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Introduction to System of  Linear 
Equation

What is a linear Equation?

Example of  linear equations

Example of  nonlinear equations

لاتحتوي على حاصل ضرب متغیرات او جذور للمتغیرات  

جمیع المتغیرات تكون من الدرجھ الاولى 

لاتحتوي على دوال  مثلثیھ او لوغاریتمیة او اسیھ

The linear equation has the following properties 8

( i ) Does n 't involve any products or roots of variables .

(2) An variables occure only to the first power .

(3) Doesn't involve arguments such as trigonometric ,

logarithmic or exponential functions .

X + 3y = 7 Yet Et - - - + Xu = 1

Y + lg X + 3Z= 1 F - 3×2 + Xu = 7
.

X+3y 2=7 3X+2y - Z + XZ  = 4

Y - siu×=o Vx + 2×2+25=1



System of  Linear Equations

نكتب المصفوفھ الموسعة وھي على الشكل 

المعاملات 
الموجوده في 
المعادلات 

النواتج

نعمل العملیات الأولیة على الصفوف  حتى نصل الى 
الشكل

نقوم بعمل تعویض خلفي  كي نحصل على الحل

ملاحظھ یسمى شكل المصفوفھ في الخطوه الثانیة ب 
Reduced Row Form (RRF)

نكتب المصفوفھ الموسعة وھي على الشكل 

المعاملات 
الموجوده في 
المعادلات 

النواتج

نعمل العملیات الأولیة على الصفوف  حتى نصل الى 
الشكل

نقوم بكتابة الحل 

ملاحظھ یسمى شكل المصفوفھ في الخطوه الثانیة ب 
Reduced Row Echelon Form (RREF)

النظام الغیر متجانسالنظام المتجانس

÷on homogenous Homogenous
linear system

Linear System

oxty + 2Z  =q 2Xt2y +22=0

2×+4 if - 3Z  = 1 - 2Xt5y + 2Z=o

3X + Gy - SZ  = O - 74 + 7y + Z  =o

Ax=b A×=o

How to solve system of linear Equations

. Gauss
- Jordan

Gauss Elina nation Elimaution

[ i ) [ i

:⇐I:* ,

'

:# fine;m*y



١-الصف الذي لایحوي  بكاملھ أصفار فان ١ 
ھو العنصر الاول ویسمى الواحد عنصر متقدم 
٢-الصف الذي جمیع عناصره صفر یكون في 

أسفل المجموعة  
٣-في الصفوف المتتالیة یكون الواحد في الصف 

الأسفل یمین الواحد في الصف الأعلى  
٤-یكون العمود المحتوي على الواحد أصفار في 

كل مكان عدا ھذا العنصر

ملاحظھ اذا تحققت الشروط الثلاث 
الاولى تكون REF  وإذا تحققت جمیع 

RREF الشروط تكون

RRF RREF

REEF

REF



Nonhomogenous Linear System

Type of solutions :

F.Unique Solution no solution Infinite solution

,
.

1 * ← I a 1 * * ,

' 9 1
 * *

9

1 1 b
o 1 * :b o 1 * ,

b 01 *

o o

11
C 0 0 0 1 C 0 0 0 O

1 /
, 1

Example 18 Solve

K+y+2Z= 9

2×+4 ] . 3Z= 1

3X+6y - SZ  
= o

by Gauss elimination
.

1 1 2 9 - 2R
,

+ Rz -2 - 2 - 4 -18

2 4 - 3 1 2 4 - 3 1

3 6 -

5.0.

O 2 - 7 - 17

1 1 2

902 . 7 . 17 - 312+123 - 3 - 3 -
6

. 27
3 6 - 5 0 3 6 - s 0

1 1 2 9 0 3 -11 - 27

o 2 - 7 . 17 I Rz
0 3 -11 . 27

2

J



Back Substitution (التعویض الخلفي)

RRF

من آخر سطر 
بالمصفوفة یتضح بأن 
النظام لھ حل وحید 

l 1 2 9 -3122 + R 0 . 3 21/2 51/2

o 1 -712 -1712
3

0 3 -11 - 27

o 3 -11 - 27
0 0 . Yz - 3/2

1 1 2 9

o 1 -712 - 1712
- 212

0 0 - 1/2 - 3/2311 2 9

o 1 -712 - 17/2

O 0 1 3

21+9+22=9

Y . 712 z= -1712

Z =3

... Z =3 ⇒ y - 7- ( 3) =-172 2

⇒ Y -21=-1722
⇒ y= if + I

2

⇒ y= ±2

⇒ 9=2



. : Z =3
, y= 2 ⇒

2/+2+2
(3) = 9

=> 4 + 8=9
⇒ X= 1

Example 2g Solve

* + 2y - 3 Z  = 4

3X
- y + 5 Z  = 2

4 X + y + 2 Z  = - 2

ftp.g If set 't IsIts.E
-7 14 - 10

; lg. }if? ,;) -4kt Rz -4 - &

iz.io4 I 2 - 2

0 -7 14 - 18

to#IIIN ÷ R
.



( II⇒¥ ;
-2kt ' ;-24¥2 - 3 y

1 o I 8-
7

l 0 l 817 7122+123 o 7 - 14

7°(: itIiYI ° -7 atits

0 0 0
- 8

( tooofto¥¥
→ aessstemnas no solution

Example 38

Solve

* + 2y - 3 Z  = 4

3X
- y + SZ  = 2

421 + y +2 Z  = 6

§ }
-

§ I ) .3R+Rz
-3 - 6 + a . iz

3 - l 5 2

6 -7 14 -10
-



- 4th
,

+ 13 -4 - 8 12

-16( toItI ,4. io 4 1 2 6

4 1 2 60
-7 14

-10
foIitIo tar .

0 -7 14 - 10

( IIIfYa
→ rate :2.43¥

10 1 o I 8-
7

l 0 l 817 7122+123 o 7 - 14 707
( ;

.

{ifYH ° -7 ' 4 - io

to

0 0 0 0

-

( too§to%o¥The system has infinite solution
-

ox + Z  
= 8/7 ⇒ 4 = 8/7 - Z

Y - 2Z  = 10/7 ⇒ Y = 10/7  + 2Z

The system has no solution .



Homogenous Linear System

Types of  solutions

Unique solution

Trivial Solution

Infinitely many solution

Nontrivial solution

عدد لانھائي من الحلول 

حل غیر بدیھي 

حل وحید 

حل بدیھي 

-
or on

Example 1 : Solve

24 + 2 Xz + 2213 = 0

- 22,1 + 5 Xz +243=0
- 7 of + 7 xz + 25 = 0

HEIii :L *

1 1 1 o

- 2 5 2 0 212
,

+ R
2

- 7 7 1 o

1 1 1 o

o 7 4 0 7 R
,

+ 13
- 7 7 1 0



ملاحظھ یسمى 
x ھنا متغیر 

حر وذلك لانھ 
من الممكن 

فرض ايَ قیمھ 
لھ للحصول 
xعلى قیمة ل

Free variable

l l l 0

0 7 4

0014 go
¥ Rz

l I l 0

0 I 4ft 0 - Rest R
,

0 1418 0

l o 317 °

0 I 417 0 - 14122+123
0 14 8 0

1 0 3/7 o

o 1 4/7 0

0
O O 0 .

→ The system has Infinite solution .

X
,

t 3g Xg = 0 . 3

% + 417 ;x=o
) ⇒

×
'

=
. ¥3

Xz= 41743
|

'

let ng =t then we have

X
,

= -3g t
, Xz = 417£ .



REEF عدد المجاھیل في عدد الصفوف الغیر 
REEF صفریھ  في

Number of  Free Variable:

عدد المجاھیل  عدد المعادلات ( الصفوف الغیر صفریھ)

ملاحظھ : عدد المتغیرات الحرة = 
عدد الأ عمده التي لا تحتوي على  

الواحد 

الحل بالقانون 

# Free variable = # unknowns
- # nonzero row

= n -
r

From last example we have g

I 0 317 o

o I 417 0

0O O 0 .

# Free variable = n - r =3 - 2=1

Example ;

I 3 0 4 2 o ; o

o o 1 2 o 0
I

0

0 0 o 0 0 1 /
0 Free variables = 3 i .

O 0 0 0 0Ol 0

# Free variable = n - r

= 6 - 3 = 3

of + 3×2+4 Xu + 2^15=0

% +24.4 = 0

% = 0



النظام المتجانس الذي یحتوي على عدد مجاھیل اكبر من عدد المعادلات یكون لھ 
عدد لانھائي من الحلول  

In of = - 32L - 424 - 2 Xg

% = - 244

k = 3
6

let q=r, ng = S
,Xs=t then

4y= . 3r - 4 s -
2£ , Xy = - 25 s 216=0

:
ample : Solve :

X. t 3×2+4 Xs =0

X
,

+ 3×3+57=0

÷SW ) s - < of 41 s s .

;

check ! ! jsiw @ 68 > sdisisi i .



Addition and subtraction: 

Scaler multiple:

Condition:

Matrices and Matrix operation

If A= [ aij ]
, B= [ bij ] then :

A ±B=[aij ± bij ]

bhoth matrix have the same size .

If A= [ aij ] then

( CA ) = ceaij ) .



Multiplication:

Condition:

12

AB=(RowA)(Col A)

:



.
.

if_s-ff-Ef-gfngn-n-f_-f-



Transpose of  Matrix: 

Linear Combination of  matrix
•

.

i.i.

:



اذا كانت A مصفوفھ مربعھ وكان من الممكن إیجاد مصفوفھ B بحیث 
یكون AB=I =BA یقال ان A قابلھ للانعكاس  وتسمى B مصفوفھ 

 A عكسیة للمصفوفھ

a.



•..a..



Finding inverse of  A :

[ Ali ] # [ 11 A ' ' ]
operation

Example 7- 8 -



Cossette

Example :

qq.olyeqtth.ge#stgem

using A '
.

r¥÷eIYI÷a

as l ÷!3:) . ⇐ Egl .
↳ t.tt

Ax = b ⇒ x = A
' ' b

seemed

= a
:

Eye



Determinants 

Determinants of  2x2 matrix

Determinants of  3x3 Matrix 

رمز المحدد

مفكوك المعاملات  الأسھم 

نختار ايَ صف أو عمود ثم نقوم 
بكتابة العنصر  الاول الموجود في 
ذلك الصف اوالعمود مضروب في 

المحیدید والذي یأتي  من إزالھ 
الصف و العمود الذي یحوي ذلك 

العنصر ثم نكمل نفس ألطریقھ على 
جمیع العناصر  مع مراعاة 

الإشارات كما ھو موضح في 
المصفوفھ

ھنا اخترنا العمود 
المحیدیدالثالث  المحیدید

.

A= ( Ibd ] ⇒ IAI = ad - bc
or

det (A) = ad - bc

÷factor Expansion

(In;]
Arrows

Example 1 : Comput det CA ) where

a. EH :]
detcah  . 3 / }! / - 2 | -32

.lu
|

= - 3 ( 12 - 5) - 2 ( -12 +2 )

=  - 3 ( 7) -
2 ( -10 )

=  .
21 + 20 = . 1



الحل بطریقة الأسھم 

الحل بطریقة مفكوك المعاملات 

Example 28 compute det (A) where

*

E ! ! )
Solution :

tat 139/+411893/+7/3361

= (45+48) +4 (18+24)+7 (12-15)

= 93 + 168
- 21 = 240



Properties of  Determinants 

( i ) det ( ATB ) $ det (A) + det (B) .

(2) det CAB ) = det (A) det ( B ) .

(3) det ( At )= 1- ,
A is investable

.

detcal

Example 1 : Let A  = § } ) ,
B= ( {95 ]

Show that det ( A  + B) ¥ det (A) + det ( B ) .

A+B= [ Is} ]
det (A) = S - 4=1 g det (B) = 9 - 1 = 8

det ( At B) = 32 - 9 = 23

i. det ( At B) # det CA ) + det ( B ) .

example 28 let A= (32 of ] , B=[ is38 )
show that det ( AB ) = det (A) .

det (B) .



detc A) = 3
-

2=1
,

det (B) = - 8 - 15=-23

det (A) . det (B) = ( i ) C- 23 ) = - 23

A D= ( 2gYyt ] ,
det(ABl= 28-51=-23

in det CAB )= det CA ) . det C B )
.

Example 38

As ['

y}
,

3g ] , compute detcni's
.

iai=
- il ::/ - ill :/

= -
(12-12) - (4-4)

= 0

a det (A) =o⇒ A is not investable

we can't compute det ( At )
.



المصفوفھ  المرافقة 
عبارة عن مدورة 

مصفوفة المحیدیدات 

i. e adj (A) = CT

Example : Find the adj (A) where

at ! :o)
.+

1 3 1 6

20 2 -4

c=

|
£" }

3+-13 2

-4 0
2 o 2 - 4

+ +

/
2 -1 3 - 1 3 2

(
6 3 1 3 1 6

-

12 - 6 - 16

-
. .

=
. 4 2 - 16

12 10 16.



تم حسابھا في المثال السابق

12 . 6 - 16

is C= 4 2 16

12 - 10 16

i. adj (A) =
CT

= (¥ §g tthg )

Example : find A
' ' for A  = (} }

,

§e )
A 's 1- . adj CA ) .

det (A)

det CA ) = 2 | }§ / + 4 / }t / = 2 (127+440)=64

in at 'a÷ , E.E.In



Cramer’s Rule

Example : Use Cramer Rule to solve

4 t 2×3 = 6

-
3 X

,
+ 4 Xz + 6×3 = 30

- of - 242 + 343 = 8

. ftp.a.;] .
and

eati 1.4251 +213.421
= (12+12) + 2 L 6 + 4)
=

44



a kit ! ) ,
and

in ;l=61151+213511
= 6 (12+12) +2 C - 60 - 32 )

= 144 - 184 = - 40

At µ,

630 25 ] and

6 2
1 Azt 1 | 35631+3/83 | - i | 36064

= ( 90 - 48 ) + 3 ( 18 - 16) - ( 36 - 60 )

= 42 + 6 + 24 = 72



as E. Isetan

last . E351 +61111
= (32+60)+6 (6+4) = 152

of = detCAf = -41 = -10
det CA ) 44 11

Xz=
det (Az ) zz

- = - = 18
det (A) 44 11

ag= det(A37_ = 151 = 38

detcaj 44 T
.



Vector Space

Definition: A vector space is a collection of  vectors V and

two opertaion + , . such that the following hold for U ,v ,
WEV

and m , K E R :

1) Utv C- ✓ 6) -
Ku E V

2) U+v= Vtu 7) .
K ( utv ) = KU + KV

3) Ut ( vtw ) = ( Utv ) -1W 8) -

( Ktm ) U= Kut my

42 OEV where 0+4=4 9) -
K ( Mn ) = ( Km ) 4

5) . Fu EV , 4+(-4--0 10 ) 1. U=U

Example 1 : Is V= { [ 's ]
, xzo and yzo } a vector

space

No , because if we take her then n Kg ]= [ IS ] ¢ V

Y a T n

• [ A a [ 53

ix
. > x

Egg
✓

Example 2 : Is w= { [ 's ] : xyzo } a vector space .

No , because is not closed under addition since

[ d) ew and Fyew but [ d) + E? ]=[T]¢w
1. 230 C.3) C- 1) 30 ←2) ( 1 ) $0



Subspaces

Definition:

لان عدد المعادلات 
اقل من عدد المجاھیل 

ھذه النظریة تعني ان حلول النظام المتجانس  
R تكون فضاء جزئي من

WEV is a subspace of V if

1) U , V C- W ⇒ Utv EW

2) KER ,
U E W ⇒ K U E W

3)
- O E W

Example : show that w= { ⇐ sy ) ER
"

: oxy =o } is not

a subspace of 122
.

let u= Cool ) E W and V
.

- ( Iso ) EW then

Utw = ( o , l ) + ( 1) o ) = ( 1,1 ) € W .

Example 2 : show that w= { (4) y ) E 122
: axtby =o }

is a subspace of 122
.

as + by =o is homo . system as A×=o

why ? !
with A = [ a b ]

,
x→= [ 5) has nontrivial solution

in W is a subspace

.

n



.

or

age

•

a.

•

•



Definition:
If U= ( Ui , uz , - . . . gun ) and V= ( Vi , vz , - - , Vn ) then

The length on norm of the vector U is :

Hull = -uituit - + ni

The destance between a and v is :

d ( U ,v ) = HU - vH= -( Y - Y)2+ - - - + ( Yeh )2

The dot product

⇐= 11411 . 11 ✓ 11 COSG u . V = unit Uzvzt - + Uuvn

Example 1 : Let u= ( -3,2 , i ) .

Find Hull
. •

Hull = #C.3) 2+22+12 s #

•



Example ; Let U= ( 3 , 2
, 1)

, ✓ = ( 2
,

1 , o ) .
Find U . V

U - V = (3) (2) + ( 2) (1) + ( 17 ( 0 )

= 6 + 2+0 = 8 .

Example : Find the dot product between the vectors

U= ( og 2 , 2) g V= ( o
, o , 1) and 6=45

U . v= Hull HVH cos G
.

Hull ,
FEtI= of

=
zrz

HVH = TETE =
A

= 1

U . V= ( 2✓2 ) ( i ) COS ( 45 )

= z✓2 .
1- = 2

Vz



Linear Combination of  vectors

Definition : W is a linear Combination of vectors

Visvz , - - VK iff W= QYT - - - - + CKVK
where q , G , - - CKER .

Example I ; Consider the vectors

v=(
1,2 ,

-1 ) and V=( 6,412 ) .

I z

(9) : Show that w= ( 9,217 ) is a linear combination .

W= GV , + { Vz

(9) 21 7) =q ( 1,2 , -1 ) + { ( 6 , 4)2)
= C c

, , 29 ,
- g) + ( 6£ + 4{ +2£ .

)

9 + GE =q

29 + 4g = 2

- C
,

+ 2cz= 7

1 6

19

1 6 : 9 I 6 9
1

,

2 4 12 0 -8 ' -16 0 - 8 -16
I (

-1
217

o

8116
0 0 0

d
' b b .

1

61
9 1 0 -3 i. c. =-3 , { =2

o 1 2 0 1 2 andro
0 O y 0 0 0 W= - 3V

, + 2Vz



(b) show that W '=( 4
, -1,8 ) is not linear Combination .

( 4 , - 1) 8) = 9 ( 1,2 ,
- i ) + { ( 6,4 , 2)

= ( c
, , 29 , -9 ) + ( 65,45 , 2£ )

9+6 { = 4

2g + 4cg = -1

- C +20=28
, 2

1 6 4 1 6 4 1 6

424 -1 2 4 - l o 4 -1

-1 2 8 o 812 o 2 8
b 6 6 .

1 6
.

4 I 6 4 1 6

40-8 -9 0 I 9/8 o I

.

9/8
0 8 12 0 8 12 o 0 3

b b b

The system has no solution .

i. W
'

is not a linear Combination .ofv
,

and Vz



Example 2 : Show that ui=( 2,1 ,4 ) ,Uz=(l , -1,3 ) and

U3=( 3) 2,5 ) is a linear Combination of
w= ( 5,9 , 5)

Solution ; w= QU,
+ Gust GYG

( 519,5 ) a f ( 2
, 1) 4) + { ( Is - 's 3) + § (3) 2,5 )

= ( 29,9 , 4g ) -1 ( { ,
- G) 3 G) + ( 33,203,58 )

29 + { +35=5

9- {

+25=949+302+58=5
p 72 1 3 5

1 - 1 2 9 R - Rz

.

4 3 5 51( i - 1 29
'

- 2 2 -4 -18

2 1 3 5 2 1 3 5

4 35 5

0
3 -1 -13

j ÷- i zq

-
-4 4 - 8 -36

4 3 5 5 '

o 3 -1 - 13

4

35
5 o 7 . 3 -38

-

-



.

( 1 - l 2 9

o 3 -1 - 13 12213
0 7 -3 -31

,

1 - 1 2 9 1 - 1 2

90
1 -113 -1313 0 1 -113 13/3

o 7 - 3 - 31 I 0 513 1413

.
O -7 713 91/3

I 0 513 1413 0 7 - 3 -13

0 I -113 -1313
0 7 -3 - 13 0 0 - 213 - 2/3

I o 5/3 1413
0 1 -43 - 1313 -312 Rz
0 0 -213 - 213

0 1 -43 - 13/3
1 o 5/3 14/3 0 0 43 43
0 1 -113 -1313
0 0 1 1 0 P 0 - 4

- l 0 5/3 1413
1 0 5/3 14/3

o 0 -513 -513
o 1 0 - 4
o 0 1 1 1 0 0 3

-

l o o 3 do 9=3 , G= -4 , §=1
o 1 o -4 and

O 0 L 1

w= 34-44+143



Definition:

Spanning 

ملاحظھ w یفرض على 
حساب خانات المتجھات 
المعطاة في السؤال 

k=عدد المتجھات 
n=عددالخانات

If Y , Vz , .  - . . Vk are vectors in V and if

every vector in V is written as a linear

Combination of Y ) Vz .  - - VK the we Say
that these vectors span V.

Remark :

let S = { vi , vz , -
. . - ,

vk.gg
be the set  of vectors in R

"

then if

k=n

let A  = [ n vz - vn ] and compute
Lal = I vi Vz - . - ✓ n I

- -
l Alto 1 Al = O

S span R "
S does n 't span R

"

K > n

-
let W= c

, Y + { Vzt - - - .  + Evn
- Solve the system .

÷
as solution has no solution

span do n 't span

K< n

s does not span R "



Example 2

:
Determine if V

,
= ( 1,1 , 2) ,Vz= ( Iso , 1) and

Vz= ( 2,1 , 3) Span 123

Solution 8

1<=3 gn =3

let A= [ 4 Vz Vz ]

2 1 1

lat : It's ;
= . .

1231.in
'

91

= - ( 3 - 2) - (
l

- 2)
= - 1+1=0

IAI =o ⇒ v. , vz and vs do n 't span 123

Example 1 : Determine if V
,

= (2) - ↳ 3) ,vz= ( 4 , 1,2 ) and

Vz= ( 8
, -1,8 ) Span 123

Solution

:
1<=3

, n =3

let A  = [ v , Vz V3 ]

IAI = gFz¥If :# = 1/2488+13288+1 3224

r.

=(32-16)+(16-24)+(4-12)
= 16 - 8 . 8 = 16-16=0

is

IAI

=o ⇒ v. , vz and v
,

do n 't span 123
.



Example 3 : Determine if V
,

= ( 1 , -1 , o ) , vz = ( o , 1,2 )

Vz = ( 2
, 0 , l ) , Vy = ( 1,0 ) 1) span 123

.

Let W = 9 Y + { Vzt GV3 + Cyvy

( aib , C ) = q ( 1 , -1 , o ) + q ( o
, \ , 2) + § ( 2) oil ) + E

,
(1) 011 )

die::L:p
l 0 2 1 9

/ :
.

' ::ah1 o 2 1 9

( ;!IIYzbasbto )

l o 2 I q( :!2.icastabab .a 13 )

The system has infinitley many solution .

⇒ Y s vz , v
,

and vy Span 123
.

-



Example 48 Determine if V
,

= ( oo 1,2 )
, Vz= ( 4 , 1,2 ) and

Span 123

Solution 8 K= 2
,

n =3

; K < n

i. v
,

and Vz do n 't span 123
.



Linearly Independent Linearly Dependent

Definition:

One solution Infinite solution

Linearly independent 

Let S= { vi , - - svk } be the set of vectors in R "

we say that S is

if

fyt
Gvzt - - - + qY< =o if 9 Ytczvzt - - - t ckuk =0

and and

E
= { .

-
. - .  = 9<=0 at least  one

Cis#
o

Remark :

nLets = { v. , - -vk} be vectors in R
.

Then if

k=n

let A= [ n vz - vn ] and compute
LAI = In Vz - . - ✓ n 1÷to 1 Al = 0

S is LI s is LD
.

K < n

•
let 9 V

, + - - - - . + ckvk =0

• home . system→
I LD .

K > n

s is

LD



Example 1 :  .

Determine Werther the following sets

are LD on LI .

(9) S={ ( o , 1,5 )
,

( is 2,8 ) , ( 4 , -1 , o ) }
1<=3

,
n=3

A= [ vi Vz Vz ] k=n

I At (g lz do ) = . , 's! + s II

= - (0-32) + S ( -1 - 8 )

= 32 - 45 = -131=0

i ' IAI = -13*0 ⇒ S isLI(b) .
S = { ( 2

, 2,1 ) , C. 4,6 , 5) , (-2/8,6) }

A  = [ V , Vz Vz ] 1<=3 , n =3

1 at =/ ? gtgy }g
" an

= ( 72
- 32 - 20 ) -

(-12+80-48)

= (72-52) - (80-60)

= 20 - 20=0

... lAl=o ⇒ S is LD
.



n=عدد المعادلات  
r=عدد المعادلات 

Example 2 ; Determine whether the vectors v
, = ( 1,2/2 ,

- D
Uz= ( 4,9191 - 4) , Uz = ( 5/8 , 9 ,

- 5) in 124 are

LD or LI

i. K= 3
,

n= 4 , K < n

Solution :

C
,

v
,

+ { Vz + gV3= 0

9 ( 1921 2 , - 1) + E ( 4) 9 , 9 , - 4) + § ( 5,819 ,
- 5) = 0

k? !:L " a

i. n= 3

pigs;:p ±÷
no free variable

i. The system has solution

is Y , Vz and Uz are LI
.



Example 3 : Determine whether the polynomials
R = 1- X g Pz = 5+3×-2×2

Pz = It 3 X - XZ are LI or LD in Pz

Solution :

P= [ R 12 13 ]

iii. fto III

KHH::L
⇐ ( -3 - C- 6) ) + ( - 5 - C- 4 )

= 3 - 3 = o
.

i. R , R and Ps are LD
.

Example

4
: Determine whether the polynomials

P,
= 2- Xt 442 , Pz = 3+612+2×2

13 = 2+1021 - 4 42 . are LI or LD in Pz .

p= [ R Pz Pz ]

in K ! fat .

!Ii+
:-42*1.3 .:/

= 2 (-24-20) + ( -12 - 12 ) +4 (30-36)



::c:*:*:O
In"

HILEY .eu
. .

IAIFO

one ;ector→ " I

u
,,%%

, ,n=3 ,x>n

ask.ae#.tBoaedBsdeeoaEhEd_wytaoragIIErEteor



Basis of  Vector Space

Definition 

 لماذا ؟ ھنا درسنا حالھ واحده  
k=n فقط وھي عندما

, A set of linearly independent vectors that

spans all of v is called a basis

The number of vectors in a basis of R "

Is Called the dimention of Rn
.

Remark g To check if S= { v
, ,vz , - . . .vn } is a basis

-Al to late

S span Rn s does n 't span R
"

S LI S LD
.

S forms a basis S doesn't form
a basis

Example 8 Let v ,
= ( 3,i,-4 ) g Vz= ( 2 , 5 , 6 ) and

V3=(i , 4 , 8) . show that the

Set s= { v. svz , vs } form a basis for 123
.

A  = [ Vi vz vz ]

tank off f- 31 :It . last . al :!1
=3 ( 40 - 24 ) - ( 16 - 6) - 4 (8-5)

= 3 ( 16 ) - ( 10 ) - 4 (3)

= 48 -
22=26



so IAI =26 ±o

I S forms a basis for 123

dim (123) =3 .

Example 28 Show the vectors v. = ( 1941 ) , Vz ( 2,910 )

V3=( 3 , 3 , 4) Form a basis for R3
.

Solution %

A= [ v , vz Vz ]

tank.gr?3/=1/a2s3l+a/i2a/
= (6-27)+4 (9-4)

= -21 + 20=-1

- : IAI -40 ⇒ v
, svz , v

,
form a basis for 123



Standard Basis: 

hoardings

# •



Row, Column and null Space of  a Matrix

الفضاء الذي یجمع 
حلول النظام 

المتجانس 

الفضاء الذي 
یجمع صفوف 

المصفوفة  
REEF

الفضاء الذي 
یجمع أعمدة 

المصفوفھ 
REEF

null space row space column space

Remark : To find the row or column space ,
we need

first to put the matrix in RREF for

example if we have the matrix

- 3 6 - l l - 7

a  = (

i
-223 -

1)
th [gIoIto} ) then

2 -4 5 8 -4

Row space Column space

t::: :* ties:Dnonzero row pivot columnl¥±i
::i'

Ii
. ,}

law.⇐EH
null Space : Solutions of AX =o

of -242 - 4 t 34 = 0

4 5

5

t
221

,
- 2 } =O



x
,

Q= 242 + Xy - 3ns Xz

g X= 43

13=-2%+2×5 X
4

-
.

242-1 Xy - 345 22/2 44 -3 2/5

42 0 0

× = 12%+2×5 ±

| ! + /25,4
+ 2045

Xy 0
o

1

XS -

= :# taffeta

nuuspace . { (Eg ) ,

ftp.f.ME/
)



Rank and Nullity for a Matrix

الرتبھ: عبارة عن عدد الصفوف الغیر صفریھ في المصفوفھ 
A المختزلة للمصفوفھ

الرتبھ عبارة عن عدد الواحد في الأعمده  في المصفوفھ 
A المختزلة للمصفوفھ

الرتبة عبارة عن بعد فضاء الصفوف أو بعد فضاء 
الأعمده

عبارة  عن عدد الأعمده التي لا تحتوي على الواحد 
A في المصفوفھ المختزلة للمصفوفھ

 عبارة عن عدد المتغیرات الحرة في حل 
النظام المتجانس 

عبارة عن بعد فضاء النواه

الرتبھ

الصفریھ

عدد

العلاقھ بین الرتبھ والصفریة

The Rank of  A

The Nullity of  A

= The number of nonzero wvos in R REF

or = The number of pi vote of the column in RREF .

or = dim ( row A) or dim ( Col A)

= The number of column without pivot .

in REEF
.

or =
The number of free variable in the

Solutions of A×=o
.

or
= dim ( nun A) .

RankatnullityA-t.co/umnofAy=



الرتبھ: عبارة عن عدد الصفوف 
 REEF الغیر صفریھ في مصفوفھ

  A للمصفوفھ
أو  

عدد الأعمده التي تحتوي على 
A للمصفوفھ  REEF الواحد في

الصفریھ عبارة عن 
عدد الأعمده التي لا 
تحتوي على الواحد 

Example 1% Compute rank and nullity of

a- fit } } yy

Hego § g)
'2- 313
R

,
+ Rz

§j} °g o3 tsg] R
, +3122

EE : : :D

Rank

=3Nullity = 2

check ! !

Rank + nullity = # Column A

3 + 2 = 5



فضاء المصفوفھ

فضاء الأعمدة 

فضاء النواه

Example 2

:
Let A= µ of § {)

a) -

Find the row
, column and null space .

b) . Compute the rank and nullity of A
.

solutions

at [k,
§ § Is] - zr

,
+ Be

fat;
:O jh

.

?z] Rt B

roomy
row space = { ( Iso , -1 , 2) g ( o , 1,4 , -1 ) }

Column space = { ( 1,2 , -1 )
, ( o , 1 , o ) }

null space : AX=o



ھنا أوجدنا الرتبھ بالتعریف 
الثالث وھو ان الرتبھ  عبارة 

عن بعد فضاء الصفوف. 
وبالمثل أوجدنا الصفریھ وھي 
عبارة عن بعد فضاء النواه  
للتذكیر البعد ھو عبارة عن 
عدد المتجھات في الفضاء 

x. - g +24=0 ⇒ of = g - 244

Fs + 4 g - Xy = 0 ⇒ 42 = -4 25 + Eg

X
, % - 2 44

X= E =
- 4213 + Xy

% X

Xq
3

.
214

1 - 2

= 4 -4 + I ,
1

3
1 00

1

null space = { ( I , -4,1 , o )
,

C-2 ,
1 , o , 1) }

b) -
Rank = dim ( row A)

= 2

.

Nullity = dim ( null A )

= 2



Inner Product Spaces

Definition: An inner product space is a vector ✓ along with

a function <
, > and which satisfies :

1) . ( U ,v > = < V , U > .

2) .
< utv , w > = < u

, w > + < v , w > .

3) -
< Ku

, v > = K ( U ,v > .

4) . < v.v > 30 ⇒ < v.v > =o .

Example 1g Let U= Cui
, eh > and V= < vi. vz >

a) - show that < u ,v > =3 uiv , + Zuzvz is an inner product

b) . Compute u= ( 2 , -1 )
,

v= C- 1 , 3) .

Solution :  .

a) -

1)
-

< 4 ,v > = 3 UNI + 2yVz

s 344 , + 2 Vz Uz

= < v
, U > .



2) - < Utv , W > = 3 ( U ,+Y ) w
,

+ 2 ( Uztvz ) wz

= ( 34 ,
w

, + 2Uzwz ) + ( 3Yw,t2kwD

= ( U
, W > + < V. w ) .

3) .
< Ku ,

V > = 3 ( Ku
, )v , + 2 ( Kuz )vz

= K ( 34in +2 Uzvz )

= K < Us v > .

4) -
< v , V ) = 3YV , + 2VzVz

= 3/+2/30
is 342+242=0 ←→ V. =Vz=o

b) .

< 4 ,v > = 34,4 + 24zVz

= 3.2Gt ) + 2L - 1) (3)

=  - 6
- 6 = - 12

.



Example 2 : Let u= [ as
'

Ya ] ,
v= [ Is⇒ .

a) - Show that < U , V > = Uiv , + Uzvzt Uzvzt U4V4
is an inner product .

bi . compute u= [
'

3 } ] ,
v= [ IL ]

Solution 8 -

i ) - < u , v > = < v , 4 >

2) -
( Utv , w ) = ( U

,
+ Y ) w

, + ( Uz + Vz ) wz + (43 , B) wz +

( Ua + Vy ) Wy

= U , w
, + V

,
W , + Uzwzt Vzwzt Uzwg + Vzwz

+ Uywy + Vy Wy

= ( Uiw , + Uzwz +43W,
+ Yewy ) +

( Ywi + Vzwzt Vzwz + Vyw 4 )

= < u ,
w > + < v , W > .



3)
.

< KU ,v > = ( KY)v , + ( Ky ) vzt ( KYU) } + ( KY
, )Vy

= K ( Uiv , + Uzvzt 43Gt Yevq)

= K < u.rs .

4- < V , V > = Vin t Vzvzt VzVztU4U4

= v. 2+42+42+42>0
I < v.v > = o ⇐3 Y=Vz=V3= ✓ 4=0 .

b) .
< U , V > = Ui Vi + Uzvz + YVztU4✓4

= ( 1 ) C- i ) + ( 2) Co ) + 3 ( 3) + 4 ( 2)

= 16

Example 88 Let p= Pcx ) and geqcx ) . show that
b

< p , of > =
/ Pcx ) gcx ) dx is an inner product .

a



Solutions
.

b

(1 ) ( Pig > = ) Pcx ) of ( x ) dx

a

b

= / glxlpcx ) dx

a

= < gip > .

b

(2) < pig , s > = / ( Pcx ) + gcx ) ) SG ) dx
9

= §[Pcx ) Sex ) + of G) scx ) ] dx

=
fab PCM Sex ) dx +

§gC×)Scx)d×

= < pis > + < g. s > .

b

(3) < kp , of > = § Kpcx )gcx)d×

b

= K | PK ) gcx ) dx
9

= K < pig > .



Norm, Distance, Angels in Inner product Space

b

(4) < p , p > =
/ P ( x ) pcx ) dx

a

a P2Cx) dx 30
a

: . § P2Cx) dx =o ⇐> pen =o

If U= ( 4
, , Uz , - .  - , uu ) and V= ( Y svz , - - - . , vu ) then :

d) The norm or length of the vector u is :

Hull = #> = TU , + Yet - - - turn

(2) The distance between U and V is

-d ( U ,v ) = 11 u . VH = < u - v
,

u . v >

= T( Y-Y )2t - - . - + ( Yak ) 2

(3) The angle between Uandv is

e= cos ' ( <u,= )
Hull HVH



Example 1 :
Let 122 have the inner product

< u ,v > = 344 + 2kvz
where 4 = ( 1 , o ) and V= ( o , 1) them

a ) . Find Hull

b)
.

Find dcusv )

solution : -

nun , Fi

2 4
, u > = 3 U

, U , + 24242

= 3 (1) 4) + 2L 0 ) ( 0 )

= 3

in Hull =

~3d
( U > v ) = -< 4- v , UN >

< U - V , u - V > a 3 ( u~ ) ( inv )

+24.1
)

(42-1)l 1 l \

= 3 ( 1) ( 1) +
2C

- 1) C- l ) =

= 5

i. d ( u ,v ) = if



Example 28 Let Pz have the inner product

< pig > = § Pcxiqcxidx

2
where p= X and q= 4 . Find HPH and 11g 11

.

Solution

811pm
= Ep >

< p , p > = §
,

Pay pcx ) dx

= § x x dx

= f
'

x2 dx

÷It
,

= 's + st . 2g

: . HPH = FRPT = B



llglk F.< g , q > = § ohcx ) gcx ) dx

= § ni
.

x2 dx

l
4

= f ox dx
- 1

5
|

→
s !

= ÷ + § s 3

: Ugh = ifqq = F-
5

Cose

Example 38 -
Find the cosine of the angle e

between the Vectors U= ( 4 , 3
, I ,

- 2)

and v= ( - 2,1 , 2 , 3)



Cos 6= U=UUHIWH

U . ✓ = 4 C- 2) + 3 ( \ ) + (1) (2) + G 2) (3)

= - 8
+
3 + 2 -

6 = -9

Hull =44M32t+(_z==
To

HVH = -C- 2) 2+12+22+32 = @

. : case = -9
book



Definition:

Linear Transformations

Let T : R "

→ R
"

,
I

,
F e R

"

,
we say that is

is a linear transformation iff

D
- T ( u→+F ) = T Lu→ ) t TLF )

2) . T (
CE

) = C T (E)

Example 1 :

Let T : R2→ R
'

defined byT ( 4 , oxy =
( 2 af - of 1

Ytxz
) .

IS T a LT
.

let U
,

=
( K , Xz ) , Uz = ( Y

,
, Yz )

T ( u
, +

ud
=

T ( Nit y , It T
,
)

= ( 2 ( Yay ) . ( Xztuf ) g nfty + Itf )

= ( 2 X. +2g
,

- of -1 g X
,

+ Y
,

+ Itf )

= ( 2g -

ng , qt E) * ( U
,

- if , 9+1 )

=
TCX

,
s Xz ) + T ( Y

, s Yz )

= T (4) + T ( Uz )

T ( CU ) = T ( C ( 4 , K ) = T ( Caf , C of )

= ( 2 cnf - cq , cx
,

+ of )

= C ( 24 - Xz g of + %)
= C T ( 4 , q ) = c T ( w )



Example 2 : .
Let Ti R2→ 122 defined by T Cox

,
, q ) = ( 42, o ) .

is T a LT ? .

TCCE 's = (( cut
,

o ) = C e2u2
, o ) = E(u2

, o ) =
c2 ( Tues )

in T is not linear transformation
.

Example 38 Let T : R3→ R
' be the linear transformation

defined as TLV , I = ( I , o ) ,
T ( Uz ) = C 2 , -1 )

T L Uz ) = ( 4g , 3) Where U
,

= ( 1 ,
1 , 1)

Vz = ( l > o , l )
, vz = ( 1 , o , o ) .

Find T ( 2
, -3 , 5)

( 2 , -3 ,
5) = C. Vi + { Vz + S Vz

= 9 ( 1
, 1 , 1 ) + E ( 1

,
o , l ) + S ( 1 , 010 )

=P, + { + § , 9 , 9 + E)

i. c
,

+ Et Cz = 2

g = - 3

g + g. = 5 } ⇒ - 3 a { =S => q= 8

⇒ - 3+8+5=2

⇒ 9=2-5 ⇒ g = - 3



Kernel and Range

C 2
, -3 , 5) = - 3 V

, + 8 Vz - 3 Vz

T ( 2
, -3 , 5) = T ( - 3 Y t 8 Vz - 3V3 )

=  - 3 TCU ) + 8 TCVZ ) - 3 TLVZ )
( /

= - 3 ( Iso ) + 8 ( 2
,

- l ) - 3 ( 4 , 3)

= ( 1
,

-17 )

Kennel ( TA ) = null space of A

Range ( TA ) = Column space of A
.

Example 4 : Let T be the linear transformation .

from R2→ R3 defined by

Tex )= Ass
.

with A  = [ §§ )
a) -

Find the Kennel and the range of T



Example : Let T : R3→R '

be a LT such that
T (E) = C 1 , -2 ) ,

TC E) = ( 0,3 ) ,
TL } ) = ( 1,1 )

a) .
Final a matrix A such that TK ) =

Ax
.

T ( 1) oio ) = ( \ ,
- 2)

,
T ( o , 1) o ) = ( or 3)

,
T( 010,1 ) = C 1,1 )

a=k: :]

b) .
Find ( Is 2,3 )

( 1,213 ) = qe,
+ cz Et § eg

= C
,

(1) 010 ) + { ( o ] I , o ) + S ( 01011 )

= ( 9) E is )

i C
,

=L , cos = 2
, g = 3

i. C 1,2 , 3) = If t 2£ + 3 }

TC 1,213 ) s T ( f + ZE +35 )

= TC e.) +2 TCE ) +3 TG )

= ( l ,
- 2) + 2 (0/3)+3<1,1 )

= L 4,7 ) .



Example ; Let T : R2→R3 be a L . T such that

T ( is 2) = ( l , -1 , o ) and TCI , 1) = ( 1,2 , - 1)

a) -
Find T ( 1,4 )

( 1 , 4) = q ( 1 , 2) + § ( Isl )

= ( c. + { , 29 + E)

G t{ = 1

⇒ one
,

+ a 4) ⇒ HEII , ]{Izard
i. ( 1) 4) = 3 ( 1,2 ) - 2 ( Isl )

T ( 1,4 ) = 3 T ( 1,2 ) - 2 T '

C Isl )

= 3 ( 1,0 , -1 ) - 2 ( 3
, -3 , o )

= ( 1 , -7 , 2) .

b) -
Find a matrix A s . t Tex ) = Ax

1- ( x ) = A x

ft } ]=a[
'

z :]



akin :D
"

:[ ¥14 :]
"

a. EH . # [it ]

a. EIIK
':D . .fi

.
;D

c) -
Find the Kennel , range , rank and nullity of T

.

Iii
! :] . told :tt ::i :]

Ken ( T ) = null Space of A

= Solution of A×=o

: Kera ) = { [ 8 ] }
Nullity ( T ) = 0

Range G) =
Column space of A

= { N
.

[ :] }
Rank LT ) =  2

.



Eigenvectors and Eigenvalues 

Example : show that the vector x= (2) is an

eigenvector of A= [3-9] .

A x= a X

(3 ;] [ 's]= [ ! ] =3 (d)
- a

Remark : To find the eigen value of an nxn matrix A

we rewrite A×= 2 x as

AX = AIX

( AI -A) x=o



Example 1 : Find the eigenvalue
of the matrix ,

A= [ 3 °

]8 - 1

at . a= % to:] - [ I:]
= [1:] .[ ::]⇐a :]

det ( a I - A ) = ( 1- 3) ( at ' )

= 9,2 + g- 34 - 3

= 9,2 - 24 - 3

= ( T - 3) ( Kt 1)

( A-3) (1+1)=0 ⇒ 9=3 or A = - I

Example 2g Find the eigenvalue of the matrix
.

a=l 's
'

iy
a I

-
Aa a [ !:] . [ 32)

= Lasts Id
det ( 9 I - A) = (9+2) ( 9 - 2) + 5



det (QI - A) = 42

-2*9-4+5
= 92+1

92+1=0 ⇒ A = i or a= . I

i. a complex number ⇒ then is no eigenvalue
for A .

Example 38
.

Find bases for the eigenspaces of

⇐ E ? :]
a * E::D . EE:D

=E3÷
.

:*det ( AI . A) = a -5 /
" 53,13 /

= 9/-5
@

4- 3) ( 4- 3) - 4
]



det ( AI - A) = 9. - 5 [92.34-39/+9-4]

= 1-5 [92-69+5]

= (4-5) ( 7 -5 ) L 4
-

l )

= ( a-5) 2L %+i )

i. ( 7- 5) 2
(4+1)=0 ⇒ 9=5 or A= 1

To find a base we solve

( TI . A) 4=0

leis: .tl#dst:l
If 9=5

to:÷ll¥ .tt :L



یعني عدد لانھائي 
من الحلول 

نأخذ ايَ معادلھ 
ونشتغل علیھا 

أساس للفضاء الذاتي المناظر للقیمة    

ZX
,

+ 2 Xz =O

24+2×2=0
)→ 4+92=0

Ftx=o
) Y= - I

x. (
"

§ ]= (iff) = a (f) + I (E)

.

'

. (To] , (§] are basis for the eigenspace g
Corresponding to A=5

If 4=1

l :÷÷ll¥ .tt :L

* 2 of + 2 Xz = 0

⇒ 0=0

2 X. - 2 Xz = 0

-4 g=o }⇒ 24=2×2 ⇒ q=q

→ as =o



أساس للفضاء الذاتي المناظر للقیمة    

x= ¥9= (E) = a (! )

: is a basis for the eigenspace corresponding
o to A = 1




