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Stat \ ¢ © : Biostatistic

WI( +© /0¢/14%%)

lntroductlon to BIO Statlstacs (1 1 1 4)

W2( 12/04/143%)

types of data and graphical representation, (1.1-1.4)

W3( ) 4/+ £/1436)

Descriptive statistics: Measures of Central tendency- Mean , median, mode
(2.1-2.6 Excluding stem plot percentiles )

W4( 26/ £/1436)

Measures of dispersion-Range, Standard deviation, coefficient of Variation.
(2.1-2.6 Excluding stem plot percentiles )

W5( 03/5/1436)

Calculating Measures from an Ungrouped Frequency Table
(2.1-2.6 Excluding stem plot percentiles )

W6( 10/+ ©/1436)

Basic probability. Conditional probability, concept of independence, sensitivity,
specificity..... (3.1-3.6)

W7(17/+ ©/1436)

Bayes Theorem for predlctlve pI‘ObabllltleS (3 l 3 6)

(TEST No. 1) ) - 30 Marks

W8( 24/ °/1436) |

Some discrete probability distributions: cumulatlve probablhtv (4 1-4 4)

W9(02/06/1436) is vacation

W10(09/06/1436)

Binomial, and Poisson -their mean and variance
(4.1-4.4Excluding the use of binomial and Poisson tables).

W11(16/06/1436)

Continuous probability distributions: Normal distribution-Z-table ( 4.5-4.8)

W12(23/06/1436)

Sampling with and without replacement, sampling distribution of one and two
sample means and one and two proportions.
( 5.1-5.7 Excluding sampling without Replacement)

(TEST No. 2) 30 Marks

W13(30/06/1436)

Sampling with and without replacement, sampling distribution of one and two
sample means and one and two proportions.
(5.1-5.7 Excluding sampling without Replacement)

W14(07/07/1436)

Statistical inference: Point and interval estimation, Type of errors,
Concept of P-value
(6.2-6.6. 7.1-7.6 Excluding Variances not equal page 181-182)

W12 (14/07/1436)

Testing hypothesis about one and two samples means and proportions including
paired data — different cases under normality.
(6.2-6.6. 7.1-7.6 Excluding Variances not equal page 181-182)

W16(21/07/1436)

Testing hypothesis about one and two samples means and proportions including
paired data — different cases under normality.
(6.2-6.6. 7.1-7.6 Excluding Variances not equal page 181-182)

Text Book

Biostatistics: Basic Concepts and Methodology for the Heath Sciences by
Wayne W. Daniel. [9th ed.] Books available from university book store
below SAMBA bank. The book costs 70 Riyals for students.

Final Exam Thursday G2#88558H at 9-12 am - 40 Marks
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CHAPTER 1: Getting Acquainted with Biostatistics

1.1 Introduction:

The course "Biostatistics" (STAT-145) is about
information; how it is obtained, how it is analyzed, and how it is
interpreted.

The objective of the course is to learn:
(1) How to organize, summarize, and describe data.
(Descriptive Statistics)
(2) How to reach decisions about a large body of data by
examine only a small part of the data.
(Inferential Statistics)

1.2 Some Basic Concepts:

Data:
Data is the raw material of statistics. There are two types
of data:
(1) Quantitative data
(numbers: weights, ages, ...).
(2) Qualitative data
(words or attributes: nationalities, occupations, ...).

Statistics:
Statistics is the field of study concerned with:
(1) The collection, organization, summarization, and
analysis of data. (Descriptive Statistics)
(2) The drawing of inferences and conclusions about a
body of data (population) when only a part of the data
(sample) is observed. (Inferential Statistics)

Biostatistics:

When the data is obtained from the biological sciences and
medicine, we use the term "biostatistics".

[ King Saud University d 4 '; Dr. Abdullah Al-Shiha ]
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Sources of Data:
1. Routinely kept records.
2. Surveys.
3. Experiments.
4. External sources. (published reports, data bank, ...)

Population:

- A population is the largest collection of entities (elements
or individuals) in which we are interested at a particular
time and about which we want to draw some conclusions.

- When we take a measurement of some variable on each of
the entities in a population, we generate a population of
values of that variable.

- Example: If we are interested in the weights of students
enrolled in the college of engineering at KSU, then our
population consists of the weights of all of these students,
and our variable of interest is the weight.

Population Size (N):
The number of elements in the population is called the
population size and is denoted by V.

Sample:

— A sample is a part of a population.

— From the population, we select various elements on which
we collect our data. This part of the population on which we
collect data is called the sample.

- Example: Suppose that we are interested in studying the
characteristics of the weights of the students enrolled in the
college of engineering at KSU. If we randomly select 50
students among the students of the college of engineering at
KSU and measure their weights, then the weights of these
50 students form our sample.

Sample Size (n):
The number of elements in the sample is called the sample

[ King Saud University {_/% Dr. Abdullah Al-Shiha ]
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size and is denoted by .

Variables:

The characteristic to be measured on the elements is called
variable. The wvalue of the wvariable varies from element to
element.

Example of Variables:
(1) No. of patients ~ (2) Height
(3) Sex (4) Educational Level

Types of Variables:
(1) Quantitative Variables:

A quantitative variable is a characteristic that can be
measured. The values of a quantitative variable are numbers
indicating how much or how many of something.

Examples:
(1) Family Size (i1) No. of patients
(ii1) Weight (iv) height

Types of Quantitative Variables:

(a) Discrete Variables:
There are jJumps or gaps between the values.
Examples: - Family size (x=1, 2,3, ...)
- Number of patients (x=0,1,2, 3, ... )

(b) Continuous Variables:
There are no gaps between the values.
A continuous variable can have any value within a certain
interval of values.

Examples: - Height (140 <x < 190)
- Blood sugar level (10 <x < 15)

(2) Qualitative Variables:
The values of a qualitative variable are words or attributes

indicating to which category an element belong.
Examples:

L King Saud University m Dr. Abdullah Al-Shiha j
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- Blood type - Nationality
- Students Grades - Educational level
Types of Qualitative Variables:

(a) Nominal Qualitative Variables:

A nominal variable classifies the observations into various
mutually exclusive and collectively non-ranked categories. The
values of a nominal variable are names or attributes that can not
be ordered or sorted or ranked.

Examples: - Blood type (O, AB, A, B)

- Nationality (Saudi, Egyptian, British, ...)
- Sex (male, female)

(b) Ordinal Qualitative Variables:

An ordinal variable classifies the observations into various
mutually exclusive and collectively ranked categories. The
values of an ordinal variable are categories that can be ordered,
sorted, or ranked by some criterion.

Examples: - Educational level (elementary, intermediate, ...)
- Students grade (A, B, C, D, F)
- Military rank

( Variables ]

[Quantitaﬁve Variables ]/\[ Qualitative Variables ]

Discrete ] { Continuous | [ Nominal ] [ Ordinal
Family size Height l Blood type Student Grade1
No. patients Age Sex Military rank

1.4 Sampling and Statistical Inference:

There are several types of sampling techniques, some of
which are:

[ King Saud University 4_/7\—5 Dr. Abdullah Al-Shiha }
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(1) Simple Random Sampling:
If a sample of size (n) is selected from a population of size
(N) in such a way that each element in the population has the

same chance to be selected, the sample is called a simple
random sample.

(2) Stratified Random Sampling:

In this type of sampling, the elements of the population are
classified into several homogenous groups (strata). From each
group, an independent simple random sample is drawn. The
sample resulting from combining these samples is called a
stratified random Sample.

King Saud University m Dr. Abdullah Al-Shiha ]
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Exercises:

QB6: For each of the following variables
indicate whether it is quantitative or
qualitative variable:

(a)The blood type of some patient in the
hospital.(Qualitative nominal)

(b) Blood pressure level of a patient.
.(Qualitative ordinal)

(c) Weights of babies born in a hospital
during a year. Quantitative continues

(d) Gender of babies born in a hospital during a
year. Qualitative nominal

(e) The distance between the hospital to the
house Quantitative continues

(f) Under-arm temperature of day-old infants
born in a hospital. Quantitative
continues
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Q7: For each of the following situations,
answer questions (a) through (d):

(a) What is the population?

(b) What is the sample in the study?

(c) What is the variable of interest?

(d) What is the type of the variable?

Situation A: A study of 300 households in a
small southern town revealed that if she has
school-age child present.

(a) Population: All households in a small
southern town.

(b) Sample: 300 households in a small
southern town.

(c) Variable: Does households had school age
child present.

(d) Variable is qualitative nominal.
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« Situation B: A study of 250 patients admitted
to a hospital during the past year revealed
that, Distance the patient live away from the
hospital

(a) Population: All patients admitted to a
hospital during the past year.

(b) Sample: 250 patients admitted to a hospital
during the past year.

(c) Variable: Distance the patient live away
from the hospital

(d) Type of variable: Variable is Quantitative
continuous.




ARV EAVARY

Choose the right answer:

1-The variable is a
a. subset of the population.
b. parameter of the population.
c. relative frequency.
d. characteristic of the population to be measured.
e. class interval.
2-Which of the following is an example of discrete variable
a. the number of students taking statistics in this term at KSU..
b. the time to exercise daily.
c. whether or not someone has a disease

d. height of certain buildings

e. Level of education

3.Which of the following is not an example of discrete variable
a. the number of students at the class of statistics.
b. the number of times a child cry in a certain street.
¢. the time to run a certain distance.
d. the number of buildings in a certain street.
e. number of educated persons in a family.
4. Which of the following is an example of qualitative variable
a. the blood pressure.
b. the number of times a child brush his/her teeth.
c. whether or not someone fail in an exam.
d. Weight of babies at birth.

e. the time to run a certain distance.
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5.The continuous variable is a

a. variable with a specific number of values.
b. variable which cant be measured.

c. variable takes on values within intervals.
d. variable with no mode.

e. qualitative variable.

6. which of the following is an example of continuous variable
a. The number of visitors of the clinic yesterday.
b. The time to finish the exam.
c. The number of patients suffering from certain disease.
d. Whether or not the answer is true.

7. The discrete variable is

a-qualitative variable.

b-variable takes on values within interval.
C-variable with a specific number of values.
d-variable with no mode.

8-Which of the following is an example of nominal
variable :

a-age of visitors of a clinic.
b-The time to finish the exam.

c-Whether or not a person is infected by influenza.
d-Weight for a sample of girls .
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9-The nominal variable is a
a-A variable with a specific number of values
b-Qualitative variable that can’t be ordered.

c-variable takes on values within interval.

d-Quantitative variable .

10-Which of the following is an example of nominal
variable :

a-The number of persons who are injured in accident.
b-The time to finish the exam.

c-Whether or not the medicine is effective.

d-Socio-economic level.

11-The ordinal variable is :

a-variable with a specific number of values.
b-variable takes on values within interval.
c-Qualitative variable that can be ordered.
d-Variable that has more than mode.
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CHAPTER 2: Strategies for Understanding the Meaning of
Data:

2.1 Introduction:

In this chapter, we learn several techniques for organizing and
summarizing data so that we may more easily determine what
information they contain. Summarization techniques involve:

- frequency distributions

— descriptive measures

2.2 The Ordered Array:
A first step in organizing data is the preparation of an
ordered array.
An ordered array is a listing of the values in order of
magnitude from the smallest to the largest value.
Example:
The following values represent a list of ages of subjects
who participate in a study on smoking cessation:
55 46 58 54 52 69 40 65 53 S8
The ordered array is:
40 46 52 53 54 55 58 58 65 69

2.3 Grouped Data: The Frequency Distribution:

To group a set of observations, we select a suitable set of
contiguous, non-overlapping intervals such that each value in
the set of observations can be placed in one, and only one, of the
intervals. These intervals are called "class intervals".

Example:

The following table gives the hemoglobin level (g/dl) of a
sample of 50 men.
170 124 139 15.2 62 1721 157 173 135 163
146 158 153 164 137 162 164 16.1 170 159
140 162 164 149 17.8 16.1 155 183 158 16.7
159 153 139 168 159 163 174 150 175 16.
142 16.1 15,7 15.1 174 165 144 163 173 158

We wish to summarize these data using the following class

[ King Saud University m Dr. Abdullah Al-Shiha ]
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intervals:
13.0-13.9, 140-149 , 150-15.9 ,
16.0-169, 170-179 , 18.0-18.9
Solution:

Variable = X = hemoglobin level (continuous, quantitative)
Sample size = n =50

Max= 18.3
Min=13.5
Class Interval Tally Frequency

13.0-13.9 Il 3
14.0 - 14.9 - 5
15.0-15.9 Mt H Hi 15
16.0 —16.9 HOH | - 16
17.0-17.9 H HH 10
18.0 —18.9 | 1

The grouped frequency distribution for the hemoglobin level of
the 50 men is:

Class Interval Frequency
(Hemoglobin level) | (no. of men)
13.0-13.9 3
14.0 - 14.9 5
150—-135.9 15
16.0-16.9 16
17.0-17.9 10
18.0 —18.9 1
Total n=50

Notes:

1. Minimum value € first interval.

2. Maximum value € last interval.

3. The intervals are not overlapped.

4. Each value belongs to one, and only one, interval.
5. Total of the frequencies = the sample size = n

[ King Saud University m Dr. Abdullah Al-Shiha }
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Mid-Points of Class Intervals:
upper limit + lower limit

2

e Mid-point =

True Class Intervals:
e d = gap between class intervals
e d = lower limit — upper limit of the preceding class interval
e true upper limit = upper limit +d/2
e true lower limit = lower limit - d/2

Class Interval | True Class Interval Mid-point Frequency
13.0 -13.9 12.95-13.95 13.45 3
14.0 - 14.9 13.95 - 14.95 14.45 5
15.0-15.9 14.95 - 15.95 15.45 15
16.0 —16.9 15.95 - 16,95 16.45 16
17.0-17.9 16.95-17.95 17.45 10
18.0—-18.9 17.95-18.95 18.45 1

For example:
Mid-point of the 1% interval = (13.0+13.9)/2 = 13.45

Mid-point of the last interval = (18.0+18.9)/2 = 18.45

Note:
(I) Mid-point of a class interval is considered as a typical
(approximated) value for all values in that class interval.
For example: approximately we may say that:
there are 3 observations with the value of 13.45
there are 5 observations with the value of 14.45

there are 1 observation with the value of 18.45
(2) There are no gaps between true class intervals. The end-

point (true upper limit) of each true class interval equals to the
start-point (true lower limit) of the following true class interval.

{ King Saud University m Dr. Abdullah Al-Shiha ]
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Cumulative frequency:
Cumulative frequency of the 1% class interval = frequency.
Cumulative frequency of a class interval

= frequency + cumulative frequency of the preceding

class interval

Relative frequency and Percentage frequency:
Relative frequency = frequency/n

Percentage frequency = Relative frequency x 100%

Class Frequency | Cumulative | Relative | Cumulative | Percentage | Cumulative
Interval Frequency | Frequency | Relative | Frequency | Percentage
Frequency Frequency
130~ 133 3 3 0.06 0.06 6% 6%
14.0-14.9 5 8 0.10 0.16 10% 16%
150-15.9 15 23 0.30 0.46 30% 46%
16.0-16.9 16 39 0.32 0.78 32% 78%
17.0-17.9 10 49 0.20 0.98 20% 98%
18.0-18.9 1 50 0.02 1.00 2% 100%

From frequencies:

The number of people whose hemoglobin levels are between
17.0 and 17.9 =10

From cumulative frequencies:

The number of people whose hemoglobin levels are less than or
equal to 15.9 =23

The number of people whose hemoglobin levels are less than or
equal to 17.9 =49

From percentage frequencies:

The percentage of people whose hemoglobin levels are between
17.0 and 17.9 = 20%

From cumulative percentage frequencies:

The percentage of people whose hemoglobin levels are less than
or equal to 14.9 = 16%

The percentage of people whose hemoglobin levels are less than

or equal to 16.9 = 78%
Juy

[ King Saud University
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Displaying Grouped Frequency Distributions:

For representing frequency (or relative frequency or
percentage frequency) distributions, we may use one of the
following graphs:

e The Histogram

e The Frequency Polygon

Example:
Consider the following frequency distribution of the ages of 100
women.
True Class Interval |  Frequency | Cumulative | Mid-points
(age) (No. of women) | Frequency
14.5-19.5 8 8 17
19.5 -24.5 16 24 22
24.5-29.5 32 56 27
29.5-34.5 28 84 32
34.5-39.5 12 96 37
39.5-44.5 - 100 42
Total n=100

Width of the interval:
W =true upper limit - true lower limit=19.5-14.5=5

(1) Histogram:
Organizing and Displaying Data using Histogram:

No. of Women (Frequency)

245 205 345 395 443
Age
(true class intervals)

[ King Saud University m Dr. Abdullah Al-Shiha j
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(2) The Frequency Polygon:
Organizing and Displaying Data using Polygon:

32

28
24
20
16
12

No. of Women (Frequency)

No. of Women (Frequency)

Polygon (Open)

17 22 2r 32 31 42

Age
{Mid-points)

Polygon (Closed)

12 17 22 27 32 37 42 A7
Age
(Mid-points)

[ King Saud University
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32

28
24
20
16
12

No. of Women (Frequency)

Il | 1
12 17 22 27 32 37 42 47
Age
{Mid-points)

[ King Saud University m Dr. Abdullah Al-Shiha ]
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Exercises on chapter 2

Complete the table ,then answer
the following questions

Text Book : Basic Concepts and

Class Mid — | Frequency | Cumulative Relative Cumulative
interval interval Freq (f) Frequency | Frequency Relative
(Age) R.f Frequency
30-39 34.5 " 1 0.0582 0.0582
40 — 49 44 5 46 ar 0.2434 -

50 - 59 54.5 ' 127 - 0.6720
60 — 69 5 45 - 0.2381 0.9101
70-79 74.5 16 188 0.0847 0.9948
80 -89 84.5 1 189 0.0053 1
Total 189 1

Text Bock : Basic Concepts and

Methodology for the Health Sciences
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Example :

From the above frequency table, complete the table then
answer the following questions:

1-The number of objects with age less than 50 years ?

2-The number of objects with age between 40-69 years ?
3-Relative frequency of objects with age between 70-79 years
?

4-Relative frequency of objects with age more than 69 years ?

5-The percentage of objects with age between 40-49 years ?

Text Book : Basic Conceptsand
Methodology for the Health Sciences

6- The percentage of objects with age less than 60 years ?

7= Variable is conmmisos

Type of variable is

......................................

8. True class for the third interval (50-59) is ..........

9- The width of the interval (W) ?

10- Samplesize is: usnamman

Text Book : Basic Concepts and
tethadology for the Health Sciences
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the following histogram show the frequency distribution of pathologic tumor size (in cm)
for a sample of cancer patients:

frequency

0.5 1.0 15 20 2.5 3.0

pathologic tumor size (cm)

Answer the following

I=-TREVATiabI& 1S .....oooinssivissivvisisissrasaizasiin

2. The type of the varlable IS v.iuwsissssimssmossmesss
3 Thie sample 8128 18 v

4- The name of the chart.......ccccceeveeiiiiinenes

5- The number of cancer patient with lowest Pathologic tumor
SIZ8 ISleamromnmanas

6-The percent of cancer patients with approximate level of
Pathologic tumor size = 2..........
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2.4 Descriptive Statistics: Measures of Central Tendency:
(Measures of location)

In the last section we summarize the data using frequency
distributions (tables and figures). In this section, we will
introduce the concept of summarization of the data by means of
a single number called "a descriptive measure".

A descriptive measure computed from the values of a
sample is called a "statistic".

A descriptive measure computed from the values of a
population is called a "parameter".

For the variable of interest there are:
(1) "N" population values.
(2) "n" sample of values.

e Let X ,X,,...,X, be the population values (in general,

they are unknown) of the variable of interest.
The population size = N

e Let x.x,.....x, be the sample values (these values are
known).
The sample size = n.

(1) A parameter is a measure (or number) obtained from the
population values: X, X,,..., X, .

- Values of the parameters are unknown in general.
- We are interested to know true values of the parameters.

(i) A statistic is a measure (or number) obtained from the
sample values: x,,x,,...,x, .

- Values of statistics are known in general.
- Since parameters are unknown, statistics are used to
approximate (estimate) parameters.

[ King Saud University m Dr. Abdullah Al-Shiha ]
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Measures of Central Tendency:
(or measures of location):
The most commonly used measures of central tendency
are: the mean — the median — the mode.
e The values of a variable often tend to be concentrated
around the center of the data.
e The center of the data can be determined by the
measures of central tendency.
e A measure of central tendency is considered to be a

typical (or a representative) value of the set of data as a
whole.

Mean:
(1) The Population mean (x):

If X,X,...X, are the population values, then the
population mean is:

X+ X, +sut X, =1 ;
= = unit
# m P (unit)
e The population mean x is a parameter (it is usually

unknown, and we are interested to know its value)

(2) The Sample mean (x):
If x,,x,,...,x, are the sample values, then the sample mean
1S:

n
X;
X n i=1

- X txy+eetx, _
e e (unit)

n

e The sample mean x is a statistic (it is known — we can
calculate it from the sample).

e The sample mean x is used to approximate (estimate)
the population mean x.

Example:
Suppose that we have a population of 5 population values:

[ King Saud University m Dr. Abdullah Al-Shiha ]
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X =41, X,=30, X,=35 X,=22,

Xe =27, (N=3)

Suppose that we randomly select a sample of size 3, and the

sample values we obtained are:
x, =30, %, =335, =21

Then:
The population mean is:

o H30435422427 155

5
The sample mean is:

~ 30435427 92

X =

3

(n=3)

(unit)

(unit)

Notice that x=30.67 is approximately equals to x=31.

Note: The unit of the mean 1s the same as the unit of the data.

Advantages and disadvantages of the mean:

Advantages:

e Simplicity: The mean is easily understood and easy to

compute.

e Uniqueness: There is one and only one mean for a given

set of data.

e The mean takes into account all values of the data.

Disadvantages:

e Extreme values have an influence on the mean. Therefore,
the mean may be distorted by extreme values.

For example:

Sample Data mean
A |24 5 7 7 10 D83
B 2 4 5 7 7 100 20.83

e The mean can only be found for quantitative variables.

Median:

The median of a finite set of numbers is that value which
divides the ordered array into two equal parts. The numbers in

the first part are less than or equal to the median and the
numbers in the second part are greater than or equal to the

King Saud University
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median.

50%

1
]
1
1
1
1
1
1]
]
1
1
H

. . . : =
J_L'_LLI_L’_I_LL*_LM—L‘[LL’_H_LUJ_'._LJAJ_Q—Q_
1

Median

Notice that:
50% (or less) of the data is
50% (or less) of the data is

Median
Median

vV IA

Calculating the Median:

Let x,,x,,...,x, be the sample values. The sample size
(n) can be odd or even.

e First we order the sample to obtain the ordered array.
e Suppose that the ordered array is:

ylﬂyZ"“’yn

e We compute the rank of the middle value (s):

n+1
rank = ——
P

o If the sample size (n) is an odd number, there is only one

value in the middle, and the rank will be an integer:

#1 5 3
rank = 5 " (m is integer)

The median is the middle value of the ordered observations,

which is:
Median= »,,.
Ordered set .
(smallest to largest) | ¥4 | Yo | ... Yin e ||
middle value
Rank (or order) - 1 2 m 7
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e If the sample size (n) is an even number, there are two
values in the middle, and the rank will be an integer plus
0.3

n+1

rank = =m+0.5

Therefore, the ranks of the middle values are (m) and (m+1).
The median is the mean (average) of the two middle values of
the ordered observations:

. ym +ym+
Median= =2—2%
2
Ordered set — )'1 y2 ym ym+1 yn
middle value | middle value
Rank (or order) - L 12 s m m+1 e | B
J
Example (odd number):
Find the median for the sample values: 10, 54, 21, 38, 53.

Solution:
.n=135 (odd number)
There is only one value in the middle.

The rank of the middle value i1s:
L T

rank = 5 = 5 3. (m=3)
Ordered set - 10 | 21 38 53 54
(middle value)
Rank (or order) — 1 2 3 4 5
(m)

The median =38 (unit)

Example (even number):

Find the median for the sample values: 10, 35, 41, 16, 20, 32
Solution:

.n =06 (even number)

There are two values in the middle.

The rank 1is:

[ King Saud University m Dr. Abdullah Al-Shiha ]
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n+l _6+1

—— =35=3+4+05=m+0.5 (m=3)

~

rank =

Therefore, the ranks of the middle values are:
m=3 and m+l =4
Ordered set =5 10 16 20 32 35 41
Rank (or order) — 1 2 3 4 5 6

(m) | (m+1)
The middle values are 20 and 32.
The median = = 22732 _ 32% ~26 (unit)

Note: The unit of the median is the same as the unit of the data.

Advantages and disadvantages of the median:

Advantages:
e Simplicity: The median is easily understood and easy to
compute.
e Uniqueness: There is only one median for a given set of
data.

e The median is not as drastically affected by extreme values

as is the mean. (i.e., the median is not affected too much
by extreme values).
For example:

Sample Data median
A g 4 5 9 2 10 7
B 94 5 9 2 100 7
Disadvantages:
e The median does not take into account all values of the
sample.

e In general, the median can only be found for quantitative
variables. However, in some cases, the median can be
found for ordinal qualitative variables.

Mode:

The mode of a set of values is that value which occurs most
frequently (i.e., with the highest frequency).

[ King Saud University m Dr. Abdullah Al-Shiha ]

I_\/—I




SimbouRRE: Niscae @nd RIS UnrepisiereriesP i ip /it SFRoRahaas® 1431/1432 |

e If all values are different or have the same frequencies,
there will be no mode.
e A set of data may have more than one mode.

Example:

Data set Type Mode(s)
26,25, 25, 34 Quantitative 25
3. 7. 126,19 Quantitative | No mode
3,3,7,7,12,12, 6, 6,19, 19 | Quantitative | No mode
3.3,12,6,6, 8 Quantitative | 3 and 8
BCABBBCEBB Qualitative B
BCABABCAC Qualitative | No mode
BCABBCBEGCC Qualitative | B and C

Note: The unit of the mode is the same as the unit of the data.

Advantages and disadvantages of the mode:
Advantages:
e Simplicity: the mode is easily understood and easy to
compute..
e The mode is not as drastically affected by extreme values

as is the mean. (i.e., the mode is not affected too much by
extreme values).
For example:

Sample Data Mode
A 74 5 7 2 10 7
B 74 5 7 2 100 i

e The mode may be found for both quantitative and
qualitative variables.
Disadvantages:
e The mode is not a “good” measure of location, because it
depends on a few values of the data.

e The mode does not take into account all values of the
sample.

¢ There might be no mode for a data set.
e There might be more than one mode for a data set.

[ King Saud University m Dr. Abdullah Al-Shiha ]
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2.6 Descriptive Statistics: Measures of Dispersion
(Measures of Variation):

The dispersion (variation) of a set of observations refers to
the variety that they exhibit. A measure of dispersion conveys
information regarding the amount of variability present in a set
of data. There are several measures of dispersion, some of which
are: Range, Variance, Standard Deviation, and Coefficient of
Variation.

The variation or dispersion in a set of values refers to how
spread out the values is from each other.

e The dispersion (variation) is small when the values are
close together.

e There is no dispersion (no variation) if the values are the
same.

_ = e & E .« @ ® Larger variation

_ﬁ__l_._._;_l_'l_.___ o e it it

[
Same Center

401 .

30 =1

Frequency

204

10 -

8 m b B s, . i - G b 3
45 -30 -15 00 15 30 45 45 30 15 00 15 30 45

The Range:
The Range is the difference between the largest value
(Max) and the smallest value (Min).
Range (R) = Max — Min
Example:
Find the range for the sample values: 26, 25, 35, 27, 29, 29.

[ King Saud University m Dr. Abdullah Al-Shiha J
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Solution:
.max = 35
.min =25

Range (R)=35-25=10 (unit)

Notes:

1. The unit of the range is the same as the unit of the data.

2. The usefulness of the range is limited. The range is a poor
measure of the dispersion because it only takes into account two

of the values; however, it plays a significant role in many
applications.

The Variance:
The variance is one of the most important measures of
dispersion.
The variance is a measure that uses the mean as a point of
reference.
e The variance of the data is small when the observations are
close to the mean.
e The variance of the data is large when the observations are
spread out from the mean.
e The variance of the data is zero (no variation) when all

observations have the same value (concentrated at the
mean).

Deviations of sample values from the sample mean:

Let x,,X,,...,X, be the sample values, and x be the sample
mean.

The deviation of the value X; from the sample mean x is:

xj. = X
The squared deviation is:
(xi - X ) ’

The sum of squared deviations is:

[ King Saud University <|. 24 5 Dr. Abdullah Al-Shiha ]
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i(xj”;)z

The following graph shows the squared deviations of the values

from their mean:
X1 .;
L] !
h g
l————————+

»

U, a—— K

._____-_-___.ﬁ
®
i

R

®i-x)* @2-X)"  @-X)

(1) The Population Variance o
(Variance computed from the population)
Let X,.X,...., X, be the population values. The population

variance (o) is defined by:
p-

Z(Xi_/—‘)Z
0_2: =l
N
GO ) O, O ) A © ) M
N
>X,

1

where, e is the population mean, and (N) is the

population size.
Notes:
e o’ is a parameter because it is obtained from the

population values (it is unknown in general).
e o°>0

(2) The Sample Variance S™:
(Variance computed from the sample)

Let x,,x,,...,x, be the sample values. The sample variance ($%) is
defined by:

[ King Saud University m Dr. Abdullah Al-Shiha ]
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n -,
Z(x, -x)°
2 _ =l

S
n—1
_ (% =27 +{ms ~2)" oo b, =2)" (unit)*
n—1
DS
where x=-"1— is the sample mean, and (n) is the sample size.

n
Notes:

e S is a statistic because it is obtained from the sample
values (it 1s known).

e S%is used to approximate (estimate) o>.

e S*>0
s §4=0 <> all observation have the same value
<> there is no dispersion (no variation)
Example:

We want to compute the sample variance of the following
sample values: 10, 21, 33, 53, 54.
Solution:

n=>5

xi in

n S

i

] o 021633453484 17]

x= = = =342

n 3 S S

i(xi _;)2 Z(xi _34-2)2
S2 - i=l = i=]

n~1 5-=1
o8 (10~34.2)" +(21-34.2) +(33-34.2) + (53 -34.2) +(54 -34.2)
4
_1506.8

=376.7 (unit) 2

Another Method for calculating sample variance:

X, (e, —x) =, ~342) | (5, =2) =(z, —34.22
10 -24.2 585.64
21 -13.2 174.24
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X, (v, -%)=(x,-342) | (x, ~x) =(x, ~34.2)"
1 -1.2 1.44
33 18.8 353.44
54 19.8 392.04
5 5 = e
Yx, =171 Ylu-x)=0 | T(x-*f =150638
i=1 i=1

=13 2_%:342 and §? = 13068

== 376.7

Standard Deviation:

The variance represents squared units, therefore, is not
appropriate measure of dispersion when we wish to express the
concept of dispersion in terms of the original unit.

e The standard deviation is another measure of dispersion.

e The standard deviation is the square root of the variance.

e The standard deviation is expressed in the original unit of
the data.

(1) Population standard deviationis: o =+vo* (unit)

(2) Sample standard deviation is: S =+/s* (unit)

Example:
For the previous example, the sample standard deviation is

S =+8? =+/376.7=19.41 (unit)

Coefficient of Variation (C.V.):
e The variance and the standard deviation are useful as
measures of variation of the values of a single variable for
a single population.
e [f we want to compare the variation of two variables we
cannot use the variance or the standard deviation because:

[ King Saud University m Dr. Abdullah Al-Shiha ]
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1. The variables might have different units.
2. The variables might have different means.

e We need a measure of the relative variation that will not
depend on either the units or on how large the values are.
This measure is the coefficient of variation (C.V.).

e The coefficient of variation is defined by:

CV.= Sx100%
X

e The C.V. is free of unit (unit-less).

e To compare the variability of two sets of data (i.e., to
determine which set is more variable), we need to
calculate the following quantities:

Mean Standard .V
deviation
st = S
1> data set X, 1 v = % 100%
X
nd = S
2 data set X, 2 CVZ _ %100%
%

e The data set with the larger value of CV has larger
variation.
e The relative variability of the 1** data set is larger than the

relative variability of the 2™ data set if C.V,;> C.V, (and
vice versa).

Example:
Suppose we have two data sets:
1* data set: %, =66 kg, S, =4.5kg

4.5
= CJy =~ *100% = 6.8%

2" dataset:  x» =36kg, S, = 4.5kg

4.
=CYV,; = 3—2 *100% =12.5%

Since c¥,>c¥,, the relative variability of the 2™ data set is
larger than the relative variability of the 1* data set.

LKing Saud University @ Dr. Abdullah Al-Shiha ]
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If we use the standard deviation to compare the variability of the
two data sets, we will wrongly conclude that the two data sets
have the same variability because the standard deviation of both
sets 1s 4.5 kg.

( King Saud University m Dr. Abdullah Al-Shiha J
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Mode (3:stat) _ Then__ (1: 1-VAR)
el JAasY Jaas ek
Example: 2,4,6,9
2=,4=,6=,09=
(gl Gl i) 5 () g dans g1 ol
Shift ( 1)

5:Var a8l jliad

ALl 8 o g
1:n 2t X
3: XOn 4: xon-1

For mean : Push 2

For Sample standard deviation :Push 4

For Population standard deviation :Push 3

*To find sample variance = square (Sample standard
deviation)

* To find Population variance = square (Population
standard deviation)
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Example:

For a random sample wrest size of 12 women (in cm)will be as:

16 10 49 15 6 15 8 19 11 22 13 17

(a) The mean (b) The median

Ans: 16.75 Ans: 15

(c) The mode (d) The range

Ans: 15 Ans: 43

(e) The variance () The standard deviation
Ans: 124.0227 Ans: 11.1365

(g) The coefficient of variation Ans: 66.49%

Example 2.5.3 Page 46:

* Suppose two samples of human males yield the
following data:( which one is more variable.)

* Sampel Sample2

Age 25-year-olds 1lyear-olds
Mean weight 135 pound 60 pound
Standard deviation 10 pound 10 pound

Sample 2 has more variation
than sample 1

CV(samplel) = ixl 00 = —lgxl()() =7.41%
X 135

CV(sample2) = —§—x100 = ]—QxIOO =16.67%
X 60
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Chapter 3: Probability The Basis o Statistical Inference

3.1 Introduction
3.2 Probability

3.3 Elementary Properties of Probability
3.4 Calculating the Probability of an Event

General Definitions and Concepts:

Probability:
Probability is a measure (or number) used to measure the

chance of the occurrence of some event. This number is between
0and 1.

An Experiment:
An experiment is some procedure (or process) that we do.

Sample Space:

The sample space of an experiment is the set of all
possible outcomes of an experiment. Also, it is called the
universal set, and is denoted by Q.

An Event:

Any subset of the sample space Q is called an event.
e g Q isanevent (impossible event)

e OcQ isanevent (sureevent)

Example:
Experiment: Selecting a ball from a box containing 6 balls

numbered from 1 to 6 and observing the number on the selected
ball.

This experiment has 6 possible outcomes.
The sample space is: Q={1,2,3,4,5,6}.
Consider the following events:

E, =getting an even number ={2, 4,6 }c Q

[ King Saud University m Dr. Abdullah Al-Shiha ]
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E, = getting a number less than 4 ={1,2,3 jcQ

E,= gettinglor3 ={13}cQ

E, = getting an odd number={1,3,5}cQ

E, = getting a negative number={ } = ¢c Q

E, = getting a number less than 10={1,2,3,4,5,6 | =Qc Q

Notation: »(Q)=no. of outcomes (elements) in Q
n(E)=no. of outcomes (elements) in the event £

Equally Likely Outcomes:

The outcomes of an experiment are equally likely if the
outcomes have the same chance of occurrence.

Probability of An Event:
If the experiment has n(€2) equally likely outcomes, then

the probability of the event £ is denoted by P(F) and is defined
by:

P(E) = n(E) _ ho. of outcomes in E
n(Q)  no. of outcomes in Q
Example:
In the ball experiment in the previous example, suppose

the ball is selected at random. Determine the probabilities of the
following events:

E, = getting an even number
E, = getting a number less than 4
E, = getting 1 or 3

Solution:
0=1{,2,3,4,56} ; nlQ)=6
E ={2,4,6} : n(E)=3
E,=1{1,2,3} . n(E,)=3
E, =41, 3} ; n(E,)=2
The outcomes are equally likely.
.-.P(E]):%, P(EZ):Z’ P(E3)=%,
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Some Operations on Events:
Let A and B be two events defined on the sample space Q.

Union of Two events: (4 B) or (A+B)

The event AU B consists of all outcomes in A4 or in B or in
both 4 and B. The event 4 U B occurs if 4 occurs, or B occurs,
or both 4 and B occur.

Intersection of Two Events: (4 B)

The event 4~ B Consists of all outcomes in both 4 and B.
The event 4~ B Occurs if both 4 and B occur.

Complement of an Event: (4) or (4°) or (4')

The complement of the even A is denoted by A4 . The even

A consists of all outcomes of Q but are not in 4. The even 4
occurs i 4 does not.

Example:

Experiment: Selecting a ball from a box containing 6 balls
numbered 1, 2, 3, 4, 5, and 6 randomly.
Define the following events:

E, ={2, 4, 6} = getting an even number.

[ i —— m Dr. Abdullah Al-Shiha }
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I

E, =1{1,2,3} = getting a number< 4.
E, =1{1,3,5} = getting an odd number.

(1) EUE,={1,2,3,4,6}

= getting an even number or a number less than 4.

Pl g, BB E] S

n(Q) 6

(2] BiJE={12.34586 =0

= getting an even number or an odd number.
P&, UE,)="EVE)_6_,
n(Q) 6

4 E,
2 6
1 3 5
E4

Note: E,VE, =Q. E; and E,4 are called exhaustive events. The
union of these events gives the whole sample space.

(3) E nE,={2} = getting an even number and a number
less than 4.
Pl nB)=EE) 1
n(Q) 6

[ King Saud University m Dr. Abdullah Al-Shiha }

I—v—_l




Sim@fBﬁ’dQﬂétMﬁgewﬂﬁmis Unrepigigrerk NEssIom 1sitp /WA SMRORGE SRR 1431/1432 ]

(4) E nE,=¢ = getting an even number and an odd number.

P(E,NE,)= ”(E};(Q)EJ = ”(:) - % )
2 2, |
" 6
1 3 5
Es

Note: E,nE,=¢. E; and E4 are called disjoint (or mutually
exclusive) events. These kinds of events can not occurred
simultaneously (together in the same time).

(5) The complement of E,

E, = not getting an even number = {2,4,6} = {1, 3, 5}

= getting an odd number.
— E4

Mutually exclusive (disjoint) Events:

The events 4 and B are disjoint (or mutually exclusive) if:

AnB=g.

For this case, it is impossible that both events occur
simultaneously (i.e., together in the same time). In this case:

(i) P(ANnB)=0

(i) P(4uB)=P(4)+ P(B)
If 4nB # ¢, then 4 and B are not mutually exclusive (not
disjoint).
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—A-
| 00
ANB # ¢ ANB=1¢
A and B are not A and B are mutually
mutually exclusive exclusive (disjoint)
(It is possible that both (It is impossible that both
events occur in the same events occur in the same
time) time)

Exhaustive Events:
The events 4,,A4,,...,4, are exhaustive events if:
Avdu.JA4 =Q,
For this case, P(4, w4, uU...u4,)=PQ)=1

Note:
1. 4Au4=Q (4and 4 are exhaustive events)
2. Ard = ¢ (A and 4 are mutually exclusive (disjoint) events)

( ) = n(A
r(d )

AS=]

General Probability Rules:
1. 0<P(4)<1
2. P@)=1
3.  Plg)=
4. P(A)=1-P(4)

[ King Saud University m Dr. Abdullsh Al-Shiha ]
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The Addition Rule:
For any two events 4 and B:
P(4u B)= P(4)+ P(B)- P(4 B)

Special Cases:
1. For mutually exclusive (disjoint) events 4 and B
P(4U B)= P(4)+ P(B)
2. For mutually exclusive (disjoint) events E,,E,.....E,:
P(E, UE,U...0E,)=P(E )+ P(E,)+++ P(E,)

Note:
If the events 4,,4,....,4, are exhaustive and mutually exclusive
(disjoint) events, then:

P4, u4,0...u4,)=P(4)+P(4,)++P(4,)=PQ) =1

Marginal Probability:
Given some variable that can be broken down into (m)
categories designated by 4,,4,.-, 4, and another jointly

occurring variable that is broken down into (n) categories
designated by B,, B,, -, B

ne

B,
n(A, N B,)

Total n(B,)

SmE s n(Bn) n(Q)
(This table contains the number of elements in each event)
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B Marginal
Probability
P(4,)

]

P(4,nB,) | P(4,)
P(B,) 1.00

P(A_ NB) |

Marginal P(B,)
Probability :

(This table contains the probability of each event)

m

The marginal probability of 4, P(4,), is equal to the sum of

the joint probabilities of 4, with all categories of B. That is:
P(4,)= P(4, n"B))+P(4,"B,)+...+P(4. "B,)

:2m4mq)
pe

For example,
P(4,) = P(4, "\ B,)+P(4, \B,)+...+ P(4, " B,)

=3 P(4,nB))
J=1

We define the marginal probability of B,, P(B,;), in a similar

way.

Example:

Table of number of elements in each event:

B, | B, | B, | Total
4 | 50]30][70 | 150
4, [20]707] 10 100
4, | 30 [ 100|120 250

Total | 100 [ 200 [ 200 [ 500

Table of probabilities of each event:

B, | B, | B, | Marginal
Probability

4, 0.1 |0.06|0.14 0.3

4, 0.04 | 0.14 | 0.02 0.2

Ay 0.06| 02 |0.24 0.5

Marginal
Probability | 0.2 | 0.4 | 0.4 1
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For example:
P(4,) = P(4, " B,)+ P(4, " B,)+ P(4, " B,)
=0.04+0.14 +0.02
= (.2
Applications:

Example:
630 patients are classified as follows:
Blood Type O A B AB

() | (&) | () | (£) | Total
No. of patients | 284 | 258 | 63 | 25 | 630

e Experiment: Selecting a patient at random and observe
his/her blood type.

o This experiment has 630 equally likely outcomes
n(Q) = 630

Define the events:

E, =The blood type of the selected patient is "O"

E, =The blood type of the selected patient is "A"

E, =The blood type of the selected patient is "B"

E, =The blood type of the selected patient is "AB"
Number of elements in each event:

n(E ) =284, n(E,) =258,
n(E,)=63, n(E,)=25.
Probabilities of the events:
P(E,)= 28 =0.4508, P(E,)=228=0.4095,
630 630
63 25
E)=-2=(.1 =22 .
PE,) =0 oL PE,) 5500397,

Some operations on the events:
1. E,nE,= the blood type of the selected patients is "4” and
"AB".
E,nE,=¢ (disjoint events / mutually exclusive events)
P(E,NE,)=P(¢)=0

2. E,UE, = the blood type of the selected patients is "4" or
HAB n

[ King Saud University m Dr. Abdullah Al-Shiha ]
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n(E, VE,) 258+25 283 .
n(Q) 630 630
P(E, VE,)=+ O o s
P(E,)+ P(E,)= 26, 2 2 04492
630 630 630

(since E, NE, =¢)

3. E, =the blood type of the selected patients is not "O".
n(E, ) =n(Q)—n(E,) = 630284 =346

n(E, ) _346

n(Q) 630
another solution:
P(EC)=1-P(E,)=1-0.4508 = 0.5492

Notes:

l. E,,E,,E,,E, are mutually disjoint, E, nE, =¢ (i # j).

P(E, )= 492

2. B.,E;.E;,E, ar¢ exhaustive events, B, wE, wE, VE, =Q.

Example:
339 physicians are classified based on their ages and
smoking habits as follows.

Smoking Habit
Daily | Occasionally | Not at all
(Bl ) (Bz ) (B3 ) Total
20-29 (4,) 31 9 7 47
o [30-39 (4,) | 110 30 49 189
< 140-49 (4) 29 21 29 79
50+ (4,) 6 0 18 24
Total 176 60 103 330

Experiment: Selecting a physician at random
The number of elements of the sample space is #(Q) = 339.

The outcomes of the experiment are equally likely.
Some events:

e 4, =the selected physician is aged 40 - 49

[ King Saud University d 39 .E Dr. Abdullah Al-Shiha ]
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P(4,)= nld) 79 4 2330

n(Q) 339
e B, = the selected physician smokes occasionally
P(Bz) = n((%)) = 6—09 =0.1770

n

e A nB,=the seclected physician is aged 40-49 and

smokes occasionally.
P(4,NB,)= nd;0By) 21 o615
n(Q) 339
e 4, U B, =the selected physician is aged 40-49 or smokes
occasionally (or both)
P(4; U B,)= P(4;)+ P(B,)- P(4; N B,)
_ 79,60 21
339 339 339
=0.233+0.177-0.06195 = 0.3481
e 4, = the selected physician is not 50 years or older.
= A5ty WS Ay
P(Z4 ):l_P(A4)
o) 28 rg,
n(Q) 339
e 4, u 4, =the selected physician is aged 30-39 or is
aged 40-49
= the selected physician is aged 30-49

P(AzuA3)=n(A2uA3)=189+79:268:0_7906
n(Q) 339 339
\ or
189 79
Bl wdy =Pl )+ Pl4) s —+ —=07
& (4, L 45)= P(4,)+ P(4;) 50 330 906

(Since 4,4, =¢)

Example:
Suppose that there is a population of pregnant women with:
e 10% of the pregnant women delivered prematurely.
e 25% of the pregnant women used some sort of medication.

[ King Saud University m Dr. Abdullah Al-Shiha ]
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e 5% of the pregnant women delivered prematurely and used
some sort of medication.
Experiment: Selecting a woman randomly from this population.
Define the events:
e D = The selected woman delivered prematurely.
e M = The selected women used medication.
e DN M=The selected woman delivered prematurely and
used some sort of medication.
Percentages:
%(D)=10% %(M) =25% %(DAM)=5%
The complement events:
D = The selected woman did not deliver prematurely.
M = The selected women did not use medication.

A Two-way table: (Percentages given by a two-way table):

M M Total
D » ? 10
D ? ? 2
Total 25 ? 100
M M Total
D 5 5 10
D 20 70 90
Total 25 75 100

The probabilities of the given events are:
0 0
P(D)- %(D) _ 10% _ .
100% 100%
0 0
P(M) = (M) _ 25% _ .
100% 100%

%(DNM) 5%
100% 100%
Calculating probabilities of some events:
D M =the selected woman delivered prematurely or used

medication.
P(DuM)=P(D)+(M)-P(D M)
=0.1+0.25-0.05=0.3

P(DNM)=

(by the rule)

[ King Saud University m De. Abdullah Al:Shilia q
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M =The selected woman did not use medication
P(M)=1-P(M)=1-025=0.75 (by the rule)

P(M)= 1%55 =0.75 (from the table)

D =The selected woman did not deliver prematurely
P(D)=1-P(D)=1-0.10=090 (by the rule)

P(D)= % - 0.90 (from the table)

DM = the selected woman did not deliver prematurely and did

not use medication.
70

P(D~M)= =5 =070 (from the table)
DnM= the selected woman did not deliver prematurely and
used medication.

P(DAM)==2=020 (from the table)
100

DnM = the selected woman delivered prematurely and did not
use medication.

P(DAM)= % =005  (from the table)

Du M =the selected woman delivered prematurely or did not use
medication.
P(Du )= P(D)+(M)- P(D )
=0.1+0.75-0.05=0.8
DuM =the selected woman did not deliver prematurely or used
medication.
P(Dwm)=pP(D)+(M)-P(D ~M)
=0.9+0.25-0.20 = 0.95
DuM =the selected woman did not deliver prematurely or did
not use medication.
P(DuM)=P(D)+(3)- P(D ~31)
=0.9+0.75-0.70 = 0.95

(by the rule)
(by the rule)

(by the rule)

Conditional Probability:
e The conditional probability of the event 4 when we know
that the event B has already occurred is defined by:

P(A|B):M ; P(B)#0

P(B)

L King Saud University d 40 5 Dr. Abdullah Al-Shiha q
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e P(A | B) = The conditional probability of 4 given 5.

_]

|
l
I
|
|
|
|
|

=
Notes: ( )
_P(4nB)  n(4anB)in() _nANB
(1) P(4|B) 5) | - 5
_P(AnB
(2) P(B| 4)= 0
(3) For calculating P(4|B), we may use any one of the
following:
G) P(4]B)= %)Q
" B n(4 B)
(11) P(A | B)_ H(B)

(111) Using the restricted table directly.

Multiplication Rules of Probability:
For any two events A and B, we have:
P(AnB)= P(B)P(4]|B)
P(4nB)= P(4)P(B| A)

Example:
Smoking Habit
Daily Occasionally | Not at all

() (8,) (B,) | Total

20-29 (4,) 31 9 7 47
30-39 (4,) 110 30 49 189
 [40-49 (4,) 29 21 29 79
50+ (4,) 6 0 18 24

Total 176 60 103 3y

Consider the following event:
(B1 | Ay) = the selected physician smokes daily given that his

LKing Saud University
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age is between 30 and 39

e p(g)="5)_ 176 4519
Yoon@) 339

P(B, N 4,)
P(4,)

_ 0324484

©0.557522

B, " A
P(B, N 4,) = c: ;;(?z) 2) — ];g = 0.324484

o P(B|4,)=

5820

p(q) =2 189 o seasss
n(Q) 339

another solution:
P(B, | 4 ):n(BI n4,) _110
1 2

=0.5820
n(4,) 189

Notice that:
P(B,)=0519
P(B, | 4,)=0.5820
P(B|4,)> P(B) ... P(B,)= P(B, | 4,)
What does this mean?

We will answer this question after talking about the
concept of independent events.

Example: (Multiplication Rule of Probability)

A training health program consists of two consecutive
parts. To pass this program, the trainee must pass both parts of
the program. From the past experience, it is known that 90% of
the trainees pass the first part, and 80% of those who pass the
first part pass the second part. If you are admitted to this
program, what is the probability that you will pass the program?
What is the percentage of trainees who pass the program?
Solution:

Define the following events:

A = the event of passing the first part

[ King Saud University m Dr. Abdullah Al-Shiha ]
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B = the event of passing the second part
AMB = the event of passing the first part and the second Part
= the event of passing both parts
= the event of passing the program
Therefore, the probability of passing the program is P(ANB).
From the given information:
The probability of passing the first part is:

P(A)=0.9 (190(:)// =0.9)

The probability of passing the second part given that the trainee
has already passed the first part is:

P(B|A) = 0.8 (liogj; =0.8)

Now, we use the multiplication rule to find P(AnB) as follows:
P(AmB) =P(A) P(B|A) = (0.9)(0.8) = 0.72
We can conclude that 72% of the trainees pass the program.

Independent Events
There are 3 cases:
o P(4|B)>P(4)
(knowing B increases the probability of occurrence of A)
o P(4|B)<P(4)
(knowing B decreases the probability of occurrence of 4)
e P(4|B)=P(4)
(knowing B has no effect on the probability of occurrence

of 4). In this case 4 is independent of B.
Independent Events:

e Two events 4 and B are independent if one of the
following conditions is satisfied:
(i) P(4]|B)=P(4)
< (ii) P(B|4)=P(B)
< (iii) P(B 4)= P(4)P(B)

Note: The third condition is the multiplication rule of
independent events.

[ King Saud University m Dr. Abdullah Al-Shiha }
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Example:
Suppose that A and B are two events such that:
P(A)=0.5, P(B)=0.6, P(AnB)=0.2.
Theses two events are not independent (they are dependent)

because:
P(A) P(B) =0.5x0.6 = 0.3
P(A~B)=0.2.
P(AmB) # P(A) P(B)
Also, P(A)=0.5 = P(A|B) = £UNB) _02_ 353
P(B) 0.6
Also, P(B) = 0.6 = P(B|A) = PU0B) _02_,
P(4) 05

For this example, we may calculate probabilities of all events.
We can use a two-way table of the probabilities as follows:

B B Total
A 0.2 ? 0.5
A ? ', .
Total | 0.6 ? 1.00
We complete the table:
B B Total
A 0.2 0.3 0.5
A 0.4 0.1 0.5
Total | 0.6 0.4 1.00
P(A4)=0.5
P(B)=0.4
P(ANB)=03
P(ANB)=0.4
P(ANB)=0.1

P(AUB)=P(A)+ P(B)—P(AnB)=0.5+0.6-02 =0.9
P(AUB)=P(A)+ P(B)—P(AnB)=0.5+04-0.3=0.6
P(A U B) =exercise
P(A U B) =exercise
Note: The Addition Rule for Independent Events:
If the events 4 and B are independent, then

Ly

—WA
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P(4u B)= P(4)+ P(B)- P(4~ B) (Addition rule)
= P(4)+ P(B)- P(A4) P(B)

Example: (Reading Assignment)

Suppose that a dental clinic has 12 nurses classified as follows:
Nurse ] 2 |3 4 5 6 7 |8 |9 10 |11 |12
Has children | Yes | No |No [No [No | Yes [ No |[No | Yes | No |No |No
Works at night | No | No | Yes | Yes | Yes | Yes | No | No | Yes | Yes | Yes | Yes

The experiment is to randomly choose one of these nurses. Consider the
following events:
C = the chosen nurse has children
N = the chosen nurse works night shift
a) Find The probabilities of the following events:
1. the chosen nurse has children.
2. the chosen nurse works night shift.
3. the chosen nurse has children and works night shift.
4. the chosen nurse has children and does not work night shift.
b) Find the probability of choosing a nurse who woks at night given
that she has children.
¢) Are the events C and N independent? Why?
d) Are the events C and N disjoint? Why?
e) Sketch the events C and N with their probabilities using Venn

diagram.
Solution:
We can classify the nurses as follows:
N N total
(Night shift) | (No night shift)
i 2 1 3
(Has Children)
o4 6 3 9
(No Children)
total 8 4 12

a) The experiment has n(Q) = 12 equally likely outcomes.
P(The chosen nurse has children) = P(C) = )3 s

n(Q) 12
P(The chosen nurse works night shift) = P(N) = ”E‘;\g :%:0.6667
n

P(The chosen nurse has children and works night shift)

= P(CN)= ﬂS(?}%:%:o.laém

P(The chosen nurse has children and does not work night shift)

[ King Saud University m Dr. Abdullah Al-Shiha ]
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= pcnNI) ="M 1 60833
n(Q) 12
b) The probability of choosing a nurse who woks at night given that she
has children:

PV C)=2ENN) 212, cc67
PiC) 0.25
¢) The events C and N are independent because P(N|C)=P(N).
d) The events C and N not are disjoint because CNN#¢.
(Note: n(CnN)=2)

e) Venn diagram

[ King Saud University 4 48 '; Dr. Abdullah Al-Shiha ]
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3.5 Bayes' Theorem, Screening Tests, Sensitivity, Specificity,
and Predictive Value Positive and Negative:  (pp.79-83)

There are two states regarding the disease and two states
regarding the result of the screening test:

Present (D) Positive (T)
State of the Disease: < Result of the Test: <
Absent (D) Negative (T)

We define the following events of interest:
D : the individual has the disease (presence of the disease)

D : the individual does not have the disease (absence of
The disease)
: the individual has a positive screening test result

: the individual has a negative screening test result

T
T

e There are 4 possible situations:
True status of the disease
+tve (D:Present) -ve (D :Absent)
Result of | +ve (T) | Correct diagnosing | false positive result
the test | _ye (7 )| false negative result | Correct diagnosing

Definitions of False Results:
There are two false results:
1. A false positive result:
This result happens when a test indicates a positive status
when the true status is negative. Its probability is:

P(T | D)= P(positive result | absence of the disease)

2. A false negative result:
This result happens when a test indicates a negative status
when the true status is positive. Its probability is:

P(T | D) = P(negative result | presence of the disease)

Definitions of the Sensitivity and Specificity of the test:
1. The Sensitivity:

[ King Saud University m Dr. Abdullah Al-Shiha ]

I—v_l



Simba:RREMsree s Sl UnrepigigreroNess i/ Wik siRoRs aas 1431/1432 |

The sensitivity of a test is the probability of a positive test
result given the presence of the disease.

P(T'| D)= P(positive result of the test | presence of the disease)

2. The specificity:
The specificity of a test is the probability of a negative test
result given the absence of the disease.
P(T | D) = P(negative result of the test | absence of the disease)

To clarify these concepts, suppose we have a sample of (n)
subjects who are cross-classified according to Discase Status
and Screening Test Result as follows:

Disease
Test Result Present (D) Absent (D) Total
Positive (T) a b a+b=n(T)
Negative (7) C d c+d=n(7)
Total a+tc=n(D) b+d=n(D) n

For example, there are (a) subjects who have the disease and
whose screening test result was positive.

From this table we may compute the following conditional

probabilities:
1. The probability of false positive result:
v, I L P
n(D) b+d
2. The probability of false negative result:
- _n(T nD) _ &
Ll nD) a+c
3. The sensitivity of the screening test:
_nTnD) g4
SLVDY =0y aae
4. The specificity of the screening test:
pF|Dy "ToD)_ _d_
n(D) b+d

[ King Saud University m Dr. Abdullah Al-Shiha J
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Definitions of the Predictive Value Positive and Predictive
Value Negative of a Screening Test:

1. The predictive value positive of a screening test:

The predictive value positive is the probability that a subject
has the disease, given that the subject has a positive screening
test result:

P(D|T) = P(the subject has the disease | positive result)
= P(presence of the disease | positive result)

2. The predictive value negative of a screening test:

The predictive value negative is the probability that a subject
does not have the disease, given that the subject has a
negative screening test result:

P(D |T) = P(the subject does not have the disease | negative
result)
= P(absence of the disease | negative result)

Calculating the Predictive Value Positive and Predictive
Value Negative:
(How to calculate P(D|7T) and P(D |T)):

We calculate these conditional probabilities using the
knowledge of:

1. The sensitivity of the test = P(T | D)

2. The specificity of the test= P(T | D)

3. The probability of the relevant disease in the general
population, P(D). (It is usually obtained from another
independent study)

Calculating the Predictive Value Positive, P(D | T):
P(TAD)

P(D|T)= —

[ King Saud University m Dr. Abdullah Al-Shihaj
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But we know that:
P(T)=P(T "D)+P(T D)
P(TD)=P(T|D)PD) (multiplication rule)
P(TAD)=P(T|D)P(D) (multiplication rule)
P(T)=P(T|D)P(D) + P(T|D)P(D)

Therefore, we reach the following version of Bayes' Theorem:
PUT Dy PO
P(D|T)= L) S (1)
P(T|D)P(D) + P(T|D)P(D)

Note:

P(T | D) = sensitivity.

P(T|D)=1-P(T | D) =1 - specificity.

P(D) = The probability of the relevant disease in the general
population.

P(D)=1-P(D).

Calculating the Predictive Value Negative, P(D |T):

To obtain the predictive value negative of a screening test,
we use the following statement of Bayes' theorem:

P(T |D)P(D)

P(DIT)=P(T|5) B 2 B (BB, 2)

Note:
P(T|D) = specificity.
P(T|D)=1-P(T|D) =1 - sensitivity.

Example:

A medical research team wished to evaluate a proposed
screening test for Alzheimer's disease. The test was given to a
random sample of 450 patients with Alzheimer's disease and an
independent random sample of 500 patients without symptoms
of the disease. The two samples were drawn from populations of

subjects who were 65 years of age or older. The results are as
follows:

[ King Saud University m Dr. Abdullah Al—ShihaT
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Alzheimer Disease
Test Result  Present (D) Absent (D) Total

Positive (T) 436 5 441
Total 450 500 950

Based on another independent study, it is known that the
percentage of patients with Alzheimer's discase (the rate of
prevalence of the disease) is 11.3% out of all subjects who were
65 years of age or older.
Solution:
Using these data we estimate the following quantities:

1. The sensitivity of the test:
n(TAD) 436

n(D) 450

PL D)= =0.9689

2. The specificity of the test:
(T N D) _A95

LiBy= n(D) 500

=0.99

3. The probability of the disease in the general population, P(D):
The rate of disease in the relevant general population, P(D),
cannot be computed from the sample data given in the table.
However, it is given that the percentage of patients with
Alzheimer's disease is 11.3% out of all subjects who were 65
years of age or older. Therefore P(D) can be computed to be:

0,
PD)i= 1:5% 5 y4a
100 %

4. The predictive value positive of the test:
We wish to estimate the probability that a subject who is
positive on the test has Alzheimer disease. We use the Bayes'
formula of Equation (1):

P(T|D) P(D)
P(T|D)P(D) + P(T|D)P(D)
From the tabulated data we compute:

[ King Saud University m Dr. Abdullah Al—ShihaT
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P(T|D)=%g:0.9689 (From part no. 1)

n(TAD) 5
n(D) 500

Substituting of these results into Equation (1), we get:

(0.9689) P(D)

(0.9689)P(D) + (0.01)P(D)

- (0.9689) (0.113) - .53

~(0.9689) (0.113) + (0.01)(1-0.113)

As we see, in this case, the predictive value positive of the
test is very high.

P(T|D) =

=(.01

P(D|T) =

5. The predictive value negative of the test:
We wish to estimate the probability that a subject who is
negative on the test does not have Alzheimer disease. We use
the Bayes' formula of Equation (2):

B(D | T) = T LI DIP(D)

P(T |D)P(D) + P(T | D) P(D)

To compute PD|T), we first compute the following
probabilities:

P(T |D)= % =099 (From part no. 2)

P(D)=1-P(D)=1-0.113=0.887
nT D) 14

P(T|D)= =0.0311
n(D) 450

Substitution in Equation (2) gives: B

PD|T)=——— P(T |D) P(D)
P(T|D)P(D) + P(T |D)P(D)

- (0.99)(0.887)
" (0.99)(0.887) +(0.0311)(0.113)

=0.996

As we see, the predictive value negative is also very high.
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CHAPTER 4: Probabilistic Features of Certain Data
Distribution (Probability Distributions)

4.1 Introduction:
The concept of random variables is very important in
Statistics. Some events can be defined using random variables.
There are two types of random variables:
Discrete Random Variables

Continuous Random Variables

Random variables {

4.2 Probability Distributions of Discrete Random Variables:
Definition:

The probability distribution of a discrete random variable
is a table, graph, formula, or other device used to specify all
possible values of the random variable along with their
respective probabilities.

Examples of discrete r v.’s
« The no. of patients visiting KKUH in a week.
« The no. of times a person had a cold in last year.

Example:

Consider the following discrete random variable.
X =The number of times a Saudi person had a cold in January

2010.

Suppose we are able to count the no. of Saudis which X = x:
x Frequency of x

(no. of colds a Saudi person had | (no. of Saudi people who had a

in January 2010) cold x times in January 2010)
0 10,000,000
1 3,000,000
2 2,000,000
3 1,000,000
Total N =16,000,000

[ King Saud University m Dr. Abdullah Al-Shiha ]
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Note that the possible values of the random variable X are:
x=0,1,2,3

Experiment: Selecting a person at random

Define the event:
(X'=0) = The event that the selected person had no cold.
(X' = 1) = The event that the selected person had 1 cold.
(X =2) = The event that the selected person had 2 colds.
(X'=3) = The event that the selected person had 3 colds.

In general:

(X' =x) =The event that the selected person had x colds.

For this experiment, there are »(Q)=16,000,000 equally likely
outcomes.
The number of elements of the event (X = x) is:
n(X=x) = no. of Saudi people who had a cold x times
in January 2010.
= frequency of x.
The probability of the event (X = x) is:
B n(X :x)_ n(X =x)

Rl =) @) 16000000 °0rx=0,1,2,3
x freq. of x n(X = x)
! Px=z) = 16(000000
n(X =x) (Relative frequency)
0 10000000 0.6250
1 3000000 0.1875
2 2000000 0.1250
3 1000000 0.0625
Total 16000000 1.0000
Note:
P(Xx = x)= M = Relative Frequency  Jrduency
16000000 16000000

The probability distribution of the discrete random variable X is
given by the following table:

[ King Saud University m Dr. Abdullah Al-Shiha }
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S = Success: The man has high blood pressure
F = failure: The man does not have high blood pressure.
- Number of trials = 6 (we need to check 6 men)
- Probability of success: P(S)=p =0.15
- Probability of failure: P(F)=g=1-p=0.85
— Number of trials: n=6

— The trials are independent because of the fact that the result
of each man does not affect the result of any other man
since the selection was made ate random.

The random wvariable X has a binomial distribution with
parameters: n=6 and p=0.15, that is:

X ~ Binomial (n, p)
X ~ Binomial (6, 0.15)

The possible values of X are:
x=0,1,3,4,5,6

(1) The probability distribution of X is:

P(X:x):{ C (0 15) (0 85) x:07]529354,5,6

0 ;. otherwise

The probabilities of all values of X are:
P(x =0)= ,C, (0.15)°(0.85)° = (1)(0.15)" (0.85)° = 0.37715
P(X =1)=C, (0.15)'(0.85)° = (6)(0.15)0.85) =0.39933
P(X =2)=(C, (0.15)(0.85)* = (15)0.15)*(0.85)" =0.17618
PlY=3)= 0 (0.15) (0 85)3 =(20)0.15)'(0.85)' =0.04145

P(X =4)=C, (0.15)'(0.85) = (15)0.15)*(0.85)* = 0.00549
P(X =5)=(C; (0.15)°(0.85)' = (6)0.15)°(0.85)' = 0.00039
P(X =6)=,C, (0.15)°(0.85)° = (1)(0.15)(1) = 0.00001

The probability distribution of X can by presented by the
following table:

LKing Saud University m Dr. Abdullah Al-Shiha ]

W




SimpasRREMecee P RIS UnrepisierelHosPiouisilp vt SHRRRACR 1431/1432 |

x P(X = x)
0 0.37715
1 0.39933
2 0.17618
3 0.04145
4 0.00549
5 0.00039
6 0.00001
The probability distribution of X can by presented by the
following graph:
Probability Distribution of X
0.4 -
0.3 1
i 0.2
0.1
0.0 ‘ | | | |
0 1 2 & 4 5 6

(2) The mean of the distribution (the expected number of men
out of 6 with high blood pressure) is:

H=np= (6)(0.15) =0.9
(3) The variance is:

o? =npg = (6)0.15)0.85) = 0.765
(4) The probability that there will be exactly 2 men with high
blood pressure is:
P(X=2)=0.17618
(5) The probability that there will be at most 2 men with high
blood pressure is:
P(X £2)=P(X=0) + P(X=1) + P(X=2)
=Q5715+0.39933 4+ 0.17618
=0.95266

(6) The probability that there will be at lease 4 men with high
blood pressure is:
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P(X = 4) = P(X=4) + P(X=5) + P(X=6)
=0.00549 + 0.00039 + 0.00001
=0.00589
Example: (Reading Assignment)
Suppose that 25% of the people in a certain population have low
hemoglobin levels. The experiment is to choose 5 people at random from
this population. Let the discrete random variable X be the number of

people out of 5 with low hemoglobin levels.
a) Find the probability distribution of X.

b) Find the probability that at least 2 people have low hemoglobin
levels.

¢) Find the probability that at most 3 people have low hemoglobin
levels.

d) Find the expected number of people with low hemoglobin levels
out of the 5 people.

e¢) Find the variance of the number of people with low hemoglobin
levels out of the 5 people.
Solution:

X = the number of people out of 5 with low hemoglobin levels
The Bernoulli trail is the process of diagnosing the person
Success = the person has low hemoglobin

Failure = the person does not have low hemoglobin
n=S$ (no. of trials)
p =025 (probability of success)

q=1-p=0.75 (probability of failure)

a) X has a binomial distribution with parameter »n=5 and p = 0.25
X ~ Binomial (n, p)
X ~ Binomial(5,0.25)
The possible values of X are:
x=0,1,2,3,4,5
The probability distribution is:
P(X:x): JO. gty forx=0.1.2, ., B
0 : otherwise
P(Y = 2) = {SCI (0.25)* (0.75)** ;  for x=0,1,2,3,4,5

0 . otherwise

X P(X=x)
0 +Cs x0.25"=0.757¢ _ 923730
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PX=x)
€ %025 %075 = (39551

sC, x0.25°x0.75°7  =0.26367
;Cy x0.25°x0.75°  =(,08789

EES USRI oS ) e

sC, x025*x0.75* = (01465
5 | 5Csx0.25°%0.75"° = 0.00098
Total 2P =x=1

b) The probability that at least 2 people have low hemoglobin levels:
P(X>2) = P(X=2)+P(X=3)+P(X=4)+P(X=5)
=0.26367+ 0.08789+ 0.01465+ 0.00098
=0.0.36719
¢) The probability that at most 3 people have low hemoglobin levels:
P(X<3) = P(X=0)+P(X=1)+P(X=2)+P(X=3)
=0.23730+ 0.39551+ 0.26367+ 0.08789
=0.98437
d) The expected number of people with low hemoglobin levels out of the
5 people (the mean of X):
= p=3%0.25=1.25
¢) The variance of the number of people with low hemoglobin levels out
of the 5 people (the variance of X) is:

o’ =npg=5x0.25x0.75 =0.9375

4.4 The Poisson Distribution:

e [tisa discrete distribution.

e  The Poisson distribution is used to model a discrete r. v.
representing the number of occurrences of some random
event in an interval of time or space (or some volume of
matter).

e  The possible values of X are:

x=0 1,23, ..
e  The discrete r. v. X is said to have a Poisson distribution

with parameter (average or mean) A if the probability
distribution of X is given by

[ King Saud University m Dr. Abdullah Al-Shiha ]




SimEﬂBP&Q:EtM%seWmSpﬂs UnregisiereaNespionsap /W sk ainpoRaheqss 1431/1432 |

A
e A"

P(X = x) = xl

: Jor x=0,1,2,3,...

0 g otherwise

where e =2.71828 (the natural number).
We write :

X ~ Poisson (1)

Result: (Mean and Variance of Poisson distribution)

If X ~ Poisson (1), then:

e The mean (average) of Xis: u=1  (Expected value)
e The variance of X is: o =4

Example:

Some random quantities that can be modeled by Poisson
distribution:

e No. of patients in a waiting room in an hours.

e  No. of surgeries performed in a month.

e  No. ofrats in each house in a particular city.

Note:

e A isthe average (mean) of the distribution.
e If X = The number of patients seen in the emergency unit
in a day, and if X ~Poisson (1), then:
1. The average (mean) of patients seen every day in the
emergency unit = A.
2. The average (mean) of patients seen every month in the
emergency unit =30A.
3. The average (mean) of patients seen every year in the
emergency unit = 365A.
4. The average (mean) of patients seen every hour in the
emergency unit = A/24.
Also, notice that:
(1) If Y= The number of patients seen every month, then:
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Y ~ Poisson O\.*), where A, =30

(1) W= The number of patients seen every year, then:
W ~ Poisson (L), where 1"=365x%

(ii1) V= The number of patients seen every hour, then:

V ~ Poisson (L), where l*z_%

Example:
Suppose that the number of snake bites cases seen at KKUH in a
year has a Poisson distribution with average 6 bite cases.
(1) What is the probability that in a year:

(1) The no. of snake bite cases will be 7?2

(ii) The no. of snake bite cases will be less than 29
(2) What 1s the probability that there will be 10 snake bite cases
in 2 years?
(3) What is the probability that there will be no snake bite cases
in a month?
Solution:
(1) X = no. of snake bite cases in a year.

X ~ Poisson (6) (A=06)

=0 Fx
P(X:x)ze o

—6' 7
() Plx=7)=%5 _0.13768

(i) P(x<2)= P()} =0)+P(X =1)

8_6 60 676 6]
= =+

=0.00248 +0.01487 = 0.01735

0! !
(2) Y =no of snake bite cases in 2 years
Y ~ Poisson(12) (A =22=(2)6)=12)
| e 2127
P(Y=y)= s p=ifyl,3,.
!
-121410
2 P(r=10)=—12"_0.1048
10!
(3) W =no. of snake bite cases in a month.
; w A 6
W ~ Poisson (0.5 A =—==—=05
(0.5) 4 =5 =m=l)

L King Saud University m Dr. Abdullah Al-Shiha ]

I—v_.l




SimbasRRMeree e Sells UnrepisiarerkMasiousitp /st smpoRdhcam 1431/1432. |

-0.5 w
P =wy=f—_ 2 . =0,1,2..
w!
-0.5 0
P(W =0)= e 05) _ 6065

4.5 Continuous Probability Distributions:

For any continuous r. v. X, there exists a function f{x),
called the probability density function (pdf) of X, for which:
(1) The total area under the curve of f{x) equals to 1.

f(x) f(x)

Yy, N

X a X b

Total area= jf}w f(X) dx =1 Plas X <b) = _[j f(x)adx = area

(2) The probability hat X is between the points (a) and (b)
equals to the area under the curve of f(x) which is bounded by
the point a and b.

(3) In general, the probability of an interval event is given by
the area under the curve of f{x) and above that interval.

f(x) f(x) foa)

Pla<X < b): I: f(x)dx = area P(x < a)= J._: f(x)dx = area P(X 2b)= I: f(x) dx = area

Note:

If X is continuous r.v. then:
1. P(x=a)=0 for any a.
2. P(X<a)=P(X < a)

[ King Saud University m Dr. Abdullah Al-Shiha ]
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< x) = cumulative probability
>qa)=1-P(X <a)=1-P(X <a)
a< X <bh)=P(X <b)-P(X <a)

1 N W B W
,-—\z—a;.—q\/—-\/-\
el

f(x)

P(X >a)=1-P(X <a)
A=1-B b b a
Total area =1 Jf(x)dx: Jf(x)dx— _[f(x)dx

Pla< X <b)=P(X <b)-P(X <a)

4.6 The Normal Distribution:

m One of the most important continuous distributions.

m Many measurable characteristics are normally or
approximately normally distributed.

(Examples: height, weight, ...)

m The probability density function of the normal distribution is
given by:

f(x)=Cr o

where (e=2.71828) and (1=3.14159).
The parameters of the distribution are the mean (u) and the
standard deviation (o).
m The continuous r.v. X which has a normal distribution has
several important characteristics:

l. —o< X <00,

2. The density function of X, f{x) , has a bell-Shaped curve:

[ King Saud University “ Dr. Abdullah Al-Shiha ]
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f(x)

mean = u

standard deviation = o
variance = ¢

3. The highest point of the curve of f(x) at the mean x .
(Mode = u)
4. The curve of f(x) is symmetric about the mean # .
M = mean = mode = median
5. The normal distribution depends on two parameters:
mean = u (determines the location)
standard deviation = ¢ (determines the shape)
6. If the r.v. X is normally distributed with mean # and
standard deviation & (variance &~ ), we write:
X~N0rmal(,u,0'2) or  X~N(uo?)
7. The location of the normal distribution depends on . The
shape of the normal distribution depends on .

Note: The location of the normal
distribution depends on u and its
shape depends on o.

Suppose we have two normal
distributions;

Ny, 09)
__________ N(“Qa 02) -

K < L, 01702

[ King Saud University m Dr. Abdullah Al-Shiha }
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M1 = Mo, 0150, 11 < H2, G1<03

The Standard Normal Distribution:
The normal distribution with mean =0 and variance o2 =1 is
called the standard normal distribution and is denoted by
Normal (0,1) or N(0,1). The standard normal random variable is
denoted by (Z), and we write:
Z ~N(0, 1)

The probability density function (pdf) of Z~N(0,1) is given by:

1 ==z
2r

f(2)=n(z;0,))=

T
0

The standard normal distribution, Normal (0,1), is very
important because probabilities of any normal distribution can

be calculated from the probabilities of the standard normal
distribution.

[ King Saud University m Dr. Abdullah Al-Shiha ]
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Z~N(0, 1)

o
S - V-
@
o
B i i

0.025
4 0 1 -2 0 2 -3 0 3
68% of the area is between 95% of the area is between 99.7% of the area is between
-1 and 1 -2 and 2 -3 and 3
(approximately) (approximately) (approximately)

Result:
If X~Normal (1,0°), then 2z=2"*# Normal(0,1).
g

Calculating Probabilities of Normal (0,1):
Suppose Z ~ Normal (0,1).
For the standard normal distribution Z ~ N(0,1), there is a
special table used to calculate probabilities of the form:
P(Z < a)

(i) P(Z < a)=From the table \
L

(i) P(Z>b)=1-P(Z <b)

Where:
P(Z <b) = From the table é

0 b
(iii)) Pla<Z<b)=P(Z<b)-P(z<a)
Where: é
P(z < b) = from the table \
P(z < a) = from the table
L a 0 b

[ King Sand Univessity m Dr. Abdullah Al-Shiha ]
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(iv) P(Z=a)=0 foreverya.

Example:
Suppose that Z~ N(0,1)
(1) P(Z <1.50)=0.9332

N

sl
-

o 1.50

(2)
P(Z=0.98)=1- P(Z <0.98)

=1-0.8365
=0.1635

(4) P(z<0)=P(Z2>0)=0.5

Notation:
PlE=Z,)=4

Z 0.00 0.01
: U
1.50 = | 8.9332
Z 0.00 0.08
; - U
: U
0.90= = =% 0.8365
Z -0.03
: : U
—-1.30 =i 0.0918

[ King Saud University
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PZ<Zp)=A

For example:

FAXY

Result:
Since the pdf of Z~N(0,1) is symmetric about 0, we have:
L ==Ly
For example:  Zy35=— 71 935 =~ Zggs
Zose =—Z1-086 =~ Zo.14

Example:

Suppose that Z ~ N(0,1).

If P(Z<a)=0.9505 Z .. 0.05
Then a=1.65 : ]

1.60 = 0.9505

P(Z< A )=0.9505
P(Z < Z g 9505) = 0.9505
a= 7 9.9505

8=Z 9505 = 165

[ King Saud University W Dr. Abdullah Al-Shihaj
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Example:

Suppose that Z~N(0,1). Find Z -0.04
the value of & such that . : 0
P(Z<k)=0.0207. i
Solution: 20 == 0.0207
k=-2.04
Notice that k= Z0_0207 =-2.04

L 0
Example:
If Z ~N(0,1), then:
ZU.90 = 1.285
20.95 = 1645
ZLygrs = 1.96
Zo_gg = 2325
Z -table Z - table
Z~N(0,1) 0.06 \z-noy | 007 0.08
1 T 7
1.9|¢ 0.975 2.5/¢ 0.9949 0.9951
Zosrs Zy.995

Using the result: Zx=—7_4
Zoyo =—Zogo=-1.285
Zoos =—Zogs=— 1.645
Zows =—Zpgr5=—1.96
Zoor = —Zygg=—2.325

Calculating Probabilities of Normal (ﬂ, 0'2) :
m Recall the result:

X ~ Normal (/u,O”Z) < Z:X—_fi~Norma1(0,l)
g

{ King Saud University m Dr. Abdullah Al-Shiha j
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l. P(X<a)= P(Z = a_!”'} = From the table.
a

2. P(XZa)ﬂ—P(XSa):l_p[zSa;ﬂ)

3. Pla< X <b)=P(X <b)-P(X <a)

=P[Zs b_#J—P(Zs “‘“J
g g

4. P(X =a)=0, for every a.

4.7 Normal Distribution Application:

Example

Suppose that the hemoglobin levels of healthy adult males are
approximately normally distributed with a mean of 16 and a
variance of 0.81.

(a) Find that probability that a randomly chosen healthy adult
male has a hemoglobin level less than 14,

(b) What is the percentage of healthy adult males who have
hemoglobin level less than 14?

(c) In a population of 10,000 healthy adult males, how many
would you expect to have hemoglobin level less than 14?

Solution:
X = hemoglobin level for healthy adults males
Mean: =16

Variance: o =0.81

Standard deviation: ©=0.9

X ~Normal (16, 0.81)
(a) The probability that a randomly chosen healthy adult male
has hemoglobin level less than 14 is P(x <14).

[ King Saud University ‘J‘ 80 '; Dr. Abdullah Al-Shiha }
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P(Xsm):P[zs 14_”)

g
:P(Zﬁm_m)
0.9

= P(Z <-2.22) ﬁ :
=0.0132 sl
(b) The percentage of healthy adult males who have hemoglobin
level less than 14 is:
P(X <14)x100%=0.0132x100%=1.32%

0.0132

(¢) In a population of 10000 healthy adult males, we would
expect that the number of males with hemoglobin level less than
14 to be:

P(X <14)x10000=0.0132x10000=132 males

Example:
Suppose that the birth weight of Saudi babies has a normal
distribution with mean u=3.4 and standard deviation c=0.35.

(a) Find the probability that a randomly chosen Saudi baby has a
birth weight between 3.0 and 4.0 kg.

(b) What is the percentage of Saudi babies who have a birth
weight between 3.0 and 4.0 kg?

(c) In a population of 100000 Saudi babies, how many would
you expect to have birth weight between 3.0 and 4.0 kg?

Solution:

X = birth weight of Saudi babies

Mean: u=3.4

Standard deviation: o =0.35

Variance: o~ = (0.35)* =0.1225

X ~Normal (3.4, 0.1225)

(a) The probability that a randomly chosen Saudi baby has a
birth weight between 3.0 and 4.0 kg is P(3.0 < X < 4.0)

[ King Saud University m Dr. Abdullah Al-Shiha J
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P(3.0< X <4.0)= P(X <4.0)- P(X <3.0)

:P(Zs4‘0_"’J—P[Zs3‘O_”]

o (o2
_ P(ZS 4'0_3‘4]—1{25 3.03.4]
0.35 0.35

=P(Z<1.71)- P(Z<-1.14)
=0.9564 - 0.1271=0.8293

3 =34 4

(b) The percentage of Saudi babies who have a birth weight
between 3.0 and 4.0 kg is

P(3.0<X<4.0) x 100%= 0.8293x 100%= 82.93%

(c) In a population of 100,000 Saudi babies, we would expect
that the number of babies with birth weight between 3.0 and 4.0
kg to be:

P(3.0<X<4.0) x 100000= 0.8293x 100000= 82930 babies

[ King Saud University m Dr. Abdullah Al-Shiha ]
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Standard Normal Table
Areas Under the Standard Normal Curve

-~

0

-0.09

-0.08

-0.07

z -0.06 -0.05 -0.04 -0.03 -0.02 -0.01 -0.00 z
-3.50 | 0.00017 | 0.00017 | 0.00018 | 0.00019 [ 0.00019 | 0.00020 | 0.00021 | 0.00022 | 0.00022 | 0.00023 | -3.50
-3.40 | 0.00024 | 0.00025 | 0.00026 | 0.00027 | 0.00028 | 0.00029 | 0.00030 | 0.00031 | 0.00032 | 0.00034 | -3.40
-3.30 | 0.00035 | 0.00036 | 0.00038 | 0.00039 | 0.00040 | 0.00042 | 0.00043 | 0.00045 | 0.00047 | 0.00048 | -3.30
-3.20 | 0.00050 | 0.00052 | 0.00054 | 0.00056 | 0.00058 | 0.00060 | 0.00062 | 0.00064 | 0.00066 | 0.00069 | -3.20
-3.10 | 0.00071 | 0.00074 | 0.00076 | 0.00079 | 0.00082 | 0.00084 | 0.00087 | 0.00090 | 0.00094 | 0.00097 | -3.10
-3.00 | 0.00100 | 0.00104 | 0.00107 | 0.00111 | 0.00114 | 0.00118 | 0.00122 | 0.00126 | 0.00131 | 0.00135 | -3.00
-2.90 | 0.00139 | 0.00144 | 0.00149 | 0.00154 | 0.00159 | 0.00164 | 0.00169 | 0.00175 | 0.00181 | 0.00187 | -2.90
-2.80 | 0.00193 | 0.00199 | 0.00205 | 0.00212 | 0.00219 | 0.00226 | 0.00233 | 0.00240 | 0.00248 | 0.00256 | -2.80
-2.70 | 0.00264 | 0.00272 | 0.00280 | 0.00289 | 0.00298 | 0.00307 | 0.00317 | 0.00326 | 0.00336 | 0.00347 | -2.70
-2.60 | 0.00357 | 0.00368 | 0.00379 | 0.00391 | 0.00402 | 0.00415 [ 0.00427 | 0.00440 | 0.00453 | 0.00466 | -2.60
-2.50 | 0.00480 | 0.00494 | 0.00508 | 0.00523 | 0.00539 | 0.00554 | 0.00570 | 0.00587 | 0.00604 | 0.00621 | -2.50
-2.40 | 0.00639 | 0.00657 | 0.00676 | 0.00695 | 0.00714 | 0.00734 | 0.00755 | 0.00776 | 0.00798 | 0.00820 | -2.40
-2.30 | 0.00842 | 0.00866 | 0.00889 | 0.00914 | 0.00939 | 0.00964 | 0.00990 | 0.01017 | 0.01044 | 0.01072 | -2.30
-2.20 | 0.01101 | 0.01130 | 0.01160 | 0.01191 | 0.01222 | 0.01255 | 0.01287 | 0.01321 | 0.01355 | 0.01390 | -2.20
-2.10 | 0.01426 | 0.01463 | 0.01500 | 0.01539 | 0.01578 | 0.01618 | 0.01659 | 0.01700 | 0.01743 | 0.01786 | -2.10
-2.00 | 0.01831 | 0.01876 | 0.01923 | 0.01970 | 0.02018 | 0.02068 | 0.02118 | 0.02169 | 0.02222 | 0.02275 | -2.00
-1.90 | 0.02330 | 0.02385 | 0.02442 | 0.02500 | 0.02559 [ 0.02619 [ 0.02680 | 0.02743 | 0.02807 | 0.02872 | -1.90
-1.80 | 0.02938 | 0.03005 | 0.03074 | 0.03144 | 0.03216 | 0.03288 | 0.03362 | 0.03438 | 0.03515 | 0.03593 | -1.80
-1.70 | 0.03673 | 0.03754 | 0.03836 | 0.03920 | 0.04006 | 0.04093 | 0.04182 | 0.04272 | 0.04363 | 0.04457 | -1.70
-1.60 | 0.04551 | 0.04648 | 0.04746 | 0.04846 | 0.04947 | 0.05050 | 0.05155 | 0.05262 | 0.05370 | 0.05480 | -1.60
-1.50 | 0.05592 | 0.05705 | 0.05821 | 0.05938 | 0.06057 | 0.06178 | 0.06301 | 0.06426 | 0.06552 | 0.06681 | -1.50
-1.40 | 0.06811 | 0.06944 | 0.07078 | 0.07215 | 0.07353 | 0.07493 | 0.07636 | 0.07780 | 0.07927 | 0.08076 | -1.40
-1.30 | 0.08226 | 0.08379 | 0.08534 | 0.08691 | 0.08851 | 0.09012 | 0.09176 | 0.09342 | 0.09510 | 0.09680 | -1.30
-1.20 | 0.09853 | 0.10027 | 0.10204 | 0.10383 | 0.10565 | 0.10749 | 0.10935 | 0.11123 | 0.11314 | 0.11507 | -1.20
-1.10 | 0.11702 | 0.11900 | 0.12100 | 0.12302 | 0.12507 | 0.12714 | 0.12924 | 0.13136 | 0.13350 | 0.13567 | -1.10
-1.00 | 0.13786 | 0.14007 | 0.14231 | 0.14457 | 0.14686 | 0.14917 | 0.15151 | 0.15386 | 0.15625 | 0.15866 | -1.00
-0.90 | 0.16109 | 0.16354 | 0.16602 | 0.16853 | 0.17106 | 0.17361 | 0.17619 | 0.17879 | 0.18141 | 0.18406 | -0.90
-0.80 | 0.18673 | 0.18943 | 0.19215 | 0.19489 | 0.19766 | 0.20045 | 0.20327 | 0.20611 | 0.20897 | 0.21186 | -0.80
-0.70 | 0.21476 | 0.21770 | 0.22065 | 0.22363 | 0.22663 | 0.22965 | 0.23270 | 0.23576 | 0.23885 | 0.24196 | -0.70
-0.60 | 0.24510 | 0.24825 | 0.25143 | 0.25463 | 0.25785 | 0.26109 | 0.26435 | 0.26763 | 0.27093 | 0.27425 | -0.60
-0.50 | 0.27760 | 0.28096 | 0.28434 | 0.28774 | 0.29116 | 0.29460 | 0.29806 | 0.30153 | 0.30503 | 0.30854 | -0.50
-0.40 | 0.31207 | 0.31561 | 0.31918 | 0.32276 | 0.32636 | 0.32997 | 0.33360 | 0.33724 | 0.3409 | 0.34458 | -0.40
-0.30 | 0.34827 | 0.35197 | 0.35569 | 0.35942 | 0.36317 | 0.36693 | 0.37070 | 0.37448 | 0.37828 | 0.38209 | -0.30
-0.20 | 0.38591 | 0.38974 | 0.39358 | 0.39743 | 0.40129 | 0.40517 | 0.40905 | 0.41294 | 0.41683 | 0.42074 | -0.20
-0.10 | 0.42465 | 0.42858 | 0.43251 | 0.43644 | 0.44038 | 0.44433 | 0.44828 | 0.45224 | 0.45620 | 0.46017 | -0.10
-0.00 | 0.46414 | 0.46812 | 0.47210 | 0.47608 | 0.48006 | 0.48405 | 0.48803 | 0.49202 | 0.49601 | 0.50000 | -0.00
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Standard Normal Table (continued)
Areas Under the Standard Normal Curve

0

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.00

0.50000

0.50399

0.50798

0.51197

0.51595

0.51994

0.52392

0.52790

0.53188

0.53586

0.00

0.10

0.53983

0.54380

0.54776

0.55172

0.55567

0.55962

0.56356

0.56749

0.57142

0.57535

0.10

0.20

0.57926

0.58317

0.58706

0.59095

0.59483

0.59871

0.60257

0.60642

0.61026

0.61409

0.20

0.30

0.61791

0.62172

0.62552

0.62930

0.63307

0.63683

0.64058

0.04431

0.64803

0.65173

0.30

0.40

0.65542

0.65910

0.66276

0.66640

0.67003

0.67364

0.67724

0.68082

0.68439

0.68793

0.40

0.50

0.69146

0.69497

0.69847

0.70194

0.70540

0.70884

0.71226

0.71566

0.71904

0.72240

0.50

0.60

0.72575

0.72907

0.73237

0.73565

0.73891

0.74215

0.74537

0.74857

0.75175

0.75490

0.60

0.70

0.75804

0.76115

0.76424

0.76730

0.77035

0.77337

0.77637

0.77935

0.78230

0.78524

0.70

0.80

0.78814

0.79103

0.79389

0.79673

0.79955

0.80234

0.80511

0.80785

0.81057

0.81327

0.80

0.90

0.81594

0.81859

0.82121

0.82381

0.82639

0.82894

0.83147

0.83398

0.83646

0.83891

0.90

1.00

0.84134

0.84375

0.84614

0.84849

0.85083

0.85314

0.85543

0.85769

0.85993

0.86214

1.00

1.10

0.86433

0.86650

0.86864

0.87076

0.87286

0.87493

0.87698

0.87900

0.88100

0.88298

1.10

1.20

0.88493

0.88686

0.88877

0.89065

0.89251

0.89435

0.89617

0.89796

0.89973

0.90147

1.20

1.30

0.90320

0.90490

0.90658

0.90824

0.90988

0.91149

0.91309

0.91466

0.91621

0.91774

1.30

1.40

0.91924

0.92073

0.92220

0.92364

0.92507

0.92647

0.92785

0.92922

0.93056

0.93189

1.40

1.50

0.93319

0.93448

0.93574

0.93699

0.93822

0.93943

0.94062

0.94179

0.94295

0.94408

1.50

1.60

0.94520

0.94630

0.94738

0.94845

0.94950

0.95053

0.95154

0.95254

0.95352

0.95449

1.60

1.70

0.95543

0.95637

0.95728

0.95818

0.95907

0.95994

0.96080

0.96164

0.96246

0.96327

1.70

1.80

0.96407

0.96485

0.96562

0.96638

0.96712

0.96784

0.96856

0.96926

0.96995

0.97062

1.80

1.90

0.97128

0.97193

0.97257

0.97320

0.97381

0.97441

0.97500

0.97558

0.97615

0.97670

1.90

2.00

0.97725

0.97778

0.97831

0.97882

0.97932

0.97982

0.98030

0.98077

0.98124

0.98169

2.00

2.10

0.98214

0.98257

0.98300

0.98341

0.98382

0.98422

0.98461

0.98500

0.98537

0.98574

2.10

2.20

0.98610

0.98645

0.98679

0.98713

0.98745

0.98778

0.98809

0.98840

0.98870

0.98899

2.20

2.30

0.98928

0.98956

0.98983

0.99010

0.99036

0.99061

0.99086

0.99111

0.99134

0.99158

2.30

2.40

0.99180

0.99202

0.99224

0.99245

0.99266

0.99286

0.99305

0.99324

0.99343

0.99361

2.40

2.50

0.99379

0.99396

0.99413

0.99430

0.99446

0.99461

0.99477

0.99492

0.99506

0.99520

2.50

2.60

0.99534

0.99547

0.99560

0.99573

0.99585

0.99598

0.99609

0.99621

0.99632

0.99643

2.60

2.70

0.99653

0.99664

0.99674

0.99683

0.99693

0.99702

0.99711

0.99720

0.99728

0.99736

2.70

2.80

0.99744

0.99752

0.99760

0.99767

0.99774

0.99781

0.99788

0.99795

0.99801

0.99807

2.80

2.90

0.99813

0.99819

0.99825

0.99831

0.99836

0.99841

0.99846

0.99851

0.99856

0.99861

2.90

3.00

0.99865

0.99869

0.99874

0.99878

0.99882

0.99886

0.99889

0.99893

0.99896

0.9990

3.00

3.10

0.99903

0.99906

0.99910

0.99913

0.99916

0.99918

0.99921

0.99924

0.99926

0.99929

3.10

3.20

0.99931

0.99934

0.99936

0.99938

0.99940

0.99942

0.99944

0.99946

0.99948

0.99950

3.20

3.30

0.99952

0.99953

0.99955

0.99957

0.99958

0.99960

0.99961

0.99962

0.99964

0.99965

3.30

3.40

0.99966

0.99968

0.99969

0.99970

0.99971

0.99972

0.99973

0.99974

0.99975

0.99976

3.40

3.50

0.99977

0.99978

0.99978

0.99979

0.99980

0.99981

0.99981

0.99982

0.99983

0.99983

3.50
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CHAPTER 5: Probabilistic Features of the Distributions of
Certain Sample Statistics

5.1 Introduction:

In this Chapter we will discuss the probability distributions
of some statistics.

As we mention earlier, a statistic is measure computed
form the random sample. As the sample values vary from
sample to sample, the value of the statistic varies accordingly.

A statistic is a random variable; it has a probability
distribution, a mean and a variance.

5.2 Sampling Distribution:

The probability distribution of a statistic is called the
sampling distribution of that statistic.

The sampling distribution of the statistic is used to make
statistical inference about the unknown parameter.

5.3 Distribution of the Sample Mean:
(Sampling Distribution of the Sample Mean x):

Suppose that we have a population with mean . and
variance o’. Suppose that X, X,,...,X, is a random sample of

size (n) selected randomly from this population. We know that
the sample mean is:

> X,
X=d
n

Suppose that we select several random samples of size #=S5.

Ist 2nd 3rd Last
sample | sample | sample sample

28 31 14 7
30 20 31 32
Sample values 34 31 25 29
34 40 27 31
17 28 32 30

Sample mean x 28.4 29.9 258 27.8

[ King Saud University
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- The value of the sample mean X varies from random
sample to another.
- The value of x is random and it depends on the random
sample.
- The sample mean x is a random variable.
- The probability distribution of X is called the sampling
distribution of the sample mean .
Questions:
o What is the sampling distribution of the sample mean
x?
o What is the mean of the sample mean X ?
o What is the variance of the sample mean x ?

Some Results about Sampling Distribution of X :

Result (1): (mean & variance of X)

If X,,X,,....,X, is a random sample of size n from any
distribution with mean x and variance o then:

1. The mean of x is: Hy=U.

0_2

.
3. The Standard deviation of X is call the standard error and

o
is defined by: F =l = .

. == o 2
2. The variance of X is: Ty

Result (2): (Sampling from normal population)

If X,,X,,....X, is a random sample of size » from a normal
population with mean x and variance o?; that is Normal (,u,a2 ),
then the sample mean has a normal distribution with mean
and variance o’ /n, that is:

— 2
1. X~ Normal (g,G—J.
n

A —H
o/n

[ King Saud University m Dr. Abdullah Al-Shiha ]
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We use this result when sampling from normal distribution with
known variance o”.

Result (3): (Central Limit Theorem: Sampling from Non-
normal population)

Suppose that X, X,,...,X, is a random sample of size n
from non-normal population with mean x and variance o?. If
the sample size n is large (7>30), then the sample mean has
approximately a normal distribution with mean # and variance
o’ /n, that is

—- 2
1. X~ Normal ( " 0—] (approximately)
n
X-u .
2. Z= ~ Normal (0,1) (approximately)
o/n

Note: “~” means “approximately distributed”.
We use this result when sampling from non-normal distribution
with known variance o* and with large sample size.

Result (4): (used when o is unknown + normal distribution)
If X,X,,....X, is a random sample of size »n from a

normal distribution with mean g and unknown variance o?; that

is Normal (.02 ), then the statistic:

X =g

S/\n

has a t- distribution with (7 —1) degrees of freedom, where S is
the sample standard deviation given by:

T &=

n

> X~ X}
§=A/§2 = i=1
n-—1
We write:
=7
1= ~t(n-1
S/ln )

Notation: degrees of freedom = df = v

L King Saud University m Dr. Abdullah Al-Shiha ]
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The t-Distribution: (Section 6.3. pp 172-174)
e Student's t distribution.

e t-distribution is a distribution of a continuous random
variable.

e Recall that, if X, X, ..., X, is a random sample of size n
from a normal distribution with mean p and variance o,
i.e. N(u,0), then

_X-u
o/dn
We can apply this result only when 67 is known!

e If 6* is unknown, we replace the population variance o~

7 ~N(0,1)

>(X; - X)?
with the sample variance S2 :ii'—l to have the
"

following statistic

X—up

T
S//n
Recall:

If Xi, Xy, ..., X, is a random sample of size » from a

normal distribution with mean u and variance o, i.e. N(u,c6°),
then the statistic:

&=
S/In
has a t-distribution with (#—1) degrees of freedom
(df =v=n-1), and we write T~ t(v) or T~ t(n—1).
Note:
e t-distribution is a continuous distribution.
* The value of t random variable range from —oo to +w (that
is, —0<t<w0),
e The mean of't distribution is 0.
e It is symmetric about the mean 0.

* The shape of t-distribution is similar to the shape of the
standard normal distribution.

e t-distribution — Standard normal distribution as n — .

[ King Saud University m Dr. Abdullah Al-Shiha 1
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T ~ t{v)

Notation: (t,)

T~ t{v)

i, o =- 1,

P(T< ()=«

* to = The t-value under which we find an area equal to o
= The t-value that leaves an area of o to the left.
 The value t, satisfies: P(T<t,) = a.

e Since the curve of the pdf of T~ t(v) is symmetric about
0, we have

tl g = = tcc
For example:  to3s =—t1_935 = — to¢s
to.82 = — ti—0.86 = — to.14
* Values of t, are tabulated in a special table for several
values of o and several values of degrees of freedom.
(Table E, appendix p. A-40 in the textbook).

Example:

Find the t-value with v=14 (df) that leaves an area of:
(@) 0.95 to the left.
(b)  0.95 to the right.
Solution:
v=14 (df); T~t(14)
(a) The t-value that leaves an area of 0.95 to the left is
to.95 = 1.761.

LKing Saud University m Dr. Abdullah Al-Shiha 1
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Application:

Example: (Sampling distribution of the sample mean)

Suppose that the time duration of a minor surgery is
approximately normally distributed with mean equal to 800
seconds and a standard deviation of 40 seconds. Find the
probability that a random sample of 16 surgeries will have
average time duration of less than 775 seconds.

Solution:

X= the duration of the surgery

n=800 , c=40 , ¢’ =1600

X~N(800, 1600)

Sample size: n=16

Calculating mean, variance, and standard error (standard
deviation) of the sample mean X :

Mean of X : py = 1=800
; - > 1600
Variance of X : o} = = :_1(:100
n

- - 40
Standard error (standard deviation) of X: o = P L
( ) R T:

Using the central limit theorem, X has a normal distribution
with mean x; =800 and variance o3 =100, that is:

X ~ N(u, Z-)=N(800,100)

X —p_X-800
o/n 10
The probability that a random sample of 16 surgeries will have
an average time duration that is less than 775 seconds equals to:

P()?<775):P[X‘/" 775-,uJ _ P(X—SOO <775—300}

o Z=

~N(0,1)

<
oldn  oln 10 10

= P(Z <L51_6§%] = P(Z <-2.50) =0.0062

[ King Saud University m Dr. Abdullah Al-Shiha J
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] 2
X ~N( 2~ )=N(800.100)
n

775 U5=800

Example:

If the mean and standard deviation of serum iron values for
healthy mean are 120 and 15 microgram/100ml, respectively,
what is the probability that a random sample of size 50 normal

men will yield a mean between 115 and 125 microgram/100m1?
Solution:

X= the serum iron value

n=120 , o=15 , ¢* =225

X~N(120, 225)

Sample size: n=50

Calculating mean, variance, and standard error (standard
deviation) of the sample mean X :

Mean of X : dy =pu=120
: = % 295
Variance of X: ol="_=222_45
n 50
Standard error (standard deviation) of X : ¢, =-Z D =513

S
Using the central limit theorem, X has a normal distribution
with mean u; =120 and variance o =4.5, that is:
X ~N(n,Z-)=N(120,4.5)

n

X—u = X =120
o/\n 2.12

The probability that a random sample of 50 men will yield a
mean between 115 and 125 microgram/100ml equals to:

P(115<)?<125):p(115_/" X <125—,sz

<
cln oldn  o/n

[ King Saud University m Dr. Abdullah Al-Shiha ]
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:P{us—lzo X - p_125-120
5.11 J/J_ 2.12

= P(z<236) - P(Z <-2.36)

=0.9909 - 0.0091

=0.9818

] P(-2.36 < Z <2.36)

5.4 Distribution of the Difference Between Two Sample
Means (X, - X,):

Suppose that we have two populations:
e 1-st population with mean , and variance G
e 2-nd population with mean L, and variance oy
e We are interested in comparing p; and W, or
equivalently, making inferences about the difference
between the means (—LLb).

e We independently select a random sample of size n; from
the 1-st population and another random sample of size n,
from the 2-nd population:

e Let X, and S? be the sample mean and the sample
variance of the 1-st sample.

e Let X, and S be the sample mean and the sample
variance of the 2-nd sample.

e The sampling distribution of X, -X, is used to make
inferences about p,—L,.

1-st Population 1-st Sample
. . \ &
@
g
2-nd Population 2-nd Sample g
/ g
=

.%

[ King Saud University ﬂ Dr. Abdullah Al-Shiha }
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The sampling distribution of X, - X,:

Result:
The mean, the variance and the standard deviation of X, -X,
are:
Mean of X, - X, is: My _x, =M~ Hy
2 2
, v oo B o
Variance of X, - X,is: 9x-x, =
no M
Standard error (standard) deviation of X, - X, is:
2 2
2 g .9
G- - =.0% v =.—F—+—*=
X1—-X, X1-X2 n n,

Result:

If the two random samples were selected from normal
distributions (or non-normal distributions with large sample
sizes) with known variances 0'12 and o5, then the difference
between the sample means (X, - X,) has a normal distribution

with mean (4, — &, ) and variance ( (o2 /n)+(o; /ny)), that is:
2

2
By - N 2
1 2

F = (X1 —Xg)ﬁ(ﬂl —qu)

. o ol ~N(0,1)
B

Application:

Example:

Suppose it has been established that for a certain type of client
(type A) the average length of a home visit by a public health
nurse is 45 minutes with standard deviation of 15 minutes, and
that for second type (type B) of client the average home visit is
30 minutes long with standard deviation of 20 minutes. If a
nurse randomly visits 35 clients from the first type and 40

[ King Saud University m Dr. Abdullah Al-Shiha ]
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clients from the second type, what is the probability that the
average length of home visit of first type will be greater than the
average length of home visit of second type by 20 or more

minutes?
Solution:
For the first type:
Hy =45
o, =15
o= 225
n, =35
For the second type:
My =30
o, =20
ol =400
n, =40
The mean, the variance and the standard deviation of X, - X,
are:

Mean of X, — X, is:
Hz 3, =M —H= 45-30=15
Variance of X, — X,is:

X=X, —

: ol o 225 400
= +

+—== =16.4286
n, n, 35 0

Standard error (standard) deviation of X, - X, is:
O35 =05y, = 164286 = 4.0532
The sampling distribution of X, - X, is:
X, -X, ~ N(15,16.4286)

z-&K=X)-15
Jiease  ~NGD
The probability that the average length of home visit of first

type will be greater than the average length of home visit of
second type by 20 or more minutes is:

[ King Saud University < 96 5 Dr. Abdullah Al-Shiha ]

I_V_I




SimpaRR Meree g ISRl UnrepiieresNEsron s/ wvaksipandhassr 143111432 |

= = X, =X 20

’0! 2“ ’cr, O’-,

20-15
_p[z 4'053) P(Z>1.23) =1 - P(Z<1.23)

=1 - 0.8907
={.1093

5.5 Distribution of the Sample Proportion ( 7 ):

Population Sample
Elements of
Type ”n A " Type A
Others |—> |n(A) /Others
N(A) n-n(A)

N- N(A)

Population size = N

Sample size = n

m For the population:
N(4)=number of elements in the population
with a specified characteristic “A”
N = total number of elements in the population
(population size)
The population proportion is
_N(4)
N
m For the sample:
n(A4)=number of elements in the sample with the same
characteristic “A”
n = sample size
The sample proportion is
o)
n
m The sampling distribution of P is used to make inferences

[ King Saud University m Dr. Abdullah Al-Shiha J
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about p.

Result:

The mean of the sample proportion (P ) is the population
proportion (p); that is:

Hy =P
The variance of the sample proportion ( P)is:

o2 - Pl-p)_pg
r n n
The standard error (standard deviation) of the sample proportion

(P)is:
. _\/p(l-p) _\/pq
S -
n n
Result:
For large sample size (n>=30,np>5,ng>5), the sample

proportion ( D) has approximately a normal distribution with
mean A; = P and a variance 0 = pq/n  that is:

(where g=1 —p)

~ pPq
p~N (p’_n_j (approximately)

~

z=L_L_N(,1)

\/E
Example:

Suppose that 45% of the patients visiting a certain clinic are
females. If a sample of 35 patients was selected at random, find
the probability that:

1. the proportion of females in the sample will be greater
than 0.4.

2. the proportion of females in the sample will be between
0.4 and 0.5.

Solution:
e .n=35 (large)

e p = The population proportion of females = ]4750 =0.45

[ King Saud University d 98 '; Dr. Abdullah Al-Shiha J
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e [ =The sample proportion
(proportion of females in the sample)
e The mean of the sample proportion ( D)isp=0.45
e The variance of the sample proportion ( P ) is:
pll-p) _ pg _0.45(1-045)

n n 35
e The standard error (standard deviation) of the sample

proportion ( P ) is:

PU=P) _ 15,6071 =0.084
14!

o n>30, np=35%x0.45=15.75>5,ng =35x0.55=19.25> 5

1. The probability that the sample proportion of females ( D)
will be greater than 0.4 is:

=,007 L.

5 PR n ol B A=
P(P >04)=1-P(P <04)=1 P\]p(l_p) Jp(l_p)

n

_plze04-045 |
= =l \/0.45(1—0.45) = I =PiA 205

35
=1-0.2776 =0.7224

2. The probability that the sample proportion of females ( P )
will be between 0.4 and 0.5 is:

P(0.4< P <0.5)=P(P <0.5)-P(P <0.4)

p—p 0.5-p
— P < = 1)
thl—p) Jp(l—p) 12700

n n

0.5-0.45

[045(1-045) | 92770
35
[ King Saud University m Dr. Abdullah Al-Shiha ]
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= P(Z <0.59) = 0.2776
=0.7224 - 0.2776
=(.4448

5.6 Distribution of the Difference Between Two Sample
Proportions ( P, — f?z)_:

1-st Random Sample

1-st Population of szie =ny4

Type A

Others | —>> Others
nq=%4

N

independent
K

2-nd Random Sample

2-nd Population of szie=n,

Type A

Others —_—y Others
nz—X;

Suppose that we have two populations:

e p; = proportion of elements of type (A) in the 1-st
population.

e p, = proportion of elements of type (A) in the 2-nd
population.

e We are interested in comparing p, and p,, or equivalently,

making inferences about p — p,.

We independently select a random sample of size n; from

the 1-st population and another random sample of size n,

from the 2-nd population:

Let X; =no. of elements of type (A) in the 1-st sample.

Let X, =no. of elements of type (A) in the 2-nd sample.

A X
py=""" = sample proportion of the 1-st sample
1

{ King Saud University m Dr. Abdullah Al-Shiha ]
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P
* P :n_; = sample proportion of the 2-nd sample

e The sampling distribution of P, — P, is used to make
inferences about p, — p,.

The sampling distribution of P, — D, :
Result:
The mean, the variance and the standard error (standard

deviation) of P, — D, are:
e Mean of P, — P, is:

Mp_p, = P11~ P,
e Variance of P, — P, is:
2 P4 | P.9q
T. » = &4 , 254
P1— P2 ", n,

e Standard error (standard deviation) of Dy — Dsis:

o. . — |PD P
Pr— P2 \/ n, n,

e ¢g,=1-p and ¢,=1-p,

Result:

For large samples sizes

(m 230,n, 230,n,p, >5,nq, >5,mp, >5,mq9,>5) , we have
that P, — P, has approximately normal distribution with mean

- . 2 p
HMp_p, = P1— P, and variance O, _p, = p‘nq‘ + Pzn :
1 2

, that 1s:

P 9, +P2 q,

n, n,

p—p,~N (Pl — P» j (Approximately)

7 = (}31 _ﬁz)*(pl _pz)
\/pl 4, P4

n, n,

~N(0,1) (Approximately)

[ King Saud University m Dr. Abdullah Al-Shihaj
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Example:

Suppose that 40% of Non-Saudi residents have medical
insurance and 30% of Saudi residents have medical insurance in
a certain city. We have randomly and independently selected a
sample of 130 Non-Saudi residents and another sample of 120
Saudi residents. What is the probability that the difference

between the sample proportions, ]?71 - f?g, will be between 0.05
and 0.27

Solution:

p1 = population proportion of non-Saudi with medical insurance.
P> = population proportion of Saudi with medical insurance.

P, = sample proportion of non-Saudis with medical insurance.

b, = sample proportion of Saudis with medical insurance.

p1=04 =130
p2:0.3 n2=120

Hp_p, =P1—P2=04-03=0.1

2
o, = PO Pt _ 0406) , (03)07)
h B 130 120

=0.0036

0"131_,32 = \/p‘q‘ + P29 =4/0.0036 =0.06

" h,
The probability that the difference between the sample
proportions, 2, — P, will be between 0.05 and 0.2 is:

P(0.05 <P, — P,<0.2) =P( P, — P,<0.2) — P(P, — P,<0.05)

_p (ﬁl—ﬁ’z)_(p1“P2)< 0.2-(p, - p,)
\/pl 4, P23 \/p. 4 , P2 4

n N, n 1,

[ King Saud University m Dr. Abdullah Al-Shihaj
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_p (ﬁi“}az)_(Pl_pz)< 0.05={p,— p;)
Jpl QI_I_Pz q, \/PJ (:71_'_[72 q,

n ny m 1,

0.06 0.06
=P(Z<1.67) - P(Z<-0.83)
=0.9515 - 0.2033

=0.7482

_ P(Z< 0.2—0.1] B P[Z< 0.05—0.1)
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CHAPTER 6: Using Sample Data to Make Estimations
About Population Parameters

6.1 Introduction:
Statistical Inferences: (Estimation and Hypotheses Testing)
It is the procedure by which we reach a conclusion about a

population on the basis of the information contained in a sample
drawn from that population.

There are two main purposes of statistics;
e Descriptive Statistics: (Chapter 1 & 2): Organization &
summarization of the data
o Statistical Inference: (Chapter 6 and 7): Answering

research questions about some unknown population
parameters.

(1) Estimation: (chapter 6)
Approximating (or estimating) the actual values of the unknown
parameters:

- Point Estimate: A point estimate is single value used to
estimate the corresponding population parameter.

— Interval Estimate (or Confidence Interval): An interval
estimate consists of two numerical values defining a range
of values that most likely includes the parameter being
estimated with a specified degree of confidence.

(2) Hypothesis Testing: (chapter 7)

Answering research questions about the unknown parameters of
the population (confirming or denying some conjectures or
statements about the unknown parameters).

L King Saud University 104 Dr. Abdullah Al-Shiha ]




6.1: The Point Estimates of the Population Parameters:

Population Point
Parameters estimator
Mean K X
Variance o’ s?
Standard Deviation o S
P p
Proportion
M1 — Hp X — X,
The Difference between
Two Means
P,-P, P, -P,
The Difference between
Two Proportion
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6.2 Confidence Interval for a Population Mean (1) :

In this section we are interested in estimating the mean of
a certain population (x).

Papulation
(distribution)

b S

Sample:
Random
Sample

L A

Sample mean = X

Population mean — # Sample size

. 2
Sample variance= S
n

e

Population Variance = O

Population: Sample:
Population Size =N Sample Size =n

Population Values: X, X,,.... X Sample values: X>X55--+5X,,

N
" Z‘X' ixi
Population Mean: u= —_— Sample Mean: ¥ -
N n
(X, —p) $(x,-3)
Population Variance: ¢* =-=-——«— - g
N Sample Variance: §2 =L

n—1

(i) Point Estimation of i:
A point estimate of the mean is a single number used to
estimate (or approximate) the true value of u .

- Draw a random sample of size » from the population:
s Fy 5 Xy ginsg

n

- Compute the sample mean: x = iz':x;
n i=l

Result:

The sample mean ?:lix, is a "good" point estimator of the
n i=1

population mean (u).

[ King Saud University m Dr. Abdullah Al-Shiha j

l—v_l




(1-a) % confident level

e How to get a when confidence level (1-a) % known

Examplel :

If we are 95% confident ,find a ?

(4 =0.05

~ 100
Example2 :

If we are 99% confident ,find a ?

1
———_=0.01
“=7100

Example3 :

If we are 80% confident ,find a ?

a = 100~ 0.20
Example4 :
If we are 92% confident ,find a ?
a= i =0.08
100
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(i1) Confidence Interval (Interval Estimate) of u:
An interval estimate of x is an interval (L,U) containing
the true value of x "with a probability of 1-a".

* l-a =g called the confidence coefficient (level)
* L = lower limit of the confidence interval
* U = upper limit of the confidence interval

Result: (For the case when o is known)

(a) If X,,X,...,X, is arandom sample of size n from a normal
distribution with mean x and known variance o* , then:

A (1-a)100% confidence interval for x is:

XiZl_goz
2
— o
Xtd
I—EJE
Tl — Frg =
1“2"\/; ]—5 n
— o = o
X—Z ,——= <ClU< A+4d ,—
1'3\/; 1‘5&

(b)) If Xx,,X,....X, is a random sample of size »n from a non-
normal distribution with mean x and known variance &? , and
if the sample size » is large (n > 30), then:

An approximate (1-«)100% confidence interval for x is:

XtZ _ o
g
== o)
Xl 5=
1—% Jn
— T = o
X-7Z —,X+7 A —
= o = o
X-7Z ,— <u< X+2Z _—
T -5
[ King Saud University 106 Dr. Abdullah Al-Shiha ]
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Note that:
1. We are (1-a)100% confident that the true value of « belongs

= ag — a
to the interval (X -Z ,—= , X+Z ,—).
( “5\/; \/;

Tes
2

2. Upper limit of the confidence interval = X +Z

e
2

3. Lower limit of the confidence interval = X —Z

12
2

AN

4. Z . =Reliability Coefficient
2

5. Z aX T = margin of error = precision of the estimate

6. In general the interval estimate (confidence interval) may be
expressed as follows:

Xt Zl_g Ty

2
estimator * (reliability coefficient) x (standard Error)

estimator £ margin of error

6.3 The t Distribution:
(Confidence Interval Using t)

We have already introduced and discussed the t
distribution.

Result: (For the case when o is unknown + normal population)
If Xx,X,..,X, is a random sample of size n from a normal
distribution with mean x and unknown variance o* , then:

A (1-«)100% confidence interval for x is:

Xit]_g g
2

— 5

X o

-2 Jn

(}—rl_%%,){ T]

FKing Saud University m Dr. Abdullah Al-Shiha }
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where the degrees of freedom is:
df =v=n=l.
Note that:
1. We are (1-a)100% confident that the true value of # belongs

) — S = 3
to the interval (X—f eI k' a_].
ST N

2, Oz = ﬁ (estimate of the standard error of X)
3. 1 _« = Reliability Coefficient
2

4. In this case, we replace 0 by S and Z by t.
5. In general the interval estimate (confidence interval) may be
expressed as follows:

Estimator + (Reliability Coefficient) x (Estimate of the Standard Error)

X & Jfl_g O

2

Notes: (Finding Reliability Coefficient)
(1) We find the reliability coefficient Z}_g from the Z-table as

follows:

! Z~N({0,1) /l\

(2) We find the reliability coefficient 7 . from the t-table as
2

follows: (df =v=n-1)

E

tv) /

[ King Saud University m Dr. Abdullah Al-Shiha ]
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Example:
Suppose that Z ~ N(0,1). Find Zl , for the following cases:

2
(1) a=0.1 (2) a=0.05 (3) a=0.01
Solution:
(1) For o =0.1:

1-%—1—%:0.95 = Z, =T e 1645
2

(2) For o =0.05:

1—%—1—0'—35=0.975 =2 Zl—g =Zo975 = 1.96.
2

(3) For a.=0.01:

-1 8 _peey = . =Zaae=3875,

2 2 1-
2

Z - table Z - table
| \z-No1 °-/I°\5 | °;F7 O;T\a
1.9(< 0.975 2.5|<—0.9949 0.9951
Zoors Z0.995
=1.96 =2.575

Example:
Suppose that t ~ t(30). Find fl_g for a =0.05.

Solution:
df=v=30
121200 o975 = 1 4 =logrs =2.0423
2 . =5
t(30) t - table
/ df 0.975
30— 2.0423
to.o7s
=2.0423

[ King Saud University m Dr. Abdullah Al-Shiha




The Confident Interval (C.l) for the Population

Mean (p)

T sy

Confident Interval (C.l) for the
Population Mean (u)

!

o’ known + Normal or o” unknown + Normal

non-normal(n large) n small (n < 30)

X+ ¢t >
= o — 1-% ——
X+ Zl_g — 2 Vn

2 Vn
t; « atdf=n-1
Z

- 109(A) -
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Example: (The case where o” is known)

Diabetic ketoacidosis is a potential fatal complication of
diabetes mellitus throughout the world and is characterized in
part by very high blood glucose levels. In a study on 123
patients living in Saudi Arabia of age 15 or more who were
admitted for diabetic ketoacidosis, the mean blood glucose level
was 26.2 mmol/l. Suppose that the blood glucose levels for such
patients have a normal distribution with a standard deviation of
3.3 mmol/I.

(1) Find a point estimate for the mean blood glucose level of

such diabetic ketoacidosis patients.

(2) Find a 90% confidence interval for the mean blood glucose

level of such diabetic ketoacidosis patients.

Solution:

Variable = X = blood glucose level (quantitative variable).

Population = diabetic ketoacidosis patients in Saudi Arabia of
age 15 or more.

Parameter of interest is: #= the mean blood glucose level.

Distribution is normal with standard deviation o =3.3.

o’ is known (o =10.89)

X ~Normal( £, 10.89)

4 =77 (unknown- we need to estimate )

Sample size: n=123 (large)

Sample mean: X =262

(1) Point Estimation:

We need to find a point estimate for .

X =262 is a point estimate for u.

M~ 262
(2) Interval Estimation (Confidence Interval = C. 1.):

We need to find 90% C. 1. for x.

90% = (1-a)100%

l—g =00 g=0.] & i;fzo.os = 1—%:0.95

The reliability coefficientis: Z , = Z,,, = 1.645
e :

90% confidence interval for 4 is:

[ King Saud University m Dr. Abdullah Al-ShihaT
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= g &= o

T =, KAE .

( 5 n ‘WIJ
3.3

3.3
, 26.2 +(1.645
V123 ( )x/123)

(26.2-0.4894714 , 26.2 +0.4894714)
(25.710529 , 26.689471)
We are 90% confident that the true value of the mean x lies in
the interval (25.71, 26.69), that is:
2571 < p <26.69

[26.2 (1.645)—=

Note: for this example even if the distribution is not normal, we
may use the same solution because the sample size n=123 is
large.

S

[ King Saud University 111 Dr. Abdullah Al-Shiha ]




Example: (The case where ¢” is unknown)

A study was conducted to study the age characteristics of

Saudi women having breast lump. A sample of 21 Saudi

women gave a mean of 37 years with a standard deviation

of 10 years. Assume that the ages of Saudi women having

breast lumps are normally distributed.

(a) Find a point estimate for the mean age of Saudi women
having breast lumps.

(b) Construct a 99% confidence interval for the mean age

of Saudi women having breast lumps

Solution:

X = Variable = age of Saudi women having breast lumps
(quantitative variable).

Population = All S

X = Variable = age of Saudi women having breast lumps

(quantitative variable).

Population = All Saudi women having breast lumps.

Parameter of interest is:

u = the age mean of Saudi women

having breast lumps.

X ~Normal( z, 0 )

© = 7?7 (unknown- we need to estimate )
¢ >= 22 (unknown)

Sample size:

n=21 (nsmall)
X =37

112 -



(a)Point estimation :We need to find point estimate for p .
X =37 is a “good “ point estimate for p

B~ 37 years

(b) Interval Estimation (Confident Interval = C.l) :

We need to find 99% C.I for p

(1-0) % =99% & a=1-=0.01 & 2=0.005 - 1-%=0.995

The reliability coefficient is

Ht0_995:2.845 (atdf:n—1:20)

99% Confident Interval for . is:

Sl
[+
B

IR

Sl

10
37+2.845 — = 37+6.208
V21

(37— 6.208, 37 +6.208)

(30.792,43.208)

We are 99% confident that the true value of the mean M lies in the interval

(30.792,43.208), that is

30.792< p < 42.208

-112 -R-
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(34.62, 39.38)

We are 99% confident that the true value of the mean x lies in
the interval (34.61, 39.39), that is:

34.62 < <3938

6.4 Confidence Interval for the Difference between Two
Population Means (1,—L1):

Suppose that we have two populations:

e 1-st population with mean p, and variance o,’

e 2-nd population with mean p, and variance o,’

e We are interested in comparing p; and [, or
equivalently, making inferences about the difference
between the means (L;—u,).

e We independently select a random sample of size »; from

the 1-st population and another random sample of size n,
from the 2-nd population:

e Let X, and S? be the sample mean and the sample
variance of the 1-st sample.

e et X, and S7 be the sample mean and the sample
variance of the 2-nd sample.

e The sampling distribution of X, - X, is used to make
inferences about p;—p,.

1-st Population 1-st Sample

2-nd Population 2-nd Sample

o
@
\Z

independent

[ King Saud University Dr. Abdullah Al-Shiha }
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6.4.A Point Estimation of 1, — 1,

Result:

X, — X, is a good estimate for y; — p,

6.4.B.Interval Estimation (Confidence Estimation) of u; — -

We will consider two cases
(i)  First case :6?, o2 are knowm
If of, 0F are knowm , we use the following result to find an
Interval estimate for pq; — sy

Result :

A( 1- a ) 100% confidence interval for pq — py is

X1 —Xp) + Z, 2 0x;-x;

14
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2 2 2

g — — (o} (o}

(X, -X,)-Z |+ <pyy—p,< (X,-X,)+Z _, |[—L+—2
=y o Sy om

Estimator + (Reliability Coefficient) x (Standard Error)

(ii) Second Case:
Unknown equal Variances: (¢>=02=c" is unknown):
If of and o are equal but unknown (o>=c?=0"), then the
pooled estimate of the common variance &° is
(m =DS; +(n, ~1)S3
n+n,—2

&
8, =

where S{ is the variance of the I-st sample and S? is the

variance of the 2-nd sample. The degrees of freedom of Sf) is
df=v=n1+n2—2.

We use the following result to find an interval estimate for

KUi—H, when we have normal populations with unknown and
equal variances.

Result:

A (1-a)100% confidence interval for p,—p, is:

= = SZ SZ

(X, —X,)+r , |-E+—E£

SET Ot
- - S2 Sz o - S2 SZ
(& —X5) =1, Sf——+—2 , (X,=X, )+t J—L4+-L
= noon 5 nm

where reliability coefficient ! « is the t-value with

2
df=v=n;+n,-2 degrees of freedom.

LKing Saud University m Dr. Abdullah Al-smhﬂ
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The Confident Interval (C.l) for the Difference
between two Population Means (1, — 1, )

Confident Interval (C.l) for the
Difference between two Population
Means (p; —u, )

T

of = of =0? are unkown

but equal , normal distribution
n,,n, small (n;<30,n, < 30)

of,0% are knowm

o} o3 X1 —-X)+t 55 4 55
1 2 17 az2) Lty & T
X2)+Z1_gzg u +—n2 zZ yn mn
t1—5 at df=n1+n2~—~2
2

Pooled variance:

(ny—1)83 + (n, — 1)53
nyq + ny — 2

$5 =

- 115(A) -
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Exft?’fifj‘i" An f_}\ P.'C‘r\\*ﬁi“'ﬂ\- was Cendul bed o ompare +ime tlewj\\*%

(duration time) of two types of surgeries (A) and (B). 75
surgeries of type (A) and 50 surgeries of type (B) were
performed. The average time length for (A) was 42 minutes and
the average for (B) was 36 minutes.

(1) Find a point estimate for pw,—up, where py and pp are
population means of the time length of surgeries of type (A) and
(B), respectively.

(2) Find a 96% confidence interval for p,—uz. Assume that the
population standard deviations are 8 and 6 for type (A) and (B),

respectively.
Solution:
Surgery Type (A) Type (B)
Sample Size ny =75 ng=>50
Sample Mean X,=42 Xz=36
Population Standard Deviation g, =g op =6

(1) A point estimate for p,—pp is:
X,-X, =42-36=6.

(2) Finding a 96% confidence interval for p—ip:

o=17?
96% = (1-2)100% < 0. 96 = (1-a) < 0=0.04 < /2 = 0.02

Reliability Coefficient: £ o« =Zgg3 = 2.055
2

A 96% C.I. for p—pp is:

2 2
(;?A_XB)iZ a 94 %5
= \V\n, ng

g 6’

A e

"N 75 50

6+(2.055) 0

75 50

6+2.578

3.422 < p—pp < 8.58

[ King Saud University m Dr. Abdullah Al-Shiha j
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We are 96% confident that p,—up €(3.42, 8.58).

Note: Since the confidence interval does not include zero, we
conclude that the two population means are not equal (p,—pp#0
< u#ug). Therefore, we may conclude that the mean time
length is not the same for the two types of surgeries.

Example: (2nd Case: o7 =05 unknown)
To compare the time length (duration time) of two types of

surgeries (A) and (B), an experiment shows the following results
based on two independent samples:

Type 4: 140, 138, 143, 142, 144, 137

Type B: 135, 140, 136, 142, 138, 140
(1) Find a point estimate for p,—pp, where p (1p) is the mean
time length of type 4 (B).
(2) Assuming normal populations with equal variances, find a
95% confidence interval for p,—p.

Solution:

First we calculate the mean and the variances of the two
samples, and we get:

Surgery Type (A) Type (B)
Sample Size na=06 ng =6
Sample Mean X ,=140.67 X,=138.50
Sample Variance §2, =787 §%,=7.10

(1) A point estimate for p —up is:
X,-X;=140.67 - 138.50 =2.17.

(2) Finding 95% Contfidence interval for p,—up:

95% = (1-a)100% <> 0. 95 = (1-a) © a=0.05 < /2 = 0.025
df=v= ngtnp—2=10
Reliability Coefficient: I « = tyg975 = 2.228
2
The pooled estimate of the common variance is:

[ King Saud University 117 Dr. Abdullah Al-Shihaj
_I_v_l




SimbasRRNG Mesae 2 e UnrepisiararMesp ol /v sHRORIAGRER 1431/143 |

_(ny =185 +(ny — 1S

S

-]

nytng=2
 (6-1)(7.87) +(6-1)(7.1)
; 6+6—2
A 95% C.IL for pg—pip is:
2 2
(X, - X)*t , i+£
= Vh ny
7.485 7.485
4
6 6
2.17+£3.519
—1.35<p,—up <5.69
We are 95% confident that p—ppz €(-1.35, 5.69).
Note: Since the confidence interval includes zero, we conclude
that the two population means may be equal (W, —uz=0 <

ws=up). Therefore, we may conclude that the mean time length
1s the same for both types of surgeries.

=7.485

2.17+(2.228) \/

6.5 Confidence Interval for a Population Proportion (p):

Population Sample
Elements of
Type " A " Type A
Others |[— |n(A) /Others

N(A)

n-n(A)

Sample size = n

N- N(A)

Population size = N

Recall:
1. For the population:

N(4)=number of elements in the population with a

specified characteristic “A”
N = total number of elements in the population
(population size)
The population proportion is:
_ N(4)

p=— (p is a parameter)

2. For the sample:

[i(ing Saud University 118 Dr. Abdullah Al-Shiha }




.N(A) = number of elements in the sample with the same
characteristic “‘A”

.n = sample size
The sample proportion is

n(4)
n

P = D is a statistic

6.5.A Point Estimation of ( P)

Result:
P is a good estimate for population proportion (P)

6.5.B.Interval Estimation (Confidence Estimation) of

For large sample size (n> 30,np> 5,n(1— p)> 5), an
approximate (1-« ) 100%confidence interval for (p) is:

-119-
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bz, [FED

1___

[p Z A p+Z Jp( j)
]u~ n 1—— n

Estimator + (Reliability Coefficient) x (Standard Error)

Example:

In a study on the obesity of Saudi women, a random
sample of 950 Saudi women was taken. It was found that 611 of
these women were obese (overweight by a certain percentage).
(1) Find a point estimate for the true proportion of Saudi women
who are obese.

(2) Find a 95% confidence interval for the true proportion of
Saudi women who are obese.
Solution:

Variable: whether or not a women is obese (qualitative variable)
Population: all Saudi women

Parameter: p =the proportion of women who are obese.

Sample:
n =950 (950 women in the sample)
n(4) =611 (611 women in the sample who are obese)

The sample proportion (the proportion of women who are obese
in the sample.) is:

524 _G11_,
n 950
(1) A point estimate for p is: p=0.643

(2) We need to construct 95% C.1I. for the proportion (p).
95% =(1-a)l00% < 095=1-a < a=0.05 < %:0.025 = 1—%:0.975

The reliability coefficient: Z 4 =7Zo57 =196,
2

A 95% C.I. for the proportion (p) is:

[ King Saud University 120 S Dr. Abdullah Al-Shiha ]
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(0.643)(1-0.643)
950
0.643 + (1.96)(0.01554)
0.643+0.0305
(0.6127 , 0.6735)
We are 95% confident that the true value of the population
proportion of obese women, p, lies in the interval (0.61, 0.67),
that is:

0.643 + (1.96)\/

0.61 <p <0.67

6.6 Confidence Interval for the Difference Between Two
Population Proportions ( P, — P, ):

1-st Random Sample

1-st Population of szie =

Type A

Others % Others
n4=X4

independent

2-nd Random Sample Samples

2-nd Population of szie =no

Type A

Others —_ Others
ny—Xz

Suppose that we have two populations with:
* p1 = population proportion of elements of type (A) in the
1-st population.
* p> = population proportion of elements of type (A) in the
2-nd population.
e We are interested in comparing p; and p,, or equivalently,
making inferences about p, — p».

* We independently select a random sample of size n; from

the 1-st population and another random sample of size n,
from the 2-nd population:

LKing Saud University m Dr. Abdullah Al-Shiha j
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- Let X, = no. of elements of type (A) in the 1-st sample.
* Let X, = no. of elements of type (A) in the 2-nd sample.

P = i—i = the sample proportion of the 1-st sample

= i—z= the sample proportion of the 2-nd sample

- The sampling distribution of P; - P, is used to make
inferences about P, — P,

Point Estimation for P, — P, :
Result:

A good point estimator for the difference between the two
proportions, P; —P,, is:

P -P;

-122-
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Interval Estimation (Confidence Interval) for p;— p,:
Result:
For large n; and m, an approximate (1-a)100%
confidence interval for p;— p, is:

Gr—p)tZ \jplql P2
2 " n,

((ﬁl_ﬁz)_z & \/p]q] erzqz ’ (ﬁl_ﬁ2)+z @ \/P]Q'; +p2q2]
1-= -
2

2 n, n, h, n,

Estimator * (Reliability Coefficient) x (Standard Error)

Example:

A researcher was interested in comparing the proportion of
people having cancer disease in two cities (A) and (B). A
random sample of 1500 people was taken from the first city (A),
and another independent random sample of 2000 people was
taken from the second city (B). It was found that 75 people in
the first sample and 80 people in the second sample have cancer
disease.

(1) Find a point estimate for the difference between the
proportions of people having cancer disease in the two cities.

(2) Find a 90% confidence interval for the difference between
the two proportions.

Solution:

p1 = population proportion of people having cancer disease in
the first city (A)

P> = population proportion of people having cancer disease in
the second city (B)

p,= sample proportion of the first sample
p,= sample proportion of the second sample
X = number of people with cancer in the first sample

X,= number of people with cancer in the second sample
For the first sample we have:

n; = 1500 , =15

[ King Saud University m Dr. Abdullah Al-Shiha ]
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. X, 75

P =

= 2005 45 -1-005=

For the second sample we have:
ny=2000 ,  X,=80
. X, 80

g = —

= =0.04
n, 2000 :
(1) Point Estimation for p;— p»:
A good point estimate for the difference between the two
proportions, p;— p», is:
p,— P, =0.05-0.04
=0.01

(2) Finding 90% Confidence Interval for p;— p,:
90% = (1-a)100% < 0. 90 = (1-at) <> 0=0.1 < a/2 =0.05
The reliability coefficient: Z 4 =Zye5 =1.045

g, =1-0.04=0.96

A 90% confidence interval for p,— p, is:

-tz \/plql L P2
2

n, 1,
(f)l_ﬁ.'l)i_zo_gj Jplq} +p2q2
ny 1,
T 1. 648 \/(0.05)(0.95) , (0.04)(0.96)
1500 2000

0.01+0.01173

—0.0017 <p;— p» <0.0217
We are 90% confident that p;— p, € (=0.0017, 0.0217).
Note: Since the confidence interval includes zero, we may
conclude that the two population proportions are equal (p,—

p>=0 < p1= p,). Therefore, we may conclude that the proportion
of people having cancer is the same in both cities.

[ King Saud University o1 s Dr. Abdullah Al-Shiha ]
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CHAPTER 7: Using Sample Statistics To Test Hypotheses
About Population Parameters:

In this chapter, we are interested in testing some
hypotheses about the unknown population parameters.

7.1 Introduction:

Consider a population with some unknown parameter 6. We
are interested in testing (confirming or denying) some
conjectures about 0. For example, we might be interested in
testing the conjecture that © > 0,, where 0, is a given value.

e A hypothesis is a statement about one or more

populations.

e A research hypothesis is the conjecture or supposition
that motivates the research.

e A statistical hypothesis is a conjecture (or a statement)
concerning the population which can be evaluated by
appropriate statistical technique.

e For example, if O is an unknown parameter of the
population, we might be interested in testing the
conjecture sating that 6 > 6, against 0 < 0, (for some
specific value 0,).

e We usually test the null hypothesis (H,) against the
alternative (or the research) hypothesis (H; or Ha) by
choosing one of the following situations:

(1) H,:0=0, against Hy:0#0,
(ii) H,:0>0, against Hy:0<0,
(1) Hy:0<06, against H,:0>86,

» Equality sign must appear in the null hypothesis.

e H, is the null hypothesis and H, is the alternative
hypothesis. (H, and H, are complement of each other)

* The null hypothesis (H,) is also called "the hypothesis of
no difference".

e The alternative hypothesis (H,) is also called the research
hypothesis.

L King Saud University m Dr. Abdullah Al-Shiha ]
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e There are 4 possible situations in testing a statistical

hypothesis:
Condition of Null Hypothesis H,
(Nature/reality)
H, is true H, is false
Possible | Accepting H, | Correct Decision | Type II error
Action (B)
(Decision) | Rejecting H, |  Type I error | Correct Decision
(o)

e There are two types of Errors:
o Type I error = Rejecting H, when H, is true
P(Type I error) = P(Rejecting Ho | Ho is true) = a.
o Type II error = Accepting Ho when Ho is false
P(Type II error) = P(Accepting Ho | Ho is false) = 3

The level of significance of the test is the probability of
rejecting true H,:

o = P(Rejecting H, | H, is true) = P(Type I error)

There are 2 types of alternative hypothesis:
o One-sided alternative hypothesis:
- Hp: 020, against Hy:0 <0,
- Hp: 0<0, against Hu:0>0,
o Two-sided alternative hypothesis:
- Hp:6=0, against Ha: 0 #0,

We will use the terms "accepting”" and "not rejecting”
interchangeably. Also, we will use the terms "acceptance"
and "nonrejection" interchangeably.

We will use the terms "accept" and "fail to reject"
interchangeably

The Procedure of Testing H, (against H,):

The test procedure for rejecting H, (accepting H,) or
accepting H, (rejecting Hp) involves the following steps:

[ King Saud University m Dr. Abdullah Al-Shihaj
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1. Determining a test statistic (T.S.)

We choose the appropriate test statistic based on the point
estimator of the parameter.

The test statistic has the following form:

. Estimate — hypothesized parameter
Test statistic = o

Standard Error of the Estimate
2. Determining the level of significance (o):

o =0.01, 0.025, 0.05, 0.10

3. Determining the rejection region of H, (R.R.) and the
acceptance region of H, (A.R.).

The R.R. of H, depends on H, and a:

e H, determines the direction of the R.R. of H,
e o determines the size of the R.R. of H,
(o = the size of the R.R. of H, = shaded area)

a/2 o2 l—-a
R.R. AR.ofHs RR. AR. of Hg R.R. R.R. AR. of Hg
of Hg of Hy of Hg of Hg
Ha: 0 %0, Ha: 0> 0, Ha: 0 <6,
Two-sided alternative | One-sided alternative One-sided alternative
4. Decision:

We reject H, (and accept Hp) if the value of the test
statistic (T.S.) belongs to the R.R. of H, , and vice versa.

Notes:

1. The rejection region of H, (R.R.) is sometimes called "the

critical region".

2. The values which separate the rejection region (R.R.) and the
acceptance region (A.R.) are called "the critical values".

7.2 Hypothesis Testing: A Single Population Mean (W):

Suppose that X;, X,

..., X, 1s @ random sample of size n

from a distribution (or population) with mean p and variance c°.

We need to test some hypotheses (make some statistical
inference) about the mean ().

[ King Saud University
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Chapter 7 : Testing Hypothesis about population mean(p):

Hypothesis Ho:lt =Ho Ho:lt €1 Hopt 2 1o
Hall #Lo Halll >l Halk <Uo

First Case o is known; Normal or [Non-normal Distribution(n >30)]
Test Statistic 7= X —
(T.S.) o/vn

Rejection

Region(R.R)

B /2 /2
Acceptance o
: RR
Region(A.R) B e = L
= “2
Reliability Coefficient 212 OF Zygp2 Li S 29
Decision : Reject Hy (Accept H,) at the significant level aif :
Reject Hy if the
following condition L>Zyq4p2 1>2y4 Ls~dig
satisfies 0rZ<-Zy4p (one - Sided Test) (one — Sided Test)
Second Case o is unknown; Normal ,n <30 (small)
Test Statistic X —
r=""F gf=n-1

(T.S.) S/Vn

Rejection

Region(R.R)

&
Acceptance
Region(A.R)
Reliability Coefficient t1a/2 OF tig 1 tia t1 4
Decision : Reject Hy (Accept H,) at the significant level aif :
Reject H, if the
Following condition T* tia2
satisfies OrT<-tyq0 T¥ s T =t4q
(Two — Sided Test) (one — Sided Test) (one — Sided Test)

Special Case o is unknown; Non-Normal ,n >30 (Large)
Test Statistic - X — o
(T.8) S/\n’
Rejection Region Use the same R.R & A.R asin First Case(Z Case)
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Example: (first case: variance ¢ is known)

A random sample of 100 recorded deaths in the United States
during the past year showed an average of 71.8 years. Assuming
a population standard deviation of 8.9 year, does this seem to
indicate that the mean life span today is greater than 70 years?
Use a 0.05 level of significance.

Solution:

.n=100 (large),

o = 8.9 ( o known)

X=71.8, 0=8.9 (o isknown)

u =average (mean) life span

po=170

a=0.05

1) Hypotheses:

Ho: u £ 70 (uo=70)
Ha: u >70 (research hypothesis)
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Ho:n <70 (n,=70)
Ha: n>70 (research hypothesis)
Test statistics (T.S.) :
Fep  TIB=T0
SN YN T R
Level of significance:
a=0.05
Rejection Region of H, (R.R.): (critical region)
=L o=-7Zy05=1.645 (critical value)
We should reject H,, if:
Z>-7 o :'20.05:1 .645

0.95 0.05

1

.R. of H R.R.
AR.ofHs  1.645 of Hg

“« Lo =-Fpgs= 1845
Decision:
Since 7Z=2.02 eR.R., ie, Z=2.02>-Zgo, we reject

Hy:pu<70 at a=0.05 and accept Ha:>70. Therefore, we conclude
that the mean life span today is greater than 70 years.

Note: Using P- Value as a decision tool:

P-value is the smallest value of o for which we can reject
the null hypothesis H,,.
Calculating P-value:

* Calculating P-value depends on the alternative hypothesis
Ha.

* Suppose that z. =3(/_—jﬁ is the computed value of the test
o n

Statistic.

* The following table illustrates how to compute P-value, and
how to use P-value for testing the null hypothesis:

[ King Saud University m Dr. Abdullah Al-Shiha 1
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Alternative Hypothesis:

HA: p #po

HA: > po

HA: p<upo

P - Value

2XP(Z> | Zc )

P(Z>Zc)

P(Z>-Z¢)

Significance Level =

a

Decision

Reject Ho if P-value < a.

Example:
For the previous example, we have found that:
X =
ek . T
a/\n

The alternative hypothesis was HA: u > 70.
P—Value= P (Z> Z¢)
=P(Z> 202)= 1- P(ZK 2.02)= 1- 09783 = 0.0217
The level of significance was a =0.05.
Since P-value £ «, we reject H,.

Example: (second case: variance is unknown)

The manager of a private clinic claims that the mean time of the
patient-doctor visit in his clinic is 8 minutes. Test the hypothesis
that 1 =8 minutes against the alternative that x # 8 minutes if a
random sample of 25 patient-doctor visits yielded a mean time
of 7.8 minutes with a standard deviation of 0.5 minutes. It is
assumed that the distribution of the time of this type of visits is
normal. Use a 0.01 level of significance.

Solution:

The distribution is normal.
.n =25 (small)
X=78
S=0.5 (sample standard deviation): ¢ is unknown
© = mean time of the visit, «=0.01
Hypotheses:
Ho: v =38 (1 ,=8)
Ha: o # 8 (research hypothesis)
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Test statistics (T.S.):
_X—py 78-8

= = =
S/\/m 0.5/425
df= v =n-1=25-1= 24

Level of significance:
a =0.01, a/2=0.005,1- 0/2=0.995
Rejection Region of Ho (R.R.): (critical region)
t1an=toges= 2.797
We should reject Ho if:

TR gt OF T2 gy

Decision:
Since T=-2 €A.R,,, we accept Ho: =8 at & =0.01 and reject
Ha: 1 # 8. Therefore, we conclude that the claim is correct.

0.005 0.99 0.005
| AR ofHg |
R.R. { |
of Hg L ~tap %fRH,-

Note:
For the case of non-normal population with unknown variance,

and when the sample size is large (n >30), we may use the
following test statistic:

N =
e !«10,
S/\n
That is, we replace the population standard deviation (o) by the

sample standard deviation (S), and we conduct the test as
described for the first case.
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7.3 Hypothesis Testing: The Difference Between Two
Population Means: (Independent Populations)
Suppose that we have two (independent) populations:
e 1-st population with mean p; and variance o,
e 2-nd population with mean p, and variance 622
e We are interested in comparing p; and u,, or
equivalently, making inferences about the difference
between the means (1 —,).
e We independently select a random sample of size n; from

the 1-st population and another random sample of size n,
from the 2-nd population:

e Let X, and S} be the sample mean and the sample
variance of the 1-st sample.

e Let X, and S; be the sample mean and the sample
variance of the 2-nd sample.

e The sampling distribution of X, - X, is used to make
inferences about p;—L,.

We wish to test some hypotheses comparing the population
means.

Hypotheses:
We choose one of the following situations:

(1) Ho: i =, against Ha:py #

(i) e py > py against Ha: gy <

(iii)) Ho:py <pp against Ha:py >
or equivalently,

(1) He:pi—po =0 against Ha:py - pup #0

(i) He: py—po >0 against Ha: py - pup <0

(i) He: py—po <0 against Hya: py = pp >0
Test Statistic:
(1) First Case:

For normal populations (or non-normal populations with

large sample sizes), and if of and o2 are known, then the test
statistic is:

[ King Saud University m Dr. Abdullah Al-Shiha ]
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7= Xl"yz
ol o ~N(0,1)
_+__
nn

(2) Second Case:
For normal populations, and if ¢ and o3 are unknown but
equal (c2=c2=0"), then the test statistic is:

i Xl B Xz
S2 S2 o= t(l’l1+n;)_—2)
p P
i + —
h

where the pooled estimate of o is
52 (m DS} +(n, - 1S3
nl + Hy — 2

p

and the degrees of freedom of S is df= v=n;+n,-2.

[ King Saud University m Dr. Abdullah Al-Shiha j
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Testing Hypothesis about difference between two

population means (- iv;) : (Independent population)

Hypothesis Ho:ly ~1,=0 ’ Hoily - 1o €0 Hoills - [y =0
Haipy -pa#0 Hatps -p2> 0 Hatpy - o< 0
First Case o, 0% are known
X, - X,
ne z = ~N(0,1)
Test Statistic (T.S.) e
LR )
n, N
Rejection
Region(R.R)
&
Acceptance RER
Region(A.R) ofHo 7. .

Reliability Coefficient

Loz OF Zygp Zyq 2y a
Decision : Reject Hy (Accept H,) at the significant level a if :
Reject Hg if the
following condition 2>Z1.q/2 E2>Ljq 2<-244
satisfies 0rZ<-2Zy.q/ (one - Sided Test) (one - Sided Test)

Second Case

of, 0% are

unknown but equal (67 = ¢% = ¢°)

Test Statistic (T.S.) - X, -X, o (n, — 1S} + (n, — 1)S3
] p n1 + n2 o 2
Rejection
Region(R.R)
&
Acceptance
Region(A.R) RER. RR.
OfHo OfHU ‘“‘tl_a

Reliability Coefficient 12 OF tigp tica t1a
Decision : Reject Hp (Accept Ha) at the significant level a if :
Reject Hy if the
Following condition T>t.q
satisfies orT < - tyap2 T>t, T4

(Two —sided test)

(one — Sided Test)

(one —Sided Test)
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Example: (67, ¢ are known)

Researchers wish to know if the data they have collected
provide sufficient evidence to indicate the difference in mean
serum uric acid levels between individuals with Down's
syndrome and normal individuals. The data consist of serum
uric acid on 12 individuals with Down's syndrome and 15
normal individuals. The sample means are

X, =45 mg/100ml
X,= 34mg/100ml

Assume the populations are normal with variances
2
g =1

of =1.5

. Use significance level « =0.05.
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Solution:

1 = mean serum uric acid levels for the individuals with
Down's syndrome.

U, = mean serum uric acid levels for the normal individuals.

m =12 X =45 or=l
n, =15 X,=34  o5=1.5.
Hypotheses:
Hy: = o against Ha: oy # o
or
Ho: pi—p2 =0 against Hp: py — 20
Calculation:
a=0.05

R = 1086 (1% critical value)
~Zo75=-1.96 (2™ critical value)
Test Statistic (T.S.):

X -X, 45-34

L = ‘2 == = 2.565
S B S W
n n 12 15
1 2
0.95
0.025 0,025
1
RR. 7 AR ofHg R.R.
of Hg arz2 =L g2 ofHg
20.025 -Z0.025
-1.96 1.96
Decision:

Since 7Z=2.569 e€R.R. we reject Hy: py=p1, and we accept

(do not reject) Ha: py # py at a=0.05. Therefore, we conclude
that the two population means are not equal.
Notes:

1. We can easily show that a 95% confidence interval for (u,-
W) 1s (0.26, 1.94), that is:
0.26<M;—M2<1.94

LKing Saud University m Dr. Abdullah Al-Shihﬂ
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Since this interval does not include 0, we say that 0 is not a
candidate for the difference between the population means (u,-

Uy), and we conclude that p;—p,#0, i.e., w#w,. Thus we arrive
at the same conclusion by means of a confidence interval.
2. P—Value=2x P(Z 3| Z_.|)

= 2P(Z>2.57)=2[1- P(Z <2.57)] = 2(1-0.9949) = 0.0102
The level of significance was o = 0.05.
Since P-value < o, we reject H,.

Example: (ci=02=0" is unknown)

An experiment was performed to compare the abrasive
wear of two different materials used in making artificial teeth.
12 pieces of material 1 were tested by exposing each piece to a
machine measuring wear. 10 pieces of material 2 were similarly
tested. In each case, the depth of wear was observed. The
samples of material 1 gave an average wear of 85 units with a
sample standard deviation of 4, while the samples of materials 2
gave an average wear of 81 and a sample standard deviation of
5. Can we conclude at the 0.05 level of significance that the
mean abrasive wear of material 1 is greater than that of material
27?7 Assume normal populations with equal variances.

Solution:
Material 1 material 2
n=12 =10
X,=85 X,=81
S;=4 S,=5
Hypotheses:
Ho: p < o
Hat > o
Or equivalently, 0.95 0.05
Ho:ipy =2 <0
HAI 1~ g & 2 !
Calculaﬁion:“ ARt 20%0325 o1 ¥
0=0.05 '

L King Saud University m Dr. Abdullah Al-Shiha ]
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(n, = 1S] + (n, — 1)S3

S =
n1+n2—2
12— 134* + (10—1D)5*
:( ) ( ) — 20.05
17+ 10=2

Reliability Coefficient:

df =v=12+10-2=20

0.= 0.05 «-~nene 1- 0:=0.95 «cu 1. = toos = 1.725
Test Statistic (T.S.):
X=X 85 — 81
e i T e =2.09
S 20.05 _ 20.05
Sp 45k \/ 1z T 10
ny
Decision:

Since T=2.09 €R.R. (T=2.09 >t 0.95= 1.725), we reject Ho

and we accept Ha: p,—p,>0 (Ha: pu,> u,)ata=0.05.
Therefore, we conclude that the mean abrasive wear of

material 1 is greater than that of material 2.
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7.4 Paired Comparisons:

Paired T-Test :

- In this section, we are interested in comparing the means of
two related (non-independent/dependent) normal

populations.

- In other words, we wish to make statistical inference for the
difference between the means of two related normal populations.
- Paired t-Test concerns about testing the equality of the

means of two related normal populations.

Examples of related populations are:

1. Height of the father and height of his son.
2. Mark of the student in MATH and his mark in STAT.
3. Pulse rate of the patient before and after the medical treatment.

4. Hemoglobin level of the patient before and after the
medical treatment.

Test procedure:
Let

X: Values of the first population
Y': Values of the Second population
D: Values of X — Values of Y
Means :
1= Mean of the first population
u,= Mean of the Second population
up =Mean of X -~ Meanof Y  (up=p; - u2)
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Example:

Suppose that we are interested in studying the effectiveness of a
certain diet program on ten individual . Let the random variables X and Y given as

following table :
Individual(i) 1 2 3 4 3 6 7 8 9 10
Weight before (X;) | 86.6 | 80.2 | 91.5 | 80.6 | 82.3 | 81.9 | 88.4 | 85.3 | 83.1 | 82.1
Weight After (Y)) 79.7 1 859 | 81.7 | 82.5 | 779 | 85.8 | 81.3 | 74.7 | 68.3 | 69.7

Find :

1) A 95% Confident Interval for the difference between the mean of weights before the
diet program (p;) and the mean of weights after the diet program (p,).

[ Ko = My - Ha)

2) Does the data provide sufficient evidence to allow us to conclude that the diet is

good? Use a=0.05 and assume population is normal .

Solution :

1-st population (X) = the weight of the individual before the diet program.

2-nd population (Y)= the weight of the same individual after the diet program.

We assume that the distributions of these random variables are normal with
means L and W , respectively.

These two variables are related (dependent/non-independent)because they are measured
on the same individual.

i Xi Yi Di=Xi-Y;
1 86.6 79.7 6.9

2 80.2 85.9 -5.7

3 91.5 81.7 9.8

4 80.6 82.5 -1.9

5 82.3 779 44

6 81.9 85.8 -39

7 88.4 81.3 7:1

8 85.3 74.7 10.6

9 83.1 68.3 14.8
10 82.1 69.7 12.4

sum Yx =842 2 =875 ¥ =54.5
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First, we need to calculate :

Sample Mean:
D=2l 545 _ g ,e
n 10
Sample Variance :
2 _ Y (Di=D)?* _ (6.9-5.45)%+ (=5.7 =5.45)%++........+(12.4-5.45)?
i = e o = 50.33

Sample Standard Deviation: S, = \/S_S = /508 = 7.09
Reliability Coefficient : t)_y5 :
0=0.05 ------ 1-0.05/2=1-0.025=0.975 (df=10 -1=9)
tiwn =t 575 =2:262

Then 95% Confident Interval for pp=p, - i,

D+t

N
2l

545+22627'09
VA )]

5.45 + 5.0715
(5.45 —5.0715, 5.45+ 5.0715)
(0.38, 10.52)

0.38 < pp < 10.52

A3~



2)Does the data provide sufficient evidence to allow us to conclude that
the diet is good? Use o =0.05 and assume population is normal .

Diet is good means --- weight after will be less than weight befor.
Solution:

p1= Mean of the first population

1,= Mean of the second population

up =Mean of X —Mean of Y  (up=p;- )
Hypothesis :

Ho: i< vs Ha:pi> W
or Hp: pi- 12 =0 vs Hal py- 4> 0
or Ho: pp =0 vs Ha:pup>0

Test Statistic:

D=8545 8, =700,n=10

T=g5=3m =243
vn V10
Rejection Region(R.R):
0=0.05 ------ l1-a=0.95 ----- t1.a= t095=1.833 (df=n-1=9)

Reject Hyif T >t;,
245> 1.833 (condition satisfied )
Then reject Hy and accept Ha: > o

So, we have a good diet program .

-144-



SimﬁCBP&QuEtM%QG @A S PiE UnregigtererbNession ity //WwaySimBpoRdh e 1431/1432 ]

7.5 Hypothesis Testing: A Single Population Proportion (p):

In this section, we are interested in testing some
hypotheses about the population proportion (p).

Population

Sample
Type A of Size n
S ; ji2 A
uccess Type B ype
Eai X n-X
ailure
Type B
Recall:
e p = Population proportion of elements of Type A4 in the
population
_ no. of elements of type A in the population
Total no. of elements in the population
A
p= I (N = population size)
e n=sample size
e X' =no. of elements of type 4 in the sample of size n.
e p = Sample proportion elements of Type 4 in the sample
e no. of elements of type A in the sample
no. of elements in the sample
5 b . _
pP= - (n=sample size=no. of elements in the sample)

e P isa"good" point estimate for p.
e For large n, (n>30, np >5), we have

Lng Saud University "5 Dr. Abdullah Al-Shiha ]




Test Procedure:( Py is known number)

Hypothesis Ho:P =Py
HA:P ¢P0

Hg:P 2 Po
Ha:P < Py

Test Statistic
(T.S.) qdo =1—pg

Rejection
Region(R.R)
&
Acceptance
Region(A.R) B oRéi

Reliability Coefficient Zio2 OF Zigp Zio Zi.o

Decision : Reject Hy (Accept H,) at the significant level a if :

Reject H, if the

following condition Z>Zy.q/2 >, T T

satisfies 0rZ<-2Zyqp (one —Sided Test) (one - Sided Test)
Example:

A researcher was interested in the proportion of females in the population
of all patients visiting a certain clinic. The researcher claims that 70% of
all patients in this population are females. Would you agree with this

claim if a random survey shows that 24 out of 45 patients are females?
Use a 0.10 level of significance.

Solution:

p = Proportion of female in the population.
.n=45 (large)

X=no. of female in the sample = 24

P = proportion of females in the sample
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A X 24
= —=—=10.5333
P 45

n
70

Po— m =0.7
o=0.10
Hypotheses:
Ho:p=0.7 (p,=0.7)
HA: P #0.7
Level of significance:
a=0.10
Test Statistic (T.S.):
F= f” — Dy
Po(l1=py)
n

~ 0.5333-0.70 _

0.7)(0.3)
V45

Rejection Region of H, (R.R.):
Critical values:
Z o5=ZLyo5= —1.645
= Z o= —Zy 5= 1.645
We reject H, if:
L<Z 0/2220.05: —1.645
or
L> —Z o= —Zpp5= 1.645

0.9

0.05 0.05

41 ARofHo B
R.R. T _7 _RR
of Hg “ a2 Zar of Hg
—1.645 1.645

ZGIZ =7 0.05 = —1.645
Decision:

Since Z= —2.44 Rejection Region of H, (R.R), we reject

LKing Saud University m Dr. Abdullah Al-Shiha ]
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H,:p=0.7 and accept Hy:p #0.7 at a=0.1. Therefore, we do not

agree with the claim stating ‘that 70% of the patients in this
population are females.

Example:

In a study on the fear of dental care in a certain city, a
survey showed that 60 out of 200 adults said that they would
hesitate to take a dental appointment due to fear. Test whether
the proportion of adults in this city who hesitate to take dental

appointment is less than 0.25. Use a level of significance of
0.025.

Solution:

p = Proportion of adults in the city who hesitate to
take a dental appointment.

.n=200 (large)

X=no. of adults who hesitate in the sample = 60

p = proportion of adults who hesitate in the sample

5 X 60
T
po=0.25
o=0.025

Hypotheses:

Ho: p>0.25 (p,=0.25)
Ha: p<0.25 (research hypothesis)
Level of significance:

a=0.025
Test Statistic (T.S.):
L b-n, __03-025 _
Po(l-py) (0.25)(0.75)
n 200

Rejection Region of H, (R.R.):
Critical value: Z,=Zj0ns=-1.96
Critical Region:
We reject HO L2 2 = 20_025: -1.96

( King Saud University m Dr. Abdullah Al-Shiha ]
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0.975
0.025

AR. of Hg

R.R. _
of Ho Zy =-1.96

Zo=Zygo5 = =196
Decision:

Since Z=1.633eAcceptance Region of H, (A.R.), we
accept (do not reject) Hy: p > 0.25 and we reject Ha: p < 0.25 at
=0.025. Therefore, we do not agree with claim stating that the
proportion of adults in this city who hesitate to take dental
appointment is less than 0.25.

7.6 Hvpothesis Testing: The Difference Between Two
Population Proportions (p;-p,):

In this section, we are interested in testing some
hypotheses about the difference between two population
proportions (p;—p2).

1-st Population

1-st Random Sample

of szie =ny
Type A
Others e Others
n,—X
|
independent
. 2-nd Random Sample
2-nd Population of szie =ny Samples
Type A
Others ) Others

nz‘—XZ

Suppose that we have two populations:
e .p1 = population proportion of the 1-st population.
® .p» = population proportion of the 2-nd population.
e We are interested in comparing p; and p,, or equivalently,
making inferences about p;— p..
* We independently select a random sample of size #; from

t(ing Saud University lqu Dr. Abdullah Al-Shihaj
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the 1-st population and another random sample of size n,
from the 2-nd population:

e Let X, =no. of elements of type 4 in the 1-st sample.

e Let X, = no. of elements of type 4 in the 2-nd sample.

~

j23 :§ = the sample proportion of the 1-st sample
1

Dy = %(2— = the sample proportion of the 2-nd sample
2

The sampling distribution of p, — p, is used to make
inferences about p;— p,.
For large »n, and n,, we have

z=L=P) (A -P2) _N,1) (Approximately)

Prdy . Pads

g=l=p

Hypotheses:

We choose one of the following situations:
(i) Ho:pi=p> against Ha:p#p>
(i) He:pi1=p, against Ha:p; <p;
(i) He:pi <p; against Ha:p; > p;

or equivalently,
(1) He:pi-p2=0 against Ha:py-p,#0
(i) Ho:pi-p2=0 against Ha:p;—py <0
(ii1)) Ho:pi-p2 <0 against Hpy:py - p2>0

Note, under the assumption of the equality of the two population

proportions (Hy: p1= po= p), the pooled estimate of the common
proportion p is:
R . == _
p=——"— (8 =1=F)

wy +ay
The test statistic (T.S.) is

[ King Saud University m Dr. Abdullah Al-Shiha ]
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&= ~N{l),1)
gg,py
nq + n;
Test Procedure:
HypothESiS Ho:P1-P,=0 Ho: P1-P, <0 Ho: P1-P, 20
HA:P]_'PZ;"-'O HA:Pl"p2>0 HA:PI_P2<O

Test Statistic P1 — P2 ) _ Xt X,

T.S Z = , Pooled proportion: p = ——
(TS) o n

Pq,pq Tyt Ty
ny
Rejection
Region(R.R)
& a/2 a/2
Acceptance it i
. RE , :
Region(A.R) ofHy —7 o 7 o OfH Z,_,, OfHo|| fHo —Z,_,
2 i3

Reliability Coefficient Loz OF Zyigp Zi.g 21
Decision : Reject Ho (Accept Ha) at the significant level a if :
Reject Hy if the
following condition £ zl-u/Z L>Zy4 %~y
satisfies 0rZ<-Zyq /2 (one — Sided Test) (one —Sided Test)

Example:

In a study about the obesity (overweight), a researcher was interested in comparing the
proportion of obesity between males and females. The researcher has obtained a random

sample of 150 males and another independent random sample of 200 females. The following
results were obtained from this study.

n Number of obese people(X)

Males

150 21

Females

200 48

Can we conclude from these data that there is a difference between the proportion of obese
males and proportion of obese females?

Use a = 0.05.
Solution

-151-
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.p1 = population proportion of obese males
.p> = population proportion of obese females
p,= sample proportion of obese males

p,= sample proportion of obese females

Males Females
n1=150 n2:200

X;=21 X,=48

. X, 21 . X, 48
=2l 014 , =22 =" =024
P T 150 e n, 200

The pooled estimate of the common proportion p is:
X, +X, 21+48

7 = = = 0. 197
n+n, 150+200

Hypotheses:

Hy:pr=p>

Hp: p1 #p2
or

H0:p1 = 5 =0

Ha:pi—=p2#0

Level of significance: a=0.05
Test Statistie (T.S.)

Z=— APiols) (0.14-0.24)
pd-p) p1-p) \/0.197x0.8(}3+0.197x0.803
n, n, 150 200

=-2.328

Rejection Region (R.R.) of H:
Critical values:
Loy= Lops= -1.96
21.0= Zog75=1.96
Critical region:
Reject Hyif: Z<-196 or Z>1.96

[ King Saud University m Dr. Abdullah Al-Shiha ]
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0.025 0.95

0.025

AR. of Hg

RR. _ ’

of Hg Zouz Zalz Ro'ngo
-1.96 1.96

Decision:
Since Z= -2.328 €R.R., we reject H,: p; = p, and accept

Ha: p1 # p» at a=0.05. Therefore, we conclude that there is a
difference between the proportion of obese males and the
proportion of obese females. Additionally, since, p,=0.14 <
p,=0.24, we may conclude that the proportion of obesity for
females is larger than that for males.

[ King Saud University 153 Dr. Abdullah Al-Shiha ]
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