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Linear Algebra




Introduction to System of Linear
Equation

What is a linear Equation?

e Lmesr equation Was  Ahe Seloust 4 Teperties s

M Dees w\- ‘wol\ve -w\3 ?wcluc:\'s % Yooks o? \)qﬂo\\o\es.

PN EEUREPRST SRR Rt LN FEVEN
(2) AW Variadey occnre QK\K e We Qusk Qover.

Al ) Ay e ol ) ailie Jlgo e (g 5iniY
(3y Desesw b Wmvelve a\'ta\m\ep\\-s el oy \-\'\%evwme?w‘\e 3
h‘aq&?\kw\\c eX &xPo werNia\ ?-w\c_\-tows .

Example of linear equations
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System of Linear Equations
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Elementary Row Operations
Cishall ole LY Sblaall :
1. Multiply a row through by a nonzero constant. siall jid saay Choa yd =Y,
2. Interchange two rows. AV s Jpus =Y.

3. Add a constant times one row to another. o At

RRF RREF

Row-Echelon Form and Reduced Row-Echelon Form Y o lial Al (5 saaY (Al Caall
1. If a row does not consist entirely of zeros, then the first nonzero number in the row eﬁ:““ i h‘)” Cane 8 d}\j‘ J“‘:"J‘ B

isa 1. We call this a leading 1. P OsS ha s palic aea Al Caall Y
2. If there are any rows that consist entirely of zeros, then they are grouped together at 2_‘;}4.;“5\ dg_._..\

the bottom of the matrix. YOR @ h‘)” oS Sl G el L;_v
3. In any two successive rows that do not consist entirely of zeros, the leading 1 in the ik O J "\ . 14 { \"

lower row occurs farther to the right than the leading 1 in the higher row. . ‘_,,_\c‘j\ \ «* h“}j\ u‘ S | ¥ ¢
4. Each column that contains a leading 1 has zeros everywhere else in that column. & sl hb&‘ ‘;; &5 s 055

il 13 lae (S S

Row Echelon and Reduced Row Echelon Form

The following matrices are in reduced row echelon form.
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The following matrices are in row echelon form but not reduced row echelon form.
1 4 -3 7
REF 0 | 6

0 0 1 2 6 0
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Nonhomogenous Linear System
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Homogenous Linear System

'Types of solutions

S
yasda ¥ T o At e Y
Unique solution o€ In nltef; many solution  ew
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Number of Free Variable:
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THEOREM

A homogeneous linear system with more unknowns than equations
has infinitely many solutions.
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Matrices and Matrix operation

Addition and subtraction: Y& A= Uag) ) R= b Y Mens

P> EXAMPLE 3 Addition and Subtraction

Consider the matrices

; _i}. e=[ 1]

—4 5
Then

=2 4 6 -
A+ B = 1 3 and A-B=|-3 -
7 5 1 -

The expressions A + C, B+ C, A — C.and B — C are undefined. <

=
Il
|
= -
|
N O -
~N Vo
< W
—
>
Il
|
w o
9 0w

-5

5 2
2 5
11 =5

T SU T SN
w9 (a

ES S IR S

Condition: ool malvin Wave e [ame e

Scaler multiple: T® A= Taq] Awen

(cA) = c tay).

P> EXAMPLE 4 Scalar Multiples

For the matrices

A 2 3 4 B 0 2 7 C 9 —6 3
T o3 -1 3 =5 13 0 12
we have

5 4 6 8 0o -2 -7 | 3 -2 1
2A = 2 6 2| (-=1)B = | -3 5| —‘(‘: | 0 4

It is common practice to denote (—1)B by —B. <



Multiplication:

AB=(RowA)(Col A)

P EXAMPLE 5 Multiplying Matrices
Consider the matrices

4 1 4 3
12 4
A=|:2 6 O]' B=|0 -1 3 1
2 7 5 2
4 1 4 3
PaQlo- - |-|EUUd
2e0llg s 3 5|7 |00OB0

(2:4)+(6-3)+(0-5) =26

The entry in row | and column 4 of AB is computed as follows:

pzqé-ii |- | 000
26 0lf; T3 LT (0000
1-3)+Q2-)+(4-2)=13

The computations for the remaining entries are

(-9 + 250) +(482) = 12
(r-n--n+@-7n=27
(1-4)4+(2-3)+@-5 = 30 AB=[I2 27 30 13]<

Q- H+6-0)+(0-2)= 8 8§ —4 2 12 Wyre oyl Llae (4585 (I

Q1= (6-1)+(0-7)=—4 sae 555 Of ol slisdall o4
2:3)+(6-1)+(0-2)= 12 ,_,\JJYIS_AMleam‘YIA
§ dgiall sue (g glow
The definition of matrix multiplication requires that the number of columns of the —) . ﬁl tieinll B ”_9| 'I“
first factor A be the samc as the number of rows of the second factor B in order to form bl il B. "J 49
the product AB. If this condition is not satisfied, the product is undefined. ETSRVO-N | I P SOVA | By - Nty
Sy,
Condition:
X Fr roox = m X n

Outside

]




Properties of Matrix
Addition and Scalar
Multiplication

THEOREM 1.4.1 Properties of Matrix Arithmetic

The following theorem lists the basic algebraic properties of the matrix operations.

Assuming that the sizes of the matrices are such that the indicated operations can be

performed, the following rules of matrix arithmetic are valid.
(2) A+B=B+A

(b) A4 (B+C)=(A+ B)+ C |Associative law for matrix addition|

(¢) A(BC)=(AB)C
(d) A(B+C)=AB+ AC | Left distributive law]
() (B+C)A=BA+CA [Right distributive law|
(f) A(B—-C)=AB - AC

(g8 (B—C)A=BA-CA

(h) a(B+C)=aB +aC

(i) a(B—C)=aB —-aC

(j) (@+b)C =aC +bC

(k) (a—b)C =aC —-bC

(/) a(bC) = (ab)C

(m) a(BC) = (aB)C = B(aC)

P EXAMPLE 1 Associativity of Matrix Multiplication

2 1 2
Then
X
S P ‘3
AB = | 3 ) = R and BC = ’ 1
0 1 2 1
Thus _ B
8 5 1 o 18 15
(AB)C = (20 13 I:,, {I: 46 39
A B I 4
and
| A 18 15
10 9
ABC)=|3 4 4 {I: 46 39
0o 1" E 4 3

50 (AB)C = A(BC), as guaranteed by Theorem 1.4.1(¢). <«

|Commutative law for matrix addition|

|Associative law for matrix multiplication|

(1

10 9



Linear Combination of matrix

DEFINITION 6 If A}, A,, ..., A, are matrices of the same size, and if ¢, ¢5, ...
are scalars, then an expression of the form
(‘|A| -+ CZAZ + 4 (‘,‘Ar

yCr

To see how matrix products can be viewed as linear combinations, let A beanm x n

matrix and x an n x | column vector, say

apy  dap
a; daxn
A= .
Ay A2
Then
apnXxy + apx: 44 dpX,
ayxy, + anpx; +- -+ ayx,
Ax=| 7 i .

Am1 X1 + AaX2 + -+ AunXn

dayp X
axy X2
2 and x =

Apn An
ap a
a) an

=X + X2 .

Am A2 J

P EXAMPLE 8 Matrix Products as Linear Combinations

The matrix product
-1

3y 2 2

PO -
2 1 =2 3

can be written as the following linear combination of column vectors:

1 3 2
- — -
2| (| “1)2) €3 &3
2 1 -2

Transpose of Matrix:

1
-9
-3

P EXAMPLE 11 SomeTransposes
The following are some examples of matrices and their transposes.

A= |@n (an
ay an
ay
S
ax
a
-
axy

AT

an
as;
as)
asz

ass
asy

ay|, B=

ay

o]

2
3

LV I S

C =1

(= )

3 5], D=[4]



THEOREM 1.4.8 If the sizes of the matrices are such that the stated operations can be
performed, then:

@ (A" =4

b (A+B)T =AT + BT
(© (A-B)T =AT — BT
(d) (kA)T = kAT

(e) (AB)T = BTAT

singular.

DEFINITION 1 If A is a square matrix, and if a matrix B of the same size can be

found such that AB = BA = I, then(A is said® be invertible (or nonsingular) and
B is called an inverse of A. If no such matrix B can be found. then A is said to be

Cuny B 48 siias dlag) (Saall (e S 5 Ay po 48 siian A CilS 1)
Bhas B ety SO AEA o J& AB=] =BA oS
A 4 sindl Luse

P EXAMPLE 5 An Invertible Matrix

Let
acl 2 -5 a5
=l 3] ™ 2

e[ R G -
ne I3 -1 -

Thus. A and B are invertible and each is an inverse of the other.

THEOREM 1.4.5 The matrix

A= d)

is invertible if and only if ad — be # 0, in which case the inverse is given by the formula

1 d b
-1 w
& G [—c a] @

The quantity ad — bc in The-
orem 1.4.5 is called the deter-
minant of the 2 x 2 matrix A
and 1s denoted by

det(A) = ad — be
or alternatively by

a b

d = ad — bc




P EXAMPLE 7 Calculating the Inverse of a2 x 2 Matrix
In each part, determine whether the matrix is invertible. If so, find its inverse.

6 1 -1 2
(“)A=[5 z] (b)A=[ 3 —6]

Solution (a) The determinant of A is det(A) = (6)(2) — (1)(5) = 7, which is nonzero.
Thus, A is invertible, and its inverse is

o l 2 -1] _
“71-5 6| |-
Solution (b) The matrix is not invertible since det(A) = (=1)(=6) — (2)(3) = 0.

~ Sl =i
] -

We leave it for you to confirm that AA~' = A~'A = I.

THEOREM 1.4.6 If A and B are invertible matrices with the same size, then AB is
invertible and

P EXAMPLE 9 The Inverse of a Product

Consider the matrices
A= 1 2  B= 3 2
1 3 2 2

We leave it for you to show that

7 6 B 4 -3
A= [9 8]' (4B)™" = [—% %]
and also that

S S R | CR R

Thus, (AB)_l =B 'A'as guaranteed by Theorem 1.4.6. <4



Finding inverse of A:

CAVTI_Re= o LTl

0?“‘\,\-&0‘\«
®
Eamwile 4 s_
Find the inverse of
1 2 3
A=1|2 5 3
1 0 8
[(7|1A™"]
The computations are as follows:
1 2 3 0 ]
2 5 3 0 | 0
_l 0 8 0 1_
B 2 3 1 0 ]
1 =3 =2 1 - v :
I dand
-2 5 = 0 I i
1 2 3 10 0]
0 1 =3 =2 1 0 - Ve added 2 times t1
| ro ird
L 0 -1 -5 2 1]
1 2 3 10 0]
0 1 =3 =2 1 0 o Ve multiplied
L 0 1 5 =2 -1]
12 ~-14 6 37
0 1 13 -5 =3 - We a d 3 time ri‘,.
L 0 1 5 =2 -1] th fi
1 0o o0|—40 16 9]
1 0 13 -5 =3 - W
0 1 5 =2 -1
Thus, )
—40 16 9
Al'=] 13 -5 -3| «
5 =2 -1




THEOREM 1.6.2 If A is an invertible n x n matrix, then for each n x 1 matrix b, the
system of equations Ax = b has exactly one solution, namely, x = A~'b.

Example 2 Sele the syshem wBingy L\
Ke2% + % = S
"1«\' + %x'-:."' 3 %3: N

X + -t?;’K.&: \+

[ %,

T 3
A': z; ,’X: 'xl ,\D

2
1
Ax=% = =R~ L

-Ho \6 2 ST
"l iz -5 -3 2

v



Determinants

Determinants of 2x2 matrix

A= Y“’ =,\m-.- 3 be
c o @) < ad_ e

Determinants of 3x3 Matrix

h -
¥ R
I lalall & S

CQCC\C.LW txPansion

L;J‘P_}AM d}\y‘ : ’:t-}us-" + - * ay ay2 a3 an (LR
‘_,’J K9 _paa J‘}AIJ\J‘ aall Slld a (I;; Uay | daj (I~i‘
‘\J\JJL)A iji_igs.ﬂ\) J..}J;\MS‘ b * — . ‘“l, (l;‘. thay A:I.] ‘(l;\ .

o 4ilall G JaS 0 puaiall
BLG\)A&A ‘)m\.nj\@.a;
o g se s LS il Lay)

43 yhuadl)

qum?\e. A prx?w\- deb (A) Wwere

1\ o
A= \_2 -y 3
S u -2

3 ganll U yid) Lia
Ll RYRTEON|

3 \ S
M(ﬁ\: —% l%q 2'\-1}"\

23 (12-%) -2 (2a2)

u

= -3(H _ 2 L—\O)

= -9-\+9,o:_‘l_



Enample 2, ¢ ng\?'v\\'ﬂv det (A) Lwere

Az |y B 6
3+ - 4

Selublom 1+ o144yl Jall

1 2 3
4 5 6
8 9

4 5 b
7 8 9

4
7. =8

= [45 + 84 + 96] — [105 — 48 —72] = 240 <

5 lebaall & (Sia iy ylay Jall

S ¢ 3
\A\: \_zq‘kq‘_ -\-:"

= (45 +43) +4 (18 +24)+F (12-1S)

- 92 , €8 — 21 = 2Yo



Properties of Determinants

() dek (AT £ det (V) & det (R).

(2) dek (AR = dek (M) et (B).

)y deAWH= . B is dwerdable.
det(ay

WM?\eﬂ.! Let A:% Z;l 3 %:‘-?;. %1

Sow thak der (ALR) £ deX (A) 5 det (R).

49 3
ArR= KB %‘X

deA (A4R)= 32-A= 22

o deA (RaW) £ deh (M) L det (R,

E—&Q\MQ\Q Qe Vet A= Lg 1} , R= [‘; 38J
2 1

Show WMok  der (A = def (A . Aok (R).



detr (N 2 _9 =\ N det (RY = -8-\S= _ 1A

dek (A) . det B)- Y CG-23) = 93

AR-. |2 L der@ewmis 23-®- - 23
3 W\
i deh (M- der (). deb CRY .
Exemdle [ X
A= X:\ : ?
T W ¢
1 3 v
\A\= -\\L\C"\-l\q_g\\

= - (Y2 -v) o (4 v)

5 @vn?vkc. deX LP.‘\ .

< (@)

2 der (=0 = N is et mverable

we call Compube dek (N').



DEFINITION 1 Tf Aisany n x n matrix and Cj; is the cofactor of a;;, then the matrix

Cn Co o Cu 230 ,all 48 ginll
Ca Cn - Cy 3593 o Bl

: : : Cludinal) 48 diaa
C,,] C,,: e Cnn

is called the matrix of cofactors from A. The transpose of this matrix is called the
adjoint of A and is denoted by adj(A). i.e “Aj A = c‘(

ExanRle ; Fivd e ady (A) where

32 A
A= |\ (4 3
2 -4 o

- N 1-3 \+6 R
fq;sl ‘7—0' 2 M

C- q_-._,\ %*,.\ 1 2
-4 O 2 O 2 -4
4 =

+
LI 2 ‘3 -1 ‘B‘L
6 | \ &

3 2

—

=
— -

|2 -6 -6
-4 2 T
12 \ O 6




12 .6 -6
“ C= Yy 2 16
12 -0 6
.y 2 7|
ady (A = € = | & 2
~16 g
THEOREM 2.3.6 Inverse of a Matrix Using Its Adjoint
If A is an invertible matrix, then
A7 = dct(/\)udjm )
v 2
Example . Fmd A v A= [V 6
2 -4
pt . . adf (A,
det (_(_\,‘\ Gl JUa 8 Ll o
2 -l 3 -\
cler‘\'(&\.-.l 53’_(..‘-{" 3 =
N

\2 u \2
.—\— \G B -\o
e YRV

12
~lo

T4

(6)

.—\"\
3

2 (1) +4 (o) = €4



Cramer’s Rule

THEOREM 2.32.7 Cramer’s Rule

If Ax = b is a system of n linear equations in n unknowns such that det(A) # 0, then
the system has a unique solution. This solution is

det(A,)

AL

det(A,)
..... o
det(A)

_ det(A,)

det(A)
where A j is the matrix obtained by replacing the entries in the jth column of A by the
entries in the matrix S
1)1
b,
b= | .
| bp |

EnawQle T USe Cromer Rde Ao Selve

A

‘-\-')-'\C.s—- 4

- QK C¥ =
3’\%417_-\- 1 Y
-"? - "‘.‘_4\-’:1‘3-:8

and
-3 4 6

u ¢ |- 4
we |58 e |35

(12 412) 4 2 (6 +4)
- 4y



e -

-z%l

4 6
A\ - é\,zs\-\-l ee q,

8 -2

= 6 (12412) +2 (-60-32)

Uy -18q4 = _He

\ G 1 =
A'L_—_ = 3 3 (=] 6
- b4 Y awd

QAo (§ 6 2 & 2
‘AL\:'\\g 3\+3‘33\—\\366\

(oo - 48) +3(12-16) — (3L -60)

]

42 + 6 + 24 = 12



X =
\

z -
c

%=

= (3L o) + 6 (€6 +4) =152

det (A\‘ = :“‘_‘9 = .,:l_o_
det CA\ Hy |
det (Y 32 _ 3
Ae,\_ (h) ”i"f I

der (R) _ 152 _ 33

dex (A) H4 "



Vector Space

Definition: A Veske shace s a Cellechon o % veckers V amd
fwo o?e\-xo&mn X9 e thal the ‘-o\\b\n'\wa Wold Covr UaVy WeV
qV\A X & ? .

V) wav €&V - knwev
2) UV Vau - K (wav) = Ku xRy
) Lt (Uxw) = (M)W 3AN- L\(-\wq Wz Kua Wy
W) oeV Wwhere Oxu=y A)- K (W) = (W)Y
S ¥ueV ; Wy (W =0 16) L.u=-w

EYMMQ\Q'}_: 1s V= 1‘5\“ s XZoO amd \67,03 o veckey
e

Ne , betuse 1% we MdaRe -\ eR Mew -\ ‘}Z_\; \_-f\\l ¢V
J I A

“/- 51 L3
=

Exampled 1 1s W= 1‘31 : '*3307‘ o Vetkor [p0Ce .

No, bemuse it not closed under additicwn Stwce

[2] ew and [Xlew W Q*E}l = UX& W

\‘270 Y o (G23Y Q)] j, o



Subspaces

Definition;: W &V s a s\x\:%v\ce. % Vv %
N U, Yyew 3 wawvew
A keR ) UEeW = Ruew
D oe W

Crample s Shews ek W= Teey) €R 1 AY =] is ek
LN %‘A\Dﬁ?\.& Y ?' K= .

‘ed w= (o) @ W awdd V= (\a0) eW Ahen
Maxw = (0 5V) «« (Vo) = (Vo) ¢ W.

Example 21 Thow Ak W= 1 v, 4) ew ; o xloy = oY
\S a subspace =% \Y

ouadq:o s \mmo.s‘s\ruv\ as Ax=¢
Whyty
with A= Ta vl , X :=\%] hos newdrivial Solubion
Y aladdl 2ae Y

Jualaall 2ae e 8
W s asdbesiace

THEOREM 4.2.4 The solution set of a homogeneous linear system AxX = 0 of m equa-
tions in n unknowns ifaSubspace of'R

w@{ew\djsaorggawu\m
R e (2 sliad S5



to be equivalent (also called equal) if

We indicate this by writing v = w.

DEFINITION . Vectorsv = (v, va, ..., vy)andw = (w,, w,

vVp=wy, UVry=wo, ..., Up = W,

..... w,) in R" are said

P EXAMPLE 2 Equality of Vectors

(a,b,c.d)=(1,-4,2,7)
ifandonlyifa=1,b=—-4,c=2,andd =7. 4

DEFINITION Ifv= (v, vs,...,v,) and w = (w;, ws,
and if k is any scalar, then we define

kv = (kvy, kva, ..., kv,)

—\ = (_vl’ —UV2, ..., _vn)

v+w= (v +w,va+w,...,v, +w,)

W—v=wW+ (—v) = (w; — v, w2 — vy, ...

s Wy — Vp)

:v v Wy )-are vectors m R”,

(10)
(11)
(12)
(13)

» EXAMPLE Algebraic Operations Using Components

Ifv=(l.-3,2)andw = (4, 2, 1), then

v+-w= (5 —1,3), 2v=(2,-6,4)

-w=(—-4,-2,-1), V—w=v+4+(—w) =(-3,-5,1) d




Definition:

It u= (w, U, amsyan) and V= (VoY 5y N ) e

The \ength on vievvm ol Me vecker U 19

\ul\ = Wi s A

A (L) = Wu-u\= \/(V‘\ M)Ay (M NV

e Jdeb ?\'oc)mc\-
S -
v vV
wv= \ull. W\ 0% o ST ESRV VRV S VSR VYN

ExampPle L2 Leb w= (-3,2.1) . Fowd Na\\

W= a2y 224012 =Y

> | Calculating Distance in R"
If

u=1(1.3,-2.7 and v=1(0,7,2,2)
then the distance between u and v is

du,v)=vV(1 =02+ (3=72+(=2-2)2+(7-2)2=/58 <



EamPle 2 Leb uz (3,2,1) | yv= (2,V,0) . Sduy
W~V = Q1) o CAOIQ) 2 (M(0)
= 6 Qa0= B.
Example i Find Ae é&?mohc:\- berween Me Vechers
\V &1 L°)‘J..‘l)) N= anbgl‘) o) %:qs
W-V= W\ \\V\\ Cer G .

€ Veketzt = Vg =2/2

\\'\’“ = \[07‘4;024' 12 = W - 1_

w.V= (2V¥2) () cos (4s)

= \/7—_\— = 2
w0



Linear Combination of vectors

Definition : W s a \inesy Cowdomalown o% veckorg
Visvps - Vi AFE W= Quva v Cvy
Where ¢c, ¢y Oy e\.
E€awmpPle 1 : Comsider Yhe Veckors v, = (152, -\) awd V=(6542)-
(): Bhow Mok W = (2,2,F) is a linear Cowloivakion .
W= C' v, + i'\ll
(9:2,2) =¢ (152,11) + ¢ (6452)

= (¢ ;ﬁ?;-‘f) +(€g+‘4¢7—_+2%)

q-l'écz :q

2 44Cc =2

| 2

- C —=

¢ +2C =+
KNS V619 | 6,9 |
2 Y (2 o gl o -3i-16
5 ‘1!4 o B 0 0. o
\ 619 L 0, -3 G=-3 , ¢ =2
o 12 0 L1 2] awd

|

L0 O | 0oJ L0 O, O] Wz -3V, 4 kY,




)|

Shews ek W= (1,21, ) S mek \Muear Cowdsinalion.

(45.1,8) = € (V2,00) S (651,2)
= (§52c,-¢) + (G »,4C ;¢
Q-\-Bg-'-""
AR
_%* 2.1-

v ¢ ' Y] v 61y ] B 6147
2 4 2 4 o 4 -t
- 2,9 o B\ o 2.3
L ~ R A L [
KA 1 614 KRS
o -2:-9 o 1 % o | :“/8
o 2,12 |0 8.!2._ © °,3

The system has no sdukion.
W s neX a \ineor Cow o Twekiom o% N, ame\ V‘L



Example 22 Show Aok Ui=(2;1,1) ;U= (M4-152) amch
u (352, 5) s a \inesxr Cowmboinaliow b¥

u.)— (5, 4a, 5)

Sudion ¢ W= QU 4 Q,).ML-\- Cé\%

L‘S\q.S\ = C\ (Q)\)q\.\.%‘ (\3-‘33\-\-%(3)‘)\5)

= (3556 5 46) + (§5-§ 53G)+ (25 525 555)

3
2 v 3 5
LI B Re— R
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_L\ 3 S 5-] 3
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Spanning

Definition: T® N3N, ;- Ve ore veckors w \ amd \©
e\nem-s veckowr "\ Vs wrhen as o \wenr
Cowdoina ko o W\ 1 Vq -~ Vi e We &3
Mar Xhese veckors Boowm V.

Revonr 5
w
\ek = Iv‘) N2g ““JVK‘X be ‘e set et veckove w R
Men \C
k=lgadiall aae
k =w n=cablallaae
ved A=UT w vy ~-\lv\_k and Qome\-»\-c,
\Q\ - \\I\ V-L\-s\lv\,\
S
g v
S wWom R S does W) sjem R
K>d>wn
- WK 4G e G, S
- So\lve the S:]Sl-enﬂ- el b 5Lancl
I
v v .
has solution has no solubion
Span do W't 5Pan
Ken

S does not Span R"



E'xqwe\e.lz Velermine & N =5\ 5 9) ,'\l,_‘—(\sc’:\) QV\A
Va= (2,1,3) SR R?
Sdukion o

k:% 3“‘.3
\eA A= Twv v, v\
S )
-y "o |
49 -y 3

\A\-

I P I P

-(2-2)- (1-2)
-1+1 =0

-
-
-
-

\A\ =0 = ViV, md ¥, dont sQeW\R%

ELampPle 4 2 Delermine 1€ ¥, = (35-43) Jy, = (4,12 anch
V%: L%,—\)%\ S?QV\ Rz

Solukien °
K:'B, nN=3
Vet R: [,V\ Vo \’33
2 Y 4 B 2 8 24
VAL =7 1 JGl=a]as| 1] 334 32
32 9

]

(32-%6) + (16-24) + (4-12)
‘6'3—8: lé«'é:o

\

+ WMlzo = Viov, omdvy dont sRam P’



Q’Kq,w;?\t.sz Velermine ¢ N, = &\3—\3 0) ,\lzf—(og\g‘)-)
Va= (2565\) 5 Yy = (V505\) Stan R,

let W= VG Vx GV AN

tQ\b\Q) ‘=% &\9—\30) ~ C-;-(o .)\31') -\.tai)o)\) .\.C:\(\3o‘\‘

\ o 2\ q
-\ \ o o b
\

¢
’J
o

"’a—

.
9

O+
0

O \ % \ axb
o o0 35 -\ -1«-“01"0\

\ o %\ 9
o \ %\ axib
© o \ Y\ (Lar 2b -¢-)/3

e 533\% g Rv\‘:&w\\\tﬂ m-m.3 sa\\)ﬁqv\ .

K
= V\"\l-,_)\l.& oawval [T %Pﬂ\'\ Q .



€ Yowmple 43 Delermine & W = Lo2) v, = (4,1,2) anch
SR R?

Solubion sy K= 2 , m=3
v K <4Ln -
L v, amd ¥, don'l 8Pow R,



Linearly independent

Definition: Led Sz LViy e 5VKY be Me set oF yedkers 1w A"
We Doy thek D s

Linearly Independent
R VAN GV a-—-x QY =0
and

Reman W2

Linearly Dependent
\t C—‘\l\ x C‘LV'I."' ~—- CKVK =0
owna\
ok \essk eme C's %0

LE:\"%: SL'V\Q ----\IK-S &e- VM W R“ . e +C

X=wv

tedr A= T Ve oun)  omd Compube

\'A\ = \V\ V?_\--\ln\
j 3

]

\Q\lx o
Q s LY

K<n

e omo, Sysltem

One solution \ Infinite solution
v ¥

Ly \O.

Ky w
Sis WO

\A’\ =0
S s \O.



E,'KAm?\Q 1 °_ Dedermine Wether e ?—o\\owiwa sels
are WNeovw V1.

@) = 1“"’5\ 5 (b2 R), (U3 8)3

<=3 3 n=2d
A: [V\ Vl V3] K- Wn
o \ 4 1y | ( 2‘
\A\: \ 2 - = -\ % o 4+ 5 y -t
S 3 o

= - (0-32) ¢5(-'-% )

= 32 - 45 =—\31:O
N \A\ =-N F$o = S \s WL

W) . $=7(2,2.1), -4,6,5), (-2,8,8)3

K=" -
A- Lw \, '\/33 rn=3
2 - LR

2 &

>

\Al=

(32 -3 -20) - (-2 4+ 8o-Y43)
= (F2 -52) _ ( Bo-60)
= 20-20= o

Al =0 = S s LD,



cxamdle 2! Detenmine whether the veckors v, = (1,2,2, -)
Uy= (459 =H) 5 V3=(5:8,9,-5) in R are
LDor LL
v K=y n=y , kN
S°\w\'\‘o‘\’\.2
Qv -\-%_\LL.\. %V3: o

G220 4 G (499, -1) + S (5:8,2.5) =0

o Y 5 o -
2 9 g o R+ R
DAY
2.4 9 o
L -1 -4 .S 0
r \ \—\ S O B o N n=<Yalaall 22
2 % R o =3 PEE e 2
rl q A o n-vr=-0o
(o) O O o o Gree \l‘ewiu\a\e,
! T 5 The system Was sdubiown

S Ny N, andk U, are LY.



?\-.-.\—'X o) ?'L= 5-\-%%—‘1')‘-2'
P2 \a3%-x2 ae LIorlD in

SOlHl'io‘V\O‘
P= LP\ Pt. ?3-3
\ S \ ]
\P\ - \-\ 3 3
o -2 -\ |

\3 3 \ s \
‘\.
-2 =\ \ - =\
= ((3-60) ¢+ (-5-C)
= 3- J =o
- R 50 awd T, owe VD
£Xomle Y Velomine Wweller the Po\:\\t\ow\{o\\s

Q= 2-%+Ux%, P = 3461 +2x%
9_5 = 2410k -y ¥z, are LT or LD in Pv

P=LR @ '\33]

2 - 4 6 '?-‘ ‘3 ‘L‘ 3 6
\P\ \3 & 2\=? lo -Ml+]l6 4 l4u eto'

6 1o -\

= 2 (-24-20) + (-12-12) 44 (36-3C)



2(44) +( -24) + 4 (-€)

38 _24q -2 = -|36
- \?\: -\36 =\=0

RN ?\9?1_ Q\:\d ?-1 xNe \—I

THEOREM 4.3.2
. A finite set that contains 0 is linearly dependent.

(b) A set with exactly one vector is linearly independent if and only if that vector is
not 0.

(¢) A set with exactly two vectors is linearly independent if and only if neither vector
is a scalar multiple of the other.

Determine which of the following lists of vectors are linearly independent:

@ {(1,2.0,—1,5),(0,0,0,0,0), (15,6,2, —17.0)} W¥

() {(5,7)} ene vechew — L1

(¢) {(3,1,4),(—2,2,5),(3,0,4),(2,-1,-2)} WO , R= 4 3 n=3 , x>dN

) 1(‘391') ) (8.5) 3 , 4wo ua-,'-ors and neitheor vecksr

is ascolar mulkiple of 4he
other



Basis of Vector Space

Definition: A\ set of \'w\eau*\% \még'?ex\c\ew\' veckorS -\\v@»\-
SPME Al « TV 15 Slled aloasis

e vuwmber ol veckorsS w a basig eg ?\“
'S colled the dwmenlon % R,

Romock g No cheek 1% g= 1\#\ A o \sasig

| —

_& oan) 5 Am Lo Lia € 13 Y
k=n Laic _a 5las
\N\ +o " \Q\ =0
S SR R© S dees w/\: R RV\
S \I S WO,
S Q“‘MS o \oad\s S doesnf) g-a*rw\

a bas\g

E‘)&w\?\eé Let vi=(3515-4) 5 Vo= (2.5,¢) owal
Va= (o4 ) Thow ok ‘he
Sek S= LYY i Lorwn o ‘nsis Vo R

A= LV\ VI V.s-x

3 2\ S Y z 2\
\ﬂ\—.\\ S ;\:3\62\- 62\'qlsb\

4 6
=3 (4o-24) - (16-6)-u(2-5)
= 3 (16) - (10)-4(3)

:le_u;246



. \“\ =96 *o %
2 S Nermd abame Yo R

Alwa (,R?’\ = .

Exoample 23 Shew the vedovs vz (a2V) ,¥, (2,%0)
L=C3,3,0) form o 'y Ser R

Sc\vc\:\ on S

v - 3 23 \ 2
\A\:\l"\3 =l\°\&l*q 2 o
\' o 4\
~ -«
= (6-23)+ 1 (a-4)

= -2l &+ 20 = -\

3
N \“\"bo = N, 3\'7_| V3 %‘\"VV\ A \oasSiy ¥6\" R



Standard Basis:

| 2 - The Standard Basis for R"
Recall from Example 11 of Section 4.2 that the standard unit vectors
e;=(1,0,0,...,0), e=(0,1,0,...,0),..., e, =(0,0,0,...,1)

span R" and from Example 1 of Section 4.3 that they are linearly independent. Thus,
they form a basis for R” that we call the standard basis for R". In particular,

i=(1,0,0), §=(0.1,0), k=(0,0.1)
is the standard basis for R®.

> - . The Standard Basis for P,
Show that'§ = {1, x, x2, ..., x"} is a basis for the vector space P, of polynomials of
degree n or less.

I The Standard Basis for M,

Show that the matrices

wl, ) -] #-[ 3wl

form a basis for the vector space M>; of 2 x 2 matrices.



Row, Column and null Space of a Matrix

v\ SQace Yow Nace Coluwmn RNace

Remark: To findl Ahe Youw or Colawmn TP ), we V\uok
Ciesk deo W Nwe weokix W RRESG  Tor
exawQ\Q (£ we have the wakrin

-3 6 -\ \-F \ -2 o -\ )
A = |\V-2 13-\} RREV'E o © \ 2.2 Aen

LAY S BD A G O ©o© oo
Rew sjace o\ BRLCE
\ -2 o =-\3 \ -2 o =-\3
o ) \ 2 -2 © o \ 2 -2
© © o L O © © o L O
Now Tro o Pivek Coluwwn

— - -3 - -
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nall DRace T <AuRowns av— AX=-o

KX 2% ~% 4+ 3% =0
\ = ‘_‘ S

x X _ 22X =
3"'2':.‘ SO



’%‘ =
K= 2% x 3% %,
S
1 9 X= %,
XK= -A%e 2% %
24 3ks | [ 22| [ %
%, o
= %2 e) + | 224
-—172( + LU¥S = o) 1&(
'k\-‘ (&) o
xs b— = —
i ) T 2’1 {7
s o
=% |lo|+x]| 2
z o | 2
L © | ©
a1
{2 ] \ 1 '3
N“\,\ %QQC@ = 1 o 2
o |, '12 '
0
o) Lo L%




Rank and Nullity for a Matrix

il
The Rank of A = \he V\m\xx og M\»\‘sm wxeosS \wv QQ\EF
48 ghiaall 84y jhia yall Cadiall e e Bl A )
AQ . SSM o o S\

oY = We number o? ?’\vo*c. ot e Co\uwmmn in RREY .
adgiiaal & saac¥l 8 aal gl o e 5 jle 4l
A 48 siadll 4 jial)

or = dim (Yew AY v dim (CAR)
eliad day ol (o sall cliad any e 5 jlac 435 )
om;\ﬁ\

4l
The Nullity of A = “We wiwher of Cldumn Withed Pivek.
‘n R EEF.
gl e g gini ¥ il saaeVl a2 e 3 ke
A 48 giadl 4] Yiaal) 48 siaall

ov = e wuwber oL Q—wec Nae's o\\o\e. w Xe

Sa\uewms o L Rx=o.

da A5 all @l paiadl axe e 8 ke
i) ol

cLa = e (v ) .
o) g1l cliad 2my e 3 jlie

A siuall g 4l 48]l

Rank A 3 nulidy A= 4 aslurn o0 A
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fA o © 6 o]
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2Ry A = 5



fea o -\ 2.\
EmomPle A 2 ek A= |2 1 2 3
-1 o A .9
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Inner Product Spaces

Definition: AW wwen ?fM SPace s o Veckor '/ q\m\“ '-O‘\k\\
o Bunedon &, 5 awd Which salisNies:

M. du,vH= LV, u.
2). Lduavy, WY = du,wd 4+ V) Ww)H.
D - K4 ;V>: w <q:‘\l>-

Y. <vHovwd 20 & Vv o

f)xqw\P\e ‘l_g Lel U= <u,, M, omd N= {V\ N2 S
a). Yhow -\\\G\.\‘ MUY = JU WV « ?.M‘LVL \S AW ivwer ?\%e\uu\-
B). Compule U= (2,-V) , v= (-\,3).

Scolukien 2 _
ay_
A. L4,¥H= 3UW, o 9.\{\'7_

= 3\’\“\ « 1\'1“‘)_

<ANY



D_- dwaV,WwWH = B L\\\—\V\\‘“\ * A (Mqav,) Wa
= (3“\“"\*&%“‘7_\‘\' L%V‘Ui-\iv?_\é’)

= <U,W> + (’V,N»

N KRy, vS = 2 Ry )y, 4 2 (Rvwayy,
= RBWV +2 W N,)

= K 4\ aINS.

4)-. vz v\ = EA AN 2LV,
2 2
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L) 1 1 e =
CAINTAAN 2o & N =V,z0

U NSz BuM x2 U\,
= 3.26V) x AN

= -6 -C = -\,



U, U V\ VZ
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Norm, Distance, Angels in Inner product Space
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Eigenvectors and Eigenvalues

DEFINITION 1 If A is an n x n matrix, then a nonzero vector x in R" is called an
eigenvector of A (or of the matrix operator T4) if Ax 1s a scalar multiple of x; that is,

A=Y

for some scalar A. The scalar A is called an eigenvalue of A (or of T4), and x 1s said
to be an eigenvector corresponding to .
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THEOREM 5.1.1 If A is an n x n matrix, then A is an eigenvalue of A if and only if it
satisfies the equation
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This is called the characteristic equation of A.
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