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Perturbation theory
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Perturbation Theory

The basic idea of perturbation theory is very simple: we split the Hamiltonian into a piece we know how to
solve (the ““reference” or ““unperturbed" Hamiltonian) and a piece we don't know how to solve (the
“perturbation™). As long as the perburbation is small compared to the unperturbed Hamiltonian, perturbation
theory tells us how to correct the solutions to the unperturbed problem to approximately account for the
influence of the perturbation. For example, perturbation theory can be used to approximately solve an

anharmonic oscillator problem with the Hamiltonian

2 2
L K& 1 1 s )

Here, since we know how to solve the harmonic oscillator problem (see 5.2), we make that part the unperturbed

Hamiltonian (denoted H{ﬂ} ), and the new, anharmonic term is the perturbation (denoted H"rl} ):

. R d° 1
i} 2
) L
H = +E’}'I . (134)

Perturbation theory solves such a problem in two steps. First, obtain the eigenfunctions and eigenvalues of the

unperturbed Hamiltonian, H{ﬂ}:

AOgO - OgO. (135)
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E, = EO+EP+ED+... (136)
v, = U040+l 4. (137)

Second, correct these eigenvalues and/or eigenfunctions to account for the perturbation's influence. Perturbation
theory gives these corrections as an infinite series of terms, which become smaller and smaller for well-behaved
systems:

Quite frequently, the corrections are only taken through first or second order (i.e., superscripts (1) or (2)). According
to perturbation theory, the first-order correction to the energy is

B = [ aOw?), (138)
and the second-order correction is
E@ = f O g g, (139)
oD

, seems to be needed to compute the second-

ol

One can see that the first-order correction to the wavefunction,

can be written in terms of the zeroth-order

order energy correction. However, it turns out that the correction
wavefunction as

o Oy O

140
Y _ g® o

o) = ZIIIEUJ'I
iFn

E®

Substituting this in the expression for , We obtain
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E® =% EAH (141)
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Going back to the anharmonic oscillator example, the ground state wavefunction for the unperturbed
problem is just (from section 5.2)
@ _ 1
Ej = 5?10-*‘: (142)
0 .2
U(z) = NoHy(a?z)e ==/ (143)
(Q) 1,’-1 —r:lrzl.fﬂ
= — £ .
i (144)
The first-order correction to the ground state energy would be
(1) a\ /2 oo | 2
Ey’ = (—) e " dr. (145)
mw —e0 6
EM =0
It turns out in this case that , since the integrand is odd. Does this mean that the anharmonic
energy levels are the same as for the harmonic oscillator? No, because there are higher-order corrections
EY)
such as which are not necessarily zero.
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Atom in a magnetic field

e2

B °r?sin® 0]
8mc

2

H =2 (1) +E()C-S +[-—2—B (T +25)+
2m 2mc

L] First 3 terms describe the atom (here in L-S
coupling). Final terms are linear and quadratic

magnetic terms.
OThree regimes: (1) quadratic magnetic term <<

linear term << fine structure (E(r)L S):
Zeeman effect;

(2) quadratic magnetic term & fine structure
term << linear magnetic term: Paschen-Back

effect;

(3) quadratic magnetic term >=> linear
magnetic term & fine structure term: gquadratic
Zeeman effect

7eeman effect

15
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] InZeeman limit, atomic structure is only slightly changed from
B = 0 case. Each atomic level is perturbed by the
term (e /2mc)B - (L +25)

1 For L-S coupling, J and m, are good quantum numbers.
Magnetic moment of atom is aligned along J, and energy shift
dependson dot product of B and J. There are 2J+1 different
magnetic sublevels of energies

E, =E,,+9,(€/2mc)B(m,7)
where g; is the dimensionless Lande factor of the level,given by
g =1+ [JJ+1)+S(S+1)-L(L+D])][2T(T+1)]
1 Thenwavelengths of spectral line components are computed
as (allowed) differences between energy sublevels.

Example: Zeeman line components

Zeeman components for sodium D lines

green: pi components, red & blue: sigma components
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