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This part of the book covers both basic and intermediate topics within Number
Properties. Complete Part I before moving on to Part II: Advanced.

Chapter 1

NUMBER PROPERTIES




In This Chapter . . .

¢ Integers

* Arithmetic Rules

® Rules of Divisibility by Certain Integers
¢ Factors and Multiples

* Fewer Factors,.More Multiples

¢ Divisibility and Addition/Subtraction

® Primes

¢ Prime Factorization

¢ Factor Foundation Rule

® The Prime Box

¢ Greatest Common Factor and Least Common Multiple

¢ Remainders




DIVISIBILITY & PRIMES STRATEGY

Cha?téji‘ 1

INTEGERS

Integers are “whole” numbers, such as 0, 1, 2, and 3, thac havc no fractional part. Integers
can be positive (1, 2, 3...), negative (-1, -2, -3...), or the number 0.

The GMAT uses the term integer to mean a non-fraction or a non-decimal. The special
properties of integers form the basis of most Number Properties problems on the GMAT.

Arithmetic Rules

Most arithmetic operations on integers will always result in an integer. Fomxample

4+5=9 -2)+1=-1 The sum of two mtcgcrsxsalwaysanmtegcr
4-5=-1 (<2)-(-3)=1 - The difference of two integers is always an integer.
4x5=20 -2)x3=-6 The product of two integers is always an integer.

However, division is different. Sometimes the result is an integer, and sometimes it is not:

DU » |
B+2=4bu2+8= The result of dividing two integers is

4 SOMETIMES an integer.
(-8) + 4=-2,but (-8) + (-6) = 3 (This result is called the qéiotient.)

NN

An integer is said to be divisible by another number if the integer can be'divided by that
number with an integer result (meaning that there is no remaindcr) :

For example, 21 is divisible by 3 because when 21 is divided by 3, an integer is the result
(21 + 3 =7). However, 21 is not divisible by 4 because when 21 is divided by 4, a non—
integer is the result (21 + 4= 5 25).

Alternatively, we can say that 21 is divisible by 3 because 21 divided by 3 yields 7 with zero
remainder. On the other hand, 21 is not dmslble by 4 bemusc 21 divided by 4 yields 5

with a remainder of 1.

Here are some more examples:

8+2=4 Therefore, 8 is divisible by 2.
We can also say that 2 is a divisor or factor of 8.
2+8=025 Therefore, 2 is NOT divisible by 8. -
(-6) +2=-3 Therefore, —6 is divisible by 2.
-6 +(-49)=15 Therefore, -6 is NOT divisible by —4.

ManfattanGMAT prep
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Chapter 1 DIVISIBILITY & PRIMES STRATEGY

Rules of Divisibility by Certain Integers
The Divisibility Rules are important shortcuts to determine whether an integer is divisible
by 2,3,4,5,6,8,9, and 10.

A i divisible by:

2 if the integer is EVEN. _ ‘

12 is divisible by 2, but 13 is not. Integers that are divisible by 2 are called “even” and inte-  *
gers thar are not are called “odd.” You can tell whether a number is even by checking to see
whether the units (ones) digit is 0, 2, 4, 6, or 8. Thus, 1,234,567 is odd, because 7 is odd,
whereas 2,345,678 is even, because 8 is even.

I¢is 2 good idea to 3 xf thf SUM of the integer’s DIGITS‘is d'i\tisihle by 3
memorize the rules for 72 is divisible by 3 because the sum of its digits is 9, which is divisible by 3. By contrast, 83
divisibility by 2, 3, 4, 5, is not divisible by 3, because the sum of its digits is 11, which is not divisible by 3.

689 nd 10 4 if the integer is divisible by 2 TWICE, or if the LAST TWO digits are divisible by 4.
28 is divisible by 4 because you can divide it by 2 twice and get an integer result
(28 + 2 =14, and 14 + 2 = 7). For larger numbers, check only the last two digits. For
example, 23,456 is divisible by 4 because 56 is divisible by 4, but 25,678 is not divisible by
4 because 78 is not divisible by 4. .

5 if the integer ends in 0 or 5.
75 and 80 are divisible by 5, but 77 and 83 are not.

6 if the integer is divisible by BOTH 2 and 3.
48 is divisible by 6 since it is divisible by 2 (it ends with an 8, which is even) AND by 3
(4 + 8 = 12, which is divisible by 3).

8 if the integer is divisible by 2 THREE TIMES, or if the LAST THREE digits are
divisible by 8.

32 is divisible by 8 since you can divide it by 2 three times and get an integer result
(32+2=16,16 + 2 =8, and 8 + 2 = 4). For larger numbers, check only the last 3 digits.
For example, 23,456 is divisible by 8 because 456 is divisible by 8, whereas 23,556 is not
divisible by 8 because 556 is not divisible by 8.

9 if the SUM of the integer’s DIGITS is divisible by 9.
4,185 is divisible by 9 since the sum of its digits is 18, which is divisible by 9. By contrast,
3,459 is not divisible by 9, because the sum of its digits is 21, which is not divisible by 9.

10 if the integer ends in 0.
670 is divisible by 10, but 675 is not.

The GMAT can also test these divisibility rules in reverse. For example, if you are told that
a number has a ones digit equal to 0, you can infer that that number is divisible by 10.
Similarly, if you are told that the sum of the digits of x is equal to 21, you can infer that x is
divisible by 3 but NOT by 9.

Note also that there is no rule listed for divisibility by 7. The simplest way to check for
divisibility by 7, or by any other number not found in this list, is to perform long division.

ManﬁattanG MAT Prep
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DIVISIBILITY & PRIMES STRATEGY  Chapter 1

Factors and Multiples
Factors and Multiples are essentially opposu:e terms.

A factor is a positive integer that divides evenly into an integer. 1, 2, 4 and 8 are all thc fac-
tors (also called divisors) of 8.

A multiple of an integer is formed by multiplying that integer by any integcr, so 8, 16, 24,
and 32 are some of the multiples of 8. Additionally, negative multiples are possible (-8,
-16, —24, 32, etc.), but the GMAT does not test negative multiples directly. Also, zero (0)
is technically a multiple of every number, because that number times zero (an mteger)

equals zero. , : ‘ You can use factor pairs
to determine all of the
Note that an integer is always both a factor and a multiple of itself, and that 1 is a factor of facrors of any integer, in
every integer. theory, but the process
works best with small

An easy way to find all the factors of 2 SMALL number is to use factor pairs. Factor pairs
for any integer are the pairs of factors that, when multiplied together, yield that integer.

To find the factor pairs of a number such as 72, you should start with the automatic factors:
1 and 72 (the number itself). Then, simply “walk upwards” from 1, testing to see whether
different numbers are factors of 72. Once you find a number that is a factor of 72, find its
partner by dividing 72 by the factor. Keep walking upwards until all factors are exhausted.

(1) Make a table with 2 columns labeled “Small” and “Large.” Small | Large

(2) Start with 1 in the small column and 72 in the large column. 1 72
(3) Test the next possible factor of 72 (which is 2). 2 is a factor of 72, so 9 36
write “2” underneath the “1” in your table. Divide 72 by 2 to find 3 2%
the factor pair: 72 + 2 = 36. Write “36” in the large column. 4 18
(4) Test the next possible factor of 72 (which is 3). Repeat this process -
until the numbers in the small and the large columns run into each 6 12
other. In this case, once we have tested 8 and found that 9 was its 8 9

paired factor, we can stop

Fewer Factors, More Multiples

Sometimes it is easy to confuse factors and multiples. The mnemonic “Fewer Factors, More
Multiples” should help you remember the difference. Factors divide into an ' integer and are
therefore less than or equal to that integer. Positive multiples, on the other hand, multiply
out from an integer and are therefore greater than or equal to that integer.”

Any integer only has a limited number of factors. For example, there are only four factors of
8: 1,2, 4, and 8. By contrast, there is an infinite number of multiples of an integer. For
example, the first 5 positive multiples of 8 are 8, 16, 24, 32, and 40, but you could go on
listing multiples of 8 forever.

Facmr;, multiples, and divisibility are very closely related concepts. For example, 3 is a factor
of 12. This is the same as saying that 12 is a multiple of 3, or that 12 is divisible by 3.

Manhattan GMAT prep
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DIVISIBILITY & PRIMES STRATEGY

Chapter 1
On the GMAT, this terminology is often used interchangeably in order to make the prob-
lem scem harder than it actually is. Be aware of the different ways that the GMAT can
phrase information about divisibility. Moreover, try to convert all such statements to the
same terminology. For example, all of the following statements say exactly the same thing:
* 12 is divisible by 3 * 3 is a divisor of 12, or 3 is a factor of 12
* 12 is a multiple of 3 * 3 divides 12
12 1
e — isan integer * — yields a remainder of 0
The GMAT can state 3 3 -
that  is divisible by y in * 12 = 3n, where n is an integer * 3 “goes into” 12 evenly
several different ways— * 12 ijtems can be shared among 3
learn chese different people so that each person has
phrasings and mentally the same number of items.

convert them to a single
form when you see
them!

Divisibility and Addition/Subtraction

If you add two multiples of 7, you get another multiple of 7. Try it: 35 + 21 = 56 This
should make sense: (5x7) + (3x7)=(5+3)x7=8x7.

Likewise, if you subtract two multiples of 7, you get another multiple of 7. Try it: -
35 — 21 = 14. Again, we can see why: 5x7) - (3x7)=(5-3)x7=2x7.

This pattern holds true for the multiples of any integer V. If you add or subtract multi-
ples of N, the result is a multiple of N. You can restate this principle using any of the dis-
guises above: for instance, if Vis a divisor of x and of y, then N is a divisor of x + y.

Primes

Prime numbers are a very important topic on the GMAT. A prime number is any positive
integer larger than 1 with exactly two factors: 1 and itself. In other words, a ptime number
has NO factors other than 1 and itself. For example, 7 is prime because the only factors of
7 are 1 and 7. However, 8 is not prime because it is divisible by 2 and 4.

Note that the number 1 is not considered prime, as it has only one factor (itself). Thus, the
first prime number is 2, which is also the only even prime. The first ten prime numbers
are 2, 3, 5,7, 11, 13, 17, 19, 23, and 29. You should memorize these primes.

Prime Factorization

One very helpful way to analyze a number is to break it down into its prime factors. This
can be done by creating a prime factor tree, as shown to the right with the number 72.
Simply test different numbers to see which ones “go into” 72 without leaving a remainder.
Once you find such a number, then split 72

into factors. For example, 72 is divisible by 6,

5o it can be split into 6 and 72 + 6, or 12. / \

Then repeat this process on the factors of 72

until every branch on the tree ends at a prime

number. Once we only have primes, we stop, 2/ \3 /l \
because we cannot split prime numbers into

two smaller factors. In this example, 72 splits

into 5 total prime factors (including repeats): 2 x 3 x 2 x 2 x 3.

ManhattanGMAT Prep
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- DIVISIBILITY & PRIMES STRATEGY

Cha!)ter 1

Prime factorization is an extremely important tool to use on the GMAT. One reason is that
once we know the prime factors of a number, we can determine ALL the factors of that -
number, even large numbers. The factors can be found by building all the possible products
of the prime factors.

On the GMAT; prime factorization is useful for many other applications in addition to enu-
merating factors. Some other situations in which you might need to use prime factorization
include the following;

(1) Determining whether one number is divisible by another number

(2) Determining the greatest common factor of two numbers

(3) Reducing fractions

(4) Finding the least common multiple of two (or more) numbers

(5) Simplifying square roots

(6) Determining the exponent on one side of an equation with integer constraints

Prime numbers are the building blocks of integers. Many problems require variables to be
integers, and you can often solve or simplify these problems by analyzing primes. A simple
rule to remember is this: if the problem states or assumes that a number is an integer,
you MAY need to use prime factorization to solve the problem.

Factor Foundation Rule

The GMAT expects you to know the factor foundation rule: if 4 is a factor of b, and b is
a factor of ¢, then a is a factor of ¢. In other words, any integer is divisible by all of its fac-
tors—and it is also divisible by all of the FACTORS of its factors.

For example, if 72 is divisible by 12, then 72 is also divisible by all the factors of 12 (1, 2, 3,
4, 6, and 12). Written another way, if 12 is a factor of 72, then all the factors of 12 are also
factors of 72. The Factor Foundation Rule allows us to conceive of factors as building blocks
in a foundation. 12 and 6 are factors, or building blocks, of 72 (because 12 x 6 builds 72).

The number 12, in turn, is built from its own factors; for
example, 4 x 3 builds 12. Thus, if 12 is part of the founda-
tion of 72 and 12 in turn rests on the foundation built by
its prime factors (2, 2, and 3), then 72 is also built on the
foundation of 2, 2, and 3.

Going further, we can build almost any factor of 72 out of
the bottom level of the foundation. For instance, we can see that 8 is a factor of 72, because
we can build 8 out of the three 2’s in the bottom row (8 = 2 x 2 x 2).

We say almost any factor, because one of the factors cannot be built out of the building
blocks in the foundation: the number 1. Remember that the number 1 is not prime, but it
is still a factor of every integer. Except for the number 1, every factor of 72 can be built out
of the lowest level of 72 building blocks.

ManﬁattanGMAT Prep
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DIVISIBILITY & PRIMES STRATEGY

Chapter 1
The Prime Box
The easiest way to work with the Factor Foundation Rule is with a tool called a Prime Box.
A Prime Box is exactly what its name implies: a box that holds all the prime factors of a
number (in other words, the lowest-level building blocks). Here are prime boxes for 72, 12,
and 125:
72 12 125
2, 2) 2) 2) 2)3 5) 5)5
3,3
Every integer larger than
1 has a unique prime
factorization.

Notice that we must repeat copies of the prime factors if the number has multiple copies of
that prime factor. You can use the prime box to test whether or not a specific number is a
factor of another number.

Is 27 a factor of 72?

72

27 =3 x 3 x 3. But we can see that 72 only has two 3’s in its prime
2 2 2 box. Therefore we cannot make 27 from the prime factors of 72.
b b b
Thus, 27 is not a factor of 72.
3,3

Given that the integer n is divisible by 3, 7, and 11, what other numbers
must be divisors of n?

. Since we know that 3, 7, and 11 are prime factors of 7, we know that

3 > 7 > ]_ ]_ 4| 7 must also be divisible by all the possible products of the primes in
5 the box: 21, 33, 77, and 231.

T Without even knowing what 7 is, we have found 4 more of its

factors: 21, 33, 77, and 231.

Notice also the ellipses and question mark (“... ?”) in the prime box of 7. This reminds us
that we have created a partial prime box of 7. Whereas the COMPLETE set of prime fac-
tors of 72 can be calculated and put into its prime box, we only have a PARTTAL list of
prime factors of #, because 7 is an unknown number. We know that » is divisible by 3, 7,
and 11, but we do NOT know what additional primes, if any, 7 has in its prime box.

Most of the time, when building a prime box for a VARIABLE, we will use a partial prime
box, but when building a prime box for a NUMBER, we will use a complete prime box.

ManhattanGMAT Prep
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Chapter 1

Greatest Common Factor and Least Common Multiple

Frequently on the GMAT, you may have to find the Greatest Common Factor {GCF) or
Least Common Multiple (LCM) of a set of two or more numbers.

Greatest Common Factor (GCF): the largest divisor of two or more integers.
Least Common Multiple (LCM): the smallest multiple of two or more integers.

Itis likely that yoﬁ already know how to find both the GCF and the LCM. For example,

when you reduce the fraction 1% to % , you are dividing both the numerator (9) and

denominator (12) by 3, which is the GCF of 9 and 12. When you add together the frac-

1 1.1 1 1 15 10 6 1
tions 5+3+§,youconvertthefracuonstothxmeths Py -;—+-S-——3%+~36+§6- -3?26

Why thirtieths? The reason is that 30 is the LCM of the denominators: 2, 3, and 5.

FINDING GCF AND LCM USING VENN DIAGRAMS

One way that you can visualize the GCF and LCM of two numbers is by placing prime
factors into a Venn diagram—a diagram of circles showing the overlapping and non-over-
lapping elements of two sets. To find the GCF and LCM of two numbers using a Venn

diagram, perform the following steps: 30 24

(1) Factor the numbers inta primes.

(2) Create a Venn diagram.

(3) Place each common factor, including copies
of common factors appearing more than
once, into the shared area of the diagram
(the shaded region to the right).

(4) Place the remaining (non-common) factors
into the non-shared areas.

The Venn diagram above illustrates how to determine the GCF and LCM of 30 and 24. The
GCF is the product of primes in the overlapping region: 2 x 3 = 6. The LCM is the prod-
- uct of ALL primes in the diagram: 5 x 2 x 3 x 2 x 2 = 120.

Compute the GCF and LCM of 12 and 40 using the Venn diagram approach.

The prime factorizations of 12 and 40 are 2 x 2 x 3 and 2 x 2 x 2 x 5, respectively:
12 40

The only common factors of 12 and 40 are two 2’s.
Therefore, we place two 2’s in the shared area of the 2, 2’ 3 2, 2, 2,
Venn diagram (on the next page) and remove them
from BOTH prime factorizations. Then, place the | 5
remaining factors in the zones belonging exclusively
to 12.and 40. These two outer regions must have no
primes in common!

ManﬁattanGMA: Prep
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DIVISIBILITY & PRIMES STRATEGY

The product of the
shared primes is the
GCE The product of all
the primes (counting
shared primes just once)
is the LCM.

The GCF of 12 and 40 is therefore 2 x 2 = 4, the
product of the primes in the shared area. (An easy
way to remember this is that the “common factors”
are in the “common area.”)

The LCM is 2 x 2 x 2 x 3 x 5 = 120, the product
of all the primes in the diagram.

Note that if two numbers have NO. primes in common, then their GCF is 1 and their LCM is
simply their product. For example, 35 (= 5 x 7) and 6 (= 2 x 3) have no prime numbers in
common. Therefore, their GCF is 1 (the common factor of 4/ positive integers) and their
LCM is 35 x 6 = 210. Be careful: even though you have no primes in the common area, th
GCF is not 0 but 1. : ‘

35 6

Remainders

The number 17 is not divisible by 5. When you divide 17 by 5, using long division, you get
a remainder: a number left over. In this case, the remainder is 2.

We can also write that 17 is 2 more than 15, or 2 more than a multiple of 5. In other
words, we can write 17 =15+2 =3x5+2. Every number that leaves a remainder of 2 after
it is divided by 5 can be written this way: as a multiple of 5, plus 2.

On simpler remainder problems, it is often easiest to pick numbers. Simply add the desired
remainder to a multiple of the divisor. For instance, if you need a number that leaves a
remainder of 4 after division by 7, first pick a multiple of 7: say, 14. Then add 4 to get 18,
which satisfies the requirement (18 =7 x 2 + 4).

ManhattanGMAT Prep
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IN ACTION DIVISIBILITY & PRIMES PROBLEM SET 'Chapter 1

Problem Set

For problems #1-12, use one or more prime boxes, if appropriate, to answer each question: YES,
NO, or CANNOT BE DETERMINED. If your answer is CANNOT BE DETERMINED, use
two numerical examples to show how the problem could go either way. All variables in problems #1
through #12 are assumed to be integers unless otherwise indicated.

1. If a is divided by 7 or by 18, an integer results. Is % an integer?
2. If 80 is a factor of r, is 15 a factor of r?
3. Given that 7 is a factor of n and 7 is a factor of p, is n + p divisible by 7?
4, Given that 8 is not a factor of g, is 8 a factor of 2g?
5. If j is divisible by 12 and 10, is j divisible by 24?
6. If 12 is a factor of xyz, is 12 a factor of xy?
7. Given that 6 is a divisor of r and r is a factor of s, is 6 a factor of s?
8. If 24 is a factor of h and 28 is a factor of k, must 21 be a factor of hk?
9. If 6 is not a factor of d, is 12d divisible by 6?
10.  If kis divisible by 6 and 3k is not divisible by 5, is k divisible by 10?
11. If 60 is a factor of u, is 18 a factor of u?
12.  Ifsis a multiple of 12 and t is a multiple of 12, is 7s + 5t a multiple of 12?
Solve Problems #13-15:
13.  What is the greatest common factor of 420 and 660?
14. - What is the least common multiple of 18 and 24?
-15. A skeet shooting competition awards prizes as follows: the first place winner receives

11 points, the second place winner receives 7 points, the third place finisher receives 5
points, and the fourth place finisher receives 2 points. No other prizes are awarded.
John competes in the skeet shooting competition several times and receives points
every time he competes. If the product of all of the points he receives equals 84,700,
how many times does he participate in the competition?

ManhattanGMAT Prep
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IN ACTION ANSWER KEY DIVISIBILITY & PRIMES SOLUTIONS  Chapter 1

1. YES:
a

» I a is divisible by 7 and by 18, its prime factors include 2, 3, 3, and 7, as
2 } 3 3 ~ indicated by the prime box to the left. Therefore, any integer that can be

> ~2 ~3. | constructed as a product of any of these prime factors is also a factor of 4.
7, .'. 4 42 = 2 x 3 x 7. Therefore, 42 is also a factor of a.

+

2. CANNOT BE DETERMINED:

r

If r is divisible by 80, its prime factors include 2, 2, 2, 2, and 5, as
2 2 2 indicated by the prime box to the left. Therefore, any integer that can be
3 > > | constructed as a product of any of these prime factors is also a factor of 7.
2 5 ?| 15=3x5. Since the prime factor 3 is not in the prime box, we cannot determine
3 &3 2t *1 whether 15 is a factor of 7. As numerical examples, we could take = 80, in which
case 15 is NOT a factor of r, or r = 240, in which case 15 IS a factor of r.

3. YES: If 2 numbers are both multiples of the same number, then their SUM is also a multiple of that same
number. Since 7 and p share the common factor 7, the sum of 7 and p must also be divisible by 7.

4. CANNOT BE DETERMINED:

In order for 8 to be a factor of 2¢, we would need two more 2s in
2 R g the prime box. By the Factor Foundation Rule, g would need to be
divisible by 4. We know that g is not divisible by 8, but there are

certainly integers that are divisible by 4 and not by 8, such as 4, 12,

(not 2 ’ 20, 28, etc. However, while we cannot conclude that g is not divisi-

ble by 4, we cannot be certain that g is divisible by 4, cither. As
2, 2) numerical examples, we could take g= 5, in which case 8 is NOT
a factor of 2g, or g = 4, in which case 8 IS a factor of 2g.

5. CANNOT BE DETERMINED:
Jj J J

, - If j is divisible by 12 and by 10, its prime
2 2 2 2 factors include 2, 2, 3, and 5, as
> 3, > 5 ’ — > 2’ 3’ indicated by the prime box to the left.
P 5 b There are only TWO 2’s that are definite-
. , LN L l . tll . ﬁ . . f . b
y in the prime factorization of j, because
’ the 2 in the prime factorization of 10
may be REDUNDANT—that is, it may be the SAME 2 as one of the 2’s in the prime factorization of 12.

L X L] LR X Z

24 =2 x 2 x 2 x 3. There are only two 2’s in the prime box of f; 24 requires three 2’s. Therefore, 24 is not nec-
essarily a factor of ;.

As another way to prove that we cannot determine whether 24 is a factor of , consider 60. The number 60 is
divisible by both 12 and 10. However, it is NOT divisible by 24. Therefore, j could equal 60, in which case it is
not divisible by 24. Alternatively, j could equal 120, in which case it IS divisible by 24.

ManﬁattangMATPrep
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Chapter 1 DIVISIBILITY & PRIMES SOLUTIONS : IN ACTION ANSWER KEY
6. CANNOT BE DETERMINED:

xyz xy
If xyz is divisible by 12, its prime factors include 2, 2,
2, 2, 3, _ and 3, as indicated by the prime box to the left. Those
— s ? prime factors could all be factors of x and y, in which

case 12 is a factor of xy. For example, this is the case

when x = 20, y = 3, and z = 7. However, x and ycould”
“be prime or otherwise not divisible by 2, 2, and 3, in
which case xy is not divisible by 12. For example, this is the case when x=5, y= 11, and z = 24.

7. YES: By the Factor Foundation Rule, if 6 is a factor of 7 and  is a factor of 5, then 6 is a

factor of s.
8. YES:
hk '
b E By the Factor Foundation Rule, all the factors of both 4 and & must be
2 2 2 2 2 factors of the product, sk. Therefore, the factors of bk include 2, 2, 2, 2,
) Ly Luy)| Luy Lay 2, 3, and 7, as shown in the combined prime box to the left. 21 =3 x 7.
3 > 7 9 | Both3and7 are in the prime box. Therefore, 21 is a factor of k.
, o0e ° , e0e °

d The fact that 4 is not divisible by 6 is irrelevant in this case. Since 12 is divisible by
2 2 2 6, 124 is also divisible by 6.
) 3] not .

3k

k We know that 34 is not divisible by 5. Since 5 is prime, and 3 is not divisible by 5,
3 2 3 we can conclude that £ is not divisible by 5. If £ is not divisible by 5, it cannot be
’ divisible by 10, because 10 has a 2 and a 5 in its prime factorization.
not 5

11. CANNOT BE DETERMINED:

u
If « is divisible by 60, its prime factors include 2, 2, 3, and 5, as indicated by the
2) 2) 3 > | prime box to the left. Therefore, any integer that can be constructed as a product of
any of these prime factors is also a factor of #. 18 = 2 x 3 x 3. Since there is only one
5 ) oo o 3 in the prime box, we cannot determine whether or not 18 is a factor of . As
numerical examples, we could take % = 60, in which case 18 is NOT a factor of %, or
# =180, in which case 18 IS a factor of .
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12. Yes:
If s is a multiple of 12, then so is 7s.
If ¢ is a multiple of 12, then so is 5¢.
Since 75 and 5¢ are both multiples of 12, then their sum (75 + 5¢) is also a multiple of 12.

13. 60:

420 660 420=2x2x3x5x7.
660=2x2x3x5x11.
The greatest common factor is the
product of the primes in the shared factors ONLY:
22x3'x5'=2x2x3x5=60.

14.72:

18=2x3x3.

24=2x2x2x3.

The least common multiple is the product of all the primes
in the diagram:

3x2x3x2x2=72,

15. 7: Notice that the values for scoring first, second, third, and fourth place in the competition are all
prime numbers. Notice also that the PRODUCT of all of the scores John received is known. Therefore, if
we simply take the prime factorization of the product of his scores, we can determine what scores he
received (and how many scores he received).

84,700 =847 x 100=7x 121 x2x2x5x5=7x11x 11 x2x2x5x5.
* Thus John received first place twice (11 points each), second place once (7 points each), third place twice

(5 points each), and fourth place twice (2 points each.) He received a prize 7 times, so he competed 7
times.
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ODDS & EVENS

Even numbers are integers that are divisible by 2. Odd#hmﬁm-ire integers that are not
divisible by 2. All integers are either even or odd.

Evens: 0, 2, 4, 6, 8, 10, 12... Odds: 1, 3,5,7,9, 11...
Consecutive integers alternate between even and odd: ) 9,10, 11, 12, 13...
' : O, EO E O..

Negative integers are also either even or odd:

Evens: -2, -4, -6, -8, 10, -12... Odds: -1, -3, -5, -7, -9, -11...

If you forget these rula,
Arithmetic Rules of Odds & Evens | thf;“o‘i't“o’:“ﬁ;f:f‘;
The GMAT tests your knowledge of how odd and even numbers combine through addi-

picking real numbers.
tion, subtraction, multiplication, and division. Rules for adding, subtracting, multiplying :
and dividing odd and even numbers can be derived by simply picking numbers and testing
them out. While chis is certainly a valid strategy, it also pays to memorize the following rules
for operating with odds and evens, as they are extremely useful for certain GMAT math
questions. ' .

Add or subtract 2 odds or 2 evens, and the result s EVEN: 7+11=18and 8 +6=14
Add or subtract an odd with an even, and the result is ODD. 7+8=15
Multiplication: | |

When you multiply integers, if ANY of the integersis 3 x 8 x 9x 13 =2,808

even, the result is EVEN. ’
Likewise, if NONE of the integers is even, then the result is ODD.

If you multiply together several even integers, the result will be divisible by higher and
‘higher powers of 2. This result should make sense from our discussion of prime factors.
Each even number will contribute at least one 2 to the factors of the product.

For example, if there are TWO even integers in a set of integers being multipled together,
the result will be divisible by 4. 2x5%x6=60 - (divisible by 4)

If there are THREE even integers in a set of integers being multipled together, the result
will be divisible by 8. 2x5x6x10=600 (divisible by 8)

To summarize so far:

Odd * Even = ODD Odd x Odd = ODD
Odd = Odd = EVEN Even x Even = EVEN (and divisible by 4)

Even + Even = EVEN Odd x Even = EVEN

Manﬁa‘ttan@’l‘f MAT Prep
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There are no guaranteed outcomes in division, because the division of two integers may not
yield an integer result. There are several potential outcomes, depending upon the value of
the dividend and divisor.

isibility of
Even? 0dd? Non-Integer?

v v v

Example: 12 + 2=6 | Example: 12 + 4=3 | Example: 12 + 8§ =1.5

v N v

Even + Even

Remember that 2 is the Even + Odd
ONLchmprime Example: 12 +-3= 4 Exa_[nple: 12 =+ 5 =24
number. 3
Odd + Even X : X /
Example: 9 + 6=1.5
0Odd + Odd X v v

Example: 15 + 5 =3 | Example: 15 + 25 =0.6

An odd number divided by any other integer CANNOT produce an even integer. Also, an
odd number divided by an even number CANNOT produce an integer, because the odd
number will never be divisible by the factor of 2 concealed within the even number.

The Sum of Two Primes

Notice that all prime numbers are odd, except the number 2. (All larger even numbers are
divisible by 2, so they cannot be prime.) Thus, the sum of any two primes will be even
(“Add two odds ... .”), unless one of those primes is the number 2. So, if you see a sum of
two primes that is odd, one of those primes must be the number 2. Conversely, if you know
that 2 CANNOT be one of the primes in the sum, then the sum of the two primes must be
even.

if a and b are both prime numbers greater than 10, which of the following
CANNOT be true?

l. abis an even number.
Il. The difference between a and b equals 117.
Ill. The sum of a and b is even.

(A) | only

(B) 1 and Il only
(C) l'and 1l only
(D) l and 1ll only
(E) 1, Nand Il
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Since 4 and 4 are both prime numbers greater than 10, they must both be odd. Therefore 24
must be an odd number, so Statement I cannot be true. Similarly, if 2 and 4 are both odd,
then 2 — 4 cannot equal 117 (an odd number). This difference must be even. Therefore,
Statement II cannot be true. Finally, since 4 and & ate both odd, 2 + 4 must be even, so
Statement III will always be true. Since Statements I and II CANNOT be true, but
Statement III IS true, the correct answer is (B).

Try the following Data Sufficiency problem. {If you are not familiar at all with the Data
Sufficiency format, see pages 267-270 of the Official Guide for GMAT Review, 12th edition.
You may also refer to Chapter 8 of this guide, “Strategies for Data Sufficiency.”)

If x > 1, what is the value of iﬁtéger x?

(1) There are x unique factors of x.
(2) The sum of x and any prime number larger than x is odd.

Statement (1) tells us that there are x unique factors of x. In order for this to be true,
EVERY integer between 1 and x, inclusive, must be a factor of x. Testing numbers, we can
see that this property holds for 1 and for 2, but not for 3 or for 4. In fact, this property does
not hold for any higher integer, because no integer x above 2 is divisible by x — 1. Therefore,
x =1 or 2. However, the original problem stem told us that x > 1, so x must equal 2.
SUFFICIENT.

Statement (2) tells us that x plus any prime number larger than x is odd. Since x > 1, x must
equal at least 2, so this includes only prime numbers larger than 2. Therefore, the prime
number is odd, and x is even. However, this does not tell us which even number x could be.
INSUFFICIENT. The correct answer is (A): Statement (1) is sufficient to answer the ques-
tion, but Statement (2) is insufficient.

Testing Odd & Even Cases

Sometimes multiple variables can be odd or even, and you need to determine the implica-
tions of each possible scenario. In that case, set up a table listing all the possible odd/even
combinations of the variables, and determine what effect that would have on the question.

If a, b, and c are integers and ab + c is odd, which of the following must be
true?

. a+cisodd
. b+cisodd
lll. abc is even

(A) t only (D) L and Iti only
(B) i only (E) It and Il only
(C) i only

Here, 4, 6 and ¢ could all possibly be odd or even. Some combinations of Odds & Evens for
4, b and ¢ will lead to an odd result. Other combinations will lead to an even result. We
need to test each possible combination to see what the result will be for each. Set up a table,

as on the next page, and fill in the possibilities.
ManﬁattanQMAT Prep
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Scenario a b c ab+¢

1 ODD ODD .| ODD | Ox0+0=E

2 OoDD OoDD EVEN | OxO+E=0

3 ODD EVEN ODD | OXE+0=0

4 ODD EVEN | EVEN | OxE+E=E

5 EVEN OoDD ODD | Ex0+0=0

6 EVEN ODD EVEN | ExQ+E=E

7 EVEN EVEN ODD | ExE+0=0
‘When approaching
Ol 2 vens quesions 8 | EVEN | EVEN | EVEN | ExE+E=E
involving multiple vari-
ables, test different Scenarios 2, 3, 5 and 7 yield an odd result, and so we must focus only on those scenarios.
Odd/Even cases for each We can conclude that Statement I is false (Scenario 3 yields 2 + ¢ = EVEN), Statement 11 is
variable. false (Scenario 5 yields 4 + ¢ = EVEN), and Statement II1 is true (all 4 working scenarios

yield abc = EVEN). Therefore, the correct answer is (C).
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Problem Set

For questions #1-15, answer each question ODD, EVEN, or CANNOT BE DETERMINED. Try
to explain each answer using the rules you learned in this section. All variables in problems #1-15
are assumed to be integers unless otherwise indicated.

1. _.lfnisodd, piseven, and qis odd, whatisn+p + g?

2. If ris a prime number greater than 2, and s is odd, what is rs?
3. If tis odd, what is t*?

4, If uis even and w is odd, what is u + uw?

5. If x + y yields an odd integer, what is x?

6. If a + b is even, what is ab?

7. If ¢, d, and e are consecutive integers, what is cde?

8. If f and g are prime numbers, what is f + g?

9, If his even, j is odd, and k is odd, what is k{h + )?

10.  lf mis odd, what is m* + m?

11. i n, p, g, and r are consecutive integers, what is their sum?
12, ft=s5-3, whatiss+¢t?

13.  Ifuis odd and w is even, what is (uw)’ + u?

14. if xy is even and z is even, what is x + 2?

15. If @, b, and c are consecutive integers, whatis a + b + ¢?
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1. EVEN: O +E=0.0+0=E. Ifin doubt, try plugging in actual numbers: 7 + 2 + 3 = 12 {even).
2.0DD: O x O = O. If in doubrt, try plugging in actual numbers: 3 x 5 = 15 (odd).

3.0DD: O x O x O x O = O. If in doubr, try plugging in actual numbers: 3 x 3 x 3 x 3 = 81 (odd).
4. EVEN: uw is even. Therefore, E+ E=E.

5. CANNOT BE DETERMINED: Thete are no guaranteed outcomes in division.

6. CANNOT BE DETERMINED: If 2 + 6 is even,  and b are either both odd or both even. If they are
both odd, ## is odd. If they are both even, 4b is even.

7. EVEN: At least one of the consecutive integers, ¢, 4, and ¢, must be even. Therefore, the product cde
must be even. ‘

8. CANNOT BE DETERMINED: If cither for g is 2, then f+ g will be odd. If fand g are odd primes, or
if fand g are both 2, then f+ g will be even.

9. ODD: 4 + j must be odd (E + O = Q). Therefore, k(5 + 7) must be odd (O x O =0).
10. EVEN: m* must be odd (O‘x O = O). m* + m, therefore, must be even (O + O = E).

11. EVEN: If n, p, ¢, and r are consecutive integers, two of them must be odd and two of them must be
even. You can pair them up to add them: O + O = E, and E + E = E. Adding the pairs, you will see that
the sum must be even: E+E = E.

12. ODD: If s is even, then ¢ must be odd. If s is odd, then ¢ must be even. Either way, the sum must be
odd: E+ O =0, or O +E = O. (Tiy plugging in real numbers: if s=2, #=5, or if s= 3, t=6.)

13. ODD: (4w)’ must be even. Therefore, E + O = O.

14. CANNOT BE DETERMINED: If xy is even, then either x or y (or both x and y) must be even.
Given that z is even, x + z could be O + E or E + E. Therefore, we cannot determine whether x + z is odd
or even.

15. CANNOT BE DETERMINED: If 4, 4, and ¢ are consecutive, then there could be either one or two
even integers in the set. 2 + & + ¢ could be O + E+ O or E + O + E. In the first case, the sum is even; in
the second, the sum is odd.
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Chapter 3

POSITIVES & NEGATIVES

Numbers can be either positive or negative (except the number 0, which is neither). A
number line illustrates this idea:

S R B
-5 -4 -3 -2 -1 0 1

1
2 3 4 5

Negative numbers are all to the left of zero. Positive numbers are all to the right of zero.

Note that a variable (such as x) can have either a positive or a negative value, unless there is
evidence otherwise. The variable  is not necessarily positive, nor is =x necessarily negative.

Absolute Value: Absolutely Positive

The absolute value of a number answers this question: How far away is the number from
0 on the number line? For example, the number 5 is exactly 5 units away from 0, so the
absolute value of 5 equals 5. Mathematically, we write this using the symbol for absolute
value: | 5|= 5. To find the absolute value of 5, look at the number line above: =5 is also
exactly 5 units away from 0. Thus, the absolute value of =5 equals 5, or, in mathematical
symbols, |-5] = 5. Notice that absolute value is always positive, because it disregards the
direction (positive or negative) from which the number approaches 0 on the number line.
When you interpret a number in an absolute value sign, just think: Absolutely Positive!
(Except, of course, for 0, because | 0 | = 0, which is the smallest possible absolute value.)

On the number line above, note that 5 and -5 are the same distance from 0, which is locat-
ed halfway between them. In general, if two numbers are opposites of each other, then they
have the same absolute value, and 0 is halfway between. If x = —y, then we have either

x 0 y y 0 x

(We cannot tell which variable is positive without more information.

A Double Negative = A Positive
A double negative occurs when a minus sign is in front of 2 negative number (which already
has its own negative sign). For example: C

What is 7 - (-3)?

Just as you learned in English class, two negatives yield a positive:
7-(3)=7+3=10.

This is a very easy step to miss, especially when the double negative is somewhat hidden.
What is 7 - (12 - 9)?

Many people will make the mistake of computing this as 7 — 12 — 9 = —14. However,
notice that the second term in the expression in parentheses has a double negative.
Therefore, this expression should be calculated as 7 — 12 + 9 = 4.

ManhattanGMAT Prep
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Multiplying & Dividing Signed Numbers
When you multiply or divide two numbers, positive or negative, follow one simple rule:
If Signs are the Same, the answer’s poSitive 7x8=56 & (-7)x(-8) =56
but if Not, the answer is Negative. (-7)x8=-56 & 7 x(-8)=-56
56+7=8 & -56+(-8)=7
56+ (-7)=-8 & -56+8=-7
Remenmber that when This principle can be extended to multiplication and division by more than two numbers.
you muldiply or divide For example, if 3 numbers are multiplied together, the result will be positive if there are
signed numbers, the NO negative numbers, or TWO negative numbers. The result will be negative if there are
NUMBER of negative ONE or THREE negative numbers.
signs determines the ‘
SIGN of the result. We can summarize this pattern as follows. When you multiply or divide a group of nonzero

numbsers, the result will be positive if you have an EVEN number of negative numbers. The
result will be negative if you have an ODD number of negative numbers.

Consider the following Data Sufficiency problem.

Is the product of all of the elements in Set S negative?

(1) All of the elements in Set S are negative.
(2) There are 5 negative numbers in Set S.

This is a tricky problem. Based on what we have learned so far, it would seem that Statement
(2) tells us that the product must be negative. (5 is an odd number, and when the GMAT
says “there are 5” of something, you CAN conclude there are EXACTLY 5 of that thing,)
However, if any of the elements in Set S equals zero, then the product of the elements in
Set S will be zero, which is NOT negative. Therefore Statement (2) is INSUFFICIENT.

Statement (1) tells us that all of the numbers in the set are negative. If there are an even num-
ber of negatives in Set S, the product of its elements will be positive; if there are an odd num-
ber of negatives, the product will be negative. This also is INSUFFICIENT.

Combined, we know that Set S contains 5 negative numbers and nothing else. SUFFI-
CIENT. The product of the elements in Set S must be negative. The correct answer is (C).

Testing Positive & Negative Cases

Some Positives & Negatives problems deal with multiple variables, each of which can be
positive or negative. In these situations, you should set up a table listing all the possible
positive/negative combinations of the variables, and determine what effect that would have
on the question. For example:

if ab > 0, which of the following must be négative?

(A) a+b  (B)|a|l+b (C) b-a (D) % (E) —%
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One way to solve problems such as this one is to test numbers systematically. In this exam-
ple, we can test each of the four possible positive/negative combinations of 2 and 4 to see
whether they meet the criteria established in the question. Then we eliminate any that do
not meet these criteria. Finally, we test each of the remaining combinations in each of the
answer choices. You can use a chart such as the one below to keep track of your work:

Criterion: A B C D E
ab>0 a+b |¢|+b b-a 2 -2
b b

+,4+
a=3 YES POS POS POS POS NEG
b=6
-+ Use a chart to keep track
a=-3 NO of positive and negative
b=6 cases.
a=- YES NEG NEG NEG POS NEG
b=-6
+,-..
a=3 NO
b=-6

Notice that if more than one answer choice gives you the desired result for all cases, you can
try another pair of numbers and test those answer choices again.

Another approach to this problem is to determine what you know from the fact that 26 > 0.
If 2b > 0, then the signs of 2 and & must both be the same (both positive or both negative).

This should lead you to answer choice (E), since —% must be negative if 2 and b have the

same sign.
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Problem Set
Solve problems #1-5.

1. Evaluate 2|x-y| + |z+w]| ifx=2,y=5,z=-3,and w=8.

2. Simplify 66 + (-33) x| -9]

-30 18-9
3. Simplify — - ——
implify s 3
.. 20x(=7)
4. Simplify ———
el s C2)

5. When is |x — 4| equal to 4 ~ x?

In problems #6-15, decide whether the expression described is POSITIVE, NEGATIVE, or
CANNOT BE DETERMINED. If you answer CANNOT BE DETERMINED, give numerical
examples to show how the problem could be either positive or negative. :

6. The product of 3 negative numbers

7. The quotient of one negative and one positive number

8. Xy, giveh thatx<Oandy#0

9, |x| x y? given that xy 0

10. % + 2, given that x, y, and z are negative

|ab|
11. p s8iventhatb<a<0

12.  -4|d|,giventhatd#0

st
13. rT,giventhatr<s<0<w<t
14.  h*%’m? giventhatk<0Oand hm =0

15. , given that xyz >0

S, S
(-¥)(=2)
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L1L2)x—y+|z+af=2]2-5]+ -3 + 8| = 2|3} + |5/ = 2(3) + 5 = 11. Note that when you deal with
more complicated absolute value expressions, such as jx — y| in this example, you should NEVER change
individual signs to “+” signs! For instance, in this problem |x — y| = |2 - 5|, not |2 + 5|.

2. -18: In division, use the Same Sign rule. In this case, the signs are not the same. Therefore, 66 + (~33)
yields a negative number (—2). Then, multiply by the absolute value of -9, which is 9. To multiply -2 x 9,
use the Same Sign rule: the signs are not the same, so the answer is negative. Remember to apply division
and multiplication from left to right: first the division, then the multiplication.

3. —3: This is a two-step subtraction problem. Use the Same Sign rule for both steps. In the first step, the
signs are different; therefore, the answer is negative. In the second step, the signs are again different. That
result is negative. The final answer is —6 — (-3) = -3.

4.—2: The sign of the first product, 20 x (~7), is negative (by the Same Sign rule). The sign of the second
product, 35 x (=2), is positive (by the Same Sign rule). Applying the Same Sign rule to the final division
problem, the final answer must be negative.

5. x = 4: Absolute value brackets can only do one of two things to the expression inside of them: (a) leave
the expression unchanged, whenever the expression is 0 or positive, or (b) change the sign of the whole
expression, whenever the expression is 0 or negative. (Notice that both outcomes occur when the expres-
sion is zero, because “negative 0” and “positive 0” are equal.) In this case, the sign of the whole expression
x — 4 is being changed, resulting in —(x — 4) = 4 — x. This will happen only if the expression x — 4 is 0 or
negative. Therefore x— 4 = 0, or x < 4.

6. NEGATIVE: The product of the first two negative numbers is positive. A positive times a negative is negative.
7. NEGATIVE: By the Same Sign rule, the quotient of a negative and a positive number must be negative.

8. CANNOT BE DETERMINED: x is negative. However, y could be either positive or negative.
Therefore, we have no way to determine whether the product xy is positive or negative.

9. POSITIVE: x| is positive because absolute value can never be negative, and x # 0 (since xy # 0). Also, y*
is positive because y” will be either positive x positive or negative x negative (and y # 0). The product of
two positive numbers is positive, by the Same Sign rule.

10. NEGATIVE: Do this problem in two steps: First, a negative number divided by a negative number
yields a positive number (by the Same Sign rule). Second, a positive number divided by a negative number
yields a negative number (again, by the Same Sign rule).

11. NEGATIVE: 4 and 4 are both negative. Therefore, this problem is a positive number (by the definition
of absolute value) divided by a negative number. By the Same Sign rule, the answer will be negative.

12. NEGATIVE: You do not need to know the sign of 4 to solve this problem. Because 4 is within the
absolute value symbols, you can treat the expression |4| as a positive number (since we know that 4 # 0).
By the Same Sign rule, a negative number times a positive number yields a negative number.

13. POSITIVE: r and s are negative; w and ¢ are positive. Therefore, 752 is a positive number. A
positive number divided by another positive number yields a positive number.
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14. NEGATIVE: Nonzero numbers raised to even exponents always yield positive numbers. Therefore, #*
and m” are both positive. Because # is negative, # is negative. Therefore, the final product, ##n7, is the

product of two positives and a negative, which is negative.

=X

¥z

If the product xyz is positive, then there are two possible scenarios: (1) all the integers are positive, or (2)

two of the integers are negative and the third is positive. Test out both scenarios, using real numbers. In the
first case,”the end result is negative. In the second case, the two negative integers will essentially cancel each

other out. Again, the end result is negative.

15. NEGATIVE: Simplifying the original fraction yields:
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CONSECUTIVE INTEGERS

Consecutive integers are integers that follow one after another from a given starting point,
without skipping any integers. For example, 4, 5, 6, and 7 are consecutive integers, but 4,
6,7, and 9 are not. There are many other types of consecutive patterns. For example:

Consecutive Even Integers: 8, 10, 12, 14 Consecutive Primes: 11, 13, 17, 19

(8, 10, 14, and 16 is incorrect, as it skips 12) (11, 13, 15, and 17 is wrong, as 15 is not
prime)

Evenly Spaced Sets

To understand consecutive integers, we should first consider sets of consecutive integers
evenly spaced sets. These are sequences of numbers whose values go up or down by-the
same amount (the increment) from one item in the sequence to the next. For instance, the
set {4, 7, 10, 13, 16} is evenly spaced because each value increases by 3 over the previous
value.

Sets of consecutive multiples are special cases of evenly spaced sets: all of the values in the
set are multiples of the increment. For example, {12, 16, 20, 24} is a set of consecutive mul-
tiples because the values increase from one to the next by 4, and each element is a multiple
of 4. Note that sets of consecutive multiples must be composed of integers.

Sets of consecutive integers are special cases of consecutive multiples: all of the values in
the set increase by 1, and all integers are multiples of 1. For example, {12, 13, 14, 15, 16} is
a set of consecutive integers because the values increase from one to the next by 1, and each
element is an integer.

The relations among evenly spaced sets, consecutive
multiples, and consecutive integers are displayed
in the diagram to the right:

* All sets of consecutive integers are
sets of consecutive multiples.
* All sets of consecutive multiples

Evenly

S
are evenly spaced sets. Sets:
* All evenly spaced scts are fully Constant
deﬁned if the following 3 Incrcments

parameters are known:

Example:
{2,5, 8, 11, 14}\
(Increment is 3)

(1) The smallest (first) or largest
(last) number in the set

(2) The increment (always 1 for con-
secutive integers)

(3) The number of items in the set.

Consecutive integers

and consecutive sets are

special types of evenly

spaced sets. These sets

have special properties

thar are tested on the
GMAT. -
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CONSECUTIVE INTEGERS STRATEGY

Chapter 4
Properties of Evenly Spaced Sets
The following properties apply to all evenly spaced sets.
(1) The arithmetic mean (average) and median are equal to each other. In other words,
the average of the elements in the set can be found by figuring out the median, or
“middle number.” .
What is the arithmetic mean of 4, 8, 12, 16, and 20?
In this example we have 5 consecutive multiples of four. The median is the 3t largest, or
For evenly spaced sets, 12. Since this is an evenly spaced set, the arithmetic mean (average) is also 12.
the median equals the
arithmetic mean, and it . . .
4 ?
o cquals the average What is the arithmetic mean of 4, 8, 12, 16, 20, and 247
of the first and last

numbers in the set.

In this example we have 6 consecutive multiples of four. The median is the arithmetic
mean (average) of the 3rd largest and 4th largest, or the average of 12 and 16. Thus the
median is 14. Since this is an evenly spaced set, the average is also 14.

(2) The mean and median of the set are equal to the average of the FIRST and LAST

terms.

What is the arithmetic mean of 4, 8, 12, 16, and 20?

In this example, 20 is the largest (last) number and 4 is the smallest (first). The arith-
metic mean and median are therefore equal to (20 + 4) + 2 = 12.

What is the arithmetic mean of 4, 8, 12, 16, 20, and 24?

In this example, 24 is the largest (last) number and 4 is the smallest (first). The arith-
metic mean and median are therefore equal to (24 + 4) + 2 = 14.

Thus for all evenly spaced sets, just remember: the average equals (First + Last) + 2.

(3) The sum of the elements in the set equals the arithmetic mean (average) number in
the set times the number of items in the set.

This property applies to all sets, but it takes on special significance in the case of evenly
spaced sets because the “average” is not only the arithmetic mean, but also the median.

What is the sum of 4, 8, 12, 16, and 20?

We have already calculated the average above; it is equal to 12. There are 5 terms, so
the sum equals 12 x 5 = 60.

What is the sum of 4, 8, 12, 16, 20, and 24?

We have already calculated the average above; it is equal to 14. There are 6 terms, so
the sum equals 14 x 6 = 84.
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Cha!:te'r 4

Counting Integers: Add One Before You Are Done

How many integers are there from 6 to 10? Four, right? Wrong! There are actually five
integers from 6 to 10. Count them and you will see: 6, 7, 8, 9, 10. It is easy to forget that
you have to include (or, in GMAT lingo, be inclusive of) extremes. In this case;, both
extremes (the numbers 6 and 10) must be counted. When you merely subtract (10 — 6 = 4),
you are forgetting to include the first extreme (6), as it has been subtracted away (along .
with 5, 4, 3, 2, and 1). ’

Do you have to methodically count each term in a long consecutive pattern? No. Just
remember that if both extremes should be counted, you need to add one before you are
done. : :

How many integers are there from 14 to 765, inclusive?
765 — 14, plus 1, yields 752.
Just remember: for consecutive integers, the formula is (Last — First + 1).

This works easily enough if you are dealing with consecutive integers. Sometimes, however,
the question will ask about consecutive multiples. For example, “How many multiples of
4..” or “How many even numbers...” are examples of sets of consecutive multiples. -

In this case, if we just subtract the largest number from the smallest and add one, we will be
overcounting. For example, “All of the even integers between 12 and 24” yields 12, 14, 16,
18, 20, 22, and 24. That is 7 even integers. However, (Last — First + 1) would yield

(24 — 12 + 1) = 13, which is too large. How do we amend this? Since the items in the list
are going up by increments of 2 (we are counting only the even numbers), we need to
divide (Last — First) by 2. Then, add the one before you are done:

(Last — First) + Increment+1=(24~-12) +2+1=6+1=7.
Just remember: for consecutive multiples, the formula is (Last — First) + Increment + 1.
The bigger the increment, the smaller the result, because there is a larger gap between the

numbers you are counting,

Sometimes, however, it is easier to list the terms of a consecutive pattern and count them,
especially if the list is short or if one or both of the extremes are omitted.

How many multiples of 7 are there between 100 and 150?
Here it may be easiest to list the multiples: 105, 112, 119, 126, 133, 140, 147. Count the
number of terms to get the answer: 7. Alternatively, we could note that 105 is the first

number, 147 is the last number, and 7 is the increment;

Number of terms = (Last — First) + Increment + 1 =(147-105) + 7+1=6+1=7.

Memorize the formulas
for the number of items
in a consecutive set,
and also Tor a set of
cohsecutive integers.
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The sum of a set of con-
secutive integers equals
the number of items in
the set times the “middie
number,” or median, of
the set.

CONSECUTIVE INTEGERS STRATEGY

The Sum of Consecutive Integers
Consider this problem:

What is the sum of all the integers from 20 to 100, inclusive?

Adding all those integers would take much more time than you have for a GMAT problem.
Using the rules for evenly spaced sets mentioned before, we can use shortcuts:

(1) Average the first and last term to find the precise “middle” of the set:
100+20=120and 120+ 2=60. .

(2) Count the number of terms: 100 — 20 = 80, plus 1 yields 81.

(3) Multiply the “middle” number by the number of terms to find the sum:
60 x 81 = 4,860.

There are a couple of general facts to note about sums and averages of evenly spaced sets
(especially sets of consecutive integers):

* The average of an odd number of consecutive integers (1, 2, 3, 4, 5) will always be
an integer (3). This is because the “middle number” will be a single integer.

* On the other hand, the average of an even number of consecutive integers (1, 2, 3,
4) will never be an integer (2.5), because there is no true “middle number.”

* This is because consecutive integers alternate between EVEN and ODD numbers.
Therefore, the “middle number” for an even number of consecutive integers is the
AVERAGE of two consecutive integers, which is never an integer.

Consider this Data Sufficiency problem:

Is k* odd?
{1) k — 1 is divisible by 2.
(2) The sum of k consecutive integers is divisible by .

Statement (1) tells us that £ — 1 is even. Therefore, # is odd, so £* will be odd.
SUFFICIENT.

Statement (2) tells us that the sum of # consecutive integers is divisible by 4. Therefore, this
sum divided by # is an integer. Moreover, the sum of # consecutive integers divided by # is
the average (arithmetic mean) of that set of £ integers. As a result, Statement (2) is telling us
that the average of the # consecutive integers is itself an integer:

(Sum of £ integers)

k

= (Average of k integers) = Integer

If the average of this set of consecutive integers is an integer, then # must be odd.
SUFFICIENT.

The correct answer is (D). EACH statement ALONE is sufficient.
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Products of Consecutive Integers and Divisibility

Can you come up with a series of 3 consecutive integers in which rione of the integers is a
multiple of 3? Go ahead, try it! You will quickly see that any set of 3 consecutive integers
must contain one multiple of 3. The result is that the product of any set of 3 consecutive
integers is divisible by 3. ' ' o B

1x2xB3)=6 4x5x@=120
2 x(B)x 4 =24 5 x@x 7= 210
Bx4x5=60 ©x7x8=1336 -

According to the Factor Foundation Rule, every number is divisible by all the factors of its
factors. If there is always a multiple of 3 in a set of 3 consecutive integers, the product of 3
consecutive integers will always be divisible by 3. Additionally, there will always be at least
one multiple of 2 (an even number) in any set of 3 consecutive integers. Therefore, the
product of 3 consecutive integers will also be divisible by 2. Thus, the product of 3 consecu-
tive integers will always be divisible by 3'=3x2x 1=6.

The same logic applies to a set of 4 consecutive integers, 5 consecutive integers, and any
other number of consecutive integers. For instance, the product of any set of 4 consecutive
integers will be divisible by 4! = 4 x 3 x 2 x 1 = 24, since that set will always contain one
multiple of 4, at least one multiple of 3, and another even number (a multiple of 2).

This rule applies to any number of consecutive integers: The product of % consecutive
integers is always divisible by £ factorial (&!).

Sums of Consecutive Integers and Divisibility
Find the sum of any 5 consecutive integers:

4+5+6+7+8=30
13+14+15+16+17=75

Notice that both sums are multiples of 5.
In other words, both sums are divisible by 5.

We can generalize this observation. For any set of consecutive integers with an ODD
number of items, the sum of all the integers is ALWAYS a muitiple of the number of
items. This is because the sum equals the average times the number of items. For an odd
number of integers, the average is an integer, so the sum is a multiple of the number of
items. The average of {13, 14, 15, 16, 17}is 15,50 15x5=13+14+ 15+ 16 + 17.

Find the sum of any 4 consecutive integers:

1+2+3+4=10 Notice that NEITHER sum is a multiple of 4.
8+9+10+11=38 In other words, both sums are NOT divisible by 4.

For any set of consecutive integers with an EVEN number of items, the sum of all the
items is NEVER a multiple of the number of items. This is because the sum equals the
average times the number of items. For an even number of integers, the average is never an
integer, so the sum is never a multiple of the number of items. The average of {8, 9, 10, 11}
i59.5,509.5x4=8+9+10+11. Thatis, 8 + 9 + 10 + 11 is NOT a multiple of 4.
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Consecutive Integers and Divisibility
You can use prime boxes to keep track of factors of consecutive integers. Consider the fol-
 lowing problem:
If x is an even integer, is x(x + 1)(x + 2) divisible by 4?
x(x + 1)(x + 2) is the product of 3 consecutive integers, because x is an integer. If there is
one even integer in a series of consecutive integers, the product of the series is divisible by
2. If there are two even integers in a series of consecutive integers, the product of the series
is divisible by 4. Set up prime boxes:
Put prime boxes nect 10 If x is even then x + 2 is even, so 2 is a factor of x x+1 x+2
each other to show the x(x + 1)(x + 2) twice. Therefore, the product 2x 2 = 4 is a
factors of consecutive factor of the product of the series. The answer to the question 2 2

integers.

given above is “Yes.”
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omama——

Problem Set

Solve these problems using the rules for consecutive integers.

1

10.

11.

12.

13.

14.

15.

How many primes are there from 10 to 41, inclusive?

If x, y, and z are consecutive integers, isx+y +2 divisible by 3?
What is the sum of all the positive integers up to 100, inclusive?
Will the average of 6 consecutive integers be an integer?

In a sequence of 8 consecutive integers, how much greater is the sum of the last four
integers than the sum of the first four integers?

If the sum of a set of 10 consecutive integers is 195, what is the average of the set?
How many terms are there in the set of consecutive integers from ~18 to 33, inclusive?
Find the sum of 5 consecutive integers whose average is 50.

If r, s, and t are consecutive positive multiples of 3, is rst divisible by 27, 54, or both?

Is the sum of the integers from 54 to 153, inclusive, divisible by 100?

List at least six factors of the product of 3 consecutive even integers.

If the sum of the last 3 integers in a set of 6 consecutive integers is 624, what is the
sum of the first 3 integers of the set?

What is the average of 11 consecutive integers whose sum is —286?
if a, b, ¢, and d are consecutive integers such that a < b<c<d,isd+a>b+c?

If the sum of the last 3 integers in a set of 7 consecutive integers is 258, what is the
sum of the first 4 integers?

ManhattanGMAT Prep

the new standard

55







IN ACTION ANSWER KEY _CONSECUTIVE INTEGERS SOLUTIONS ~ Chapter 4

1. 9: The primes from 10 to 41, inclusive, are: 11, 13, 17, 19, 23, 29, 31, 37, and 41. Note that the
primes are NOT evenly spaced, so you have to list them and count them manually.

2. YES: For any odd number of consecutive integers, the sum of those integers is divisible by the number
of integers. There are 3 consecutive integers (x;  and z), so the rule applies in this case.

3. 5,050: There are 100 integers from 1 to 100, inclusive: (100 — 1) + 1. (Remember to add one before
you are done.) The number exactly in the middle is 50.5. (You can find the middle term by averaging the
first and last terms of the set.) Therefore, multiply 100 by 50.5 to find the sum of all the integers in the -
set: 100 x 50.5 = 5,050.

4. NO: For any set of consecutive integers with an EVEN number of items, the sum of all the items is
NEVER a multiple of the number of items. For example, if we pick 4, 5, 6, 7, 8, and 9:
4+5+6+7+8+9 39 .

6 =_"—6_ =6.5

5. 16: Think of the set of 8 consecutive integers as follows: n, (n + 1), (n+2), (n+ 3), (n + 4), (n +5),
(n+6), and (n + 7). ‘ ;
First, ‘ﬁnd the sum of the ﬁfst 4 integcré:
n+(n+1)+(n+2)+(r+3)=4n+6
Then, find the sum of the next 4 integers:
n+4)+(@+5)+(n+6)+(n+7)=4n+22
The difference between these two partial sums is:
(4n+22)~(4n+6)=22-6=16

Another way we could solve this algebraically is to line up the algebraic expressions for each number so that
we can subtract one from the other directly:

Sum of the last 4 integers: n+4)+(n+5)+(n+6)+(n+7)
Less the sum of the first 4 integers: - [n +(n+1)+@m+2)+ (n+3)]
4 + 4 + 4 + 4 =16

Yet another way to see this outcome is to represent the 8 consecutive unknowns with 8 lines:

Each of the first 4 lines can be matched with one of the second 4 lines, each of which is 4 greater:
4 +H4 4 4

ot

So the sum of the last 4 numbers is 4 x 4 = 16 greater that the sum of the first 4.
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* there are three consecutive even numbers. Therefore the product will have a 3

Finally, you could pick numbers to solve this problem. For example, assume you pick 1, 2, 3, 4, 5, 67,
and 8. The sum of the first four numbers is 10. The sum of the last four integers is 26. Again, the differ-
ence is 26 — 10 = 16.

6. 19.5: Average = ﬁ. In this problem, we have %05 =19.5 as the average.

7.52: 33 — (-18) = 51. Then add one before you are done: 51 + 1 =52.

8. 250: Sum = Average x # of terms: 50 x 5 = 250. The fact that the integers are consecutive is not impor-
tant in this problem. ‘

9. BOTH: Because 7, 5, and # are all multiples of 3, the product r s t
rst must have THREE 3’s as factors. Additionally, at least one of the
integers must be even, so the product will have a 2 as a factor, 3 3 3

because every other multiple of 3 is even (for example, 3, 6, 9, 12,
etc.). 27 = 3 x 3 x 3 can be constructed from the known prime fac-
tors and is therefore a factor of the product rs. 54 =2x3x3x 3 _
can also be constructed from the known prime factors and therefore -
is also factor of the product rsz. \

2“/

10. NO: There are 100 integers from 54 to 153, inclusive. For any even number of consecutive integers,
the sum of all the integers is NEVER a multiple of the number of integers. Thus, the sum of the integers
54 to 153 will not be divisible by 100.

11. (Any six of the following ten factors are acceptable)—1, 2, 3, 4,6,8,
12, 16, 24, and 48:

Because we are dealing with 3 consecutive even numbers, the product must
have THREE 2’s as prime factors. Additionally, at least one of the numbers
MUST be divisible by 4, because we are dealing with consecutive even
numbers. Therefore, at least one of the numbers has an additional 2 asa
prime factor.

Furthermore, at least one of the integers must be divisible by 3, because

as a prime factor.

All told, we know that the product will have at least four 2’s and a 3. As we learned in Chapter 1, there are
(4 + 1)(1 + 1) = 10 different factors of 2* x 3. Those 10 factors are enumerated in the answer above.

Of course, you could also pick numbers to solve this problem. For example, 2, 4, and 6. The product of
these 3 numbers is 48, and any 6 of the 10 factors of 48 will suffice.

12. 615: Think of the set of integers as 7, (# + 1), (7 + 2), (n + 3), (n + 4), and (n +5).

(n+3) + (n+4) + (n+5) = 3n + 12 = 624. Therefore, n = 204.
The sum of the first three integers is: 204 + 205 + 206 = 615.
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Alternatively, another way we could solve this algebraically is to line up the algebraic expressions for each
number so that we can subtract one from the other directly:

Sum of che last 3 integers: 7+3)+(n+4)+(n+5)
Less the sum of the first 3 integers: - [n +{n+1)+(n+2)]
3+ 3+ 3=9
Thus the sum of che last 3 numbers is 9 greater than the sum of the first 3 numbers, so the sum of the first
3 numbers is 624 — 9 = 615.

Visusally, we can represent the 6 consecutive unknowns with 6 lines:

1

Sum = 624
Average = 624 + 3 = 208

— 205 -——208 "

sy e/

Sum = Average x 3
=205 x 3=615.

-286

13. -26: Average = . In this problem, we have = —26 as the average.

# of terms

14. NO: Think of the set of integers 4, 4, ¢, and das n, (2 + 1), (n + 2), and (n + 3). Substituting these
expressions into the inequality, you get: “Is ( + 3) + 7> (2 + 1) + (n + 2)?” This can be simplified: “Is 27
+3 > 2n + 37" These expressions are equal; neither is greater than the other.

15. 330: Think of the set of integers as n, (n + 1), (n+ 2), (n+ 3), (n + 4), (n + 5), and (n + 6).
(n+4)+ (n+5)+ (n+ 6) = 3n+ 15 = 258. Therefore, n = 81. The sum of the first four integers is 81 +
82 + 83 + 84 = 330,

Alternately: the sum of the first four integers is 4n + 6. If n = 81, then 4 + 6 = 4(81) + 6 = 330.
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Chapter 5

EXPONENTS

The mathematical expression 4° consists of a base ‘(4) and an exponent (3).

The expression is read as “four to the third power.” The base (4) is multiplied by itself as

many times as the power requires (3).
Thus 4’ = 4 x 4 x 4 = 64.

Two exponents have special names: the exponent 2 is called the square, and the exponent 3
is called the cube.

5% can be read as five to the second power, or as five squared (5’ = 5 x 5 = 25).
5% can be read as five to the third power, or as five cubed (5° = 5x 5 x 5 =125).

Wow, That Increased Exponentially!

Have you ever heard the expression: “Wow, that increased exponentially!”? This phrase cap-
tures the essence of exponents. When a positive number greater than 1 increases exponen-
tially, it does not merely increase; it increases a whole lot in a short amount of time.

An important property of exponents is that the greater the exponent, the faster the rate of
increase. Consider the following progression:

5'=5

5'= 25 Increased by 20
5°=125  Increased by 100
5= 625 Increased by 500

The important thing to remember is that, for positive bases bigger than 1, the greater the
exponent, the faster the rate of increase.
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Beware of even expo-
nents on the GMAT.
They hide the original
sign of the base.

All About the Base

THE SIGN OF THE BASE
The base of an exponential expression may be either positive or negative. With a negative

base, simply multiply the negative number as many times as the exponent requires.

For example:
4= x (-9 =16 (~4) = (-4) x (-4) x (-4) = -64
Consider this problem:

If x* = 16, is x equal to 4?

Your initial inclination is probably to say yes. However, x may not be 4; it may be —4. Thus,
we cannot answer the question without additional information. We must be told that x is
positive in order to affirm that x is 4. Beware whenever you see an‘even exponent on the
test.

N IS DAN :ITHI T I BASE!
One of the GMAT’s most common tricks involves the even exponent. In many cases, when
an integer is raised to a power, the answer keeps the original sign of the base.

Examples:

3¥=9 (-3 =-27 3°=27
(positive base, (negative base, (positive base,
positive result) negative result) positive result)

However, any base raised to an even power will always result in a positive answer. This is
because even if the underlying base is negative, there will be an EVEN number of negative
signs in the product, and an even number of negative signs in a product makes the product
positive.

l .
3?=9 -3*=9 (-3)* =81

(positive base, (negative base, (negative base,
positive result) positive result) positive result)

Therefore, when a base is raised to an even exponent, the resulting answer may either keep
or change the original sign of the base. Whether x = 3 or -3, x* = 9. This makes even expo-
nents extremely dangerous, and the GMAT loves to try to trick you with them.

Note that odd exponents are harmless, since they always keep the original sign of the base.

For example, if you have the equation x” = 64, you can be sure that x = 4. You know that x

is not —4 because (—4)’ would yield —64.
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ABASEQF 0,1, or -1

* An exponential expression with a base of 0 always yields 0, regardless of the exponent.

* An exponential expression with a base of 1 always yields 1, regardless of the exponent.

* An exponential expression with a base of —1 yields 1 when the exponent is even, and
yields —1 when the exponent is odd. ’

For example, 0°=0x0x 0=0and 0=0x0x 0x0=0.

Similarly, I’=1x1x1=1land *=1x1x1x1=1.

Finally, (<1)° = (-1) x (-1) x (1) =~1, but (-1)* = (<) x (1) x (D) x (-1) = L.
Thus, if you are told that x*= x” = x'*, you know that x must be either 0 or 1. Do not try

to do algebra on the equation. Simply plug 0 and 1 to check that the equation makes sense.
Note that —1 does not fit the equation, since (-1)° = 1, but (-1)” = -1. ‘ -

Of course, if you are told that x°= x*= x'°, x could be 0, 1 or~1. Any one of these three
values fits the equation as given. (See why even exponents are so dangerous?)

When the base of an exponential expression is a positive proper fraction (in other words, a frac-
tion between 0 and 1), an interesting thing occurs: as the exponent increases, the value of the
expression decreases! o o

(z)pz (z):zxz:z (g)ggxz);z:az
4 4 4 4 4 16 4 4 4 4 64

Notice that %> 2 >Z Increasing powers cause positive fractions to decrease.

16 64

We could also distribute the exponent before multiplying. For example:

3)-2-2 (z)’_i_z (2)2_2_7_
4) 4 4 4) 4 16 4) 4 o4
Note that, just like proper fractions, decimals between 0 and 1 decrease as their exponent

increases:

(0.6)*= 0.36 (0.5)* = 0.0625 ©(0.1)° = 0.00001

A COMPOUND BASE
When the base of an exponential expression is a product, we can multiply the base together and
then raise it to the exponent, OR we can distribute the exponent to each number in the base.

(2x5) =(10* =1,000 OR  (2x5) =2°x5®=8x125=1,000

You cannot do this with a sum, however. You must add the numbers inside the parentheses
first.

(2+5) =(7)’ =343 (@+5) #2°+5°m
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Raising a number to0 2
negative exponent is the
same as raising the
number’s reciprocal to
the equivalent positive
exponent.

All About the Exponent

ADDING EXPONENTS

When we multiply terms with the same base, we add the exponents. For example:

34x32=3(4+2)=36
3*x3'=(3x3x3x3)x(3x3)=3

Rule: When multiplying two terms with the same base, combine exponents by adding.

SUBTRACTING EXPONENTS

When we divide terms with the same base, we subtract the exponents. For example:

36 = 32=3(6-2)= 34
3¢:3*=(3x3x3%x3x3x3)+(3x3)=3*

Rule: When dividing two terms with the same base, combine exponents by subtracting.
NESTED EXPONENTS .

A base raised to “nested” exponents means that the base is raised to one exponent, usually
inside parentheses, and then that value is raised to another exponent.

For example: (32)4
When we apply two exponents in a row to one base, we multiply the exponents.

@7=@®@m

=(3x3)3x3)(3x3)3x3)
=3x3x3x3x3x3x3x3=3"
= (3)2x4

Rule: When raising a power to a power, combine exponents by multiplying,

THE SIGN OF THE EXPONENT
An exponent is not always positive. What happens if the exponent is negative?
411 1 1, L1 1
= == = - ‘—=—=4 =l6 —_ = = — -
TESES 7L DT T
42

Very simply, negative exponents mean “put the term containing the exponent in the denomi-
nator of a fraction, and make the exponent positive.” In other words, we divide by the base a
certain number of times, rather than multiply. An expression with a negative exponent is the

. reciprocal of what that expression would be with a positive exponent. When you see a nega-

=
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Any base raised to the exponent of 1 keeps the original base. This is fairly intuitive.
1_ 1_ 1 ' _..1..~ 1_ __!.
3'=3 4= 4 6)' =6 (2)_ :

However, a fact that is not always obvious is that any number that does not have an expo-
nent implicitly has an exponent of 1. o ‘

3x3'=2
In this case, just pretend that the “3” term has an exponent of 1 and proceed as before.

31 x 34 = 3(l+4) = 35 LikCWiSC, 3Ix 3= 3! x 3 = 3([4‘:) = 3)("1

Rule: When you see a base without an exponent, write in an exponent of 1.

AN EXPONENT QF 0 - ‘
By definition, any nonzero base raised to the 0 power yields 1. This may not seem intuitive.
30=l R 40=l (—6)021 (—%)o=l

To understand this fact, think of division of a number by itself, which is one way a zero
exponent could occur. : :

When we divide 3 by itself, the result equals 1. Also, by applying the subtraction rule of
exponents, we see that 3 divided by itself yields 3°. Therefore, 3° MUST equal 1.

Note also that 0° is indeterminate and never appears on the GMAT. Zero is the ONLY
number that, when raised to the zero power, does not necessarily equal 1.

Rule: Any nonzero base raised to the power of zero (e.g. 3°) is equal to 1.

E ON N

Fractional exponents are the link between exponents and roots, which are discussed in the
next chapter. Within the exponent fraction, the numerator tells us what power to raise the
base to, and the denominator tells us which root to take. You can raise the base to the
power and take the root in EITHER order. .

What is 257 ?

The numerator of the fraction is 3, so we should raise 25 to the 3™ power. The denomina-
tor is 2, so we need to take the square root of 25, Note that we can rewrite 257 as (57

' 3
25% = V25° =4/(5?)* =5° =125. We can also write 25% = (52.)3/2 =572 =57 =125,

AT
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EXPONENTS STRATEGY

MEMORIZE the rules
for manipulating expo-
nents—also memorize
the examples!

Rules of Exponents

There are many ways to combine exponents, as we have already seen. For each rule, you
should memorize both the algebraic rule and an example expression that you can imitate
to simplify more complicated expressions.

Many of the numerical examples look very different from the algebraic rules from which they
are derived. For instance, knowing that x” - y" = (x)" may not help you recognize that 2¢.3
= 6" In fact, it could be easy to make a mistake by combining the expression incorrectly:

INCORRECT: 2¢.3*=6%""=¢’
INCORRECT: 2*.3*=(2+3)“"9=5"°

Again, 2*.3* = (2x3)*= 6" is correct.

Follow the examples to simplify harder problems. For instance, let us say you need to factor
10’ into primes. Doing so with the rule x" - 5" = (x))" can be intimidating, but following
the numerical example 2*. 3* = 6* would allow you to conclude easily that 10°=5%.2% (In
this case, we are applying the exponent rule in reverse. We are breaking the expression down
into factors, while in the numerical examiple, we are combining them. You need to be able
to go in either direction when manipulating exponential expressions.)

Exponent Rule Examples
Y c.0=F 3°.38=3
5(5" = 5'(5") = 5"
ﬂx‘ bxz (ﬂb)x 24.34 - 64 125 =210.35
x* b 2 1 Pra
7=X( ) u E-IT=2—6= -6 7:::7
O |5 360
b) b 2) 2 ¥ 9) \3
(@) =a” =(a’) (3% =3* =3° = 3*? = (3*)’
. (z) (_2_) _4 0 pe2
x* 2 3] 9 x*
4
275 =327° = (@27 =3 =81
o =t =(\”/;f ( )
3/;'_5=xl% =x
x x x _ x 3‘+3‘+3‘=3°3‘=35
a +a ta _34 3x+3x+3x=3.3x=3x+1

This last property applies in other situations. For example, 2° +2° = 2(2°) = 2%, and
£ +4+4+ 4 =44"=4""

ManhattanGMAT Prep
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Simplifying Exponential Expressions
Now that you have the basics down for working with bases and exponents, what about work-
ing with multiple exponential expressions at the same time? If two (or more) exponential
terms in an expression have a base in common or an exponent in common, you can often
simplify the expression. (In this section, by “simplify,” we mean “reduce to one term.”)
(1) You can only simplify exponential expressions that are linked by multiplication or
division. You cannot simplify expressioris linked by addition or subtraction
(although in some cases, you can factor them and otherwise manipulate them). Sarme bases or =
(2)  You can simplify exponential expressions linked by multiplication or division if they can be simplified If the
have cither a base oran exponent in common. - termis are MULTIPLIED
: o DIVIDED.
HOW CAN YOU SIMPLIFY THEM? Otherwise, look for ways
to factor the terms.

Use the exponent rules described earlier. If you forget these rules, you can derive them on
the test by writing out the example exponential expressions. ‘

Fe12t (3%(12%
5

65 _ 63- V %
7

Use the rules outlinéd above to simpﬁfy the expressions in the nright column:

«.65

(776 =7 =7 F=67=¢
. 7 ,
(34)(124) =(3X12)4 =364 }_2_= £_3_x2£_)__ = 37-7(2x2)7 = 3047 - 47

¥y 3y

We can simplify all the expressions in the right-hand column to a single term, because the
terms are multiplied or divided. The expressions in the left-hand column cannot be simpli-
fied, because the terms are added or subtracted. However, they can be factored whenever
the base is the same. For example, 7* + 7° can be factored because the two terms in the
expression have a factor in common. What factor exactly do they have in common? Both
terms contain 7%, If we factor 7* out of each term, we are left with 7%(7* + 1) = 7%(50).

The terms can ALSO be factored whenever the exponent is the same and the terms contain
something in common in the base. For example, 3* + 12 can be factored because
12* = (2 x 2 x 3)*. Thus both bases contain 3%, and the factored expression is 3%(1 + 4%).
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Likewise, 6® — 6> can be factored as 66 -1) and 127 = 37 can be factored as 37(4” - 1).

On the GMAT, it generally pays to factor exponential terms that have something in com-
mon in the bases.

If x = 4%° + 4 + 42, what is the largest prime factor of x?

All three terms contain 4%°, so we can factor the expression: x = 42°(4° + 4' + 4Y). Therefore,
x=42(1 + 4 + 16) = 4°(21) = 4°(3 x 7). The largest prime factor of xis 7.

Common Exponent Errors

Familiarize yourself with
the common exponential Study this list of common errors carefully and identify any mistakes that you occasionally
errors—especially any make. Note the numerical examples given!
that you occasionally
make!
INCORRECT CORRECT
(x+9)=x"+y"2 (x+_y)2=x2+2xy+_y2
(B3+2Pf=3+2"=13? (B+2°=3+203)2)+2°=25
a“b? = (ab)™? Cannot be simplified further
24.3° = (2.3)**%? (different bases and different exponents)
P
a-a=a"? &d=d"
545° =52 545° = 5’
@Y =4d""? @y =47
(74)3 = 77 ? (74)3 = 712
F+d=d Cannot be simplified further
C+xt=x (addition and different exponents)
P
d+d=d"? a+d =24
2+27=2"2 P+ 2 =2(27)=2"
ad =d"? ad =d"
5.5 =252 5:5°=5""
= —x* cannot be simplified further
_42:: 16; -42="16
) Compare: (—x)2 =x"and (--4)2 =16
x_ 3 '
a b = g ?)4 Cannot be simplified further
ManhattanGMAT Prep
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Simplify or otherwise reduce the following expressions using the rules of exponents.

Problem Set
1. 2%
2. 8
3, 9%
. (g)‘%
9
76
> 7
6. 845
7. 2x25+27-2
8.

Solve the following problems.

9.

10.

11.

12.

13.

14,

15.

Does a’ + a*= a® for all values of a?

x® < x%, Describe the possible values of x.

If x* = 16, what is | x|?
If y*>0,isy <0?
If b>a>0,and c 0, is a*b’c* positive?

yixy®

v

Simplify:

If * + | r| =0, what are the possible values of r?

ManhattanGMAT prep
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1. 1/32: Remember that a negative exponént yields the reciprocal of the same expression with a

positive exponent. 27°= — = =~

7 s
5.49.74_76 =7"=49

6. 2,560,000: 8*(5%) = 40* = 2,560,000
2x 2
27

4
8. 4,177: %; + (4’)3 =3+ 4°= 81 + 4,096 = 4,177

7.-12: 28=2050 94 =22 24 = 2%(1 — 2) = 4(1 - 4) =-12.

9. NO: Remember, you cannot combine exponential expressions linked by addition.

10. Any non-zero number less than 1: As positive proper fractions are multiplied, their value

decreases. For example, (1/2)° < (1/2)”. Also, any negative number will make this inequality true. A nega-
tive number cubed is negative. Any negative number squared is positive. For example, (-3)* < (=3)% The
number zero itself, however, does not work, since 0> = 0%.

11. 2: The possible values for x are 2 and —2. The absolute value of both 2 and -2 is 2.

12. NO: An integer raised to an odd exponent retains the original sign of the base. Therefore, if y° is posi-
tive, y is positive.

13. YES: 4 and 4 are both positive numbers. Whether ¢ is positive or negative, ¢* is positive. (Recall that
any number raised to an even power is positive.) Therefore, the product 2%6° is the product of 3 positive
numbers, which will be positive.

VRN I A

1
y S y

15.0,-1: If * + I rl =0, then 7’ must be the opposite of I rl . The only values for which this would be
true are 0, which is the opposite of itself, and ~1, whose opposite is 1.

ManhattanGMAT pPrep
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In This Chapter . . .

e A Square Root Has Only One Value

¢ Roots and Fractional Exponents

¢ Simplifying a Root

e Imperfect vs. Perfect Squares

e Simplifying Roots of Imperfect Squares
e Estimating Roots of Imperfect Squares
¢ Properties of Roots

¢ Common Root Errors

® Memorize: Squares and Square Roots

® Memorize: Cubes and Cube Roots
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Cha‘gter 6

ROOTS
A root (also called a radical) is the opposite of an exponent, in a sense.

364 is an expression that answers the question: What number, when multiplied by itself
three times, will yield 642

The answer is 4, because 4 x 4 x 4 = 64 . Thus /64 = 4. We can say that 4 is the cube
root of 64. ,

The most common type of root is a square root: V/64. Notice that a square root is so com-

mon that it is written without the small 2 on the outside of the radical symbol. The expres-
sion V64 means: What number, when multiplied by itself, will yield 64? The answer is 8,
because 8 x 8 = 64. Thus, the square root of 64 is 8.

A Square Root Has Only One Value

Unlike even exponents, which yield both a positive and a negative solution, roots have only
one solution. For example:

If «/Z=x,whatisx?

In the above example, x = 2, since (2)(2) = 4. While it is true that (-2)(~=2) = 4, the GMAT
follows the standard convention of mathematics. When we take an even root (a square
root, a 4th root, a 6th root, etc.), a radical sign means ONLY the nonnegative root of a
number. Thus, the number 2 is the only solution for x. —2 is NOT a solution for this prob-
lem. When you see a square root symbol on the GMAT, think only the positive root. (In
contrast, when you decide to unsquare an equation with even cxponents, you must consider
both positive and negative solutions. For instance, the equation x* = 4 has two solutions:
x=2andx=-2)

For odd roets (cube root, 5th root, 7th root, etc.), the root will have the same sign as the
base.

If ¥-27 =x, what is x?
The correct answer is —3, because (—3)(=3)(-3) = —27.

Note that there is no solution for the even root of a negative number. No number, when
multiplied an even number of times, can possibly be negative.

Rule: Even roots only have a positive value. 4 =2, NOT 2.

A root can only have a negative value if (1) it is an odd root and (2) the base of the root is
negative. For example, 3{-27 =-3.

V e newwstandard

Since square roots have
only one solution, they
are les tricky and
dangerous than even

: exponents.
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The numerator of 2
fractional exponent
indicates what power to
raise the base to, and
the denominator indi-

Roots and Fractional Exponents

As we discussed in the previous chapter, fractional exponents are the link between roots and
exponents. Within the exponent fraction, the numerator tells us what power to raise the

base to, and the denominator tells us which root to take. You can raise the base to the
power and take the root in EITHER order.

What is 216%?

The numerator of the fraction is 1, so we should not raise the base to any power. The
denominator is 3, so we need to take the 3™ (cube) root of 216". In order to determine that
root, we should break 216 into prime factors:

216=3x3x3x2x2x%x2=6

The 3" root of 216 is 6, so 216}g = 216 =6.

§ .
Because the exponent is negative, we must take the reciprocal of the base of (E) and

change the exponent to its positive equivalent. Then we must take the 3% (cube) root to the

You should know how to express fractional exponents in terms of roots and powers, but you
should also know how to express roots as fractional exponents. The resulting expression may
be much easier to simplify. Just remember that a root becomes the denominator of a frac-

To transform the expression into fractional exponents, you should transform the individual
roots into exponents. The square root is equivalent to an exponent of 1/2, and the fourth

root is equivalent to an exponent of 1/4. Therefore, this expression becomes (c% )V4 , or

cates what root to take.
1 '%
is|=1 ?
Whaf is ( 8) ?
4* power:
(.1_)—% —8% =35 = (2/5)4 =2=16
8
tional exponent.
Express Jx as a fractional exponent.
#/% . Note that this is equivalent to Yx.
ManhattanGMAT Prep
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Slmphfylng a Root

Sometimes there are two numbers inside the radical sign. In order to sxmplify this type of
root, it is often helpful to split up the numbers into two roots and then solve. At other
times, the opposite is true: you have two roots that you would like to simplify by combin-
ing them under one radical sign.

WHEN CAN YOU SIMPLIFY ROOTS? .
You can only simplify roots by combining or separating them in multiplication and divi-
sion. You cannot combine or separate roots in addition or subtraction.

HOW CAN YOU SIMPLIFY THEM? ‘

When multiplying roots, you can split up a larger product into its separate factors. Creating
two separate radicals and simplifying each one individually before multiplying can save you
from having to compute large numbers. Similarly, you can also simplify two roots that are
being multiplied together into a single root of the product. For example:

J25%16 =25 x /16 =5x4 =20
J50 % /I8 = /5018 = /900 = 30

Notice in the second example that by combining the roots first, we found a perfect sduarc
under the radical. Thus, we could simply take the square root of that number, rather than
having to deal with multiple radicals in an intermediate step towards the solution.

Division of roots works the same way. You can split a larger quotient into the dividend and
divisor. You can also combine two roots that are being dmdcd into a single root of the quo-
tient. For example:

V144 + 16=V144 + V16=12+4=3
V72+V8=V72 + 8=V9=3

The GMAT may try to trick you into splitting the sum or difference of two numbers inside
a radical into two individual roots. Also, the GMAT may try to trick you into combining
the sum or difference of two roots inside one radical sign. Remember that you may only
separate or combine the product or quotient of two roots. You cannot separate or com-
bine the sum or difference of two roots. For example:

INCORRECT: V16+9 =V16+V9=4+3=72
CORRECT: V16+9=V25=5

Imperfect vs. Perfect Squares

Not all square roots yield an integer. For example: V'52 does not yield an integer answer
because no integer multiplied by itself will yield 52. The number 52 is an example of an
imperfect square, because its square root is not an integer.

Multiple roots can be com-
bined whenevet the roots
are multiplied or divided.

- t!vénew standard
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Simplifying Roots of Imperfect Squares
Some imperfect squares can be simplified into multiples of smaller square roots. For an
imperfect square such as V/52, we can rewrite V/52 as a product of primes under the radical.
V52=V2x2x13
We can simplify any pairs inside the radical. In this case, there is a pair of 2’s.
Since V2 x 2= V4 = 2, we can rewrite V/52 as follows:
V52=V2x2x13=2x V13
It is usually better to

simplify roots than to
estimate them, unless
the question asks for an
estimated numerical
value.

This is often written as 2V 13. Let us look at another example:
Simplify J72.
We can rewrite V72 as a product of primes: V72=V2x2x2x3x 3.

Since there are a pair of 2’s and a pair of 3’s inside the radical, we can simplify them.

We are left with: V72=2x3x V2=6V2.

Estimating Roots of Imperfect Squares

If you have to estimate the root of an imperfect square, there are a couple of considerations
to make. First, if you have a simple square root—that is, a square root without a coefficient
in front—then you can estimate it by figuring out the two closest perfect squares on either

side of it. For example:

Estimate J§ .

The first step is to find the closest perfect squares square roots that you do know. We know
that V49 = 7 and V64 = 8. Thus we can estimate that V52 is between 7 and 8. A good
estimate might be 7.1 or 7.2. (Notice that we estimated the number to be closer to 7 than

to 8, because V52 is closer to V49 than it is to V64.)

If you want to estimate a square root that is multiplied by a coefficient, then you could sim-
ply estimate the square root itself (as above) and then multiply that estimate by the coeffi-
cient. However, you can often get a more accurate estimate by combining the coefficient
with the root.

Estimate 4\/—5_ .

Using the fact that \/5 is between 2 and 3, and then multiplying by 4, yields an estimate
between 8 and 12—a large margin of error. Instead, combine the root and the coefficient:

45 =V16x5 =80

Because /80 is slightly less than 81, we know that +/80 is slightly less than 9, or about
8.9.

ManhattanGMAT Prep
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Properties of Roots

Several properties of roots govern how roots can be manipulated and simplified. For mh
rule, you should memorize both the algebraic rule and an example expression that you
can imitate to simplify more complicated expressions.

Property of Roots Numerical Examples
b fx \/_I_Lf_lﬁ 6 _fi6_ e,
r \y CARE % V2 |
Yr-gfy=4fw V105 =50 243 =216=6 MEMORIZE the rules
; and errors of manipulat-
25% = \25° =5* =125 ig roon—alio memo-
v ' - rize‘thcer-amplu!‘
¢ ¢ = (% = % 49-}4= L =—l' |
5x”=xl%=x3

Common Root Errors

Separate errors involving the manipulation of roots are commonly made. You should study
these errors carefully and determine whether you occasionally make these errors. Otherwise,
you may find yourself trying to performing illegal manipulations on roots.

INCORRECT | ~ CORRECT
, ,fx+y=~/;+\[}'_?‘ ,’/x%y cannbtbesimpliﬁed.
Vé+9=Vi+o=2+3=5 Ji+9=\13
,/x—y=\/_—\/;? Jx=y cannot be simplified.
V25-4=\25-VE=5-2=3 V25-4 =421
W:x"’? W:x%
3/27=220-5=215? {/52.7__:22%:24

ManﬁqttcmgﬂATPrep
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Memorize: Squares and Square Roots

You should memorize the following squares and square roots, as they often appear on the

GMAT.

1’=1 Vi=1
142~ 2 V2=14
1.7~ 3 V3=17
225 =5 | V5=225
2%=4 V=2
3= V9=3

Memorize these squares 4£=16 \/1—8=4

‘:i;“u":::q:iy 5% =25 V25=5

on the GMAT. 6’ =36 \/3_6=6
7% =49 V49 =7
82 = 64 V6i=8
92 =81 V8l=9
10°=100 | V100 =10
112=121 | Vi21=11
12°=144 | V144=12
132 =169 | V169 =13
142 =196 | V196 =14
157=225 | V225=15
162=256 | V256=16
20=400 | V400=20
252=625 | V625=25
30°=900 | V900 =30

Memorize: Cubes and Cube Roots

You should memorize the following cubes and cube roots, as they often appear on the

GMAT.
=1 Vi=1
=8 V8=2
3¥=27 V27=3
4 =64 V64 =
5%=125 Vi125=5
ManhattanGMAT Prep
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Problem Set

1. For each of these statements, indicate whether the statement is TRUE or FALSE:
(a) If x* =11, then x = V/11.
(b) If x* = 11, then x = 311.
(c) If x* = 16, then x = 2.
(d) If x> = 32, then x = 2.

Solve or simplify the following problems, using the properties of roots.

2. VB
3. V18 + V2
4 V15
5. 27%

1Y%
6 (ﬁj
7. Ve3+V2s
8. V20 x V5
9. V100 - 36

10.  Estimate V60 to the nearest tenth.

11.  V20ax \/5, assuming a is positive.

12. 10V12+2V3

13. V-1

14, \/W, assuming x and y are positive.
15.  V0.0081

ManhattanGMAT Prep
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1. (a) FALSE: Even exponents hide the sign of the original number, because they always result in a positive

value. If x* = 11, then |s= v/11. Thus x could be either V1T or —11.
(b) TRUE: Odd exponents preserve the sign of the original expression. Therefore, if x* is positive, then x

must itself be positive. If x> = 11, then x must be /11.

(c) FALSE: Even exponents hide the sign of the original number, because they always result in a positive
value. If x* = 16, then x could be cither 2 or -2,

(d) TRUE: Odd exponents preserve the sign of the original expression. Therefore, if x° is positive, then x
must itself be positive. If x> = 32, then x must be 2.

2. 2: The cube root of 8 is the number that, when multiplied by itself three times, yields 8.
3.3:V18+V2=V9=3
4.5V3: V75=V25x V3=5V3

5.81: 27 =%/27=(e/2_7)‘=34 =81

Y
6.3 (81—1) =814 =481=3

7.5V7: V63 + V28 = (VI x V7) + (V4 x V7) = 3V7 + 2V7 = 5V7
8.10: V20 x V5=V20x 5 = V100 = 10
9. 4: V100-36=V64=4

10. 7.8: 60 is in between two perfect squares: 49, which is 72, and 64, which is 82. Note that 60 is quite
close to 82. Therefore, a reasonable estimate for V60 is 7.8.

11. 10a: V202 x V52=V 1004 = 10«

12.10:10\/ﬁ+2\/’=%\/—5—)= 22%/3110

13. -1z Since (-1)(-1)(-1) = -1, the cube root of -1 is —1. (Cube roots can be negative numbers.)

14. ny\/;: Notice that we have two terms under the radical that both contain x’y’. We can add like terms
together if they are under the same radical: V'y’ + 34y = \/(l+z)/x2f = V4x2, Now, factor out all
squares and isolate them under their own radical sign: V4x33= V4 x Va2 x V2 x Vy = 255Vy. (Note
that since x and y are positive, Vx?= x and V§=y)

15. 0.09: Since (0.09)(0.09) = 0.0081, V0.0081 = 0.09. You can also rewrite 0.0081 as 81 x 107

V8110 = VBT x V107 = 9x (10 ) = 9x 10" = 0.09
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A Note About PEMDAS: Order of Operations -

On the GMAT, you need to know the correct order of operations when simplifying an
expression. The correct order of operations is: Parentheses-Exponents-(Multiplication-
Division)-(Addition-Subtraction). Multiplication and division are in parentheses because
they are on the SAME level of priority. The same is true of addition and subtracnon

Slmpllfy5+(2x4+2)2 |7(-4)| +18 + 3x5-8.

P = PARENTHESES. First, perform all the
operations that are INSIDE parentheses. Note

that in terms of order of operations, absolute 2x4+2)and | 7(-4) |
value signs are equivalent to parentheses. In this - S
expression, there are two groups of parentheses:

In the first group, there are two operations to

perform, multiplication and addition. Using 2x4+2)=8+2)=10
PEMDAS, we see that multiplication must come ,
before addition.

In the second group, there is only one operation:
multiplication. We do this and then we find the |7¢-4) | = |-28 l =28
absolute value. . o

Now our original expression looks like this: o 5+10° ~28+18+3x5-8
E = EXPONENTS. Second, take care of any | -

exponents in the expression. Our expression only 107 = 100
has one exponent.

Now our expression looks like this: 5+100-28+18 +3x5-8
M&D = P N. Next, 18+3x5

we perform all the multiplication and division. It is S

important to note that multiplication does NOT 6 x5=30

necessarily come before division. A group of multipli-
cation and division operations must be performed

from left to right. The division symbol (<) is rare on

the GMAT, but you should be familiar with it nonetheless.

Now our expression reads: 5+100-28+30-8
A&S = ADDITION & SUBTRACTION. Lastly, we 5+100~28+30-8
perform all the addition and subtraction. It is 105-28+30-8

important to note here again that addition does NOT 77 +30-8
necessarily come before subtraction. A group of addi- 107-8
ion and subtraction operations must be performed

from left to right.

Afeer performing PEMDAS, we arrive at our answer: 99

An easy way to remem=
ber this order is by the
word PEMDAS. Or
you can think of the
phrase "Please Excuse
My Dear dune ey
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Be sure to distribuce the
subtraction all the way
through each term in a

subtracted expression.

Subtraction of Expressions

One of the most common errors involving orders of operations occurs when an expression
with multiple terms is subtracted. The subtraction must occur across EVERY term within

the expression. Each term in the subtracted part must have its sign reversed. For example:

x—(y-2=x-y+z (note that the signs of both y and —z have been reversed)
x-(y+2)=x-y-z (note that the signs of both y and z have been reversed)
x—2(y—32)=x—2y+6z (note that the signs of both y and —3z have been reversed)

What is 5x — [y — (3x — 4y)]?

Both expressions in parentheses must be subtracted, so the signs of each term must be
reversed for EACH subtraction. Note that the square brackets are just fancy parentheses,
used so that we avoid having parentheses right next to each other.

5x-[y-Bx—-4d)]l =
5x—(y-3x+4 =
5x—y+3x—4y=8x-5y

Fraction Bars as Grouping Symbols

Even though fraction bars do not fit into the PEMDAS hierarchy, they do take precedence.
In any expression with a fraction bar, you should pretend that there are parentheses
around the numerator and denominator of the fraction. This may be obvious as long as
the fraction bar remains in the expression, but it is easy to forget if you eliminate the frac-
tion bar or add or subtract fractions.

.o x-1 2x-1
Simpllfy:—-z——-— 3

The common denominator for the two fractions is 6, so multiply the numerator and
denominator of the first fraction by 3, and those of the second fraction by 2:

x—1[§)_2x—1(3)_3x—3_4x—_2
23) 3\2) ¢ ¢

Treat the expressions 3x — 3 and 4x — 2 as though they were enclosed in parentheses!
Accordingly, once you make the common denominator, actually put in parentheses for these
numerators. Then reverse the signs of both terms in the second numerator:

(3x-3)-(4x-2) 3x-3-4x+2 -x-1 __x+l
6 6 6 6

ManhattanGMAT Prep
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Problem Set

1. Evaluate ~3x%, —3x°, 3x%, (=3x)?, and (~3x)? if x = 2, and also if x = —2.

2. Evaluate (4+12+3-18)~[-11—(-4)].

3. Which of the parentheses in the following expressions are unnecessary and could thus
be removed without any change in the value of the expression?

(@) —(5%) - (12-7)
(b) (x+y)—(w+2)—(axb)

4. Evaluate —|-13-(-17)|

4+8
5 Evaluate [2_;’_6)]-[4+8+z-(-5)]_
6. Simplify: x — (3 - x).
7. Simplify: (4 —y) — 2(2y - 3).

8. Solve for x: 2(2 - 3x) — (4 +x) =7.

5x+6
9. Solve for x: X(X— , )=0.

10. Solve for z: 4z-7
3-2z

ManhattanGMAT Prep
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IN ACTION ANSWER KEY , PEMDAS SOLUTIONS ~ Chapter 7 =

1. fx=2 Fx=-2:
-3 = -3(4) = -12 -3¢ =-3(4) =~12
-3%° = -3(8) = 24 -3¢ =-3(-8) =24
3 =3(4)=12 3F=34)=12 =
(-39 = (-6)" =36 (-3 =6"=36"
(-3x)* = (-6)’ = -216 (—3::)3 =6*=216

Remember that exponents are evaluated before multiplication! Watch not only the order of operations, but also
the signs in these problems.

2.-3: (4+12+3-18)~[-11-(—4)]=
'S A

(4+4 —{‘8)— (-11+4)= division before addition/subtraction
-10)-(-7)= subtraction of negative = addition

-10+7=-3 arithmetic—watch the signs!

3. (a): The parentheses around 5 are unnecessary, because this exponential is performed before the negation
(which counts as multiplying by —1) and before the subtraction. The other parentheses are necessary, because

they cause the right-hand subtraction to be performed before the left-hand subtraction. Without them, the two
subtractions would be performed from left to right.

(b): The first and last pairs of parentheses are unnecessary. The addition is performed before the nclghbormg
subtraction by default, because addition and subtraction are performed from left to right. The multiplication is
the first operation to be performed, so the right-hand parentheses are completely unnecessary. The middle par-
entheses are necessary to ensure that the addition is performed before the subtraction that comes to the left of it.

4. 4 —|-13-(-17)|=
-|-13+17|=
-|4]=—4 subtraction of negative = addition
arithmetic
Note that the absolute value CANNOT be made into 13 + 17. You must pesform the arithmetic inside group-

ing symbols FIRST, whether inside parentheses or inside absolute-value bars: THEN you can remove the group-
ing symbols.

ManﬁattanGMAT Prep
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Chapter 7 PEMDAS SOLUTIONS

25 | 448 | rfi8:2-(-6))=

2 T l2-(-6)
4+8
(2 N 6) - (4 +8+2+ 6) = subtraction of negative = addition
[N
12 . .
("g)‘(i‘f_ﬁi@) = fraction bar acts as a grouping symbol

3\ '
Z_14= arithmetic

3.28_.2 arithmetic

2 2 2
6. 2x - 3: Do not forget to reverse the signs of every term in a subtracted expression.
x—3-x)=x-3+x=2x-3

7. =5y + 10 (or 10 — 53): Do not forget to reverse the signs of every term in a subtracted expression.
(4-y)-22y-3)=4-y-4+6=-57+10 (or 10 - 5y)

8.-1: 22-3x-(4+x=7 —Ix=7
4-6x—-4-x=7 x=-1

9. x = {6, —1}: Distribute the multiplication by x. Note that, when you cancel the x in the denominator, the
quantity 5x + 6 is implicitly enclosed in parentheses!

x(x_5"+6)=o (x-6)x+1)=0
X

> —(5x+6)=0 x=6o0r~1
x2=5x—-6=0

Note also that the value 0 is impossible for x, because x is in a denominator by itself in the original equation.
We are not allowed to divide by 0. Do not look at the product in the original equation and deduce that x= 0 is

a solution.

10. 4/3:
4z-7 _
3-2z
4z-7=-5(3-22)
4z-7=-15+10z
8=06z
z=8/6=4/3

ManhattanGMAT Prep
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Chapter 8

DATA SUFFICIENCY STRATEGY

Rephrasing

Data sufficiency problems involve an element of disgmse, in which the mathematical content
and information are obscured in some way. Therefore, your first task in solving a data suffi-
ciency problem is to rephrase the question and/or the statements whenever possible.

In problems that deal with number properties, you can often rephrase the question to incor-
porate familiar rules, such as the ones you have studied in this strategy guide. For example:

If pis an integer, is -1% an integer?
5
(1) -I-E is an integer.
6
(2) 1—: is an integer.

(A) Statement (1) ALONE is sufficient, but statement (2) alone is not sufficient.

(B) Statement (2) ALONE is sufficient, but statement (1) alone is not sufficient.

(C) BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is
sufficient.

(D)EACH statement ALONE is sufficient.

(E) Statements (1) and (2) together are NOT sufficient.

If % is an integer, this means that p is DIVISIBLE by 18. Thus, this question is askixig
whether p is divisible by 18.
The prime factorization of 18 is 3 x 3 x 2. In order for the integer p to be divisible by 18, it

must be divisible by two 3’s and a 2. Using the prime box strategy explained earlier in this
guide, we can rephrase the question as follows:

Are there two 3's and a 2 in the prime box of p?

Now, we can rephrase each statement. : YL AN

5 ?

Statement (1) can be restated as 5p is divisible by 18, or by :
two 3’s and a 2. A double prime box, as shown to the right, allows 5 2,3,3.2
you to separate the factors of a larger product.

The coefficient of 5 does not provide ANY of the necessary primes to be divisible by 18 (in
other words, it does not have any 3’s or 2s as factors). Therefore, in order for 5p to be divisi-
ble by 18, » must be divisible by two 3’s and a 2. Thus, statement (1) can be rephrased:

There are (at least) two 3’s and a 2 in the prime box of p.

This is sufficient to answer the question.

ManfattanGMAT Prep
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Chapter8  DATA SUFFICIENCY STRATEGY
Statement (2) can be restated as 6p is divisible by 18 or by / 6p
two 3’s and a 2. A double prime box, as shown to the right, V4
allows you to separate the factors of a larger product.
2,3 3,..2
The coefficient of 6 provides two of the necessary primes to be
divisible by 18 (6 has a factor of 3 and a factor of 2). Therefore, in order for 6p to be divisi-
ble by 18, p must be divisible by one 3. While there may be additional primes in the prime
box of p, statement (2) only guarantees one 3 in p’s prime box. Thus, statement (2) can be
rephrased:
Always factor algebraic There is (at least) one 3 in the prime box of p.

expressions when you
can. This is a great way
to “un-disguise” infor-
mation in data suffi-
ciency problems.

This is not sufficient to answer the question. Thus, the answer to this data sufficiency prob-
lem is (A): Statement (1) ALONE is sufficient, but statement (2) alone is not sufficient.

Another way to solve this problem is to test numbers (discussed later in this section): think
of the smallest possible value of p that fits each statement. For Statement (1), the smallest

value of p such that % is an integer is 18. The next number for which ?—g is an integer is

36. Therefore, it seems that p needs to be a multiple of 18 to fit the criteria of the state-
ment, so the statement is sufficient. However, for Statement (2), p could equal 18, but it

6
could also equal 3. In either case, —if is an integer. Therefore, p does not have to be a mul-

tiple of 18, so Statement (2) is not sufficient. Again, the correct answer is (A): Statement (1)
ALONE is sufficient.

The preceding problem tests your knowledge of divisibility. However, the mathematical
content being tested is disguised. Rephrasing allows you to remove that disguise and to
demonstrate your knowledge of number properties. Let us look at another example:

If x is a positive integer, is x°* — 3x* + 2x divisible by 4?

(1) x =4y + 4, where y is an integer
(2) x =2z + 2, where z is an integer

Rephrase the question by factoring:
=37+ 2 =x(x* - 3x+2) =x(x— 1)(x - 2)

This series represents three consecutive integers: x — 2, x — 1, and x. Therefore, the question
is really asking:

Is the product of three consecutive integers, x — 2, x — 1, and x, divisible by 42

ManhattanGMAT Prep
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DATA SUFFICIENCY STRATEGY Chapter 8

One way that the product of 3 consecutive integers will be divisible by 4 is if 2 of those
integers are even. For this to be the case in the product above, the first and last of the consec-
utive integers (x — 2 and x) must be even.

Thus, an even better rephrasing may be this:

Is x even?

Note: It is possible that x is not even and the product is still divisible by 4. This would be
the case if the middle integer, x - 1, is a multiple of 4. We might incorporate this possibility To rephrase a scatement,

scparatcly by adding a second part to our rephrased question as follows: - , take the given informa-
, _ tion, reduce it into its

Is x even? OR st—lamultipleof4? mpl&tbmuld.m

on how the picce of

information relates to the

However, thc GMAT rarely requires you to consider such complicated, multi-part questions
with non-overlapping scenarios. You might think that the GMAT would love to write such
questions, testing one possibility with Statement (1) and the other possibility with Statement
(2). However, the statements cannot contradict each other. In other words,’ 'you cannot have
something like these two statements:

question.

(1) x is even.
2)x-1isa mulnplc of 4.

Thus, you typically only have to worry about the simpler question.

Now let us rephrase the statements.
Statement (1) tells us that x = 4y + 4, where 7y is an integer.

Since y is an integer, 4y must be a multiple of 4. Adding another 4 to a multiple of 4 means
that the result will also be a multiple of 4. Thus, x is a multiple of 4, which means that x is

€ven.

Statement (1) can be rephrased as follows: x is even. This is sufficient to answcr our
rephrased question.

Statement (2) tells us that x =22 + 2, where z is an integer.

Since z is an inceger, 2z must be a multiple of 2. Adding another 2 to a multiple of 2 means
that the result will also be a multiple of 2. Thus, x is a multiple of 2, which means that x is

even.

Statement (2) can be rephrased as follows: x is even. This is sufficient to answer our
rephrased qucstxon ‘

Therefore, the answer to this data sufficiency problem is (D): EACH statement ALONE is
sufficient. The second possibility (that x — 1 might be a multiple of 4) was never testcd This
outcorne is typical.
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DATA SUFFICIENCY STRATEGY

In a Yes/No data
sufficiency problem,
YES is a sufficient
answer and NO is a
sufficient answer.

Types of Data Sufficiency Problems: Value vs. Yes/No

There are two types of data sufficiency problems:
(1) VALUE: These questions require you to solve for one numerical value:

What is the value of x + y?
How old is Vera?
In what year were the most rabbits born?

The information in the statements can be considered sufficient if it allows you to find a
single number to answer the question. If the information yields more than one value, the
information is insufficient.

(2) YES/NO: These questions require you to give a simple yes or no answer:

MAYBE is not a suffi-
clent answer. Is n divisible by 17?
Is x + y prime?
Isy<Q?
The information in the statements can be considered sufficient if it allows you to conclu-
sively answer YES or NO. If the answer is MAYBE, the information is insufficient.
As you rephrase Data Sufficiency questions, never turn a Yes/No question into a Value
question. The reason is that you can answer many Yes/No questions about a number with-
out knowing exactly what the value of the number is. For example, if we know that x is
greater than 10, we can answer the question, “Is x positive?” without knowing exactly what
the value of x is.
Testing Numbers
Another strategy that is helpful for solving data sufficiency problems that deal with number
properties is to test numbers. As you test numbers, try to prove that the statements are
NOT SUFFICIENT. That is, try to find examples that yield multiple answers to a VALUE
question or that make the answer to a YES/NO question MAYBE. If you can do this, you
can conclude that the statement or statements are NOT SUFFICIENT. Here is an example:
If n is an integer and n’ is between 1 and 100, inclusive,
what is the value of n?
(1) n =2k + 1, where k is an integer.
(2) n is a prime number.
In this problem, we are working with a small list of possibilities: integers ’=1
whose cubes are between 1 and 100. The only integers that meet this criteria | 3 _
are 1, 2, 3, and 4, as shown in the box to the right. The simplest way to s
solve this problem is to use the information given in each statement to test 3 =27
this list. If the information eliminates all but one value, it is sufficient; if it 4’ =64
yields multiple values, it is not sufficient.
ManhattanGMAT Prep
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Statement (1) tells us that # can be any odd number, The general expression for an even
integer is 24, where # is any integer; the general expression for an odd integer is 24 + 1.
Therefore, of the four values on the list, 7 could be 1 or 3. Since statement 1) ynelds two
possible values, it is NOT sufficient to answer the question.
Statement (2) tells us that # is a prime number, so 7 could be either 2 or 3. Statement 2
yields two possible values, so it is NOT sufficient either.
If we look at both statements together, 7 must be equal to 3, the interse¢tﬁ9ﬂ of the two v
statements. Statement (1) eliminates the possibility that 7 is 2"or 4. Statement (2) elimi- When testing numbers,
nates the possibility that 7 is 1 or 4. We are left with only one value: 7 must be equal to 3. . be sure to consider posi-

i . : : tive, negative, integer,
The answer to this data sufficiency problem is (C): BOTH statements TOGETHER are un"z:“ﬁmdg;n;;
sufficient, but NEITHER statement ALONE is sufficient. ITIY :zlo; am

_ ld of restrictions

Test Smart Numbers

When testing numbers, you should be trying to prove the statement msufﬁc;ent So, be sure
to try fractions, negatives, and zero, unless you are specifically told in the question that the
variables have constraints: they represent only integers, only positive numbers, only nonzero
numbers, etc.

When you are using-a number-testing strategy, try your best to find numbers that yield
multiple answers for a Value question, or 2 MAYBE answer for a YES/NO question. If you
can do so, you have proven the statement insufficient. If you cannot do so, and you have
picked numbers wisely, it is likely that the statement is sufficient. If you have exhausted
ALL possibities in your search, you can be more certain that the statement is sufficient.

Is 3 < 2x?

(1)x>0
(2)x<3

Without diving into algebra theory, we can think through this problem by picking num-
bers. For example, Statement (1) says that x > 0. By picking x =1 and x = 5, we can see that
Statement (1) is not sufficient because we get different answers to the quemon (1% is less
than 2 x 1, but 5% is greater than 2 x 5). INSUFFICIENT.

Similarly, for Statement (2), we can pick numbers to prove insufficiency. Let us pick x= 1
and x = -3 (remember, x does not have to be positive because we are not explicitly told in
the question that x must be positive). We can see that 17 is less than 2 x 1, but (=3)? is
greater than 2 x (~3). INSUFFICIENT.

Combining the statements, x must be between 0 and 3. Is tl'us sufficient? The only integers
that fit both statements are x = 1 and x = 2. In both cases, x? is less. than or cqual to 2x.
HOWEVER, there is no restriction in this problem demanding that x be an mteger
Therefore, we need to test non-integers as well. If we pick x = 2.5, for example, we get x*
6.25 and 2x = 5. Thus, x* will be greater than 2x if x is a non-integer between 2 and 3.
INSUFFICIENT. The correct answer is (E): Statements (1) and (2) TOGETHER are NOT
sufficient.

' thé new standard
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The two data sufficien-
cy statements always
provide TRUE informa-
tion; therefore, the two
statements cannot con-

tradice each other.

The Statements Never Contradict Each Other

A final strategy is to use the fact that the two statements in a data sufficiency problem will
never contradict each other, as previously noted.

If y and n are positive integers, is yn divisible by 7?

(1)n*-14n+49=0
(2) n + 2 is the first of three consecutive integers
whose product is 990.

Statement (1) can be factored: #”* — 142+ 49 =(n—7)(n—7)=0,s0 n=7. Since n="7
and y is an integer, y# must be divisible by 7. Statement (1) is sufficient to answer the ques-
tion: YES, yn is divisible by 7.

Statement (2) tells us that the product of (z + 2), (# + 3), and (n + 4) is equal to 990. If we
test numbers, we find that the three consecutive integers whose product is 990 are 9, 10,
and 11. (The fact that 990 is close to 1000 should provide a hint that the three numbers

should be close to 10, which is {/1, 000.)

Now let us say that we incorrectly identify n as 9, the first of the three consecutive integers.
If 7 =9, then we do not know whether yn is divisible by 7. MAYBE it is (if y is divisible by
7) or MAYBE it is not (if y is not divisible by 7). We conclude that statement (2) is not suf-
ficient to answer the question.

Thus, we would identify the answer to this data sufficiency question as (A): Statement (1)
ALONE is sufficient, but statement (2) alone is not sufficient.

But wait! Take a look again at the information we derived from each statement. Statement
(1) told us that 7 = 7, while statement (2) told us that » = 9. This is not possible because
the two data sufficiency statements on the GMAT always provide TRUE information. The
two statements cannot contradict each other.

Whenever you find that your two statements contradict each other, it means that you have
made a mistake! What mistake did we make in the logic above?

Our mistake here was in statement (2). We forgot that # + 2 (not #) is the first of the three
consecutive integers. Thus, 7 + 2 = 9, which means that 7 = 7. Now statement (2) no
longer contradicts statement (1). Knowing that # = 7 means that y» must be divisible by 7.
Thus, statement (2) IS in fact sufficient to answer the question.

Using the principle that the two data sufficiency statements cannot contradict each other,
we caught our mistake. The correct answer is actually (D): EACH statement ALONE is

sufficient.

ManhattanGMAT Prep
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Rephrasing: Challenge Short Set |

In Chapter 9 and Chapter 13, you will find lists of NUMBER PROPERTIES problems that have appeared
on past official GMAT exams. These lists refer to probléms from three books published by the Graduate -
Management Admission Council® (the organization that develops the official GMAT exam):

The Official Guide for GMAT Review, 12% Edition

The Official Guide for GMAT Quantitative Review

The Official Guide for GMAT Quantitative Review, 2nd Edition

Note: The two editions of the Quant Review book largely overlap. Use one OR the other. The questions
contained in these three books are the property of The Graduate Management Admission Council, which
is not affiliated in any way with Manhattan GMAT,

As you work through the Data Suﬁicfency problems in these lists, be sure to-focus on rephrasing. If possi-
ble, try to rephrase each question into its simplest form before looking at the two statements. In order to
rephrase, focus on figuring out the specific information that is absolutely necessary to answer the question.
After rephrasing the question, you should also try to rephrase each of the two statements, if possible.
Rephrase each statement by simplifying the given information into its most basic form.

In order to help you practice rephrasing, we have taken a set of generally difficult Data Sufficiency prob-
lems on The Official Guide problem list (these are the problem numbers listed'in the “Challenge Short Set”
on page 177) and have provided you with our own sample rephrasings for each question and statement. In
order to evaluate how effectively you are using the rephrasing strategy, you can compare your rephrased
questions and statements to our own rephrasings that appear below. Questions and statements that are sig-
nificantly rephrased appear in bold. : :

You should attempt to do the Official Guide problems prior to reading our sample rephrasings. Also note
that for many questions, the rephrasing that you come up with may differ slightly from what is written in
this text. That does not necessarily mean that your rephrasing is incorrect; some questions can be rephrased
in multiple ways. But be sure to note any problems in which your rephrasing led to an incorrect answer.

GMAT pre
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Rephrasings from The Official Guide For GMAT Review, 12th Edition

The questions and statements that appear below are only our rephrasings. The original questions and state-
ments can be found by referencing the problem numbers below in the Dara Sufficiency section of The
Official Guide for GMAT Review, 12* Edition (pages 272-288). '

76.  Is any of the variables m, p, or ¢ even?

(1) t+m=even

Either ¢ and m are both even, or they are both odd.
(2) t— m=even
Either ¢ and m are both even, or they are both odd.
82. Is5 afactor of either x or )2
(1) 3 is a factor of x.
(2) 5 is a factor of y.
90. Do ¢and 12 share any prime factors?
Is 2 or 3 a factor of #

(1) =2k + 3m =2 x 3 x integer + 3m = 3x (2x x integer + 3)
t is a multiple of 3

(2) t=2k+ 3m=2k+3 x 3 x integer
t could be a multiple of 2 or 3

106. I either x or y even?

(1) x and y are consecutive integers.
One of the variables is even, and the other is odd.

(2) x=y x even
x = even

128. Is n divisible by m?
(1) 3 is divisible by m

(2) 13n is divisible by m

ManhattanGMAT Prep
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-1
166. Is —<—?

170.

171.

172.

1
10" 100
1

<—=?
10" 10?

Is

Isn>2?
n>2

(2) (1/10)"x (1/10) < 1710
(1/10)”x 10 < 1/10
(1/10)” < 1/100
1/10" < 1/10?
n>2

Is the product of consecutive integers (7 + 1)n(n ~ 1) divisible by 4?2
OR: Are there 2 even integers in the set of consecutive integers (n + 1), n, (n— 1)?

OR: (Best) Is n odd?

(1) 7 is an even number plus 1

n is odd
(2) n(n + 1) is divisible by 6.
Either n OR # + 1 is even.
What is the tens digit of positive integer x?
No meaningful rephrasing can be done to the question.
(1) x=100m + 30 where m is a nonnegative integer

2)x= 1107 + 30 where nis a nonnegative integer

Are x and y different (one even and one odd)?
(1) x and z are the same (either both even or both odd)

(2) y and z are different (one even and one odd)

- ManhattanGMAT Prep
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Rephrasings from The Official Guide for GMAT Quantitative Review, 2nd Edition

The questions and statements that appear below are only our rephrasings. The original questions and state-
ments can be found by referencing the problem numbers below in the Data Sufficiency section of The
Official Guide for GMAT Quantitative Review, 2nd Edition (pages 152-163). First Edition numbers are
included in parentheses. Problems unique to one edition are so indicated.

3. How many factors does n have?
()
ey n

7 has only 2 factors other than 1 and #: p and 4.
P, q Since p and ¢ are prime, there are no other factors.
Thus, # has 4 factors.

(2) 7 has the same number of factors as 8; thus, # has 4 factors.

31.  Isxa perfect square?
(116.)
(1) 2Vx is an integer
Therefore, x is a perfect square.

(2) 'V 3x is not an integer.

45.  If p x q =24, what number is p?

: ? 4
45.) 1 24
(1) g is divisible by 6; thus, 4 equals 24, 12,0r 6. p=1,2, 0or 4. 27 12
8
(2) p is divisible by 2 (OR, p is even). p=2,4,6,8,12, or 24. 2 6
54.  What is the value of x*~% g 4
3
(53.) 12 2
p-q=0
24 1
2 x=3

. 64.  Isydivisible by 32

63)
(1) ¥

2,2,..2

(2) y

2,3,..2

ManhattanGMAT Prep
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78. Ispodd:
(75.)
(1) p is odd.
(2) p is odd.

79. 2nd Edition only
(Any integer)P ™" E = Integer  (e.g., 2°, (-3)’, etc.)
(1)**™ =1 (= Integer)
Is n a positive integer, or is m equal to 1?

(1) If n is positive, then m can be any integerv(e.g., 28=16,27= 1/16).
If  is negative, then m must be an even integer (e.g., (-2)* = 16, (-2)™ = 1/16).

(2) If m is a positive integer, then 7 can be any integer (e.g., 24 =16, (-2)’ = -8).
If n=1, then m can be any integer (e.g., 17=1=1).

81.  Isxa positive proper fraction (a fraction between zero and one)?
(78.) '
(Dx<-1 OR x>1
xis NOT a positive proper fraction.

(2 x>-1
x MAY or MAY NOT be a positive proper fraction.

82. 2nd Edition only

Let 7 be the origihal number of books.
n + 10.= integer, so 7 = a multiple of 10 (that is, 10, 20, 30, 40, ...)

(n+10) + 12 = integer, so # + 10 = a multiple of 12
Find multiples of 12 among the multiples of 10.
n + 10 = 60, 120, 180, 240, ... (multiples of both 12 and 10)
so =50, 110, 170, 230, ... These are the only possible values of 7.

Which of these numbers (50, 110, 170, etc.) is n?

(1) n<96
2) n> 24
86. Ism=n+1:
(82)
Dm-1=@nm+1)+1 OR m-1=(n+1)-1
m—1l=n+2 m—1=n
m=n+3 m=n+1
:Manﬁattan@AFPre ,
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87.
(83.)

90.
(86.)

113.
(108.)

115.
(110.)

Note that 7 = 7 + 3 contradicts the original question, and is therefore impossible. Discard
this possibility. Thus, m =n + 1.

(2) m is divisible by 2.
Is n divisible by 72
(1) n=2k+3

(2) 2k — 4 = 7x, where x is an integer
There is little rephrasing you can do in this problem. Testing numbers is the best strategy.

Is d a perfect square?

(1) d is a perfect square.

(2) V/d is a perfect square; therefore, d is a perfect square.
Are there three 2’s and one 3 in the prime box for n?

(1) There are at least two 2’s in the prime box.

(2) There is at least one 2 and at least one 3 in the prime box.

(111. 1st Edition only)

There is little rephrasing you can do in this problem. Testing numbers is the best strategy.

ManhattanGMAT Prep

108

the new standard



| NUMBER PROPERTIES .

OFFICIAL

PART I

PROBLEM SETS: -




In This Chapter . . .

e Number Properties Problem Solving List
from 7%e Qficial Guides: PART 1

¢ Number Properties Data Sufficiency List
from 7%e Offscial Guides: PART 1




OFFICIAL GUIDE-PROBLEM SETS: PART I  Chapter 9

Practicing with REAL GMAT Problems.

Now that you have completed Part I of NUMBER PROPERTIES it is time to test your skills on problems
that have actually appeared on real GMAT exams over the past several years.

The problem sets that follow are composed of questions from three books published by the Graduate
Management Admission Council® (the organization that develops the official GMAT exam):

The Official Guide for GMAT Review, 12 Edition

The Official Guide for GMAT Quantitative Review

The Official Guide for GMAT Quantitative Review, 2nd Edition

Note: The two editions of the Quant Review book largely overlap. Use one OR the other.

These books contain quantitative questions that have appeared on past official GMAT exams. (The ques-
tions contained therein are the property of The Graduate Management Admission Council, which is not
affiliated in any way with Manhattan GMAT)

Although the questions in the Official Guides have been “retired” (they will not appear on future official
GMAT exams), they are great practice questions.

In order to help you practice effectively, we have categorized every problem in The Official Guides by topic
and subtopic. On the following two pages, you will find two categorized lists: .

(1) Problem Solving: Lists EASIER Problem Solving Number Properties questions contamed in
The Official Guides and categorizes them by subtopic. :

(2) Data Sufficiency: Lists EASIER Data Sufficiency Number Properties questions contained in
The Official Guides and categorizes them by subtopic.

The remaining Official Guide problems are listed at the end of Part II of this book. De not forget about
the Part II list!

Each book in Manhattan GMAT’s 8-book strategy series contains its own Official Guide lists that pertain
to the specific topic of that particular book. If you complete all the practice problems contained on the
Official Guide lists in each of the 8 Manhattan GMAT stratcgy books, you will have completcd every single
question published in The Official Guides.
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OFFICIAL GUIDE PROBLEM SOLVING SET: PART I

Problem Solving: Part 1

from The Official Guide for GMAT Review, 12" Edition (pages 20-23 & 152-185), The Official
Guide for GMAT Quantitative Review (pages 62—85), and The Official Guide for GMAT
Quantitative Review, 2nd Edjtion (pages 62-86).

Note: The two editions of the Quant Review book largely overlap. Use one OR the other.

Solve each of the following problems in a notebook, making sure to demonstrate how you arrived
at each answer by showing all of your work and computations. If you get stuck on a problem, look
back at the NUMBER PROPERTIES strategies and content contained in this guide to assist you.

Note: Problem numbers preceded by “D” refer to questions in the Diagnostic Test chaptcf of
The Official Guide for GMAT Review, 12* Edition (pages 20-23).

ET — BER PROPE

Divisibility & Primes
12% Edition: 3, 7, 23, 36, 72, 82, 87, 107, 110, 159, D18, D23
Quantitative Review: 98, 102, 103, 109, 122
OR 2nd Edition. 78, 98, 109, 122

Odds & Evens
12t Fdition: 40

Positives & Negatives
12 Edition: 22, 29, 50
Quantitative Review: 15, 53 OR 2nd Edition: 17, 55

Consecutive Integers
12% Edition: 85, 116, 157, D2
Quantitative Review. 9 OR 2nd Edition: 11

Exponents & Roots
12% Fdition: 11, 32, 46, 51, 54, 73, 164, D17
Quantitative Review: 34, 45, 64, 81, 97, 117, 145, 147
OR 2nd Edition: 36, 47, 86, 97

Remember, there are more Official Guide problems listed at the end of Part II.
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Data Sufficiency: Part 1

from The Official Guide for GMAT Review, 12* Edition (pages 24-26 & 272-288), The Official
Guide for GMAT Quantitative Review (pages 149-157), and The Official Guide for GMAT
Quantitative Review, 2nd Edition (pages 152-163).

Note: The two editions of the Quant Review book largely overlap. Use one OR the other.

Solve each of the following problems in a notebook, making sure to demonstrate how you arrived
at each answer by showing all of your work and computations. If you get stuck on a problem, look
back at the NUMBER PROPERTIES strategies and content contained in this guide to assist you.

Practice REPHRASING both the questions and the statements. The majority of data sufficiency
problems can be rephrased; however, if you have difficulty rephrasing a problem, try testing num-
bers to solve it. It is especially important that you familiarize yourself with the directions for data
sufficiency problems, and that you memorize the 5 fixed answer choices that accompany all data
sufficiency problems.

Note: Problem numbers preceded by “D” refer to questions in the Diagnostic Test chapter of
The Official Guide for GMAT Review, 12% Edition (pages 24-26).

- ER PROPE

Divisibility & Primes
12% Edition: 16, 66, 82, 90, D26, D42
Quantitative Review: 3, 7, 13, 16, 33, 39, 45, 63
OR 2nd Edition: 3, 16, 39, 45, 64, 70

Odds & Evens
12% Edition: 6, 12, 17, 24, 73, 76
Quantitative Review: 75 OR 2nd Edition: 78

Positives & Negatives
12% Edition: 69, 159
Quantitative Review: 76, 94, 101 OR 2nd Edition: 11, 24, 98, 105

Consecutive Integers
12t Edition: 65, 108
Quantitative Review: 20 OR 2nd Edition: 20

Exponents & Roots
12% Edition: 169, D44
Quantitative Review: 18, 53, 73, 78, 98
OR 2nd FEdition: 18, 54, 76, 81

Remember, there are more Official Guide problems listed at the end of Part IL
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PART IT: ADVANCED

This part of the book covers various advanced topics within Number Properties.
This advanced material may not be necessary for all students. Attempt Part II only
if you have completed Part I and are comfortable with its content.

®(Chapter 10

NUMBER PROPERTIES
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PRIMES: |




In This Chapter . . .

® Primes

* Divisibility and Addition/Subtraction

¢ Other Applications of Primes & Divisibility
¢ Advanced Remainders

® Advanced GCF and LCM Techniques

* Counting Total Factors




DIVISIBILITY & PRIMES ADVANCED STRATEGY

Chapter 10

DIVISIBILITY & PRIMES ADVANCED

This chapter covers advanced material within the topic of Divisibility & Primes. From here
on out, it is assumed that you have already completed Part I of this book, including the
Official Guide problem sets in Chapter 9.

Primes

You should become very comfortable with small prime numbers—at least the first 10, Even
better, know (or be able to derive quickly) all the primes up to 100 (2, 3, 5, 7, 11, 13, 17,
19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71,73, 79, 83, 89, 97). Here are some addi-
tional facts about primes that may be helpful on the GMAT.

(1) There is an infinite number of prime numbers. Thcre is no upper limit to the size
of prime numbers.

(2) There is no simple pattern in the prime numbers. Since 2 is the only even. pﬂme
number, all other primes are odd. However, there is no easy pattern to determining
which odd numbers will be prime. Each number needs to be tested directly to
determine whether it is prime.

(3) Positive integers with only two factors must be prime, and positive integeis with
more than two factors are never prime. Any integer greater than or equal to 2 has
at least two factors: 1 and itself. Thus, if there are only two factors of x (with x equal
to an integer > 2), then the factors of x MUST be 1 and x. Therefore, x must be
prime. Also, do not forget that the number 1 is NOT prime. The number 1 has
only one factor (itsclf), so it is defined as a non-prime number, -

These facts can be used to disguise the topic of prime numbers on the GMAT. Take a look
at the following Data Sufficiency examples.

What is the value of integer x?

(1)')( has exactly 2 factors.
(2) When x is divided by 2, the remainder is 0.

Statement (1) indicates that x is prime, because it has only 2 factors. This statement is
insufficient by itself, since there are infinitely many prime numbers. Statement (2) indicates
that 2 divides evenly into x, meaning that x is even; that is also insufficient by itself. Taken
together, however, the two statements reveal thar x must be an even prime—and the only
even prime number is 2. The answer is (C): BOTH statements TOGETHER are sufficient,
but NEITHER statement ALONE is sufficient.

If x is a prime number, what is the value of x?

(1) There are a total of 50 prime numbers between 2 and x, inclusive.
(2) There is no integer n such that x is divisible by n and 1 <n<x

At first, this problem seems outlandishly difficult. How are we to list out the first 50 prime
numbers in under 2 minutes? Remember, however, that this is a2 Data Sufficiency problem.
We do not need to list the first 50 primes. Instead, all we need to do is determine
WHETHER we can do so.
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Learn the divisibilicy
rules for addition and
subtraction.

For Statement (1), we know that certain numbers are prime and others are not. We also
know that x is prime. Therefore, if we were to list all the primes from 2 on up, we eventually
would find the 50th-largest prime number. That number must equal x, because x is prime, so
it MUST be the 50th item on that list of primes. This information is SUFFICIENT.

For Statement (2), we are told that x is not divisible by any integer greater than 1 and less
than x. Therefore, x can only have 1 and x and factors. In other words, x is prime. We
already know this result, in fact: it was given to us in the question stem. So Statement (2)
does not help us determine what x is. INSUFFICIENT.

The correct answer is (A): Statement (1) ALONE is sufficient, but statement (2) alone is
not sufficient. (Incidentally, for those who are curious, the 50th prime number is 229.)

Divisibility and Addition/Subtraction
We saw in Part I that if you add or subtract multiples of an integer, you get another

multiple of that integer. We can now generalize to other situations. For the following
rules, assume that V is an integer.

(1) If you add a multiple of N to a non-multiple of N, the result is a non-multiple
of N, (The same holds true for subtraction.)
18-10=8 (Multiple of 3) — (Non-multiple of 3) = (Non-multiple of 3)

(2) If you add two non-multiples of N, the result could be either a multiple of N or
a non-multiple of N.
19 +13 =32 (Non-multiple of 3) + (Non-multiple of 3) = (Non-multiple of 3)
19 + 14 =33 (Non-multiple of 3) + (Non-multiple of 3) = (Multiple of 3)
The exception to this rule is when N = 2. Two odds always sum to an even.

Try the following Data Sufficiency example.

Is N divisible by 7?

(1) N=x -y, where x and y are integers
(2) x is divisible by 7, and y is not divisible by 7.

Statement (1) tells us that V is the difference between two integers (x and %), but it does not
tell us anything about whether x or y is divisible by 7. INSUFFICIENT.

Statement (2) tells us nothing about N. INSUFFICIENT.

Statements (1) and (2) combined tell us that x is a multiple of 7, but y is not a multiple of
7. The difference between x and y can NEVER be divisible by 7 if x is divisible by 7 but y is
not. (If you are not convinced, try testing it out by picking numbers.) SUFFICIENT: N
cannot be a multiple of 7.

The correct answer is (C): BOTH statements TOGETHER are sufficient, but NEITHER
statement ALONE is sufficient.
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Ght_l_gter 10

Advanced GCF and LCM Techniques

While Venn diagrams are helpful for visualizing the steps needed to compute the GCF and
LCM, they can be cumbersome if you want to find the GCF or LCM of large numbers or of 3

or more numbers.

Prime colums is a fast and straxghtfotward teehniquc Here are the steps:

(1) Calculate the prime factors of each integer. .

(2) Create a column for each prime factor found within any of the integers. .

(3) Create a row for each integer.

(4) In each cell of the table, place the prime factor raised to a power. This power counts how
many copies of the column’s prime factor appear in the prime box of the row’s imcger.

To calculate the GCE, take the LOWEST count of each prime factor found across ALL the
integers. This counts the shared primes. To calculate the LCM, take the HIGHEST count of
each prime factor found across ALL the integers. This counts all the primes less the shared
primes. ﬁ

Here is an example to demonstrate the method:

Find the GCF and LCM of 100, 140, and 250.

First, we need to find the prime factorizations of these numbers. 100=2x 2 x5 x 5= 22x52
140=2%x2x5x7=2"x5 x 7. Finally, 250 = 2x5x5x5=2x5 :

Now, set up a table listing the | pnme factors of each of these i integers in cxponenua.l notation.
The d1ffcmntpnmeﬁctorsam2 5,and 7, so we need 3 columns. .

Number: | 2 5 7

100 2 x5 x -
140 2?2 x5 x 7
250 2" x 5 -

To calculate the GCE we take the SMALLEST count (the lowest power) in any column, The
reason is that the GCF is formed only out of the SHARED prirnes (in the overlapping part of
the Venn diagram). The smallest count of the factor 2 is one, int 250 (= 2* x 5%. The smallest
count of the factor 5 is one, in 140 (= 2% x 5' x 7). The smallest countofthefactor7xszero,
since 7 does not appear in 100 or in 250. Therefore the GCF is 2' x 5' = 10. -

Number: 2 5 7
100 22 X 5 -
140 2? X 5! X 7
250 28 x5 - |
GCF: 2! 5' = 2'x5'=10
LCM: 2 x 8 X 7t = 22x5*x7" =3,500

Use prime columns to
calculate the GCF and -
LCM of 2 or more large
numbers quickly.
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To calculate the LCM, we take the LARGEST count (the highest power) in any column. The
reason is that the LCM is formed out of ALL the primes less the shared primes. The largest
count of the factor 2 is two, in 140 (= 2° x 5' x 7%) and 100 (= 2? x 5%). The largest count of
the factor 5 is three, in 250 (= 2! x 5%). The largest count of the factor 7 is one, in 140 = 2% x
5' x 7'). Therefore the LCM is 2° x 5° x 7' = 3,500.

INDIN LCM USING PRIME BO RE ZATIONS
Also, you can use a shortcut directly from the prime boxes or the prime factorizations to
find the GCF and LCM. Once you get familiar with the Prime Columns method, you will
see that you can just scan the boxes or the factorizations and take all the lowest powers to
find the GCF and the highest powers to find the LCM.
" Here is a dip for double-

checking your work for What are the GCF and LCM of 30 and 24?

any integers 2 and 4, the

GCF times the LCM 30 24

must equal 2 x b, The prime factorization of 30 is 2.x 3 x 5.

2, 3, 5 2, 2, 2, "I;hcprimc factorization of 24 is2 x 2 x 2 x 3, or
2’ x 3.
3 The GCFis 2x 3 = 6.
The LCM is 2* x 3 x 5 = 120.

Three general properties of the GCF and LCM are worth noting:

(1) (GCF of m and n) x (LCM of m and n) = m x n. The reason for this is that the
GCF is composed of the SHARED prime factors of m and 7. The LCM is composed
of all of the other, or NON-SHARED, prime factors of 7 and ».

(2) The GCF of m and n cannot be larger than the difference between m and . For
example, assume the GCF of m and » is 12. Thus, m and 7 are both multiples of 12.
Consecutive multiples of 12 are 12 units apart on the number line. Therefore, m and 7
CANNOT be less than 12 units apart, or else they would not both be multiples of 12.

(3) Consecutive multiples of # have a GCF of n. For example, 8 and 12 are consecutive
multiples of 4. Thus 4 is a common factor of both numbers. But 8 and 12 are exactly
4 units apart. Thus 4 is the greatest possible common factor of 8 and 12. (For this
reason, the GCF of any two consecutive integers is 1, because both integers are multi-
ples of 1 and the numbers are 1 unit apart.)

Finally, you may be asked to determine what combinations of numbers could lead to a spe-
cific GCF or LCM. This is a difficult task. Consider the following problem:

Is the integer z divisible by 6?
(1) The greatest common factor of z and 12 is 3.

(2) The greatest common factor of z and 15 is 15.

When we calculate the GCF for a set of numbers, we determine the prime factors of each
number and then take each prime factor to the LOWEST power it appears in any factoriza-
tion. In this problem, we are TOLD what the GCF is. We can use the prime columns
method to determine what conclusions can be drawn from each of these statements.
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Statement (1) tells us that z.and 12 (2 x 2 x 3) have a GCF of 3. Set that information up
in a prime columns table to figure out what we can deduce about the prime factors of z.

Notice that the GCF of 12 and z contains a 3. Since the GCF contains each prime factor to
the power it appears the LEAST, we know that z must also contain at least one 3.
Therefore, z is divisible by 3.

Notice also that the GCF contains NO 2’s. Since 12 contains two 2’s, z must not contain
any 2’s. Therefore, z is NOT divisible by 2. Since 2 is not divisible by 2, it cannot be divisi-
ble by 6. SUFFICIENT.

' . Some difficule GCF/

Statement (2) tells us that z and 15 (3 x 5) have a GCF of 15. We can set that up in a LCM problems require
prime columns table to figure out what we can deduce about the prime factors of z: that you use the GCF/
: LCM to deduce what

The GCF of 15 and £ contains a 3. Since the GCF contains each prime factor to the power the original numbers

it appears the LEAST, we know that z'must also contain at least one 3. Thewﬁare, zis divis- could bave bera

ible by 3.

Also, the GCF contains a 5. Since the GCF contains each prime factor to-the power it
appears the LEAST, we know that z must also contain a 5. Therefore, z is dms1ble by 5.

However, this does NOT tells us whcther z contains any 2’s. We need z to contain at least
one 2 and at least one 3 in its prime factorization for it to be divisible by 6. If zhad 2 asa
prime factor, 2 would still not be part of the GCF, because 15 has no 2’s. Thus we cannot
tell whether 2 has a 2 in its prime factorization. INSUFFICIENT. The correct answer is
(A): Statement (1) ALONE is sufficient, but statement (2) alone is not sufficient.

Now consider this example:
If the LCM of a and 12 is 36, what are the possible values of a?

As in the earlier example, we can use the prime columns technique to draw conclusions
about the prime factors of a.

First, notice that 4 cannot be larger than 36. The LCM of two or more integers is always
AT LEAST as large as any of the integers. Therefore the maximum value of  is 36. -

Next, notice that the LCM of 12 and # contains two 2’s. Since the LCM contains each
prime factor to the power it appears the MOST, we know that 4 cannot contain more than
two 2’s. It does not necessarily to contain any twos, so 4 can contain zero, one or two 2.

Finally, observe that the LCM of 12 and  contains two 3’s. But 12 only contains ONE 3,
The 3 factor in the LCM must have come from the prime factorization of 2. Thus we
know that « contains exactly two 3.

Since 2 must contain exactly two 3's, and can contain no 2, one 2, or two 2, 2 could be
3x3=9,3x3x2=18, or3x3><2x2 36.Thus 9, 18, and36arethcpossxblevaluaofa
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The GMAT can ask
you to calculate the total
number of factors, the
total number of prime
factors (length), or the
total number of
DIFFERENT prime
factors of any integer.

Other Applications of Primes & Divisibility

CO ING FACTORS AND PRIME.
The GMAT can ask you to count factors of some number in several different ways. For
example, consider the number 1,400. The prime factorization of this number is 2 x 2 x 2 x

5x5x7,0r2>x 5" x 7 in exponential notation. Here are three different questions that
the GMAT could ask you about this integer:

Factors of 1,400
22 x5%*x7):

(1) How many dif- (2) How many total (3) How many total
ferent prime factors? prime factors (length)? factors?

* May be phrased as * Length is defined as the * Includes all factors, not
“different prime fac- number of primes (not necessarily just prime
tors” or “unique prime necessarily distinct) whose  factors
factors” product is x (in this case,  * Can be determined using

* Count each repeated whose product is 1,400) “factor pairs” approach,
prime factor only * Add the exponents of the but this is cumbersome for
ONCE prime factors. If there is larger numbers

* In this example, 2, 5, no exponent, count itas  * Advanced technique dis-
and 7 are distinct, so 1. cussed later in this chapter
there are 3 different * In this example, the length  * Do not forget to include 1
prime factors is3+2+1=6. as a factor!

Consider the number 252.

(a) How many unique prime factors of 252 are there? Equivalently, how many
prime numbers are factors of 252

(b) What is the length of 252 (as defined above)?.

(c) How many total factors of 252 are there?

For (a), we can determine the number of unique prime factors by looking at the prime fac-
torization of 252: 2 x 2 x 3 x 3 x 7. There are 3 different prime factors in 252: 2, 3, and 7.
We do NOT count repeated primes to answer this particular question.

For (b), the “length” of an integer is defined as the total number of primes that, when mul-
tiplied together, equal that integer. (Note: on the GMAT, any question that asks about the
length of an integer will provide this definition of length, so you do not need to memorize
it.) Again we can determine the TOTAL number of prime factors by looking at the prime
factorization of 252: 2 x 2 x 3 x 3 x 7. There are 5 total prime factors in 252: 2, 2, 3, 3,
and 7. In other words, the length of an integer is just the total number of primes in the
prime box of that integer. We DO count repeated primes to answer this particular question.
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You can also answer this question by looking at the prime factorization in exponential form:
252 = 2* x 3% x 7. Simply add the exponents: 2 + 2 + 1 = 5 . Notice that a number written
in this form without an exponent has an implicit exponent of 1. '

For (c), one way to determine the total number of factors is to deter-  Small Large

mine the factor pairs of 252, using the process described in Part L. T | 252

Simply start at 1-and “walk up” through all the integers, determining 2 126

whether each is a factor. Meanwhile, the factors in the large column 3 84

will naturally get smaller. You can stop once the small column “meets”

the large column. For example, since the last entry in the large col- 4 63

umn is 18, you can stop searching once you have evaluated 17 as a 6 42

possible factor. Once you have finished, you will notice there are 18 7 36 - Perfect squares always

total factors of 252. 9 28 h’;:;ﬁ*;“’:""f
. . 12 21 always luvca::::

This method will be too cumbersome for larger numbers, so a more 14 18 mumber of factots.

advanced method is introduced later in this chapter.

The GMAT occasionally tests properties of perfect squares, which are squares of other inte-
gers. The numbers 4 (= 2%) and 25 (= 5°) are examples of perfect squares. One special prop-
erty of perfect squares is that all perfect squares have an odd number of total factors.
Similarly, any integer that has an odd number of total factors MUST be a perfect square.
All other non-square integers have an even number of factors. Why is this the case?

Think back to the factor pair exercises we have done so far. Factors come in pairs. If x and y
are integers and x - y = z, then x and y are a factor pair of z. However, if z is a perfect
square, then in one of its factor pairs, x equals y That is, in this particular pair we have x - x
=z, or x* = z. This means that we do not have TWO different numbers in this factor
“pair.” Rather, we have a single unpaired factor: the square root.

Consider the perfect square 36. It has 5 factor pairs that yield 36,as  Small | Large

s s—

shown to the right. Notice that the FINAL pair is 6 and 6, so instead 1 36

of 5 x 2 = 10 total factors, there are only 9 different factors of 36. T2 18

- | ' 3 12
Notice also that any number that is not a perfect square will NEVER 4 9
have an odd number of factors. That is because the only way to arrive é 6

at an odd number of factors is to have a factor pair in which the two
factors are equal.

For larger numbers, it would be much more difficult to use the factor pair technique to
prove that a number is a perfect square or that it has an odd number of factors. Thankfully,
we can use a different approach. Notice that perfect squates are formed from the product of
two copies of the same prime factors. For instance, 90° = (2 x 3> x 5) (2 x 3% x 5) =

2% x 3* x 5% Therefore, the prime factorization of a perfect square contains only even
powers of primes. It is also true that any number whose prime factorization contains only
even powers of primes must be a perfect square.
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Here are some examples.
144=2x 3 9=3
36=2"x 3" 40,000 = 2° x 5*
All of these integers are perfect squares.
By contrast, if a number’s prime factorization contains any odd powers of primes, then the
number is not a perfect square. For instance, 132,300 = 2> x 3% x 5% x 7 is not a perfect
square, because the 3 is raised to an odd power. If this number is multiplied by 3, then the
Prime factors of perfect result, 396,900, is a perfect square: 396,900 = 2% x 3* x 5%x 72.
squares MUST come in
pairs; likewise, prime The same logic used for perfect squares extends to perfect cubes and to other “perfect” pow-
;‘5’; of perfect cubes ers. If a number is a perfect cube, then it is formed from three identical sets of primes, so all
of3 come I grotps the powers of primes are multiples of 3 in the factorization of a perfect cube. For instance,

90°=(2x3"x5) 2x3"x5) (2x3*x5)=2x3"x 5>

If k* is divisible by 240, what is the least possible value of integer k?
(A) 12 () 30 (C) 60 (D) 90 (E) 120,

The prime box of £ contains the prime factors of 240, which are 2, 2, 2, 2, 3, and 5. We
know that the prime factors of £* should be the prime factors of £ appearing in sets of
three, so we should distribute the prime factors of £’ into three columns to represent the
prime factors of £, as shown below.

We see a complete set of three 2’s
in the prime box of #’, so £ must B
have a factor of 2. However, there

s fount 2 e v Thacadd 7 B

k

tional factor of 2 must be from £ [
as well, so we assign it to one of 2 Even though we do not

3

5

the component £ columns. We initially see them, the fac-
have an incomplete set of 3’s in tors 2, 3, and 5 must be
the prime box of #°, but we can in these boxes, too. All of
still infer that £ has a factor of 3; B the #s must be identical!
otherwise £° would not have any.
Similarly, £ has a single 5 in its
prime box, but that factor must
be one of the factors of £ as well.
Thus, £has 2, 2, 3, and 5 in its
prime box, so £ must be a multi-

ple of 60.

A

U\WNNR">

Wi W N A
LW Nl no | R

The correct answer is C.
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FACTORIALS AND DIVISIBILITY .
The factorial of N, symbolized by N, is the product of all integers from 1 up to and

including N. For instance, 6! =6 x 5 x 4 x 3 x 2 x 1 =720.

Because it is the product of all the integers from 1 to /N, any factorial N'! must be divisible
by all integers from 1 to V. This follows directly from the Factor Foundation Rule. Another
way of saying this is that N'! is a multiple of all the integers from 1 to N.

This fact works in concert with other properties of divisibility and multiples. For instance,
the quantity 10! + 7 must be a multiple of 7, because both 10! and 7 are multiples of 7.

10! + 15 must be a multiple of 15, because 10! is divisible by 5 and 3, and 15 is divisible by
5 and 3. Thus, both numbers are divisible by 15, and the sum is divisible by 15. Finally, 10!
+ 11! is a multiple of any integer from 1 to 10, because every integer between 1 and 10
inclusive is a factor of both 10! and 11!, separately.

Because the factorial V! contains all the integers from 1 up to the number N, it follows that
any smaller factorial divides evenly into any larger factorial. For example, 9! is divisible by 8!
or by the factorial of any smaller positive integer. In a quotient of two factorials, the smaller

factorial cancels completely. For instance, consider St

8! 87:6-3-4-3-2-1
51 34321

=8-7-6=336.

ManﬁattanﬁM AT prep
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In a remainder problem,
the dividend, divisor,
quotient, and remainder
must ALL be integers.

Advanced Remainders

A remainder is defined as the integer portion of the dividend (or numerator) that is not
evenly divisible by the divisor (or denominator). For example, 23 is not evenly divisible by
4. When you divide 23 by 4, you get a remainder of 3 that cannot be divided out, because
23 =5 x 4 + 3. Here is this example written in fractional notation:

Dividend — 73 3 <—Remainder

Divisor — 4 t 4
Quotient

The quotient is the resulting integer portion that CAN be divided out (in this case, the
quotient is 5). Note that the dividend, divisor, quotient and remainder will ALWAYS be
integers. Sometimes, the quotient may be zero! For instance, when 3 is divided by 5, the
remainder is 3 (because 0 is the biggest multiple of 5 that can be divided out of 3).
Algebraically, this relationship can be written as:

Dividend — x R<«—Remainder

__=Q+.._

Divisor — N [ N
Quotient

This framework is often easiest to use on GMAT problems when you multiply through by
the divisor V:

Dividend —x=Q - N + R «—Remainder

Quotient T T Divisor
(Example: 23 =5 x4 +3)

Again, remember that x, Q, NV, and R all must ALL be integers.

CREATING NUMBERS WITH A CERTAIN REMAINDER

Rather than requiring you to find remainders, some GMAT problems requite you to gener-
ate arbitrary numbers that yield a certain remainder upon division. If you need a number
that leaves remainder R upon division by JV, simply take any multiple of N and add R to it.
This is equivalent to writing x = Q x N + R, since Q x N is a multiple of N.

For example, if you need a number that leaves a remainder of 5 when divided by 7, you can
pick 14 (a multiple of 7) and add 5 to get 19. If you want to write a general algebraic form,
you can write 7xint + 5, where int represents some random integer. 7xint is therefore a
multiple of 7, and 7xinz + 5 is a multiple of 7, plus 5. Consider this example:

If x has a remainder of 3 when divided by 7 and y has a remainder of 2 when
divided by 7, what is the remainder of x + y when divided by 7?
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One way to solve this problem is simply to pick suitable numbers for x afid y. Fot example,
14 +3 =17 could be x, and 7 + 2 = 9 could be y. Adding them togethe, we see that 17 +
9 = 26, which has a remainder of 5 when divided by 7. In shorthand, we can write R3 + R2
= RS5. Algebraically, you could solve this problem by writing x = 7xint; + 3 and y = 7xznt2
+ 2. (The two int’s are not necessarily the same, so we have put subscripts 1 and 2 on
them.) Then x + y = 7xint; + 3 + 7xint + 2, which equals 7x(in#, + inty) + 3 + 2, which
equals a multiple of 7, plus 5. Thus the remainder is 5. Notice that this remamder is the
sum of the remainders of x xandy. .

VISUALIZING REMAINDERS

We can visualize the problem above by constructing a “Remainder Ruler”—a number line
marked off with large and small tick marks. The large tick marks are for the multiples we

The remainder of any

care about—in this case, multiples of 7. The small tick marks are for all the other integers. number MUST be rion-
|||||||||11l'1|se - negacive and smaller
. than the divisor.

I I,lllllll'

Numbers that leave a remainder of 2 after division by. 7 are located two small ticks o the
right of a large tick. This is because such numbers are equal to a multiple-of 7, plus 2:

I x . l * | % '
Likewise, numbers that leave a remainder of 3 after division by 7 are located three small
ticks to the right of a large tick.

I # | # _I"#>

So, when you add a number with 2 extra small ticks to a number with 3 extra small ticks,
you get 5 extra small ucks

—t X%

#
}
I

Y

RANGE OF POSSI N
When you divide an integer by 7, the remainder could be 0,1,2,3,4,5,o0r 6. Notice that

you cannot have a negative remainder or a remainder larger than 7, and that you have

exactly 7 possible remainders. You can see these remainders repeating themselves on the
Remainder Ruler:

456 12345
l | 1117 |
! —H

This pattern can be generalized. When you divide an integer by a positive integer N, the
possible remainders range from 0 to (V- 1). There are thus N possible remainders.
Negative remainders are not possible, nor are remainders equal to or larger than N.
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If @ + b yields a remainder of 5, ¢ + d yields a remainder of 8, and a, b, c and d
are all integers, what is the smallest possible value for b + d?
Since the remainder must be smaller than the divisor, 5 must be smaller than 4. & must be
an integer, so b is at least 6. Similarly, 8 must be smaller than 4, and 4 must be an integer,
so 4 must be at least 9. Therefore the smallest possible value for b+ 4is 6 + 9 = 15.
REMAINDER OF
If x divided by y yields a remainder of 0 (commonly referred to as “no remainder”),
then x is divisible by y. Conversely, if x is divisible by , then x divided by y yields a
remainder of 0 (or “no remainder”).
Similarly, if x divided by y yields a remainder greater than 0, then x is NOT divisible by j,
Most solutions to and vice versa.
remainder problems can
be double-checked by
picking . ARITHMETIC WITH REMAINDERS

Two useful tips for arithmetic with remainders, if you have the same divisor throughout:

(1) You can add and subtract remainders directly, as long as you correct excess or
negative remainders. “Excess remainders” are remainders larger than or equal to the
divisor. To correct excess or negative remainders, just add or subtract the divisor. For
instance, if x leaves a remainder of 4 after division by 7, and y leaves a remainder of 2
after division by 7, then x + y leaves a remainder of 4 + 2 = 6 after division by 7. You
do not need to pick numbers or write algebraic expressions for x and y. We can sim-
ply write R4 + R2 = R6.

If x leaves a remainder of 4 after division by 7 and z leaves a remainder of 5 after divi-
sion by 7, then adding the remainders together yields 9. This number is too high,
however. The remainder must be non-negative and less than 7. We can take an addi-
tional 7 out of the remainder, because 7 is the excess portion. Thus x + z leaves a
remainder of 9 — 7 = 2 after division by 7. We can write R4 + R5 = R9 = R2 (taking
out the excess 7). Algebraically, we can write x=7 x int; + 4 and z=7 x int; + 5.
Thenx+2z=7 xinty +4+7 x inty+5=7 x (int, + inty) + 9 =7 x (int) + inty) +
7 + 2. Now, most of that expression, 7 x (int; + int;) + 7, represents just another
multiple of 7, so we can say that x + z is a multiple of 7, plus 2.

With the same x and 2, subtraction of the remainders gives —1, which is also an unac-
ceptable remainder (it must be non-negative). In this case, add an extra 7 to see that
x — 2 leaves a remainder of 6 after division by 7. Using R’s, we can write R4 — R5 =
R(-1) = R6 (adding a 7 in). To prove this algebraically, we can write x = 7 x int; + 4
andz=7 x inty + 5. Thenx—2=7 x int) + 4 — (7 x inty + 5) =7 x (int; — inty) —
1=7x(intj—int; — 1) +7 — 1 =7 x (int; — int; — 1) + 6, s0 x — z is a multiple of
7, plus 6. Notice that the algebra is a far more painful method!

Of course, you can often pick numbers to solve problems with remainders. Let us
pick x=25and z=12:
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25+12=37=5~7+2<——Rexnaindcr .

‘Quotient : Divisor

25-12=13=1-7 +6 <——Remainder

Quotient T T Divisor
(2) You can multiply remainders, as long as you correct excess remainders at the end.

Again, if x has a remainder of 4 upon division by 7 and z has a remainder of 5 upon
division by 7, then 4 x 5 gives 20. Two additional 7’s can be taken out of this remain-
der, so x-z will have remainder 6 upon division by 7. In'other words, (R4)(R5) = R20
= R6 (taking out two 7’s). We can prove this by again picking x = 25 and z = 12 (try
the algebraic method on your own!):

25%12 =300 =42 7+6 4—-—Rcmamdcr

Quotlcnt : - Divisor

We say that 17 is not divisible by 5, because it leaves a rema.mdcr of 2 after division by 5.
However, if you punch “17 + 5 =" into a calculator, it gives you a number back. 3.4. This
quotient has an integer portion (3) and a decimal portion (0.4). The decimal portion repre-
sents the remainder 2 divided by 5, as shown below.

l-7—=3.4:=3+E In other words, O.4=}—, or Decimal Pm=m‘ '
5 5 5 Divisor

We can use this relanonshlp to solvc remainder problems that mvolve dccxma!s

When positive integer A is dwlded by positive mteger B the result is 4.35.
Which of the following could be the remainder when A is divided by B?

(A) 13 (B) 14 | (C) 15 (D) 16 | (E) 17

We isolate the decimal part of the division result: 0.35. Now we set that decxmal equal to
the unknown remainder R divided by the divisor B: '

0.35= Remainder - £
Divisor B

Now;, express the decimal as a fraction and reduce:  0.35= 35 = A

_R
100 20 B

Finally, we cross-multiply: 7B=20R

Now, since both B and R are integers, we can see that R must concain a 7 in its prime factor-
ization; otherwise, there is no way for a 7 to appear on the left side. Thus, R must be a mul-
tiple of 7. The only answer choice that is a multiple of 7 is 14, which is the correct answer.

The decimal part of 2
quotient équals the
remainder divided by the
divisor.
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Some basic combina-
torics theory can help
streamline the process of
counting factors for any
integer.

Counting Total Factors

We have discussed using the factor pair method to determine the number of total factors
of an integer. The problem with this method is that it is slow, tedious, and prone to error.
These problems are compounded when the number being analyzed has a large number of
factors. Therefore, we need a general method to apply to more difficult problems of this

type.

How many different factors does 2,000 have?

It would take a very long time to list all of the factors of 2,000. However, prime factoriza-
tion can shorten the process considerably. First, factor 2,000 into primes: 2,000 = 2* x 5°.
The key to this method is to consider each distinct prime factor separately.

Consider the prime factor 2 first. Because the prime factorization of 2,000 contains four 25,
there are five possibilities for the number of 2’s in any factor of 2,000: none, one, two,
three, or four. (Do not forget the possibility of NO occurrences! For example, 5 is a factor
of 2,000, and 5 does not have ANY 2’s in its prime box.)

Next, consider the prime factor 5. There are three 5’s, so there are four possibilities for the
number of 5% in a factor of 2,000: none, one, two, or three. (Again, do not forget the pos-
sibility of NO occurrences of 5.) Any number with more than four 2’s in its prime box can-
not be a factor of 2,000.

In general, if a prime factor appears to the Nth power, ‘then there are (V + 1) possibilities
for the occurrences of that prime factor. This is true for each of the individual prime factors
of any number.

We can borrow a principle from the field of combinatorics called the Fundamental
Counting Principle to simplify the calculation of the number of prime factors in 2,000.
The Fundamental Counting Principle states that if you must make a number of separate
decisions, then MULTIPLY the numbers of ways to make each individual decision to find
the number of ways to make 4/ the decisions. (For an elaboration of this principle, see the
“Combinatorics” chapter of Manhattan GMAT’s Word Translations Strategy Guide.)

The number of 2’s and the number of 5's to include in a factor of 2,000 are two individual
decisions we must make. These two choices are INDEPENDENT of one another, so the
total number of factors of 2,000 must be (4 + 1)(3 + 1) = 5 x 4 = 20 different factors.

The logic behind this process can also be represented in the following table of factors. (Note
that there is no reason to make this table, unless you are interested in the specific factors
themselves. It simply illustrates the reasoning behind multiplying the possibilities.)

20 2t 22 232 ot
5° 1 2 4 8 16
5! 5 10 20 40 80
52 25° 50 100 200 400
52 | 125 250 500 1,000 2,000
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Each entry in the table is the unique prodﬁct of a power of 2 (the columns) and a power of
5 (the rows). For instance, 50 = 2' x 5. Notice that the factor in the top left corner con-
tains no 5's and no 2's. That factor is 1 (which equals 2° x 5%.

We can easily see that the table has 5 columns (representiné the possible power of 2 in the
factor) and 4 rows (representing the possible power of 5 in the factor). Thus, the total num-
ber of factors is given by 5 columns x 4 rows = 20 different factors.

Although a table like the one above cannot be easily set up for more than two prime factors,
the process can be generalized to numbers with more than two prime factors. If 2 number
has prime factorization 4" x &’ x ¢* (where 4, &, and ¢ are all prime), then the number has
(x+ 1)(y + 1)(z + 1) different factors.

For instance, 9,450 = 2' x 3’ x 5* x 7', 50 9,450 has (1 + 1)(3 + 1)(2 + 1)(1 + 1) = 48
different factors.

ManhattanGMAT Prep
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Problem Set (Advanced)

1

If wis a prime number greater than 3, and z = 36w, what is the least common multiple of z
and 6w, in terms of w? ‘ CoL o .

If y=30p, and p is prime, what is the greatest common factor of y and 14p, in terms
of p?

a, b and c are positive integers greater than 1. If @ < b < ¢ and abc = 286, what is ¢ — b?
If zis an integer and z! is divisible by 340, what is the smallest possible vaIuefbr 2?

All of the foIIbWing have the same set of unique prime factors EXéEPT:
(A) 420 (B) 490 (C) 560 o (D) 700 ' (E) 980

Which of the following numbers has exactly 15 factors?
(A)105  (B) 108 (€120 . (D)144 (E) 168

Solve Data Sufficiency Problems #7-14:

7.

10.

11,

12.

13.

Is p divisible by 168?
(1) p is divisible by 14
(2) p is divisible by 12

Is pq divisible by 168?
(1) p is divisible by 14
(2) q is divisible by 12

Is the sum of integers a and b divisible by 7?
(1) a is not divisible by 7.
(2) b is not divisible by 7.

Is the sum of integers a and b divisible by 7? ‘
(1) @ is not divisible by 7.
(2) a - b is divisible by 7.

What is the greatest common factor of x and y?
(1) x and y are both divisible by 4.
2)x-y=4

Is x divisible by 120?
(1) x is divisible by 12. ’
(2) x is divisible by 30.

"Is x divisible by 8?

(1) x is divisible by 24.
{2} x is not divisible by 16.
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14.

What is the value of integer x?
(1) The least common multiple of x and 45 is 225.
(2) The least common multiple of x and 20 is 300.

Solve Problems #15-18:

15.

16.

17.

18.

If x? is divisible by 216, what is the smallest possible value for positive integer x?

If x=1,350:

(a) How many distinct prime factors does x have?

(b) How many total prime factors does x have?(In other words, what is the length of x?)
(c) How many total factors does x have?

What is the maximum possible length of an integer less than 6007 (The length of an integer is
the total number of prime factors in its prime factorization.)

Which of the following numbers is NOT prime? (Hint: avoid actually computing these
numbers.)

(A)6!l-1  (B)6!+21 (C)6!+41 (D)7!-1  (E)7!+11

For problems #1923, integer x has a remainder of 5 when divided by 9, and integer y has a remainder of 7

when divided by 9.

19.  What is the remainder when x + y is divided by 9?

20.  What is the remainder when x — y is divided by 9?

21.  What is the remainder when y — x is divided by 9?

22.  What is the remainder when x - y is divided by 9?

23.  What is the remainder when 5x — y is divided by 9?

: Solve problems #24-26:

24. If x and y are positive integers and x + y has a remainder of 5, what is the smallest possible
value of xy?

25.  aand b are integers such that %: 3.45. If R is the remainder of %, which of the following
could NOT be equal to R?
(A)3 (B) 9 (C) 36 (D) 81 (E) 144

26.  When 15 is divided by y, the remainder is y — 3. If y must be an integer, what are all the

possible values of y?
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1. 36w
Number: I 2 3 w  Even though we do not know which prime number w is, we can set
2 % 32 x 4 upacolumn for it and proceed normally. Since z = 36w, the least
36w 2 3 w U and p
6w 2' x 3l x i common multiple of z and 6w is the least common multiple of 36w

and Gw. , ,
36w=2x2x3x3xw. 6uw=2x3xw

The least common muluple is the product of all thc factors of both i mtegcrs, using the higher power of
repeated factors: (2* instead of 2' and 3% instead of 3'). 2 x 3> x w=2 x 2 x 3 x 3 x w = 36w.

Notice that it is not actually necmsary for w to be a prime number larger than 3. As léng as w is a positive
integer, the same answer will hold true: the LCM of 6w and 36w is 36w.

2. 2p: - o :
o The greatest common factor of y (= 30p) and 14p is
Number: 2 > > 7 # the product of all the common prime factors, using
the lower power of rcpcatcd factors The only
repeated factors are 2 and p: 2' x p' =2 x p = 2p.
Again, we would get the same answer if p were any

positive integer.

30p 228 x 3 x5t - x p

3. 2: We do not know the values of 4, 4, and ¢ individually, but we do know that 4, 4, and ¢ are positive
integers greater than 1, and that the product of 4, 4, and ¢ equals 286. Therefore, we should take the prime
factorization of 286: 286 = 143 x 2 = 13 x 11 x 2. There are a total of 3 i integers in this product.
Furthermore, 4, 4, and ¢ must each be larger than one. Thus one of the prime factors must equal 4, one of
the prime factors must equal 4, and one of the prime factors must equal c.

We know from the problem that 4 < b < ¢, s0 2 must equa12 b must equal 11, and ¢ must equal 13.
c-—bxsthereforcequaltol?:—ll— - ,

4.17:In order for 2! to be divisible by 340, it must be divisible by all of the prime factors of 340. The
prime factorization of 340 is as follows:

340=10x34=2x5x2x17

In order for z! to be divisible by 2, z must be at least 2. In order for 2! to be divisible by 2 x 2, zmust be
atleast4. (41 =4x3x2x1=2x2x3x2x1). In order for z! to be divisible by 5, z must be at least 5.
And finally, in order for z! to be divisible by 17, z must be at least 17. Thus, z must be at least 17. |

5. (A) 420: To solve this problem, take the prime factorization of each answer choice and note the unique
prime factors. One of the answer choices will have a different set of unique prime factors than the other
answer choices.

(A)420=42x10=21x2x2%x5=3x7x2x2xS5. (Umquepnmes:Z,B,S,andZ)
(B) 490 =49 x 10 =7 x 7 x 2 x 5 (Unique primes: 2, 5, and 7.) -
(C)560=56x10=7x8x2x5= 7x2x2x2x2x5(UmquepnmcsZS,andﬂ
(D)700=70x 10=7 x 2 x 5 x 2 x 5 (Unique primes: 2, 5,and 7)
(E)980=98x10=49%x2x2x5=7x7x2x2x 5. (Unique primes: 2, 5, and 7.)

The correct answer is (A), because it is the only answer choice with a prime factor of 3.
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6. (D) 144: This problem can be solved by enumerating the factor pairs of each answer choice to deter-
mine which number has exactly 15 factors. Alternatively, you could calculate the prime factorization of
each answer choice and write them in exponential notation. Add 1 to all of the exponents and multiply to
determine the number of factors.

However, first we should eliminate ALL answer choices that are not perfect squares. Why? Because only
perfect squares have an odd number of factors, and 15 is odd. As it turns out, only (D) is a perfect
square. Therefore only (D) can possibly have exactly 15 factors. Indeed, 144 has 15 factors: 1, 2, 3, 4, 6, 8,
9, 12, 16, 18, 24, 36, 48, 96, and 144.

7. (E): The first step in this kind of problem is to determine what prime factors p needs 168
in order to be divisible by 168. The prime factorization of 168 is 2 x 2 x 2 x 3 x 7, so

the question can be restated as follows: 2, 2, 2,

Are there at least three 2’s, one 3, and one 7 in the prime box of p? _ 3 ’ 7

Statement (1) tells us that p is divisible by 14, which is 2 x 7. Therefore, we know that p
has at least a2 2 and a 7 in its prime box. However, we do not know anything else about
the possible prime factors in p, so we cannot determine whether p is divisible by 168. .

For example, p could equal 2 x 2 x 2 x 3 x 7 = 168, in which case the answer to the 2, 7)
question is “yes, p is divisible by 168.” Alternatively, p could equal 2 x 7 = 14, in which
case the answer to the question is “no, p is NOT divisible by 168.” cee o
Therefore Statement (1) is insufficient.

Statement (1): p

Statement (2) tells us that p is divisible by 12, which is 2 x 2 x 3. Therefore, we know  Statement (2): p
that p has at least two 2’s and a 3 in its prime box. However, we do not know anything
else about p, so we cannot determine whether p is divisible by 168. For example, p could 2 2 3

equal 168, in which case the answer to the question is “yes, p is divisible by 168.” > &y D
Alternatively, p could equal 12, in which case the answer to the question is “no, p is p)
NOT divisible by 168.” Statement (2) is insufficient. see e

What about combining the information from Statements (1) and (2)? Can we simply take

all of the primes from the two prime boxes we created, put them into a new prime box,

and determine whether p is divisible by 1682 Combining the primes from Statements ~ INCORRECT:
(1) and (2), we seem to have three 2’s, a 3, and a 7. That should be sufficient to prove Stmt’s (1) & (2): p
that p is divisible by 168. 3

The short answer is no, we cannot do this. Consider the number 84. 84 is divisible
by 14. It is also divisible by 12. Therefore, following from Statements (1) and (2), p
could be 84. However, 84 is not divisible by 168. 84 =2 x 2 x 3 x 7, so we are miss-
ing a needed 2.

BOTH statements mention that p contains at least one 2 in its prime factorization. It is possible that these
statements are referring to the SAME 2. Therefore, one of the 2’s in Statement (2) OVERLAPS with the 2
from Statement (1). You have been given REDUNDANT information. The two boxes you made for
Statements (1) and (2) are not truly different boxes. Rather, they are two different views of the same box
(the prime box of p).
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Thus, we have to eliminate the redundant 2 when we combine the two views of ps CORRECT:
prime box from Statements (1) and (2). Given both statements, we only know that p Stmet’s (1) & (2): p
has two 25, a 3, and a 7 in its prime box. INSUFFICIENT. The correct answer is (E):
Statements (1) and (2) TOGETHER are NOT sufficient. 2 2
) b

3,7,..2

8. (C): The information in the two statements is NOT redundant. There is no overlap between the prime
boxes, because the prime boxes belong to different variables (» and g). Statement (1) tells us that phasat
least one 2 and one 7 in its prime box. Statement (2) tells us that ¢ has at least two 2’s and one 3 in its
prime box. When we combine the two statements, we combine the prime boxes without removing any over-
lap, because there is no such overlap. As a result, we know that the product 4 contains at least THREE 27,
one 3, and one 7 in its combined prime box. We can now answer the question “Is pq divisible by 168?” with.
a definitive “Yes,” since the question is really asking whether pg contains at least three 2%, one 3, and one 7
in its prime box. ' '

The correct answer to this problem is (C): Statements (1) and (2) TOGETHER are SUFFICIENT,

9. (E): We need to determine whether 4 + & is divisible by 7. Statement (1) k'tclls us that 4 is not divisible by
7, but does not tell us anything about . NOT SUFFICIENT. Statement (2) tells us that 4 is not divisible
by 7, but does not tell us anything about 4. Again, this is NOT SUFFICIENT.

Statements (1) and (2) combined tell us that NEITHER 4 nor & is divisible by 7. Therefore it is possible
that 2 + 4 is divisible by 7, but also possible that 4 + & is NOT divisible by 7. For example, if 4 = 4 and b=
10, then 4 + b = 14, which is divisible by 7. However, if 4 = 4 and 6 = 11, then 4 + b = 15, which is NOT
divisible by 7. NOT SUFFICIENT. The correct answer is (E): Statements (1) and (2) together are NOT
sufficient. , '

10. (C): We need to determine whether 4 + & is divisible by 7. Statement (1) tells us that 4 is not divisible
by 7, but does not tell us anything about 4. NOT SUFFICIENT. ’

Statement (2) tells us that 4 — 4 is divisible by 7. This is not enough information to answer the question. It
is possible that 2 + 4 is divisible by 7. For example, if ¢ = 21 and & = 14 then a — & = 7, which is divisible
by 7, and 4 + & = 35, which is divisible by 7. However, if 2 = 20 and & = 13 then 4 — = 7, which is divis-
ible by 7, but 2 + b = 33, which is NOT divisible by 7. This is NOT SUFFICIENT.

Statements (1) and (2) combined tell us that 4 is not divisible by 7, but 4 - b4 is divisible by 7. This tells us
that 2 and & have the SAME REMAINDER when divided by 7: if 4 — & is divisible by 7, then the remain-
der of 2 — & is zero. Therefore, the remainders of 4 and 4 must be equal.

Again, we know that 4 is not divisible by 7. Therefore, the remainder of 4 divided by 7 is nonzero. We can
test different remainders for 4 (which must be equal to the remainder for 4) and see whether the remainder
of 2+ b can be zero (in other words, let us see whether 4 + b can be divisible by 7):
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Remainder of 2 Remainder of 5 |Remainder of 2+ b
1 1 1+1=2
2 2 2+2=4
3 3 3+3=6
4 4 4+4=8 —»1
5 5 5+5=10 =3
6 6 6+6=12 —»5

No matter what remainder we choose for 4, 2 + & will not have a remainder of 0, and therefore cannot be
divisible by 7. SUFFICIENT. The correct answer is (C): BOTH statements TOGETHER are sufficient,
but NEITHER statement ALONE is sufficient.

11. (C): Statement (1) tells us that x and y are both divisible by 4, but that does not tell us the GCF of x
and y . For example, if x = 16 and y = 20, then the GCF is 4. However, if x= 16 and y = 32, then the
GCEF is 16. NOT SUFFICIENT.

Statement (2) tells us that x — y = 4, but that does not tell us the GCF of x and y. For example, if x = 1 and
y=5, then the GCF is 1. However, if x = 16 and y = 20, then the GCF is 4. NOT SUFFICIENT.

Combined, Statements (1) and (2) tell us that x and y are multiples of 4 and that they are 4 apart on the
number line. Therefore, x and y are consecutive multiples of 4. In the GCF/LCM section of this chapter,
we explained the following property of greatest common factors: Consecutive multiples of  have a GCF
of 2. Since x and y are consecutive multiples of 4, their GCF equals 4. SUFFICIENT. The correct answer
is (C): BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.

12. (E): 120 = 2 x 2 x 2 x 3 x 5. Therefore to answer this question, we need to know whether x has three
25,2 3,and a 5 in its prime box.
Statement (1): x  Statement (2): x Stmt’s (1) & (2): x

Statement (1) tells us that x has at
2, 2, 3, 2, 3, 5, 2, 2, 3, lcastmona.n‘d-aSmltspnme
— box. We are missing two needed
e ? .. ? 5 s ? primes: a 2 and a 5. NOT

’ SUFFICIENT.

3

Statement (2) tells us that x has at least a 2, a 3, and a 5 in its prime box. We are missing two primes: two
more 2’s are needed. NOT SUFFICIENT.

Combining these statements, only TWO 2’s are definitely in the prime factorization of x, because the 2 in
the prime factorization of 30 may be REDUNDANT—that is, it may be the SAME 2 as one of the 2’s in
the prime factorization of 12. We are still missing a needed 2. NOT SUFFICIENT. The correct answer is
(E): Statements (1) and (2) together are NOT sufficient.

If you need more proof that we cannot determine whether x is divisible by 120, consider 60. The number
60 is divisible by both 12 and 30. However, it is NOT divisible by 120. Therefore, x could equal 60, in
which case it is not divisible by 120. Alternatively, x could equal 120, in which case it IS divisible by 60.
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13. (A)t 8 = 2 x 2 % 2. Therefore to answer thxs qucsuon, we need to know whcther x has three 2’s in its
prime box.
Statement (1): x Smtement (2) x

» Statement (1) tells us that x has at least three 2’s and 2 3 in its
2 2 2 (not 2 2 prime box. We only need three 2’s, so the 3 is superﬂuous x
> MUST be divisible by 8. SUFFICIENT.
3 b} [N X} ? - 2 ] and 2)

Statement (2) tells us that x does NOT have four 2% in its
prime box. However, it is still possible that x has three 2’s. For
example, 24 has three 2’s in its prime factorization, but not four 2s. Thus x mlght be leISIblc by 8, but it
does not have to be divisible by 8. NOT SUFFICIENT,

The correct answer is (A): Statement (1) ALONE is ;uﬂidcnt, but S;atcment (2) alone is NOT sufficient.
14. (C): We will try to,detcrmine the value of x using the LCM of x and cértain othefintcgers.

Statement (1) tellsust}mtxand45(3x3xS)haveanLCMof " Number: I 3 5
225(=3x3x5x5=3"x5%). .

Notice that the LCM of x and 45 contains two 3%. 45 contains two
3’s, so x can contain zero, one, or two 3’s. The LCM of x and 45 con-
tains two 5. 45 contains only ONE 5, so x must contain exactly two
5’s. (If x contained more 5, the LCM would contain more 5. If x
contained fewer 5%, the LCM would contain fewer 5'.)

Therefore x can be any of the following numbers:

x=5%x5=25
x=3x5x5=75
x=3x3x5%x5=225

NOT SUFFICIENT.

Statement (2) tells us that x and 20 (2 x 2 x 5) have an LCM of
300(=2x2x3x5%x5=2"x3"x5%).

Number: | 2 3 5

The LCM of x and 20 contains two 2’s. 20 contains two 3’s, so x
can contain zero, one, or two 2’s. The LCM of x and 20 contains
one 3. 20 contains NO 3's, so x must contain exactly one 3.

Furthermore, the LCM of x and 20 contains two 5’s. 20 contains
one 5, so ¥ must contain exactly two 5. :

Therefore x can be any of the followmg numbers:

x=3x5x5= 75
x=2%x3%x5x5=150.
x=2x%x2x3%5x5=300.

NOT SUFFICIENT.
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From the two statements combined, we know that x = 25, 75, or 225 (Statement (1) tells us this). Also we
know that x = 75, 150, or 300 (Statement (2) tells us this). The only number that satisfies both of these
conditions is x = 75. Therefore, we know that x must be 75. SUFFICIENT. The correct answer is (C):
BOTH statements TOGETHER are sufficient, but NEITHER statement ALONE is sufficient.

15. 36: The prime box of x* contains the prime factors of
216, which are 2, 2, 2, 3, 3, and 3. We know that the prime 22

factors of x* should be the prime factors of x appearing in /\
sets of two, or pairs. Therefore, we should distribute the

x

prime factors of x* into two columns to represent the prime [ ; ‘

factors of x, as shown to the right. 3 3 Even though we do not
2 i - see them, the factors 2

We see a complete pair of two 2’s in the prime box of x>, s0 | 3 and 3 must be in these

x must have a factor of 2. However, there is a third 2 left boxes, too. All of the

over. That additional factor of 2 must be from x as well, so o s are identical!

we assign it to one of the component x columns. Also, we /\

see a complete pair of two 3s in the prime box of x%, so x
must have a factor of 3. However, there is a third 3 left over.
That additional factor of 3 must be from x as well, so we
assign it to one of the component x columns. Thus, x has 2,
3, 2, and 3 in its prime box, so x must be a positive multiple

of 36.

W N W NR
W NI Ny

16. (a) 3: For this problem, we must find the prime factorization of x. It will be helpful to write it in expo-
nential notation when we are finished:

1,350 =135x 10 =27 x 5x 5x2=3 x 3 x 3 x 5 x 5 x 2. In exponential notation, this equals
2'x 3’ x 5%

The distinct prime factors of 1,350 are 2, 3, and 5. Therefore, x has 3 distinct prime factors.

(b) 6: The total prime factors of x is 6: one 2, three 3’s, and two 5’. You can also add the exponents in the
exponential notation of the prime factorization. 1,350 = 2'x3°x5,s014+3+2=6.

(c) 24: Now that we have written the prime factorization of 1,350 in exponential notation, we can apply
the shortcut for calculating the number of total factors of an integer (discussed earlier in this chapter):
simply take the exponents on each prime factor, add 1 to each, and multiply them all together. 1,350 = 2'
x3®x 550 (1+1)B+1)2+1)=2x4x3=24

We could also compute the number of factors using the factor pairs approach, but this process would be
cumbersome and it would be easy to miss a factor pair, because 1,350 is a large number and has many
factors.

17. 9: To maximize the length of an integer of any given size, we want to pick the smallest factors possible.
Therefore we should use the smallest possible prime factors (that is, 2’s) to get the maximum possible
length:

2x2=4 ' (Length of 2)

2x2x2=8 (Length of 3)
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2x2x2x2=16 ~ {Length of 4)
2x2%x2x2x2=32 - (Length of 5)
2xX2x2x2x2x2=64 ' N (Length of 6)
2x2x2x2x2x2x2=128 (Length of 7)
2x2x2x2x2x2x%x2x%x2=256  (Lengthof 8)
2x2x2x2x2x2x2x2x2=512 (Length of 9)

2x2x2x2x2x2x2x2x2x2=1,024 (Length of 10)
The maximum possible length for an integer less than 600 is therefore 9.

18. (B): We could solve this problem by computing cach answer choice and t&stmg each one to sec whether
it is divisible by any smaller integer. However, some of the numbers in the answer choices will be very large
(for example, 7! is equal to 5,040), so testing to see whether these numbers are prime will be extremely
time consuming.

A different approach can be taken: try to find an answer choice which CANNOT be-prime based on the
properties of divisibility. Earlier in this chapter, we learned the following property of factorials and divisibil-
ity: N is a multiple of all integers from 1 to N, We can apply this concept: dircctly to the answer choices:

(A) 6! - 1: 6! is not prime, but 6! — 1 might be prime, because 6! and 1 do not share any prime factors.

(B) 6! + 21: 6! is not prime, and 6!.+ 21 CANNOT be prime, because 6! and 21 arebothmu!uplu
of 3. Therefore, 6! + 21 is divisible by 3.

(C) 6! + 41: 6! is not prime, but 6! + 41 might be prime, because 6! and 41 do not share any prxmc
factors.

(D)7! - 1: 7! is not prime, but 7! — 1 might be prime, because 7! and 1 do not share any prime factors.

(E) 7! + 11: 7! is not prime, but 7! + 11 might be prime, because 7! and 11 do not share any prime
factors. :

By the way, because (B) cannot be prime, we can infer that all the other answer choices MUST be prime,
without having to actually check them. There cannot be more than one correct answer choice.

19. 3: If x has a remainder of 5 after division by 9 and y has a remainder of 7 after division by 9, then
adding the remainders together yields 12. This number is too high, however. The remainder must be non-
negative and less than 9. Notice that we can take an additional 9 out of the remainder; 12 ~ 9 = 3,
Alternatively, we could pick numbers. For example, x = 14 and y = 25 yields x + y = 39, which has a
remainder of 3 when divided by 9, because 39 = (4 x 9) + 3.

20. 7: If x has a remainder of 5 after division by 9 and y has a remainder of 7 after division by 9, then sub-
tracting the remainder of x from the remainder of y yields —2. This number is too small, however, since
remainders must be non-negative. The remainder must also be less than 9. We have to shift the remainder
upwards by adding 9: -2 + 9 = 7. Alternatively, we could pick numbers. For example, x = 23 and -
y=16yields x — y = 7, which has a remainder of 7 when divided by 9, because 7 = (0x 9) + 7.

21. 2: If x has a remainder of 5 after division by 9 and y has a remainder of 7 after division by 9, then sub-
tracting the remainder of y from the remainder of x yields 2. We do not need to adjust this result.

Alternatively, we could pick numbers. For example, x = 14 and y = 25 yields y — x = 11, which has a
remainder of 2 when divided by 9, because 11 = (1 x 9) + 2.
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22. 8: If x has a remainder of 5 after division by 9 and y has a remainder of 7 after division by 9, then multi-
plying the remainder of x by the remainder of y yields 35. This number is too large—the remainder must be
non-negative and must also be less than 9. We have to shift the remainder downward by muldiples of 9: 35 -
9=26; 26— 9 =17; and 17 — 9 = 8. (Or, we could shift 35 down by 27: 35 - (3 x 9) =35 - 27 =8.)

Alternatively, we could pick numbers. For example, x = 14 and y = 25 yields x - y = 350, which has a
remainder of 8 when divided by 9, because 350 = (38 x 9) + 8.

23. 0: If x has a remainder of 5 after division by 9 and y has a remainder of 7 after division by 9, then
multiplying the remainder of x by 5 and then subtracting the remainder of y yields (5 x 5) =7 =

25 — 7 = 18. This number is too large—the remainder must be non-negative and must also be less than 9.
We have to shift the remainder downward by multiples of 9: 18 —9 =9, and 9 — 9 = 0. (Or, we could
shift 18 down by 18: 18 — (2 x 9) = 18 — 18 = 0.) Therefore, 5x — y will always be divisible by 9 in this
scenario.

Alternatively, we could pick numbers. For example, x = 14 and y = 25 yields 5x — y=5(14) - 7 =
70 - 7 = 63. The number 63 has a remainder of 0 when divided by 9, because 63 = (7 x 9) +0.

24. 30: The remainder must always be smaller than the divisor. In this problem, 5 must be smaller than y.
Additionally, y must be an integer, so y must be at least 6. If y is 6, then the smallest possible value of x is 5.
(Other values of x that leave a remainder of 5 when divided by 6 would be 11, 17, 23, etc.) If y is chosen
to be larger than 6, then the smallest possible value of x is still 5. Thus, we will get the smallest possible
value of the product xy by choosing the smallest x together with the smallest y. The smallest possible value
of xyis 5 x 6 = 30. ,

25. (A): We can separate the division operation into two components: the integer portion of the result (i.e.,
the quotient), and the remainder portion of the result:

Dividend — 4 Remainder
n =3.45=3+0.45— —

Divisor — Divisor
t— Quotient

The remainder divided by the divisor equals 0.45. Therefore, R + 4 = 0.45:

R _pas=5_2
b 100 20

Cross-multiplying leads to:
20xR=9xb

Since R and 4 must be integers, R must be divisible by 9. The right-hand side of the equation is divisible by
9, so the lefi-hand side must be divisible by 9. The number 20 does not provide any needed prime factors
to help make the left-hand side divisible by 9. Therefore, R must have two 3’s in its prime factorization to
make the left-hand side divisible by 9. (Incidentally, & must be divisible by: 20—the same reasoning
applies.)

The only answer choice that is not divisible by 9 is (A).
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26. 3, 6,9, and 18: There are two ways we can solve this problem effectively. The first way is to pick num-
bers for y to see which values of y yield a remainder 3 less than - The second way is to use algebra to deter-
mine which values for y are possible.

The first thing to note is that the remainder is y — 3. Since the remainder must be non-negative, y must be
at least 3.

The second thing to note is that y is at most 18. When y = 18, the divisor (18) is 3 larger than 15, and the
quotient is zero. As y increases, the remainder will not change. For example, if the divisor is 19, the remain-
der is still 15 and the quotient is still zero (the divisor is now 4 more than 15). If the divisor is 20, the
remainder is still 15 and the quotient is still zero (the divisor is now 5 more than 15). Thus as y increases
beyond 18, the difference between y and the remainder will continue to grow, and the remainder will never
again be within 3 units of y.

From this point you could pick numbers, dividing 15 by these numbers to check to see whether the
remainder is 3 lower than the number you have picked. Only 15 divided by 3, 6, 9, and 18 yield remain-
ders three less than the divisor:

15=(5x3)+0 Remainder of 0 is 3 less than divisor of 3.
15=2x6)+3 Remainder of 3 is 3 less than divisor of 6.
15=(1x9)+6 Remainder of 6 is 3 less than divisor of 9.
15=(0x 18) +15  Remainder of 15 is 3 less than divisor of 18.

Alternatively, you could take an algebraic approach. The dividend is 15, the divisor is , the quotient is
irrelevant (though it can be represented as x, as a placeholder), and the remainder is y — 3:

15=(xxy) +(-3)
Now, we can solve for y:

18 =xy‘+y
18 =y(x+1)

Since x and y must both be integers, this simply tells us that y needs to be a factor of 18. (So does x + 1,
but the quotient x is irrelevant in this problem). Therefore it appears y could equal 1, 2, 3, 6, 9, or 18.

However, remember that the remainder is y — 3 and that remainders must be non-negative. Thus, y cannot
equal 1 or 2, because that would make the remainder negative. Therefore, y can equal 3, 6, 9, or 18.
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Special Case of Divisibility (Odds & Evens)

As we have seen, the definition of an even integer is that it is divisible by 2. Therefore, some
Odds & Evens problems require analysis using divisibility rules and remainder rules.

If x, y and z are integers and xyz is divisible by 8, is x even? .
xyz

(1) yz is divisible by 4
(2) x, y, and z are all NOT divisible by 4 - -
12,22
The problem stem tells us that xyz is divisible by 8. Therefore, in its
prime factorization, xyz has three 2, and possibly more. o s ? ,
You can solve

Statement (1) tells us that yz has at least two 2’s in it. However, the third 2 ‘could be in ¥, or some Odds & Evens
it could be in y or z. For example, x could be 2 and yz could be 4, or x could be 1 and 2 questions cart by using
could be 8. Note that Statement (1) does not preclude the possibility that yz is divisible by principles of Divisibility

8, 16, etc. INSUFFICIENT. & Primes.

Statement (2) tells us that x, y, and z do NOT have at least two 2’ in them. Since chere
must be three 2s in xyz, EACH variable must contain one and ONLY one 2 in its prime
factorization. Thus, x is even (divisible by 2). SUFFICIENT, Thc correct answer is (B).

X y - 2
2,82 |2,%..7 [2,%..2

Divisibility by 2 has a special property that divisibility by other numbers does not have.
Recall from Chapter 10 that in general when we add or subtract two numbers, neither of
which is divisible by x, we cannot tell whether the result will be divisible by x. However,
when adding or subtracting two integers, neither of which is divisible by 2, the result will
always be divisible by 2. (This is an advanced way of saying that the sum or difference of

two odd numbers is even.)

Remainder Rules to Remember: s
Odd integers are those integers that leave a remainder of 1 after division by 2.
Even integers are those integers that leave a remainder of 0 after division by 2.

If we add two numbers that are odd, the remainder R seems to be 1 + 1 = 2, However, you
cannot have a remainder of 2; the only possible remainders after you divide by 2 are 0 and 1.
You then subtract the excess 2 from R, and the remainder R is now 0. Thus, the sum is divis-
ible by 2. Again, we are simply saying that Odd + QOdd = Even.

If w, x, y and z are integers and w + x = y, is y divisible by z?

(1) w and x each have a remainder of 1 when divided by z
(2)z=2
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Statement (1) tells us that w and x are each 1 larger than a multiple of z. If z = 5, for exam-
ple, then w could be 6 and x could be 11. Then y would equal 17, which is NOT divisible
by z. However, if z = 2, then no matter what numbers we pick for w and x, they must be
odd, in which case y is even, or divisible by 2. INSUFFICIENT.
Statement (2) tells us nothing about w, x, or y. INSUFFICIENT.
Statements (1) and (2) combined tell us that 2 and x are odd, so y must be even and thus
divisible by 2. The correct answer is (C).
Whaeeralyulaov Representing Evens and Odds Algebraically
whether it is odd or Even numbers are multiples of 2, so an arbitrary even number can be written as 27, where #
even, consider represent- is any integer. Odd numbers are one more or less than multiples of 2, so an arbitrary odd
ing that variable number can be written as 22 + 1 or 27 — 1, where # is an integer.
algebraically.

Using algebra to represent odd and even numbers can be helpful in answering questions in
which all that is known about a variable is whether it is odd or even.

What is the remainder when a is divided by 4 ?
(1) a is the square of an odd integer.
(2) a is a multiple of 3.

One way to evaluate Statement (1) is to square a series of odd integers, divide each of the
squares by 4, and observe the remainders. However, you can use theory to solve this prob-
lem faster.

An arbitrary odd integer can be written 27 + 1, where 7 is an integer. Therefore, the square
of an arbitrary odd integer can be written as (27 + 1) = 4#° + 4n + 1. The first two terms
of this expression are multiples of 4, which have remainder 0 upon division by 4, so the
overall expression must have remainder 1 upon division by 4. Thus, Statement (1) is
SUFFICIENT.

Statement (2) can be proven insufficient by picking examples. When 3 is divided by 4, the
remainder is 3; when 6 is divided by 4, the remainder is 2. Therefore, statement (2) is
INSUFFICIENT. The correct answer is (A).

Absolute Value of a Difference

The absolute value | x — y | can be interpreted as the distance between x and y. Using this
interpretation, you can rephrase | x — 3 | < 4 as “the distance between x and 3 is less than 4
units,” or equivalently, “x is less than 4 units away from 3.” This means that -1 < x < 7.
This concept is also useful in reverse, when you have to write an absolute value equation
that shows a particular relationship.

To perform in a certain youth dance group, girls must be between 4 feet tall
(48 inches) and 4 feet 6 inches tall (54 inches), inclusive. If x represents a
girl’s height, in inches, write an absolute value equation for the heights of
girls who are eligible to perform.
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The eligible gitls’ heights satisfy the double mequahty 48 =< x = 54. To express this
inequality in terms of absolute value, we need to find the midpoint, or average, of the
range. The average of 48 and 54 is 51 inches.

The eligible girls’ heights range from 48 inches, which is 3 less than the midpoint of 51

inches, to 54 inches, which is 3 greater than 51 inches. Therefore, the distance bctween x
: andSlnsatmost3Inotherwords|x 51| = 3. ,

On the number line, this looks like:

e ——]
' . ‘ 1 l L L 1 ‘ !
48 51 54
For more on Absolute Value, see the “Complex Absolute Value Equanons section of thns

chapter and the “Basic Equations Strategy” and “Inequalities” chapters of the Manhattan
GMAT Egquations, Inequalities, and VICs Strategy Guide.

Disguised Positive & Negative Questions,

Some Positives 8 Negatives questions are disguised as inequalities. This generally occurs
whenever a question tells you that a quantity is greater than or less than 0, or asks you
whether a quantity is greater than or less than 0.

lfg-:e<0,is a>b?
c

{1)c<0
(2)a+b<0

This problem is a disguised Positives & Negatives question, because we are told in several
places that a variable expression is greater or less than zero.

-4 <0 tells us that 2 — b and ¢ have DIFFERENT signs. Thus one of the

&

The fact that <

¢
expressions is positive and the other is negative. -
Statement (1) tells us that ¢ is negative. Therefore, 2 — & must be positive:

a-6>0
a>b

Statement (1) is SUFFICIENT.

Statement (2) tells us that the sum of 2 and & is negative. Thls does not tell us whether 4 is
larger than &. INSUFFICIENT The correct answer is (A).

Generally speaking, whenever you see inequalities with zero on either side of the inequali-
ty, you should consider testing positive/negative cases to help solve the problem. For
more on testing disguised Positive & Negatives problems, see the “Inequalities” chaptcr of
the Manhattan GMAT Equations, Inequalities, and VICs Strategy Guide. -
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O&E/P&N/CONSEC INTS ADVANCED STRATEGY

Chapter 11
Complex Absolute Value Equations
So far we have looked at two basic attributes of absolute value: it is always positive, and it
can be interpreted as distance on a number line. Absolute value problems on the GMAT
can get more complicated in two primary ways: 4
(1) The equation or inequality contains two different variables in absolute value expres-
sions. These problems, which generally do not have constants in them, are NOT easy to
solve algebraically. Rather, a more conceptual approach is preferable.
‘With an absolute value
equation that contains (2) The equation has more than one absolute value expression but only one variable and
morc than one variable one or more constants. These equations are usually easier to solve with an algebraic
and NO constants, ic s approach than a conceptual approach. Problems of this type are discussed in the “Basic
usually casiest o test Equations Strategy” and “Inequalities” chapters of the Manhattan GMAT Equations,
m nm he Inequalities, and VICs Strategy Guide.
problem.

Solving the first type of problem algebraically would require testing several cases, which
quickly becomes unmanageable. Hence, try the simpler method of picking and testing
numbers, specifically positives, negatives, and zero.

if|x|{—|y|=]x+y|and xy does not equal 0, which of the following must be true?

(Ayx-y>0
(B)x-y<0
(Cx+y>0
(D)xy>0
(E)xy <0

To solve this problem algebraically, we would need to consider many theoretical cases: one
for each possible positive/negative/zero combination of the expressions inside the absolute
value signs. Since xy does not equal 0, we can eliminate the x= 0 and y = 0 cases. We can
eliminate two more cases upon reflection: x and y cannot be positive while x + y is negative,
and x and y cannot be negative while x + y is positive. Still, that leaves many cases to test,
and testing these cases would take too much time and be too confusing.

An alternative is that we could pick numbers for x and y and test positive/negative scenarios
for them. Note that | x | has to be bigger than or equal to | y |, since | x| — | y | is equal to an
absolute value and therefore | x| — | y | 2 0 (absolute values cannot be negative):

= | 1%~ 1y] |z +y] Valid?

2 13]-12]=1 |3+2[=5 NO
3 | 2 | 13]-1-2]=1 13+ (2)|=1 YES
-3 2 |-3]-12]=1 |(-3)+2|=1 YES
3 | 2 | [-3|-|-2]=1 | |3)+2)]|=5 | NO

The cases that work are the those in which the two variables have a DIFFERENT SIGN.
The answer is the condition that also obeys this "different sign" criterion: the product of x
and y is negative, or (E) xy < 0.
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Consecutive Integers and Divisibility

We saw in Part [ how we could use prime boxes to track divisibility for consecutive integers.
Problems involving these concepts can become very difficult. Consider this example:

If x* — x = p, and x is odd, is p divisible by 24?

If we factor x out of the expression x* - x, we get x(x* - 1). If we further factor this expres-
sion, we get x(x + 1)(x — 1). If we rearrange these terms, we can see that this is a product of

consecutive integers:
p=E—-Dxlx+1)

If x is odd, then (x — 1) and (x + 1) must be even.

Thus, p is divisible by at least 4. Furthermore, (x — 1)
and (x + 1) are consecutive multiples of 2. So either (x —
1) or (x + 1) must have another 2 and be divisible by 4.
Therefore, p is divisible by 8.

In addition, one of the numbers—(x — 1), x, or (x + 1)—
is divisible by 3, because in any set of 3 consecutive inte-
gers,

one of the integers will be a multiple of 3. We can
therefore conclude that if x is odd, p will be divisible by
atleast 2x 2 x 2 x 3=24.

Note that if we were told that x is even, we would have the
product of two odd integers and one even integer. One
even number in the product would guarantee that the
product would be divisible by 2. The product would also
be divisible by 3, as before. However, we would not know
anything more about the prime factors of the product.
Therefore, unless we also knew that x itself were divisible
by 8, 24 would not necessarily be a factor of p.

Be on the lookout for

tough problems involv-
(x—-1) x x+1) miﬁdlncne}gctors of tht
roduct of a given
2 2 mun[l:cr of consec?x:vc
integers.
3 2
x-1) =« (x+1)
2
\\ 1 ¥
3
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__INACTION  ORE/P&N/CONSEC INTS ADVANCED PROBLEM SET  Chapter 11

Problem Set (Advanced)

1

If p, q, and r are integers, is pq + r even?

(1) p +ris even.
(2) g + ris odd.

2
If k=2n - 1, where n is an integer, what is the remainder of %?

(A) 1
(8) 3
(C) 5
(D) 7
(E) Cannot be determined from the information given.

If x, y, and z are prime numbers and x < y <z, what is the value of x?

(1) xy is even.
(2) xz is even.

If c and d are integers, is ¢ — 3d even?

(1) c and d are odd.
(2) c - 2d is odd.

For each of the following, what are the possible reméinders upon division byl4?

(A) The product of two consecutive even integers
(B) The square of an odd integer

(C) The square of an even integer

(D) The product of two consecutive odd integers
(E) The product of two consecutive integers

Classify each of the following as ALWAYS an integer, SOMETIMES an integer, or NEVER
an integer:

(A) An even number divided by a smaller even number
(B) An even number divided by a smaller odd number
(C) An odd number divided by a smaller even number
(D) An odd number divided by a smaller odd number

Which of the following inequalities is equivalent to '
the shaded part of the number line shown to the I N N S S T N
right? -7 -1 0

(A) Ix| =7 (B)|x-4|=3 (C) |x+4| =<3

D) Ixl =-1  (E) Ix+3| =4

ManhattanGMAT prep
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O&E/P&N/CONSEC INTS ADVANCED PROBLEM SET IN ACTION

8.

10.

11.

12.

14.

Is pgr>0?
(1) pg>0

2) <0
r

Fx#0,is —~=12?

I_x_l_
(1) -x}x} >0
(2)X%=9

Which values of x are solutions to the inequality |x + 1| + |x — 1| =< 2? (Hint: try a conceptual
approach. Your answer will be an inequality as well.)

A machinist’s salary at a factory increases by $2,000 at the end of each full year the machinist
works. If the machinist’s salary for the fifth year is $39,000, what is the machinist’s average
annual salary for his first 21 years at the factory?

Is the average of n consecutive integers equal to 1?

(1) nis even.
(2) If S is the sum of the n consecutive integers, then0<S<n.

The product 7 x 6 x 5 x 4 x 3 is divisible by all of the following EXCEPT:
(A) 120 (B) 240 (C) 360 (D) 840 (E) 1260

If S is a set of consecutive integers, what is the sum of the elements in §?

(1) The largest element in S is 55.
(2) There are 11 elements in S.
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1. (E): Statement (1) tells us that p + 7is even. Therefore bothp and r are even, or both p and 7 are odd.
For each of those scenarios, ¢ could be odd or even. We need to set up a table to analyze all of these

possibilities: v ’ ‘ )
Scenario ? q r pag+r. |

1 ODD ODD ODD | Ox0O+0=E

2 - ODD EVEN-| ODD [OxE+0=0

3 EVEN ODD EVEN [ ExO+0=0

4 EVEN EVEN | EVEN | OxE+E=E

Since pg + r could be odd or even, Statement (1) is INSUFFICIENT.

Similarly, we can evaluate Statement (2) with a scenario table. The vanablcs g and 7 must either both be
odd or both be even, and p can be odd or even:

Scenario ? q r | pg+r }
5 | ODD | EVEN | ODD | OxE+0=0 |
6 | EVEN | EVEN | ODD | ExE+0=0
7 | ODD | ODD | EVEN | OxO+E=0 |
8 | EVEN | ODD | EVEN | ExO+E=E

Thus Statement (2) is INSUFFICIENT,

Notice that Scenarios 2 and 5 are identical, as are Scenarios 3 and 8. Therefore both sets of scenarios meet
the criteria laid forth in Statements (1) and (2), but they yield opposite answers to the quesuOn

Scenario| q r ’ pq+r
| 2&5 | ODD | EVEN | ODD | OxE+0=0 |
3&8 | EVEN | ODD | EVEN ExO+E—E

Since both scenarios are possxblc, Statements (1) and (2) combined are IN SUFFICIENT The correct
answer is (E). v

2. (A) 1: Since k=2n— 1, we can represent £ as:

B =02n-1" =4n*—4n+1
We can factor this expression as follows:
k=4dnn—-1)+1

If n is even, then 7 — 1 is odd, while if 7 is odd, then 7 — 1 is even. Therefore no matter what integer 7 is,
k will equal 4 x even x odd, plus 1. In other words, £ will equal a mulnplc of 8, plus 1. Thcrcforc, the

2
remainder of %— is 1.
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3. (D): If xy is even, then x is even or y is even. Since x < y, x must equal 2, because 2 is the smallest and
only even prime number. Statement (1) is SUFFICIENT.

Similarly, If xz is even, then x is even or z is even. Since x < z, x must equal 2, because 2 is the smallest and
only even prime number. Statement (2) is SUFFICIENT.

4. (A): If both ¢ and 4 are odd, then ¢ — 34 equals O — (3 x O) = O — O = E. Statement (1) is
SUFFICIENT.

If ¢ — 2d is odd, then ¢ must be odd, because 24 will always be even. However, this tells us nothing about
d. Statement (2) is INSUFFICIENT.

5.(A): 0, (B): 1, (C): 0, (D): 3, (E): 0 or 2

(A) Each of the two even integers is divisible by 2. Therefore, the product is divisible by 2 twice, making it
divisible by 4. Therefore, since the product is evenly divisible by 4, it must leave a remainder of 0 upon
division by 4. Alternatively, write an algebraic expression for consecutive even integers, 27 and 27+ 2, and
multiply them, giving 27(27 + 2) = 4n” + 4n. Both terms of this expression are divisible by 4, making the
whole expression divisible by 4. Therefore, the remainder upon division by 4 is zero.

(B) A generic expression for an odd integer is 27 + 1; squaring gives (2 + 1)* = 4%” + 4n + 1. Since the
first two terms are multiples of 4, the remainder upon division by 4 is 0 + 0 + 1 = 1. Alternatively, we
know that Odd + 4 leaves R1 or R3. Odd” = (R1)(R1) = R1 OR (R3)(R3) = R9 = R1 (taking out two 4).

(C) A generic expression for an even integer is 27; squaring gives (27)* = 4n”. Since this is a multiple of 4,
the remainder upon division by 4 is 0.

(D) A generic expression for consecutive odd integers is 2z + 1 and 27 + 3; multiplication yields (27 +
1)(27 + 3) = 4n + 8n + 3. Since the first two terms are multiples of 4, the remainder upon division by 4 is
0 + 0 + 3 = 3. Alternatively, we know that Odd + 4 leaves R1 or R3. The product of (Odd)(Odd + 2) =
(R1)(R3) = R9 =R1 (taking out two 4’s).

(E) Examine the first three products of consecutive integers: 1 x 2=2,2 x 3 =6, 3 x 4 = 12. The first two
products leave a remainder of 2 upon division by 4, but the last leaves a remainder of 0. Therefore, there is

not a unique remainder, and the remainder would be 0 or 2 (Note that the product will always be even, so

the remainder cannot be 1 or 3).

6. (A): SOMETIMES, depending on whether the smaller integer contains any prime factors that are not
also part of the larger integer. For instance, :8;— is an integer, but % is not (because the prime factorization

of 6 contains 3, a factor not present in the prime factorization of 8).

(B): SOMETIMES, depending on whether the smaller integer contains any prime factors that are not also
part of the larger integer. For instance, —g— is an integer, but —g— is not (because the prime factorization of 5 is

5, a factor not present in the prime factorization of 6).
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(C): NEVER. All even numbers, no matter how small, contain at least one 2'in their prime factorization.
However, no odd number has a 2 in its prime factorization. Therefore, this quotient can never be an inte-
ger, because at least one “2” in the denominator will not cancel. o

(D): SOMETIMES, depending on whether the smaller integer contains any prime factors that are not also

part of the larger integer. For instance, g is an integer, but % is not (because the prime factorization of 5 is

5, a factor not present in the prime factorization of 9).

7.(C) |x + 4] = 3: The first step for this problem is to find Midpoint

the midpoint of the region in the graph. The midpoint is the ]

average of the endpoints (~1 and —7), which is 4. Next, P ——— |
notice that the maximum possible distance that x can be away -7 -4 -1 0

from —4 is 3 units (~1 is 3 greater than —4, and ~7 is 3 less
than —4). Therefore, x — (—4), or x + 4, cannot be more than 3 or less than 3. Thus, |x + 4] =< 3.

8. (E): Statement (1) tells us that p and 4 have the same sign. This tells us nothing about 7, so Statement
(1) is INSUFFICIENT. Statement (2) tells us that g and r have opposite signs. This tells us nothing about
2, so Statement (2) is INSUFFICIENT. Combined, we know that p and ¢ have the same sign, and 7 has
the opposite sign. If p and ¢ are positive, 7 is negative and pgr is negative. If p and 4 are negative, r is posi-
tive and pgr is positive. INSUFFICIENT. The correct answer is (E).

9. (A): If —ﬁ =1, it must be true that —x = le This will only be true when x is negative. Statement (1)
. X : i .

tells us that —x]x| is positive. Since || cannot be negative, this implies that —x is positive, so x is negative. -
SUFFICIENT. Statement (2) tells us that x| = 3, so x = 3 or 3. This does not tells us whether x is nega-
tive. INSUFFICIENT. The correct answer is (A).

10. -1 =< x = 1: Even though this problem only contains one variable, it is extremely difficult to solve
with algebra. However, you can interpret the absolute values as distance expressions: The distance of x from
—1, plus the distance of x from 1, is smaller than or equal to 2. 2 '

Draw a number line, separating it into three regions according to the points ~1 and 1:

<—-x<—ll<- ~1<x<1 ->l x>1 —»
A [ i

) 4 1 h 4

-1 0 1

No point in the left-hand region can satisfy the inequality, because if x is less than —1, then the distance
berween x and 1 is larger than 2. Similarly, if x is larger than 1, then its distance from —1 is larger than 2.
For any point in the middle region, though—including —1 and 1 themselves— the distances from -1 to x
and from x to 1 add up to exactly 2. If, for example, x = 0.2, then the distance to —1 is 1.2, and the dis-
tance to 1 is 0.8. We see that 1.2 + 0.8 = 2. You can demonstrate that this will be true for any value of x
that satisfies -1 = x < 1. ‘ :
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11. $51,000: The annual salaries of the machinist are an evenly spaced set, because each year the salary
increases by the same amount. From the properties of evenly spaced sets, we know that the number we are
seeking is both the median and the mean of the 21-year salary scale. It is also the average of the first and
last years’ salaries:

(First year's salary) +(Last year's salary)
2

AverageSalary =

To find the salaries for the first and twenty-first years, use the fact that the salaries increase by constant
increments of $2,000 per year.

The 1st year is four years before the fifth year, so the 1st year salary is $39,000 — 4(2,000) = $31,000.
The 21st year is sixteen years after the fifth year, so the 21st year salary is $39,000 + 16(2,000) = $71,000.

($31,000 +$71,000)
2

Therefore, the average salary for all 21 years is =$51,000,

12. (D): Statement (1) states that there is an even number of consecutive integers. This statement tells us
nothing about the actual values of the integers, but the average of an even number of consecutive integers
will never be an integer. Therefore, the average of the n consecutive integers cannot equal 1. SUFFICIENT.

Statement (2) tells us that the sum of the # consecutive integers is positive, but smaller than #. Perhaps the
most straightforward way to interpret this statement is to express it in terms of the average of the 7 num-
bers, rather than the sum. Average = Sum + Number, so we can reinterpret the statement by dividing the
compound inequality by »:

0<S<n 9—<£<f- 0<£<1
n n n n

This tells us that the average integer in set S is larger than 0 but less than 1. Therefore, the average number
in the set does NOT equal 1. SUFFICIENT. The correct answer is (D).

As a footnote, this situation can happen ONLY when there is an even number of integers, and when the
“middle numbers” in the set are 0 and 1. For example, the set of consecutive integers {0, 1} has a median
number of 0.5. Similarly, the set of consecutive integers {-3, =2, -1, 0, 1, 2, 3, 4} hasa median number of

. 0.5.

13. (B) 240: First, determine the prime factorization of the product:
7x6x5x4x3=7xBx2Dx5x(2x2)x3=22x3"x5x7.
Next, write the prime factorization of each answer choice and determine which choice has a prime factor

that is NOT in the prime factorization of the product above. Note that you can re-use a lot of your work,
because the answer choices share many common prime factors.
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(A): 120 = 10 x 12 =2* x 3 x 5. All of these primes are in the factorization of 7 x 6 x 5 x 4 x 3,

(B): 240 = 10 x 24 = 2* x 3 x 5. There is an extra 2 in this factorization that is NOT part of the fac-
torization of 7 x 6 x 5 x 4 x 3. Therefore, the product is not divisible by 240.

(C): 360 = 10 x 36 = 2* x 3? x 5. All of these primes are in the factorization of 7 x 6 x 5 x 4 x 3.
(D): 840 =10 x 12 x 7 =2° x 3 x 5 x 7. All of these primes are in the factorization of 7 x 6 x 5 x 4 x 3.
(E): 1260=10x 18 x 7=2x3*x 5 x 7. All of these primes are in the factorization of 7 x 6 x 5 x 4 x 3.

An alternative method is to recognize that 120 = 5!, which is a factor of the product of any 5 consecutive
integers. Thus, answer choice (A) can be eliminated. Going further, we can rearrange 7 x 6 x 5 x 4 x 3 as
the product 7 x 3 x 2 x 5 x 4 x 3, which in tutn can be rewritten as 7 x 3 x 5. Since 240 =2 x 5!, we
can now observe that (7 x 3 x 5!) + (2 x 5!) = 21 + 2, which is not an integer. This tells us that (B) is the
right answer. ‘

14. (C): Statement (1) tells us that the largest (last) element in S is 55. However, we do not know how
many elements are in S, or what the smallest (first) number in S is, so we cannot determine the average.
For example, if the smallest number is 53, then the average is (53 + 55) + 2 = 54. If the smallest number is
11, then the average is (11 + 55) + 2 = 33. INSUFFICIENT.

Statement (2) tells us that there are 11 elements in the set. However, we know nothing about the size of the
numbers in S. For example, if S is the set of integers from 1 to 11, the average is (1 + 11) + 2=6. If Sis
the set of integers from 35 to 45, the average is (35 + 45) + 2 = 40. INSUFFICIENT.

Combining Statements (1) and (2), we know that 55 is the largest element in S and there are 11 elements
in §. Using the formula for the number of terms in a set of consecutive integers, we can find the smallest”
number in the set:

Number of terms = (Last ~First) +1
11 = (55—First) +1
First =55 +1-11=45

Therefore, Set § is the set of consecutive integers from 45 to 55. The average of the elements in S is (45 + 55)
+ 2 =150, and there are 11 elements. The sum of the elements is 50(11) = 550. SUFFICIENT.

The correct answer is (C). Note that we did not need to compute this sum, because we knew three
required pieces of information: (a) the last number in the series, which is 55; (b) the increment, which is 1;
and (c) the number of terms, which is 11. As mentioned in the text, these three pieces of information fully
define ANY evenly spaced set.

ManhattanG MAT'Prep

the new standard 159







od Chap{;er 12 e

‘| NUMBER PROPERTIES .

ROOTS:
ADVANCED




In This Chapter . . .

¢ Simplifying Exponential Expressions

e Factoring and Distributing Exponents

¢ Simplifying Roots with Prime Factorization
¢ Adding and Subtracting Roots

¢ Using Conjugates to Rationalize Denominators




EXPONENTS & ROOTS ADVANCED STRATEGY

Chapter 12

Simplifying Exponential Expressmns ,

As we saw in Part I, whenever two or more terms with exponents areaddedormbtfact
ed, consider factoring the terms. There may be common factors across the terms that can
be factored out. :

+7 W
Simplify the following expression: (—3—_)4_
825

This type of expression can be factored by applying rules of exponents using a 4-step
_process. Use this process whenever a problem contains multiple exponential terms that
need to be combined—especially if some of the terms share common prime factors:

4-Step Process , .
(7+7)¢ P+7 ) 7 (50)4°

"Fhe 4-step process can

help you simplify even

the most difficult expo-
nential expressions.

1. Simplify or factor any additive £25 825 84325
or subtractive terms
7(50)4 7°x(5-5-2)x(2-2)’
2. Break every non-prime base 825 2-2.2)5-5)
down into prime factors

7°%(5:5-2)x(2:2)°  7°x5'x5'x2'x2’ x2’
3. Distribute the exponents to 22.2°5-5)  22x2°x2’x5'x5'
every prime factor

75 xsl xsl le x25 x25 75 x5(1+l) x2(l+5+5)

23 X 23 x23 X 51 X 5] - 2(3+3+3) x5(1+l)
7° x5 x 2" 5L (2-2) L A1-9) _ =5 A2
4. Combine the exponents for Px5t X532 =72

each prime factor and simplify

This process may not be the fastest way to combine exponential expressions such as this one
(for example, the “5” terms in the numerator and denominator could have been eliminated

carlier on). However, if you apply the prime factorizations and rules of exponents correctly,

these steps will always lead you to the right answer.

Factoring and Distributing of Exponents

As discussed earlier, GMAT problems often contain exponential expressions that can be
factored or distributed. Distributing a factored expression or factoring a distributed expres-
sion can often help the solution process. A general rule of thumb is that when you
encounter any exponential expression in which two or more terms include something
common in the base, you should consider factoring. Similarly, when an expression is
given in factored form, consider distributing it. It is especially important to note that you
should feel comfortable going both ways: from distributed form to factored form, and vice
versa
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Chapter 12
Below are some advanced examples of factored and distributed exponential expressions that
are equivalent. For more on Factoring and Distributing, please see the “Basic Equations”
chapter of Manhattan GMAT’s Equations, Inequalities, and VICs strategy guide.
DISTRIBUTED FORM FACTORED FORM
x—x x(x-1)
xt - 2 1) = (x+ D(x—1)
7-7 7(7* -1)=48-7°
Look for different ways
to factor or distribute 8, <9 10 8 _ 8
exponential expressions. 5 +5°+5 5°(1+5+5%) =315
-z #z* -1)=2z(z+1)(z-1)
104+ 10(10°)
1 O(b-]) (1 Ob )
10
F+3+3 3(3°)=3°
& - d-a")=a"a-1)
+r)+s(g+r)=
pqtprtgstrs P(q 7) S(q 7)
(p+s)g+r)
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Simplifying Roots with Prime Factorization |
Because the GMAT is multiple-choice—and because you are not allowed to use a m!cula—
tor—you should recognize different forms of the same exprcssmn ‘
To simplify a root, follow this procedure:
(1) Eactor the number under the radical sign into primes. 7
(2) Pull out any pair of matching primes from under the radical sign, and place one of
those primes outside the root. (When you do this step, you are using the property
that defines square roots: Vx - x = x, where x is any posmvc number.) Non-prime numbess
(3) Consolidate the expression. under the radical can
often be broken down
Consider this example: into primes and simpl-
fied; sometimes this can
Simplify ¥180. lead to terms that can be
added or subtracted.

First, factor 180 into primes, yieldingv3-3-2:2-5. Next, remove each pair of primes and
replace it with a single prime for that pair OUTSIDE of the radical:

J3-3-2.2.5= (3-2)-\/—. 5. Finally, consolidate the 3 and 2, yleldmg 6\/5—.

Adding and Subtracting Roots

Roots act like variables in addition and subtraction: you can only combine them if they are

“like terms” or similar terms. In other words, you cannot combine V3 and 5 in the v

expression V3 +5. The only root expressions you can combine in sums or dlffcrcnces are
expressions that, once simplified, have the same number under the radical sign.

Therefore, you must simplify roots before you add or subtract them to see whether the final

number under the radical is the same. Sometime roots that do not appear at first to be simi-
lar can in fact be combined.

Simplify /80 - /s,

First, factor each number under the radical into primes. Then, simplify by removing the
pairs of primes and placing one number from each pair outside the radical, and consolidate:

VB0 -85 24222254335 =(2-2)\5 =345 =45 -35

Because the remaining number under the radical sign is identical in both terms, we can
combine these terms when we subtract:

45-35=15

This result is probably unexpected. This is why you must always simplify roots.
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EXPONENTS & ROOTS ADVANCED STRATEGY

Chapter 12
Using Conjugates to Rationalize Denominators
Some GMAT problems involve fractions that contain square roots in the denominator.
When the denominator is a square root alone, it is easy to simplify the fraction by simply
multiplying the numerator and denominator by the square root: '
Simplify 2
implify —=.
P2
By multiplying the numerator and denominator by the square root, we can remove the root
Use the conjugate o from the denominator entirely:
rationalize the denomi-
nator of any fraction
with a square root PLUS 4 \/5 _4\/5_2\/5
OR MINUS another —J_Ex :7_5 - 2 -
term.

However, simplifying a denominator that contains the sum or difference of a square root
AND another term is more difficult:

4
Simplify 5—\/5

To simplify this type of problem, we need to use the conjugate of the denominator. The
conjugate for any square root expression involving addition or subtraction is defined as
follows:

For a++b, the conjugate is given by a—b.
For a—+b, the conjugate is given by ++b.
In other words, simply change the sign of the square root term to find the conjugate. By

multiplying the numerator and denominator by the conjugate, we eliminate the square root
from the denominator:

4 (3+42)_ 4B+2) 12442 124442
3-J2{3+2) 3-V2)3+V2) 9+32-3-2 7

ManhattanGMAT Prep
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IN ACTION EXPONENTS & ROOTS ADVANCED PROBLEM SET . Chapter 12

Problem Set (Advanced)

10.

11.

If x} =x, and x> 0, what is x?

If a® = 64 and b* = 1, what are all the possible values of ab?

8.7 12
Simplify: % x prim"

Which of the follow expressions has the largest value?
WEr @ EPP O @ 04 g @)
(a) What is the greatest common factor of the terms in the expression

(415 416 417 418)?

(b) Factor out the greatest common factor ascertained in part (a), and simplify the
resulting expression to an integer multiple of that common factor.

Simplify: (4 + 4’ + 4" + 4)(3' + 3+ 3)
If 4° + 4°** = 4°*2_ 176, what is the value of @?

If a =5 - 5" + 5%, what is the length of a? (The length of an integer is the number of
prime numbers, not necessarily distinct, in the prime factorization of the integer.)

If m and n are positive integers and (2'%)(5™) = (20"), what is the value of m?

If x, y, and z are integers, is x even?

(1)10"= (4)(5")
(2) 3x+5 = 27y+1

1 -4 1 -3 1 -2
Which of the following is equivalent to (_) (_) (...) ?
3 9 27

o W e e e
3 3 3 3 3

For #12-14, write the expression in factored form (if distributed) and in distributed form (if factored):

12.

13.

14,

AR 4

ba _ ba+1

(a+b)(r+s)

ManﬁattanGMAT Prep
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Chapter 12

EXPONENTS & ROOTS ADVANCED PROBLEM SET

IN ACTION

For #15-25, either solve or simplify, using the properties of roots:

15. 25_%
16. Estimate 4V/3 to the nearest tenth.
17. V150 - V50
18. V150 -V96
19. V¥
20.  V20(4)-5(7)
21.  'V2a+7a, assuming a is positive.
2. Y45
4
23, 64
n
24 -——1—- assuming x>0
T Ix+dx+1] )
4
25.
8+347
26 Which of the following i It 6+‘/§?
. ich of the following is equa ?
ing is eq (o] > JE
(A) 17 (B) -17 (C) 17+8V5
ManhattanGMAT Prep
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IN ACTION ANSWER KEY EXPONENTS & ROOTS ADVANCED SOLUTIONS ~ Chapter 12

1. 1: If x* = %, x could be —1, 0, or 1. Given the additional fact that x > 0, x can only be 1.

2. 8 and -8: If 2” = 64, 4 can be either 8 or —8. If #* = 1, & can be either 1 or ~1. Therefore, the product
ab can be cqual to either 8 or —8.

12,9 15
P 5, 2 x P 23,4 _ - lmsﬂ”;_ = m(nz-?{p(s-l),xxs—s) = mp
4. (D) 4(3°"): Use the rules of exponents to simplify each expression:
(A) (34)13 - 352
®) [(37)2 ] = (3 Yo = 5% - 5%
© 3%+3%+3" =33%)=3"
(D) 4(3") cannot be simplified further.

E) ( on/z =3‘°% =3%

Answer choice (A) is clearly larger than (B), (C), and (E). We must now compare 4(3*") to 3”. To make
them most easily comparable, factor one 3 out of 3% 32 =3(3). 43 is greater than 3(3%"), so (D) is
the correct answer.

15 .
5. () 4+ Just as the greatest common factor of the terms in x'* + x'® + x*7 + x"* would be x*, the greatest
common factor of the terms in 4" + 4% + 47 + 4% is 4,

(b) 85(4"): Factor 4‘5 out of thc expression the same way you would factor " out of the expression
2+ X

4544 47 A 4 4 £+ ) = 45+ 44 164 60) = 8549
6. (127" @+ 4+ 4 + £)(F + 3+ 3) = 44)(3.3) = @)(F") = 43y"'= 1"

7.2: The key to this problem is to express all of the exponential terms in terms of the greatest common
factor of the terms: 4°. Using the addition rule (or the corresponding numerical examples), we get:

4+ 4" =4"-176 176 =4(16 — 1 — 4)
176 =4 — 4 — 4" 176 = 4(11)
176 = 4*.(4)~- 4* - 4.(4") 4'=176 +11=16
176 = 4°(4> - 4° - 4") a=2
8. 20: The first step is to factor the greatest common factor (5") out of each of the terms:
a= 520 _ 519 + 518 a= 518(21)
2=5%5"-5"+5% a=5%3.7

a=5"25-5+1)
a contains eighteen 5, one 3, and one 7. Thus,  has 20 total primes, so the length of 4 is 20.

ManﬁqttanGMAa_s Prep
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Chapter 12 EXPONENTS & ROOTS ADVANCED SOLUTIONS IN ACTION ANSWER KEY

9. 9: With exponential equations such as this one, the key is to recognize that as long as the exponents are
all integers, each side of the equation must have the same number of each type of prime factor. Break down
each base into prime factors and set the exponents equal to each other:

2)(5™ = (20"
218.51!! - (2.2.5)1!
218.57" — 221!.51! .
18=2m;m=n
n=%m=n=9

Because m and 7 have to be integers, there must be the
same number of 2’s on either side of the equation,
and there must be the same number of 5’s on either
side of the equation. Thus 18 = 2z and m = n.

A

10. (A): Statement (1) tells us that 10 = (4”)(59). We can break the bases down into prime factors:
(2-5)" = (2:2).5% so 25" = 2%.5% This tells us that x = 2y and x = z. (We need the same numbers of 2’s
and the same number of 5s on either side of the equation.) SUFFICIENT: y is an integer, so x must be
even, because x = 2y.

Statement (2) tells us that 3***> = 277*!. We can again break the bases down into prime factors:

3% =(3-3.3Y", s0 3" = 3%*%, This tells us that x + 5 = 3y + 3, so x + 2 = 3. (Again, we need the same
number of 3’s on either side of the equation.) INSUFFICIENT: y is an integer, so x must be 2 larger than a
multiple of 3, but that does not tell us whether x is even. If y = 1, then x = 5 (odd), but if y = 2, then x=8

(even). .

The correct answer is (A): Statement (1) ALONE is sufficient.

-16 :
11. (O (-;-) : Once again, we should break each base down into its prime factors first. Then, we apply

the negative exponent by taking the reciprocal of each term, and making the exponent positive:

-4 -3 -2 —4 -3 -2
6T - G -reomor-ssos-see
3) \9) \27 3) \3 3

Because all of the answer choices have negative exponents, we can perform the same transformation on
them—simply take the reciprocal of each and change the exponent to a positive:

Wl @
3 3

-9 -144
ol g
3 3

-16
(C) (l) = 316
3

12, 2* -2 = 2*(2* -1)= 2*(z+1)(2-1)

13. 6" -b*" =b*(1- b)

14. (a+b)(r+s)=ar+as+br+bs

ManhattanGMAT Prep
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IN ACTION ANSWER KEY EXPONENTS & ROOTS ADVANCED SOLUTIONS ~ Chapter 12

16. 6.9: 4V'3 can be combined into one radical: V4 x V4 x V3=V4x 4x3 ="V/48. 48 is in between
two perfect squares: 36, which is 6%, and 49, which is 7*. Note that 48 is very close to 7°. Therefore, a rea-
sonable estimate for V48 is 6.9.

17. 5V6 - 5V2: V150 - V50 = (V25 x V6) - (V25 x V2) = 5V6 - 5V2
18. \/&\/Tsﬁ—\@:(\/Exx/z)-(\/ﬁx\fs)=5\/3-4\/8=\/8.

19. #* V%* = . Note that we do not need to restrict x to non-negative values, because both x* and »* are
always non-negative.

20. 3V5: V20() - 5(7) = V45 = V9 x V5= 3\/5

21. 3Va: Notice that we have two terms under the radical that both contain 2. We can add like terms
together if they are under the same radical: V24 +72 = V94. Now factor out and isolate squares under
their own radical sign so that you can take their square root: V92 = V9 x Vz =3V,

22. 5% or'¥5 ; 3/;«7_5—=§/§;"_=(5”f=5%’=‘«’/§

I
2.2 32 _ % _ 5=
s
24. fx+1-/x : For this problem, we need to multiply the numerator and denominator by the conjugate
of the denominator. The conjugate is Vx—x+1:
S Chache) B (x-Vx+1)
(\/;+s/x+ ) (\/;—\/x+ ) x—(\/—Xs/x+ )+(\/—X\/x+ )—(x+1)

i) (-
( e ) S

25. 32-12+/7 : For this problem, we need to multiply the numerator and denominator by the conjugate
of the denominator. The conjugate is 8—3+/7: |

4 (8 3‘/_) 32-127 32 12ﬁ_32 12‘/__
G+37) 6-37) G-@ONTHEONT 377 6i-63

Manﬁattan(jM AT prep
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Chapter 12 EXPONENTS & ROOTS ADVANCED SOLUTIONS - IN ACTION ANSWER KEY

26. (D) -17 - 8\/§ : In order to simplify a fraction that has a difference involving a square root in the
denominator, we need to multiply the numerator and denominator by the sum of the same terms (this is
also known as the “conjugate”):

6445 _6+5 245 _(6+H)2+B)_12+2546:5+5 LY S 5
25 2-5 245 2—(B) 4-5

Manhattan GMAT Prep
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OFFICIAL GUIDE PROBLEM SETS: PART II  Chapter 13

Practicing with REAL GMAT Problems

Now that you have completed Part IT of NUMBER PROPERTIES it is time to test your skills on pmblems
that have actually appeared on real GMAT exams over the past several years. =

The problem sets that follow are composed of questions from three books published by the Graduate |
Management Admission Council® (the organization that develops the official GMAT exam):

The Official Guide for GMAT Review, 12* Edition

The Official Guide for GMAT Quantitative Review

The Official Guide for GMAT Quantisasive Review, 2nd Edition

Note: The two editions of the Quant Review book largely overlap. Use one OR the other.

These books contain quantitative questions that have appeared on past official GMAT exams. (The ques-
tions contained therein are the property of The Graduate Management Admmsmn Council, which is not
affiliated in any way with Manhattan GMAT)) )

Although the questions in the Official Guides have been “retired” (they will not appear on future official
GMAT exams), they are great practice questions. :

In order to help you practice effectively, we have categonzcd every problem in The Ofﬁaal Guides by topic
and subtopic. On the following pages, you will find two categorized lists:

(1) Problem Solving: Lists MORE DIFFICULT Problem Solving Number Properties questions contained
in The Official Guides and categorizes them by subtopic.

(2) Data Sufficiency: Lists MORE DIFFICULT Data Sufficiency Number Properties questions contained
in The Official Guides and categorizes them by subtopic.

Remember that Chapter 9 in Part I of this book contains the first sets of Official Guide problems, which
are easier.

Each book in Manhattan GMATs 8-book strategy series contains its own Official Guide lists that pertain
to the specific topic of that particular book. If you complete all the practice problems contained on the
Official Guide lists in each of the 8 Manhattan GMAT strategy books, you will have completed every single
question published in The Official Guides. : ,

Q_'IMM AT Prep
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Chapter 13 OFFICIAL GUIDE PROBLEM SOLVING SET: PART II

Problem Solving: Part 11 |

from The Official Guide for GMAT Review, 12” Edition (pages 20-23 & 152-185), The Official Guide for
GMAT Quantitative Review (pages 62—85), and The Official Guide for GMAT Quantitative Review, 2nd
Edition (pages 62-86). ‘

Note: The two editions of the Quant Review book largély overlap. Use one OR the other.

Solve each of the following problems in a notebook, making sure to demonstrate how you arrived at each
answer by showing all of your work and computations. If you get stuck on a problem, look back at the
NUMBER PROPERTIES strategies and content contained in this guide to assist you.

" Note: Problem numbers preceded by “D” refer to questions in the Diagnostic Test chapter of The Official

Guide for GMAT Review, 12* Edition (pages 20~23).

ADVANCED SET — NUMBER PROPERTIES
This set picks up from where the General Set in Part [ leaves off.

Divisibility & Primes
12% Edition: 106, 142, 198, 217, D13, D15 ,
Quantitative Review: 125, 164, 169 OR 2nd Edition: 68, 112, 125, 149, 164, 169

Odds & Evens
12% Edition: 185
Quantitative Review: 150 OR 2nd Edition: 152

Positives & Negatives
QR 2nd FEdition: 152

Consecutive Integers
12% Edition: 201, 219, 224
Quantitative Review: 160

Exponents & Roots
12+ Edition: 117, 137, 216, 230
Quantitative Review: 149, 152, 163, 170 OR 2nd Edition: 108, 147, 163, 170

CHALLENGE SHORT SET — NUMBER PROPERTIES

‘This set covers Number Properties problems from each of the content areas, including both easier and harder problems, but with
a focus on harder problems. The Challenge Short Set duplicates problems from the General Set (in Part I} and the Advanced Set

above.
12t Edition: 36, 50, 82, 85, 106, 110, 116, 117, 137, 142, 157, 164, 216, 217, 219, 230, D13
Quantitative Review: 103, 117, 122, 125, 145, 147, 149, 152, 160, 169, 170
OR 2nd Edirion: 68, 86, 108, 112, 117, 122, 125, 147, 152, 169, 170
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OFFICIAL GUIDE DATA SUFFICIENCY SET: PART II  Chapter 13

Data Sufficiency: Part 11

from The Official Guide for GMAT Review, 12” Edition (pages 2426 & 272-288), The Official Guide for
GMAT Quantitative Review (pages 149-157), and The Official Guide for GMAT Quantitative Review, 2nd
Edition (pages 152-163).

Note: The two editions of the Quant Review book largely overlap. Use one OR the other.

Solve each of the following problems in a notebook, making sure to demonstrate how you arrived at each
answer by showing all of your work and computations. If you get stuck on a problem, look back at the
NUMBER PROPERTIES strategies and content contained in this guide to assist you.

Practice REPHRASING both the questions and the statements. The majority of data sufficiency problems
can be rephrased; however, if you have difficulty rephrasing a problem, try testing numbers to solve it. It is
especially important that you familiarize yourself with the directions for data sufficiency problems, and that
you memorize the 5 fixed answer choices that accompany all data sufficiency problems.

Note: Problem numbers preceded by “D” refer to questions in the Diagnostic Test chapter of
The Official Guide for GMAT Review, 12° Edition (pages 24~26).

ADVANCED SET - NUMBER PROPERTIES
This set picks up from where the General Set in Part I leaves off.
Divisibility & Primes
12 Edition: 98, 128, 171
Quantitative Review: 83, 86, 88, 100, 110 OR 2nd Edirion: 82, 87, 90, 92, 115

Odds & Evens
12% Edition: 106, 172

Positives & Negatives
12% Edition: D41
Quantitative Review: 111

Consecutive Integers
12% Edition: 170
Quantitative Review: 82 OR 2nd Edition: 86

Exponents & Roots
12t Edition: 166
Quantitative Review: 106, 108, 116 OR 2nd Edition: 31, 79, 110, 113

CHALLENGE SHORT SET - NUMBER PROPERTIES
This set covers number properties problems from each of the content areas, including both easier and harder problems, but with
a focus on harder problems. The Short Set duplicates problems from the General Set (in Part I) and the Advanced Set above.
12 Edition: 76, 82, 90, 106, 128, 159, 166, 170, 171, 172 ‘
Quantitative Review. 3, 45, 53, 63, 75, 78, 82, 83, 86, 108, 110, 111, 116
" OR 2nd Edition: 3, 31, 45, 54, 64, 78, 79, 81, 82, 86, 87, 90, 113, 115

ManhattanGMAT Prep
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Manhattan GMAT

PART I: GENERAL —

1. DIVISIBILITY & PRIMES:

Integers, Rules of Divisibility, Factors, Multiples, Divisibility & Addition/Subtraction, Prime Factorization, Factor Founda-
tion Rule, Prime Boxes, Greatest Common Factor, Least Common Multiple, Remainders

2.0DDS & EVENS:;

Arithmetic Rules, Testing Odd & Even Cases, Sum of Two Primes

3.POSITIVES & NEGATIVES:
Absolute Value, Double Negative, Multiplying & Dividing Signed Numbers, Testing Positive & Negative Cases

1. Number Properties
2. Fractions, Decimals,
& Percents

3. Equations,Inequaltties, 4 CONSECUTIVE INTEGERS:
&q\;:c; nequalite Properties of Evenly Spaced Sets, Counting Integers in Series, Sum of Consecutive Integers, Products & Sums of

4. Word Translations Consecutive Integers & Divisibility

5. Geometry 5. EXPONENTS.'

6. Critical Reasoning Properties and Rules of Exponents, Special Bases, Simplifying Exponential Expressions, Common Exponent Errors

7. Reading Comprehension ¢, ROOTS:

8. Sentence Correction General Rules of Roots, Roots and Fractional Exponents, Simplifying Roots, Imperfect vs. Perfect Squares, Simplifying &
Estimating Roots of Imperfect Squares, Common Root Errors, Common Squares and Cubes :
7.PEMDAS:

Order of Operations, Subtraction of Expressions, Fraction Bars as Grouping Symbols

PART Il: ADVANCED

Includes separate chapters on numerous Advanced Number Properties topics, as well as additional practice problems

What's Inside This Guide

* Clear explanations of fundamental principles.
* Step-by-step instructions for important techniques.
. * Advanced chapters covering the most difficult topics.
* In-Action prattice problems to help you master the concepts and methods.
* Topical sets of Official Guide problems listed by number (problems published separately by GMAC)
to help you apply your knowledge to actual GMAT questions.
* One full year of access to 6 Computer Adaptive Practice Exams and Bonus Question Bank.

How Our GMAT Prep Books Are Different

* Challenges you to do more, notless  + Not just pages of quessing tricks
* Focuses on developing mastery * Real content, real structure, real teaching
* Covers thesubjectthoroughly * More pages per topic than all-in-1 tomes

Comments From GMAT Test Takers

“The material is reviewed in a very complete and user-friendly manner, The subjects are taught
in a way that gets to the heart of the matter by demonstrating how to solve actual problems in
a very thorough and uncumbersome fashion.”

!

I

in-person and online tourses, private tutoring, one-day workshops,
from our expert instructors — ced teachers with 99tk
1situs online or call us today to learn more.

I

li

l

|

ineat:
fhattangmat.com

lnternational:~001.212.721;7400 g
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