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Complex Numbers

> DEFINITION 1 Complex Number
A complex number is a number of the form
a + bi Standard Form

where a and b are real numbers and@ is called the imaginary unit.

Some examples of complex numbers are

3-2i 145 2-1%
0+3 5+0i 0-+0i

The notation 3 — 2i is shorthand for 3 + (—2)i.

> DEFINITION 2 Special Terms

i Imaginary Unit

a + bi a and b real numbers Complex Number

a + bi b#0 Imaginary Number

0+ bi = bi b #0 Pure Imaginary Number
bi Imaginary Part of a + bi
a+ 0i=a Real Number

a Real Part of a + bi
0=0+ 0i Zero

a — bi Conjugate of a + bi

The relationship of the complex number system
to the other number systems:

Complex numbers (C)

NCZCQCRCC | I |

Real numbers (R) Imaginary numbers
| |
Rational nllmeers (Q Irrational numbers (/)
| |
Integers (2) Noninteger ratios of integers

Natural numbers (N) Zero  Negatives of natural numbers



Examplel:

Identify the real part, the imaginary part, and the conjugate of each of the following
numbers:

(A) 3 — 2i (B) 2 + 5i (C) 7i (D) 6

Real Part  [Imaginary par{y Conjugate Cildandle
3 _2L 3+2L 45 )il LAl ¢ all 3l
2 5( 2_5L
o | # |- Sk
¢ O & e

Operations with Complex Number

> DEFINITION 3 Equality and Basic Operations

1. Equality: a+bi=c+d ifandonlyif a=candb=4d
2. Addition: (a+ bi)+ (c+di)y=(a+c)+ (b+d)
3. Multiplication: (a + bi)(c + di) = (ac — bd) + (ad + bc)i

Example 2: Carry out each operation and express the answer in stand

form
(AY (2-3L) 4 (6 xab) (B) (-5 anl)y (o+al)
©)  (F-3) - (Cr) ®) (-2+7F)x (2-F0)

Solution

(A) ("l-%‘\x x LQ-\- 11.-\ = 2.——6L .\.é’\-ll..a
= (2+6) 1 (342U
R =



B) (-5 +u4d) 4 (e+ol) = _ 5.4l yo 4oL
~ -5t
() (F_3)_ (6+2V) = T _L _¢g —2L
(3-6) & (=3 -2)L
= 1 _s5tL
D) (-2 43 4 (2-30) = 22, 42_3FL =0

Example 3: Carry out each operation and express the answer in
standard form

W (2-3L) (€ 2L (® 1(3-5L)
©) L(14L) D (3+ut) (3-u4l).
Se\u&'m\r\g

m' . o -2
A) (2-3)(ex20) = \L 4+ 1L L _ 6L
\,/7

- \2 vl £ (A1)

- 12 ML 46
= \8 - l'—lL
(B) A (3-BL) - B-5L
. . e .2 . T
CC) L(ﬂ.—?lx)“—' L +L = L—l = 140

(D) (2+4i)(3-Hi)= A 21 120 _ 14 L%
= 9 _ (A

~7 b



> THEOREM 1 Product of a Complex Number and Its Conjugate

(a + bi)(a — bi) = a’ + b* A real number
Qe 488 ya

For examle ¢ (Rt (31 - 37-—\ f-t‘ = R\E=AS

Remarks

For any complex number a + bi,

I(a + bi) = (a + bi)l = a + bi

or multiplicative
Inverse

is the reciprocal of a + bi a+ bi #0
G sSadll

a + bi

Example4: Reciprocals and Quotients

Write each expression in standard form:

(A) ®)
2 + 35 1 +1:
Solution:

1 I 2-3i | 2-3 2-3i
243 243 2-3i |

________________________________

2—-3i 2 3.

13 3 13

2 3 4 6 6 9
CHEC 243 —— —i)|=—— —i+ —i — —
HECK ( l)<13 131) 13 13l 13l 13l
4 9
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7-3i 7-3i 1—i |
(B) — . E

l+i  14+i 1—i 1 — i
4 — 10i ,
- =2 —15i
2
CHECK 1+)2—-5)=2—-5+2—5*=7—3i
Natural number powers of i take on particularly simple forms: ’
. C N
0 S=i=1)i=@ f ol 2 gyt
2 6 _ 4 2 i s il S8
= g F=i-P=1-) =@ roSiscad
13:12.1:(—1)1:- i7=l~4.i3:1(_l~)=. iu.n‘)_(\ag

o~

== -H=0 L= -i"=1-1=0

Example 5: Fvaluate each the following: O ansii + Jall 43y 51
7 @ - Sl aslig e e

LA\ L - L = L LCQCMS V= Y 4 3;

- 24 .0

L = ¢ =z 1 2= UXC + 6

033 o 2

L = L . 1, 38 = 4 xqQ +Z

- 43 3

1"
o,

L EEEN At Ux\ 4+

Relating Complex Numbers and Radicals

> DEFINITION 4 Principal Square Root of a Negative Real Number

The principal square root of a negative real number, denoted by V —a,
where a 1s positive, is defined by

V—a=iVa ~V-3=ivV3 V-9=iVo=a3i

The other square root of —a,a > 0,is —V—a = —iVa.



Complex Numbers and Radicals

Write 1n standard form:

-3 — V-5

(A) V-4 (B) 4+ V-5 (©) (D)

2 1 — V-9

SOLUTIONS

(A) V—4 = iV4 =2 B) 4+ V-5=4+iV5
3-V-S _3-iVs 3 VS

2 2 2 2
1 1 1 -1+ 3i)
1 —V—-9 1-3i (1-=30)- -0+ 3i)
1+3i  1+3i 1 3 .
= = + —1
1 — 9¢ 10 10 10

(©)

(D)

> Solving Equations Involving Complex Numbers

Equations Involving Complex Numbers

(A) Solve for real numbers x and y:
Bo+2)+ (29— 4)i=—4+6i
(B) Solve for complex number z:

(B+2)z—3+6i=8—4
SOLUTIONS

(A) Equate the real and imaginary parts of each side of the equation to form two

equations:
Real Parts Imaginary Parts
Ix+2=—4 2y —4 =26
3x = —6 2y =10
x= —2 y=3
B)B+2)p—3+6i=8—4i Add 3 — 6i to both sides.
3+ 20)z=11 — 10i Divide both sides by 3 + 2i.
11 — 10
zZ = B Multiply numerator and denominator by 3 — 2i.
3+ 20

(11 — 10/)(3 — 2i)
= Simplify.
(3 + 20)3 — 2i)
13 — 52i
13

=1 — 4

Try to solve it

sCila glal) (pa 2y Sl




