +---+a_ .

Example 8.
-2 0 0
1) The matrix =| 0 -6 0] a diagonal matrix.
0O 0 11
1 0 -1 2]
. . -1 5 1 -3
2) Consider the matrix A = . Then
1 1 -1 1
3 2 -3 |

Tr(A)=a, +a,, +a, +a,, =1+5+(—_1)+4:9.

Homework. 4, 7, 20-21,27, 44, 47, 48, (page (55-59)
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mn J
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. -1 0 3
Also,if A= 0 -2| ,andB ={ } . the
2
3 l 23
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mn
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2.2 Properties of Matrix Operations

In this section, we begin to develop the algebra of matrices.
Theorem 1. Let A,B and C be mxn matrices, and let
c, and d be scalars. Then the following is true.

o gk wWwNE

A+B =B +A
A+(B+C)=(A+B)+C
(cd)A =c(dA)

1-A=A
c(A+B)=cA +cB
(c +d)A =cA +dA

Proof. Let A =|a; | and B =|b; | . Then

| 8 =[a,]+ m (3, +
b, + H+[au1

(cd)A =(cd)| 3 | +[(cd )ay |
=[c(da;)]=c[(da;)]= (d 3 ])=c(dA)
C<A+B):C([ J+[b ]) c|a + =[c(aij +by )]

fen 8,1 [en 1oLy <[, T
=CA +cB
Example 1. (Addition of More than Two Matrices)

-1 -2 0 0 -3
21+ 3(+| 1(+|2|=| 8
3 1 -1 0 3

Theorem 2. Let A be an m xn matrix, and letc bea

scalar. Then

1. A, +0. . =A=0_ +A

2. A, +(-A,,)=0,,=A,)+A,, (A, the
additive inverse of A.,).

3. IfcA,, = thenc=00rA, 6 =0

mn ! mn



Example 2. (Solving a Matrix Equation).
Solve for X ,the equation 3X +A =B, for

1 -2 -3 4
A = ,and B = . Then
0 3 2 1

X +A=B=3X =B -A
1

=X =Z(B -A)
3

C1{[-8 4] [ 1 -2
3| 2 1}{ 0 3D
1|4 6
3| 2 —2D

A
| 3
|2 2

. 3 3l

Properties of Matrix Multiplication

Theorem 3. Let A,B and C be m xn matrices, and let ¢
be a scalar. Then the following.

1. A(BC)=(AB)C

2. A(B +C)=AB +AC (product defined)

3. (B +C)A =BA +CA (cd)A =c(dA) (product defined)

4. c(AB)=(cA)B

Remark. If AC =BC, the is not necessarilyA =B
Example 3.

i
A |
|

2 4

2 3l

B=

2 4 1
,and C =
2 3 -1
1 3] 1 -2] [-2 4
0 1|-1 2| |1 2]
1 2] [-2 4}

-1 2}{—1 2

AC =BC,butA =B

—2
2

|



oo 3z 5
ey 3o 02 3]

AB = BA
(1 0 0 - 0]
0 1 0 0
Remark. The identity matrixis 1, =| 0 0

0 0 0 0 1
Theorem 4. Let A, be an m xn matrix. Then
1. Al =A,,
2. 1A, =A,,
Remark. If A =A_, then
1. Al =1,A =A,.
2. A =AxAx---xA where 0=k eN,and A° =1

k —factors

3. AJA* =AT™:02j,0#£k eN.
4. (A*) =AY;0%),0%k eN

n-

Example 4. If A = B ﬂ then

S e

P
EHEEHE

13
Al, =
0 1




The Transpose of a Matrix

Definition 1. The transpose of a matrix

A

mn

C

m1l

A matrix A is called symmetric if A] =A

a'21

a12 aln
a‘22 a2n
am 2 amn Jmn
all a21
a
Agm _ a12: 22.
L ain a‘2n

Example 5.

1 0 -1

A -1 5 1
1 1 -1

3 2 3
1 0

(AT )T _ -1 5
1 1

3 2

1 0 -1
B 0 5 1
-1 1 -1

2 3 1
1 0

=B’ = 0o
-1 1

2 3

2
-3 = A" =
1
4_
12
1 -3
g oq7A
3 4]
-
-3
1
4_
1 2]
1 -3
11
1 4

ml

m 2

a

mn

nm

1

-1

n"

=B = B symmetric




'Y

Theorem 5. Let A, and B be m xn matrices, and let ¢ be
a scalar (with order such that the operations is defined. Then.

1 (A7) =A
2. (A+B) =A" +BT
3. (CA)" =cA’
4. (AB) =BT AT
Example 6.
2 1 -2 3 1

3 2 3
BTATz{ }1 0 -2



'Y

Example 7.
1 3

; 1 0 -2
3 2 -1
2
1 3 10 -6 -5
; 1 0 -2
AAT =| 0 -2 -6 4 2
3 2 -1
2 5 2 5
10 -6 -5
(AAT) —|-6 4 2|=AAT
5 2 5

e A square matrix A, is called skew-symmetric if
Al =-A_.
Example 8. The matrix

Then A, is skew-symmetric.

Home work.
1,5, 8, 13-
14, 16,19-
22,32, 59
7, 29,30,
39, 40




V¢

2.3 Theinverse of a Matrix

Definition 1. A square matrix A of order n is called invertible
(non-singular) if there exists a square matrix C of order n such
that AB =BA =1, . The matrix A is called the inverse of A, and
denoted by B =A™,
If Ahas no inverse, then Ais called non-invertible

(singular) matrix.
Theorem 1. If Ais an invertible matrix, then its inverse is unique.
The inverse of A is denoted by A,
Proof. Because A is invertible, you know it has at least one
inverse B such that

AB =BA =1
Suppose C has another inverse such that

AC =CA =1,
Then

AB =1,

C (AB)=Cl

n

Hence, the inverse is unique.
Thus

-1 2
Example 1. Let A ={ . J and B :{

w3
o120 0

Hence, B is the inverse of A.



Yo

1 4
Example 2. Find the inverse of Az{ . 3}. We solve

1 4fx y] [10
-1 -3Jlz w| [0 1

X+47 y+4w ] [1 0
—Xx-3z -y-3aw | |0 1

AX =1, .Then

X+4z =1
y +4w =0
—x -3z =0
-y -3 =1

Then x =-3,z =1,y =—4w =1
1 4||-3 4 B 1 0
1 3|l 1 1| |0 1
3 4
Then A1={ }

1 1

Finding the Inverse of a Matrix by Gauss-Jordan Elimination
Let A be a square matrix of order n

1. Write the matrix [ A [I, |  that consists of the given

matrix A on the left and the identity matrix I on the right.

Note that you separate the matrices by a line. This process
is called adjoining matrix I to matrix A, .

2. If possible, row reduce A, to I, using elementary row
operations on the entire matrix [An 1 n] . The result will be the

nx2n
matrix [I ) |An‘1]
invertible (or singular).

3. Check your work by multiplying AA"and A™A to see that
AAT=ATA=1.

. If this is not possible, then A_ is non-

nx2n



Example 3. Find the inverse of

A

R,—R,+R; >|:1 4‘1 0:| R{—»>R;—4R, \|:
0 10 1
:[I|A1]:>A1:{_?l’ _ﬂ
1
Example 4. Find the inverseof A=| 1
—6
Solution.
1 -1 01 0 0
[All]= 1 0 -0 10
-6 2 30 0 1
N 1 -1 01 O
"R 500 1 -1 1
0 4 36 0
1 -1 01 O
RoRa?R 31 0 1 -1-1 1
0 0 -2 4
1 -1 0 1 O
— R Re 500 1 -1 1
0O 0 1-2 4
1 -1 0 1 O
RoRet®a 51 0 1 0-3 -3
0O 0 1-2 4




ARY%

1 -1 0-2 -3 -1
ofih 5l 0 1 0-3 -3 -1
0 0 12 -4 -1f

=[11A7]

-2 -3 -1
At=|-3 -3 -1
-2 -4 -1
1 2 0
Example 5. Show that the inverseof A= 3 -1 2| does
-2 3 2
not exists.
Solution.
1 2 0100
[A[l]=| 3 -1 20 1 }
-2 3 =20 0 1
1 2 01 0 O
R > 0 -7 23 1 0
0O 7 =202 0 1
1 2 01 0 O
RoRs®Re 51 0 -7 2[-3 0
0 0 01 1

Thus A has no inverse, since we can't get [I |A1]. Thus Ais
non-invertible (singular).



YA

a b
If A = L g } then A is invertible (non-singular) if and only

If ©=ad —bc =0, is the determinant of A

] d -b
.ThenAlzi{OI b}:{/g /5}.
ol a <L e
Example 6.

{5 7

5=(3)(2)-(-1)(-2)=6-2=420

T
N

6=0)(2)-(-1)(-6)=0

Then B is singular.

INJ NN}
Al B

Theorem 2. If Ais an invertible matrix with inverse A™,
k >0 bea positive integer, and O0=c e R , then

) (A7) =
(A") =ATAT. AT

k tlmes

3) (cA )_l :%A‘l;c #0.

4) (A7) =(A7) .
Proof.
1) We have AA™ =1 and A™A =1. Then (A—l)—l _

I
>



14

AK -A'lA'l---A'f:A"‘l-(AA'l)-A'l---A'l :Ak—l.(| ).A-l...A-l

k -times

A'lA'l---A'f-

k -times

-1

k —1-times k —1-times

AR T AT AT o AK2 .(AA-l).A-l...A-l
%/_/ %/_/

k —1-times k —2-times
k-2 -1 -1 k-2 p -1 -1
=A -(I)-A AT =AREATCA
| — | S —
k —2-times k —2-times
-1
=AA" =1

Ak :A-l...A-l.(A-lA).Ak—l =ATCAT(1).AM

k —1-times k —1-times
:A'l...A-l.Ak—l:A'l...A-l.(A-lA).Ak—Z
[ [
k —1-times k —2-times
:A-l"'A_l'(I)‘Ak_ZZA-l“'A-l'Ak_Z
— —_—
k —2-times k —2-times
=A"A =1

Then (A*) =A"A™..A".

k -times

3) Let 0#c €R. Then

(CA)(EAlj =C -E(AA‘l) (1)1 =1

(iAle(cA)— .:1(A1A)—(1)-| oy



Remark. If Ais an invertible matrix with inverse A, and
j,k €Z ,then

1) (A1) =AK
2) ATAK = Al
1 1
Example 6. If A = , then
2 4

A|=4-2=2%0
2 a2 oo
A2 = -
2 4|2 4| |10 18
A| = (3)(18) - (5)(10) =54 50 = 4 = 0

a1 18 -5
(A) =2 10 3}

2 e 3l s

Theorem 3. If A, and B are invertible matrices, then
(AB) =B'A™
Proof.
(AB)(BA™)

A(BBHAT=A(I)A™
(A1)AT=AA" =]
*(A"A)B =B(1)B
*(IB)=B"'B =1

(BA™)(AB)

B
B

Then (AB) =B~A™,



AR

1 1 -1 -1
Example 7. If A = ,and B = , then
3 4 3 4

ooy 3 3G -

AB| = (2)(13) - (3)(9) = 26 — 27 = —1

)l 2 s

A|=4-3=1|B|=-4+3=-1
ar_l 4 -1 [ 4 1
11-3 1| |-3 1
a1 1 4 1] [4
-)|-3 -1 3 1
Bl 4 -1 4 -1] [-13 3
13 1/l-3 1] | 9 =2

Theorem 4. If C is an invertible matrix with inverse C ™,

then

1) If AC=BC, then A=B( right cancellation)( the
product defined).

2) If CA=CB, then A =B ( right cancellation)(product
defined)

Proof.1)

If AC =BC, then

(AC)C*=(BC)C™
A(cc)=B(cC™)
A(l)=B(1)

Al =BI

A=B



AR

A=B
Theorem 4. If Ais an invertible matrix with inverse A™,
then the system AX =B has a unique solution given by
X =A"B.
Proof. We have AX =B.. Then

(AX)=A
(A7A)X =A"B
(1)X =A"B
IX =A"'B

X =A"B
To show that the solution is unique, we let X, , and X ,be
two solutions for AX =B . Then AX, =B and AX,=B.

By cancellation law, we get X, =X,.

Example 8. Solve the system

X, —X, =1
X, —Xz =2
—6X +2X, +3X,=-1
1 -1 O
A=l 1 0 -1
-6 2 3
-2 -3 -1 1



AR

[—2-6+1] [-7
=|-3-6+1|=|-8
| 2-8+1] |-9

X,=—7,X,==-8, and x, =-9

Home work. Page 77-79
(2,4, 9,15,18,20,25, 27,32,33,38,40,41,45, 46,47 ,48, 52)



PROFESSOR HAMZA ABUJABAL MATH 241 LINEAR ALGEBRA

1.1
1) Solve
L Y -1 g
2 3
2%+ %y — 4E,
Solution.
X Y -1 E
2 3
—2X + %’ =-4E,
2X — 4y =4 E,
E,—>4E; 3
—2X + 4y =—4E,
3
%2x—%=4—>2x=4?y+4—>x:?y+2
—>x:%+2;teR
2) Solve
XZ1,yF2_ o g
2
X — 2y = 5 E,
Solution.
x—1+ y+2: AE,
2
X — 2y = 5 E,
6(x —1 6(y +2
(1), 8+2)_ e
2 3
X — 2y = 3)
33X -3+ 2y +4= 24

X — 2y = 5



PROFESSOR HAMZA ABUJABAL MATH 241 LINEAR ALGEBRA

33X -3+ 2y +4= 24
X — 2y = 5

X+ 2y = 23

X— 2y = 5

4 =28=>X =71

X -2y =5b=7-2y ==y =1

3) Use Gaussian-Jordan to solve:

2X + 27 = 2
5x + 3y = 4
3y — 4z = 4
The augmented matrix is
2 0 2 2 . 1 0 1 1
5 3 0 4—2", 5 3 0 4
0 3 -4 4 0 3 -4 4
1 0 1 1 {1 0 1
e B R T B B I R I
0 3 -4 4 0o 0 1
1 0 0 -4 . 1 0 0 -4
LR, 0 3 () 24]% 0 1 0 8
0 0 1 5 0 0 1 5
X =-4,y =8,z =5
4) Solve
(cosa)x + (sina)y = 1 (1)
(-sina)x + (cosa)y = (2)
Solution.

(cosa)x + (sina)y =1 (1)
(-sina)x + (cosa)y =0 (2)
(sine)(1) and (coser)(2)



PROFESSOR HAMZA ABUJABAL MATH 241 LINEAR ALGEBRA

2

(cosasina)x +(sin*a )y =sina (3)

(—cosasina)x +(cos’a)y =0 (4)
(3)+(4)
(sin?a +cos’a)y =sina
y =sina
(-sina)x +(cosa)y =0
(-sina)x +cosasina =0

(-sina)x =—(cosa)sina

—CoSaSina
X = _ =COS«
—Sina
5) Solve
12_12_,
X Yy
§+i=0
X Yy
Solution.
12 12 _,
X Yy
§+i=0
Xy
Letlzx;i:Y
X y
12X -1 =
X +4 =
12X -1 =7
O9X +12 =0
21X =7T=> X :lzE
21 3



PROFESSOR HAMZA ABUJABAL MATH 241 LINEAR ALGEBRA

12 —_9X =Y —_3x :_§(EJ:_1

4 4\ 3 4
QN S
X X 1)
3
WS S S
y y

6) Find the value of k such that the system has one solution

X +ky =0
kx +y =0
Solution
X +ky =0
kx +y =0
X +ky =0
—k?*x —ky =0
x —k?x =0
(1-k?*)x =0
The system has one solution if
1-k?=0
1#k?
k #+1
1.2
1) Solve
X+ 2y = 0
X+ y= 6
X - 2y = 8
Solution

The augmented matrix is



PROFESSOR HAMZA ABUJABAL MATH 241 LINEAR ALGEBRA

1 2 [0 1 2 |0
1 1 6<% 0 -1 |6
3 2 I8 0 -8 8
1 1 2 0
e N B B T
0 1 -1
1 2 0
N I
0 o -1

Thus the system has no solution.
2) Solve the system

X+y+z=0
2X +3y +z=0
3X +5y +z =0

Then the augmented matrix is
1110

2 31 0
351 0
R, >R, +(-2)R,
R, >R, +(-3)R,

U
1 1 1 o
0 1 -1 o
0 2 -2 o0

R, >R, +(-2)R,
U



PROFESSOR HAMZA ABUJABAL MATH 241 LINEAR ALGEBRA

1 1 1 o0
0 1 -1 o0
0 0 0 O
R, >R, -R,
R, >R, +(-3)R,
U

1 0 2 0
0 1 -1 o0
0 0 0 O

y-z=0=>y=z2=telR

X+22 =0=>Xx =-27 =-2
3) When the system has a consistent or inconsistent

X+y+2=2
y+z2=2
X +2 =2

ax +by +cz =0
Then the augmented matrix is

1 10 2]
0O 1 1 2
1 0 1 2
a b c 0
R, —>R,-R,
R, >R, +(-a)R,;
— U —
1 1 0
0 1 1 2
0 -1 1 0
i 0 -a Cc —2a_




PROFESSOR HAMZA ABUJABAL MATH 241 LINEAR ALGEBRA

R,—>R,+R,
R,»>R,-(b-a)R,
— U -
1 1 0
0 1 1 2
0 0 2
| 0 0 a-b+c —2b_
R3—>%R3
— U -
1 1 0 2
0 1 1
0 0 1 1
i 0 0 a-b+c —2b_
R, > R,—(a—b +C)R,
U
1 1 0 2
0 1 1 2
0 0 1 1
i 0 0 0 a+b +C |
R, >R, —-R,
R,»>R,—-R,
— U -
1 0 0 1
0 1 0 1
0 0 1 1
i 0 0 0 a+b +C |




PROFESSOR HAMZA ABUJABAL MATH 241 LINEAR ALGEBRA

1) The system has only one solution x =y =z =1, when
a+b+c=0.

i) The system has no solution, when a+b +c =0
1)  We can not have an infinite solution.

4) Find the value of k such that the system has non-trivial

solution
(k =2)x +y =0
X +(k —2)y =0
Solution
k —2 1 0] .. 1 k-2 0
1 2
1 k-2 0 "k =2 1 0
1 k -2 0
RyRy~(k-2)Ry
0 1-(k -2)°| 0
| 1 k -2 0
- 0 1-(k*-4k +4) 0
| 1 k —2| 0
- 0 1-kZ2+4k —4\ 0
| 1 k -2 0
- 0 k2-4k +3\ 0

The system has a non-trivial solution if
k?—4k +3=0=(k -1)(k —=3)=0
=X =1orx =3
The system has trivial solution if
k-2=0=k =2



1.1

1) Solve
X Y -1 E
2 3
2%+ %y - 4E,
Solution.
X Y -1 E
2 3
—2X + %y ——4E,
2X — 4y =4 E,
E,—4E, 3
—2X + 4y ——4E,
3
ST s YR V.. AR B
3 3 3
>X=—+2telR
2) Solve
XZ1,oyF2_ o g4
2
X — 2y = 5 E,
Solution.
X_1+ y+2: AE,
2 3
X — 2y = 5 E,
6(x —1 6(y +2
(D), 8+ e
2 3
X — 2y = 3)
X -3+ 2y +4= 24

X — 2y = 3)



X =3+ 2y +4= 24

X — 2y = 5
X+ 2y= 23
X — 2y = 3)
4 =28=>x =7

X -2y =9=7-2y=5=Yy =1

3) Use Gaussian-Jordan to solve:

2X + 27 = 2
5x + 3y = 4
3y — 4z = 4
The augmented matrix is
2 0 2 2 . 1 0 1 1
5 3 0 4—2"s 5 3 0 4
0 3 -4 4 0 3 -4 4
1 0 1 1 {1 1
R, 00 3 -5 -1|—R2ReRe ) 00 3 5|
0 3 -4 4 0 1]
1 0 0 4] . |1 00 4
R 5 0 3 0 244 ——2—] 0 1
0 0 1 5 0 0
X=-4,y =8,z =5
4) Solve
(cosa)x + (sina)y = 1 (1)
(-sina)x + (cosa)y = 0 (2)
Solution.

(cosa)x + (sina)y =1 (1)
(-sina)x + (cosar)y =0 (2)
(sina)(1) and (cosa)(2)



(cosasina)x +(sin’a)y =sina (3)
(—cosasina)x +(C082a)y =0 (4)
(3)+(4)
(sin*a +cos’ ar)y =sina
y =Sina
(-sina)x +(cosa)y =0
(-sina)x +cosasina =0

(-sina)x =—(cosa)sina

—CcoSasSina
X = - =Co0S
—Sina
5) Solve
2 12,
X Yy
§+izo
X Yy
Solution.
2 12,
X Yy
§+izo
X Yy
Letizx;l:Y
X y
12X =12 =7
3X +4 =0
12X -1 =7
OX +12% =0
21X =7T=> X :l:E
21 3



4 4\ 3 4
X =lox=2-1_3
X X 1)
3

y Y (_1j
4
6) Find the value of k such that the system has one solution
X +ky =0
kx +y =0

Solution
X +ky =0

kx +y =0

X +ky =0

—k?*x —ky =0

x —k?x =0

(1-k?*)x =0

The system has one solution if
1-k?#0

1#k?

k #+1
1.2
1) Solve
X+ 2y = 0
X+ y= 6
33X — 2y = 8
Solution
The augmented matrix is



1 2 |0 1
11 |6l —=5m—| O
-2 I8 0
1 2 0
R,——R,;R3>—-R, 0 1| 6
0 1 1

1 20 0

Rl 5000 ) 5

0 0 -1

Thus the system has no solution.

2) Solve the system

X+y+z =0
2X +3y +z=0
3X +5y +z =0

Then the augmented matrix is

111 0
2 31 0
351 0

R, >R, +(-2)R,
R, >R, +(-3)R,

1
0
0

U

1
1 -
2 -2

R, >R, +(-2)R,

U

0
0
0



1 1 1 o0

0 1 -1 o0
0 0 0 O
R, >R, —R,
R, =R, +(-3)R,
U
1 0 2 0
0 1 -1 o0
0 0 0 O

y-z=0=>y=z=telR

X+22 =0=>Xx =-27 =-2
3) When the system has a consistent or inconsistent

X +Yy =2
y+z=2
X +2 =2

ax +by +cz =0
Then the augmented matrix is

O » = O
o N NN

O O O
I
|

—2a




O O O R o O O - O O O -

o O O -

R, >R, +R,
R, >R, —(b-a)R,

U

1 0
1 1
0 2
0 a-b+c
R3—>%R3

U

1 0
1 1
0 1
0 a-b+c

—-2b

R,—>R,-(@-b+c)R,

U

1
1
0
0

0
1
1
0

R, >R,-R,
R, >R,-R,

o O -~ O

O =, O O




1) The system has only one solution x =y =z =1, when
a+b+c=0.

i)  The system has no solution, when a+b +c =0
i)  We can not have an infinite solution.

4) Find the value of k such that the system has non-trivial

solution
(k =2)x +y =0

X +(k —2)y =0

k-2 1 0] .o 1 k-2 0
1 2
1 k-2 0 k-2 1 0

{ 1 k —2| o}
R,c>R,—(K-2)R;

Solution

0 1-(k -2’ 0
| 1 k -2 0
B 0 1-(k2-4k +4) o}
: 1 K ~2) 0
N 0 1-k?+4k —4 o}
: 1 k-2 0
N 0 k2-4k +3 o}

The system has a non-trivial solution if
k?—4k +3=0=(k -1)(k —=3)=0
=X =1lorx =3
The system has trivial solution if
k-2=0=k =2



21)

X +y +2z =1

2X +3y +7 =-2

SX +4y +2z =4
Then the augmented matrix is

-1 1 2| 1
2 3 1| —2
5 4 2| 4
R, —>—-R,
U
1 -1 —2| -1
2 3 1| —2
5 4 2| 4
R, >R,-2R,
R, >R, -5R,
U
1 -1 —2| -1
0 5 5| 0
0 9 12| 9
R, —> éRZ
U
1 -1 —2| -1
0 1 1| 0
0 9 12| 9

R, >R, +(-9)R,
U



1 -1 -2 -1

0 1 1 0
0 0 3 9
R, —>1R,

U
1 -1 -2 -1
0o 1 1 0
0 0 1 3

R, >R, -R,
R, >R, +2R,
U
1 -1 0 5
0 1 0 -3
0 0 1 3
R, >R, +R,
U
1 0 0 2
0 1 0 -3
0 0 1 3

Now, converting back to a system of linear equations, you
have the solutionis x =2,y =-3and z =3.

27)
X +2y +6z =1
2X +3y +15z =4
X +Yy +32 =6
Then the augmented matrix is
1 2 6| 1
2 5 15| 4

3 1 3 -6



AR

R, >R, 2R,
R, >R, - 3R,
U

1 2 § 1
0o 1 3 2
0 -5 -15 -9

R, =R, +5R,

U

1 2 6 1

0 1 3 2

0 00 1

The system has no solution.
35) when the system is consistent and inconsistent
X +ky =1

kx +y =0
Solution. The augmented matrix is
{ 1 k |1}
k 10
R, >R, -kR,
U

[ ; —k2+qf|‘j

AR



[EEY

0)

1-k?
—k
k*-1

0 1

If k>-120=k =+1, then the system is consistent. If
k ==+1 is inconsistent.

1 2 2
Find the inverseof A= 3 7 9
-1 -4 -7

Solution.
1 2 211 00

[A[l]=| 3 7 90 10
-1 -4 -70 0 1
1 2 21 0 O
R,—R,-3R;
PR 500 1 3-3 1
0 -2 -5 1 0 1

'Y



0 —
1 0 -4 7
Rol2® 1 0 1 3-3
0O 0 1-5
Ry oR, 3R, 1 0 0-13
RoRHR: 510 1 0] 12
0 0 1 -5
Then
-13
A7 =] 12
-5
1
Find the inverseof A=| 3
5
Solution.
1 2 =11 0
[All]=| 3 7 -100 1
7 16 -210 O
R,—>R,-3R; 1 2
R;—R;-7R; N O 1
0 2
1 2
R;—>R;3+2R, N O 1
0O O

'Y

'Y

0

0

1
2 0

1 0

2 1
6 4

=3 |=[1]A™]

1

6 4
-5 -3

2 1

2 -1

7 -10

16 -21

0

0

1

11 0 0
-7-3 1 0
-4 7 0 1
-1 1 0 O
~71-3 1 0
0-1 -2 1
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1 0 0]-13 6 4
R,—>R,-3R;
RoRM 510 1012 5 -3|=[I|AT]
0O 0 1 -5 2 1
1 2 -1
Then A = 3 7 10| has no inverse.
7 16 -21

49) If A*=A,then A=1 or A issingular.
Solution. Let A=A, and A be non-singular. Then A~ exist ,
and
A2=A=A’-A=0

—=AA-1)=0

=AY (AA-1))=A"0
=(A7A)(A-1)=0
=(1)(A-1)=0
=A-1=0

=A=1
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