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Chapter 3 Systems of Linear Equations and Introduction to Determinants (Summary)

Exercises / Section 3.1 (page 84)

o Solve the following systems of equations graphically.
2x-y=1 v g By o 2x+3y=2
Problem # 1. \ Problem # 5. ~ Problem # 7.
x—-y=2 2y dy=5 J =]
Ix=~2y=9 3x+y=0
Problem # 9, Problem # 11.
4x-3y=14 w2 gr= )
(Problems solved in class # 1, 11) HW: Problem # 3. Problem # 7. Problem % 9
A
N Exercises / Section 3.2 (page 90-91)
° Solve the following systems of equations by the method of addition or subtraction.
x+y=4 =D 2
Problem # 1. ¥ Problem # 5. ’ _j
2x-=p=5 dx =5y =42
, dx~3y=-11 2x+2y =1
Problem # 7. , Problem # 9.
12x 4+ 25y = 69 5x-5y=1
° Solve the following systems of equations by the method of substitution.
2x+y=1 , ‘ 8x~10y=-13 ) Sv+2y =3
Problem # 15. Problem 5 17, Problem # 19, ' ,
xh3p =8 x+2y =40 6x+3y=2
: g ; 3x~2y=1
e Solve the following systems of equations by either method. Problem # 23. Bl &
x—4y=
2 3 |
x oy Iw-3z=5 e =2V 45w =10
Problem # 27, . i Problem # 35. <"~ °% Problem # 37, =" 7"
imgzz dw—6z=10 e—10w=15
X V

(Problems solved in class # 1, & 18, 23.35] "é W: Problem # 5, 7, 17, 19. 27,37

Exercises / Section 3.3 (page 95-96)

-2 4
° Expand each determinant.  Problem # 3. . 8(
-2 -1 , 32 21 18 -6
Problem # 9, ) Problem # 13, , Problem # 15.
12 5 ~17 16 75 0




3x+4y =1

° Solve the following systems of equations by using Cramer rule. Problem # 17.
2x+3y=4
2 3 7
x v F+2F, =5 3R 4R, =20
Problem # 25. . Problem # 31. N Problem # 33. g )
1 5 2F +F, =6 4R +2R. =15
—_ — = 3 .}
X ¥
(Problems solved in class # 3, 15, 17, 31) HTW: Problem # 9, 13, 25. 33

Exercises / Section 3.4 (page 99-101)

Problem#1.
In figure 3.10 the moment of weight W is 5. The lever balances when d, =2 ff and d, =1 fi and when

d, =1/t and d, =3 ft. Determine the weights w, and w,.

< d > i
< - >
| F 1
VANEN =
W,OW. W

Figure 3.10

Problem #7.

Two resistors connected in series have a combined resistance of 150 0. If the resistance of one resistor
is 10 Q less than the other. find the resistance of each.
Problem # 15.

The sum of the voltages across two resistors is 55.1 V. It was found that 3 times the first voltage is 9.7 V
less than 4 times the second. What arc the two voltages?
Problem # 17.

Tickets for an industrial exhibit cost $5.00 for regular admission and $4.00 for senior citizens. On
one day 215 tickets were sold for total intake of $1050. How many tickets of each type were sold?
Problem # 21.

Two machines have a total of 62 moving parts. If one machine has 2 more than 3 times as many moving
parts as the other. how many moving parts does each machine have?
Problem # 25.

One consultant 10 a [irm charges $200 per day, and ancther consultant charges $250 per day. Adter 13
days the total charged by the two consultants comes to $2950. Assuming that only one of the two consuliants
was called in on any one day, how many days did cach one work?

< 2

(Problems solved in class # 1, 17) HW: Problem # 7, Problem # 5. Problem # 25




Exercises / Section 3.5 (page 103)

o Solve the following systems of equations
2 1.2 5
3x+27=-1 2x-y+3z=16 S
Problem#3. 4x—-y-2z=7 Problem#7. 3x+4y+2z=7 Problem# ] 242 S |
x+y=2 5x—6y+8z=47 xroe
3 4 1
=
X ¥ oz
(Problems solved in class # 11) 7 ~ HW: Problem # 3. Problem # 7
Exercises / Section 3.6 (page 111-114)
2 -1 3 2 3 8 -3 -4 =7
Problem#5. |3 0 -5 Problem#7. |-1 3 =2 Problem# 11. 3 0 -
10 5 -10 3 —b6 —I12 10 15 18
° Solve the system of equation by Cramer's rule:
”’x—ym- z=16 2x =3y +z =1
Problem # 19. 3x+4y+2z=7 Problem # 21 x-2y-3z=1,
‘3.1‘—6)/-:v8_.:'ﬁ47 x—4y +2z =2

A portion of § 5950 was invested at 8 %. another portion at 10 %4, and the rest at 12 %. The total interest income

_=>was $ 635. If the sumof the second investment and twice the first investment was § 750 more than the third
investment, find the amount invested in each rate.

Problem # 27

Three machine parts cost a total of $ 40. The first part costs as much as the other two together, while the cost of
6 times the second is $ 2 more than the total cost of the other two. Find the cost of each part.

Problem # 31 Find the currents of the circuits by solving the system of equations given

Problem 31

B e S R A

=0t LY lﬁ’;l Q[ +20,=10

! =20 | 3 . ~I+1L+1,=0

J_L]OV ¥ 5vy -21,-1,=-5 b

g ELL A S 2 Problem # 33 ~I, -3, =-10
31,-5I,=—6

(Problems solved in class # 7, 27, 33). HW: Problem #5, 11. 19, 21, 25, 31

(]
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Basic Technical Mathematics with Calculus

4
APTER Peter K. F. Kuhfitting
Systems of Linear Equations
and Introduction to Determinants
Objectives Upon completion of this chapter, you should be able to:

3.1

lear equation

1. Solve systems of two linear equations graphically.

2. Solve systems of two linear equations algebraically by means of:
a. Addition or subtraction.

b, Substitution.

¢. Determinants.

Solve word problems leading to systems of equations.

Solve systems of three or four equations algebraically.

Expand third-order determinants by minors.

. Solve systems of three equations by Cramer’s rule.

O\U‘I?w

Simultaneous Linear Equations

In Chapter 2 we studied the solution of first-order equations. However,
many applications in technology require the solution of systems containing
two or more equations. In this section we will study the geometric basis of
systems containing two equations, as well as how to solve such equations by
drawing graphs.

It is revealed through analytic geometry that the general equation of a
straight line is

ax + by = ¢ (3.1)

(A detailed discussion of the line is given in Chapter 19.) Since equation (3.1)
represents a straight line, it is called a linear equation or a linear equation in
two variables. For example, the equation 3x — 2y = 6 fits form (3.1) and

79
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Fe

therefore represents a line. Suppose we graph this line from the followi

20 e table of values:
%U.ﬂﬂh?r. v ,_..EQ : ues

—
[y

The graph is shown in Figure 3.1. Note that the coordinates of the poir

?ﬂi.v (0, —3), (1, =9, and (2, 0) in the table satisfy the mﬁ_:m:.o? Moreover, 1
the Coordinates of every point on the line satisfy the equation.

| Now consider another line, x + y = 2, shown in Figure 3.2. As befo;

viuk the coordinates of every point on this line satisfy the equation x + y = 2

/. &

O ¥

Figure 3.1

\ ©,-3)

@, 0y

0, 2)
:. |I.W.v

@0,

<

x+y=2

2,0

i

R

Figure 3.2

B

3x—-2y=6

Figure 3.3

According to Figure 3.3, which shows both lines, the two lines interse
intersed at (2, 0). So the coordinates of the point (2, 0) satisfy both equations. Cons
¢snse quently, x = 2 and y = 0 is called the common solution of the system

Ix—-2y=6
2

x+ y

In general, two linear equations in two unknowns are referred to as

& system of two simultaneous linear equations.

Simultaneous linear equations

ax + by
ax + b,y

Il

€y
Cy

(3.2)
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Any pair (x, y) of values that satisfies both equations is called a common
solution of the system, or simply a solution. If a common solution exists,
then it follows from the foregoing discussion that the point (x, y) is the
intersection of the two lines. If the lines are distinct, then this point, and
hence the solution, is necessarily unique. On the other hand, since two lines
may be parallel, a system may not have any solufion.

Graphical solution: To find the common solution of a system of two

linear equations graphically, draw the two lines and determine the
point of intersection from the graph.

To be able to sketch the graphs of linear equations rapidly, we need the
notion of intercept, which is defined next.

Definition of intercept: An intercept is a point at which the graph
crosses a coordinate axis. A point (a, 0) is called an x-intercept, and a
point (0, b) is called a y-intercept.

To find the x-intercept, we let y = 0 and solve the resulting equation for
x. To find the y-intercept, we let x = 0 and solve the resulting equation for y.

For example, in 3x — 2y = 6, if y = 0, then x = 2. So the point (2, 0) is
the x-intercept. (See Figure 3.4.) If x = 0, theny = =3, so that (0, —3) is the
y-intercept. Since two distinct poinfs determine a straight line, these are the
only points needed to draw the graph. A third point, (1, —32), is included only
as a check. (See Figure 3.4.)

A—. |Wu

©, -3)

Finura 3 4
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Example 1 Determine the common solution of the system

2x+ y=13
x+3y=15

by drawing the graph of each line and estimating the coordinates of the po
p.nt of intersection.

Solution. As indicated earlier, the simplest way to draw a line is to ._o_:m_ 1

e intercepts. Letting x = 0 in the first equation, we find that y = m.. mm:ﬁ.:mlw

¢f welety =0, thenx = §. (See Figure 3.5.) For the second equation, _Cﬂ =

theny = §;and if y = 0, then x = 5. (See Figure 3.5.) To geta check point 1

{r the first equation, we let x = 1, so that y = 3. A check point for the seco
seeend line is (—1, 2); both points are shown in Figure 3.5.

Figure 3.5

We now draw the two lines and observe that they appear to cross
<k (2, 1), at least as closely as can be determined from the graph. As a check,
£} us substitute the coordinates of this point into the given equations:

20 +1=5
2+3(M=5 -

So the common solution is indeed given by

x=2 and y=1

Example 2 Determine the solution of the system
2x — y= -8
x—3y= 3

graphically to the nearest tenth of a unit.
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. Solution. To obtain the intercepts for the first equation, let x = 0, so that y =
8. If y = 0, then x = —4. The intercepts are (—4, 0) and (0, 8).
Now assign some arbitrary value to x, such as x = 1. Then 2(1) — y =
—8, and y = 10. So the check point for the first equation is (1, 10).
Similarly, for the second equation we find that the intercepts are (3, 0)
and (0, —1). A check point is (6, 1).
Now we draw the two lines and estimate the coordinates of the point of

intersection. To the nearest tenth the coordinates appear to be (—5.4, —2.8).
(See Figure 3.6.)

T /1, 10)

(—5.4, —2.8)

Figure 3.6

. We know from geometry that two distinct lines are either parallel or
intersecting. If they are parallel, then a common solution cannot exist.
Whether two lines really are parallel cannot be determined graphically, since
two lines may look parallel and yet intersect at some distant point. More-
o<mq..mxmaﬁ_m 2 shows that the graphical method for solving simultaneous
ma:m:ozm is awkward at best. Fortunately, there are algebraic methods for
solving systems directly, which we will study in the next section. However,

the graphical approach has provided us with the necessary geometric back-
ground. .

w&. , CHAPTER 3 SYSTEMS OF LINEAR EQUATIONS AND INTRODUCTION TO DETERMINANTS
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Exercises / Section 3.1

Solve the following systems of equations graphically. Estimate the answers to the nearest tenth of a unit.

1.2x -y =1
x—y=2
S. —x—-3y=4
xk+2y =5
9. 5x -2y =9
4x — 3y =4

3.2

2.x—y=-3 Jx—2y=—4 4, 2x —y =2
x+y=-—1 x+3y= 11 xty=1

6. x+2y=13 T.2x+ 3y =2 8. Ix+3y=19
x—3y= 2 3Ix+2y=1 —x+2y= 1

10. 6x + 2y = 1 1. 3x+ y= 0 12, x-3y=10
Ix+ 4y =10 x—2y=120 Ix— y=3

Algebraic Solutions

In the last section we considered the graphical solution of two simultaneous
linear equations. In this section we shall turn our attention to solving such
systems algebraically.

The real difficulty in solving two equations simultaneously is that two
different unknowns are involved. Algebraic solutions resolve this difficulty
by eliminating one of the unknowns, thereby reducing the problem to solving
a single equation with one unknown.

Addition or Subtraction

The first method to be considered is the method of addition or subtraction.

Method of addition or subtraction

1. Multiply both sides of the equations (if necessary) by constants so
chosen that the coefficients of one of the unknowns are numeri-
cally equal.

2. If the coefficients have opposite signs, add the corresponding

members of the equations. If the coefficients have like signs, sub-

tract the corresponding members of the equations.

3. Solve the resulting equation in one unknown for the unknown.

4. Substitute the value of the unknown in either of the original equa-
tions and solve for the second unknown.

5. Check the solution in the original system.

To see how addition or subtraction can eliminate one of the unknowns,
consider the system

2 + 3y = 1
x+3y=2

l
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Note that the y-coefficients are the same. If the second equation is sub-
tracted from the first, y is eliminated:

2x+ 3y = |1

x+3y= 2

x = -1 subtracting
We conclude that x = —1 From the second equation (x + 3y = 2) we get
(=D + 3y =2, so that y = 1. The common solution is therefore x = —1 and
y=1.

Consider another example.

Example 1

Solve the following system:

y= 1
-5

25—
x— 3y =

Solution. We can eliminate x as follows: Multiply both sides of the second

equation by 2, thereby making the coefficients the same, and then subtract

the second equation from the first. Thus

2x— y= 1
Step1. 2x — 6y = —4 2x — 3y) = 2(-2)
Step2. 0+ 5y= 5§ subtracting
Step 3. Solving the resulting equation, we get y = 1
Step 4. To find the corresponding x-value, substitute y = linto either

of the given equations and solve for x. Using the second equation, we get
x—31=-2

which yields x = 1. The solution is therefore given by (1, 1). -
Step 5. As a check, let us substitute these values into the given equa-
tions:

2(p—1=1 and 1-3(d= -2

The solution checks.

80
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m.o_:zos. Since the coefficients of y are numerically equal but have oppositc
signs, we can eliminate y by adding the equations. Thus

Ix—2y=35
5x + 2y =1
8x =6

adding

and x = 1. Substituting into the first equation, we get
3 AMV — 2y

—2y=35- 3 transposing

I
w

— 2y = 7T simplifying

U

y = g dividing by —2

As a check, substitute (3, —% ) into the second equation:

sQra(-B-2ou,

in agreement with the right side,

In some cases both equations have to be multiplied by a constant before
one of the variables can be eliminated.

If the coefficients of one of the two variables are numerically equal but
have opposite signs, this variable is eliminated by adding the two equations.

mst,._u_m N Solve the system of equations

3x—-2y=35
5x + 2y

Il
—

Example 3

Solve the system
3x+ 2y =1
4x — 3y =7

Solution. In this example, direct addition or subtraction will not eliminate

m::mﬂ <mn..m@_o. ﬁ:ommE_u_oﬂmonmnrmmSm:Em:mS y by multiplying the
first equation by 3 and the second by 2. Thus .

9% + 6y = 3 3(3x + 2y) = 3(D)
8x —6y =14 2{4x — 3y) = 2(7)
17x =17 adding

It follows that x = 1 and y = —1.

.moaw:Hom a system of equations does not have any solution, as we can
see in the next example.
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oA
..w The system in Example 4 is said to be inconsistent, which means that the
mxm-:t_m A. Solve the system . system has no solution. Geometrically, an inconsistent system consists of
“Sx+ 2y =7 two parallel lines. The system in Example 5 is said to be dependent; fhat ig,
10x —4y =35 the lines coincide, and the system has infinitely many solutions.
. . In both cases the coefficients of the respective unknowns are multipleg
m_..u:m:o:. In this example y appears to be the easier of the two unknowns to of each other. These ideas are summarized next.
eliminate;
~I0x +4y = 14 multiplying by 2
10x —4y =5 A dependent system has the form
. 0=19  adding _ ax+ by = ¢
There is something wrong, since 0 cannot be equal to 19. It follows that the kax + kby = ke (k #0)

system has no solution. Geometrically, the equations represent two parallel

lines. (See Figure 3.7.) An inconsistent system has the form

ax + by =¢
kax + kby = d, d+ kc

Il

Substitution

At this point we seem to have covered all cases. Indeed, the method of
addition or subtraction works with any system of linear equations. However,
if one equation is easily solved for one of the unknowns, it may be more
convenient to solve by the method of substitution.

Figure 3.7 Method of substitution

1. Solve one of the equations for one of the unknowns in terms of the
other.

2. Substitute the expression obtained into the other equation,

3. Solve the resulting equation in one unknown for the unknown.

4

Example 5 Compare the system

—5x + 2y = — W . Substitute the value of the unknown in either of the original equa-
tions and solve for the second unknown.
. 0x —4y= 5 : 5. Check the solution in the original system.
to that in Example 4.
Solution, —10x +4y = -5 quniplying by 2 Lo .
10x— 4y = 5. To see how the method of substitution can be used to eliminate one of
T the unknowns, consider the system
[ 0= 0 adding
This ti .. 2x— y=2
is time no contradiction results. In fact, we have merely shown that the

. two ma:mﬂ.monm represent exactly the same line. As a result, the coordinates bx+2y =1
igure 3.8 of any point on this line satisfy the given system. (See Figure 3.8.) Note that the first equation is readily solved for y to yield

Stepl. y=2x—-2
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. Substituting this expression for y in the second equation results in an equa-
" tion containing only one unknown:

ox + 2y = 1 second equation
Step2. 6x+22x—-2)=1 substituting 2x — 2 for y
Step 3. Solve for x:
6x +4x —4 =1
10x =5
s
*732
Step 4. From the first equation, rewritten as y = 2x — 2, we get

=22

The solution is therefore given by (3, —1).

Step 5. Check:

2(3) - v =2

! s@saen=1 T

2

This example shows that the method of substitution is most convenient if
one of the variables has a coefficient of 1. (Otherwise solving for one of the
unknowns may lead to an expression involving fractions.)

Such systems can be solved by the usual method if welet x = 1/zand y =
1/w. Consider the following example:

Some equations have unknowns occurring in the denominator;

l_l

=7

Tl T

1
z
3
z

CHAPTER 3
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Suppose we solve the first equation for y in terms of x. Then

=2y =1—3x

1
y=-50-3x (3.3)

Substituting into the second equation, we get

16x — 12 T w a- uHL

o 1
3 substituting — 3 (I = 3x)fary

16x + 6(1 —3x) = 35

lox +6 — 18x = 5

—2x = —1

o

2

Since y = —4(1 — 3x), we now get

-394

. . 1.
Finally, since x = —, it follows that s, = 1/x = 2. Similarly, s, = 1/y = 4,

8

Wm:ﬂaz_ﬂ. The method of substitution is particularly important for solving
equations of the second degree, where the variables have the form x2 and y2.

Since these will be taken up in Chapter 13, you need to become familiar with
the method of substitution.

In Exercises .T_P solve each system of e

Exercises / Section 3.2

quations by the method of addition or subtraction.

.dgsn_rm _
e 6 Use the method of substitution to solve the system ls &85 =4 Zax=2y= 6 Ha S Zyres | 20 % b= 0
; ) | 2x —y=35 Ix —4y = -2 4x -3y =4 3x — 2y =25
e . B S, 3x — Py = Y e
= = 3x — 2y =21 6.3 x -2y = 7 7. 4x— 3y =-11 8.4x+3y= 1
o Hm\m . 4x — 5y = 42 ‘ 4x — 6y = 11 12x + 25y = 69 5x + 8y = 10
5 mml 9 x+ 2y =1 10. 3x + 5y = 10
Solution. This system can be written in the usual form by letting x = 1/s, x=5y=1 ¥ =18
andy = 1/s,: In Exercises 11-20, solve each system of equations by the method of substitution.
A% — 2§ =1 1. x—3y=4 12, x +2y =12 13, 3x+ 4y =21 4. x+3y= 1
P, i NH - = - =
16x — 12y = 35 y=3 x—3y=2 -x+2y= 3 2 - y=-5
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_”m.mﬁ+ y =1 16. x+2y= 13 17. 8x — 10y = —13 Hm.lhlmewD:
- x+3y=28 3x - y=-31 x+ 2y= 0 2x+ y=4
9. 5+ 2y =3 20. 2x =3y =3
6x + 3y =2 5x —4y =1

n Exercises 21-40, solve each system of equations by either method.

1. 6x — 7y = 49 22.3x + 5y =0 23.3x -2y =1 4. 2x+4y = 1
8x — 9y = 63 x+dy =0 6x —4y =5 6x + 12y = —1
4 3 5 25 2 3

.\|.|“~ - === T L 2 1

m._.... ¥ NQH y 51 N.ﬂ.k. %'u NW.MIMHM
5 4 10 55 3 .2
I i G = _ 4 5
P - y 112 MIMIN M.Twﬂm

w~1MIH 2 3

Tl uo.MFMu_m 3. 3F\ - 2F,= -7 32, 125— 81 =19
MIMIA 6 s 3F, — 12F, = —-37 4s — 12 =25
P q R p- P

L34, + 24, =2 34, 2y + 4w = | 35. 2w —3z= 5 36. Tmy +2m, = 20
M\ﬁ_+u\ﬁwnw |w%+Mx\”M 4w — 6z = 10 Ws_r_vwawul—m

. ~2v+ Sw=10 38. 2y - 6uy; =3 39. 31+ 2[, =7 40. —2r + 45 = —6

4p — 10w = 15 =3y + 3u; = 1 204+ I,=4 r—2s= 3

3.3 Introduction to Determinants

So mm._. we :.mzn considered three methods for solving systems of equations
In this mm.n:oa we are going to study yet another, the method of .?8:.:“
nants. This method is not only elegant but also quite easy to use and to apply
to larger systems.
Determinants were discovered by Gottfried Leibniz, the codiscoverer
of mro calculus, and promptly forgotten. They were rediscovered by the
Swiss Em.:rnsmnnmm: Gabriel Cramer (1704-1752) in 1750. Some time later
the English algebraist Arthur Cayley (1821-1895) undertook a systematic
_ study of determinants and matrices. Cayley’s work eventually led to a sepa- I |
rate branch of mathematics called linear algebra. mfw

To see the value of determinants, consider the general solution of the
class of systems

f ax + by = ¢
briel Cramer ax + by = ¢, 94
We can m_mamnma y by multiplying the first equation by b, and the second by Mm
b, to obtain !
D“Wuﬂ + T-@M{ = ﬁ.ﬁwm
QN_@—H + UN&Q = ﬁmvm

OF LINEAR EQUATIONS AND INTRODUCTION TO DETERMINANTS “mN.l

Subtracting, we get
abx — abix = ¢cby — b

It now follows from the distributive law that
(ayby — azb))x = ¢1by — &by

and therefore

X = ciby — b,y Q3

N B_WN - Dm&. .Mu

By eliminating x, one can show that

a|t; — a6
D_Wm - DMWH Awmw

We have found the solution of the general system (3.4). Thus anyone who
memorizes formulas (3.5) and (3.6) would never again have to solve such a
system. Unfortunately, memorizing such formulas is probably more trouble
than solving the system unless, of course, some kind of simple pattern can be
discovered. Such a pattern is provided by a square array of numbers called a
determinant. Thus a;b, — a,b,, which appears in each of the denominators,
is a quantity denoted by the symbol given next.

Vw”

Definition of a 2 X 2 determinant

ay b
as Tm

= Q-@N = Qm@- HW.Qv

The determinant

a; b,
as vw

is called a 2 x 2 (two-by-two) determinant (larger determinants will be taken
up later). The entries are called elements. The elements a, and b, form the
first row, and the elements @, and a, the first column. (The second row and
column are then defined in a similar way.) Writing the square array as a
number, called the expansion of the determinant, can best be remembered by
means of the following diagram:

/ \.\
ay h.:
X - ....:Tu G Dm@- AmmW
ay WN

AN

The arrows indicate which elements are to be multiplied, and the sign at the

22e AL nnalk neennr indisntan which cian ic tn ha affved ta the nradnet

m\#w»sb.w_? &‘m o 27l Aeteviitail
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a
ple 1  Expand the determinants

0 2 2 -1
le-s 5] Pl

Solution. By expansion (3.8)

.| 3 =00 -30-0+6=6
bl 2 T4 - o= -8-6- 1
. |m [A = = =

:HAP o
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Example 2 sopve the system

Let us now return to the system of equations (3.4):

ax + by = ¢ (3.9)

a,x + _wmu. = Ca

Observe that the solution, given in statements (3.5) and (3.6), can be written

-

Ci b a, Ci

Cy .Tm 5] Cy
H e 3 u\ =

a b, ay b,

a, &m s WN

Now notice the pattern: The entries in the two denominators are the coeffi-
cients of the unknowns arranged as in the original system (3.9). The entries
in the numerator of the x-value are obtained by replacing the coefficients of x
by the constants on the right side of the system. Similarly, the entries in the
numerator of the y-value are obtained by replacing the coefficients of ¥ by
the constants on the right. This method of solution is known as Cramer’s rale
and can be extended to larger systems of equations.

Before continuing with an example, let’s summarize the solution of
systems of two equations by Cramer’s rule,

Cramer's rule: The solution of the system

apx + @_uw = i
asx + WN% = C2
is given by

Cy _w_ a; Cy
Cy Tm a; C2

X = » Y=
a, b ay by
ay by a b,

:.E: the system does not ha
either dependent or inconsistent.

i

5x -2y =10
lw.ﬁr_..w‘#” 0

by Cramer’s rule.

MS:m:w“ to find y we construct the determ
Ing the second column, the coefficients of

5 10
-3 0

inant in the numerator by replac-
» by the constants on the right,

The solution js now written as follows:
10 -2

set T 000 - @y -y o
5 o QSIwanwnwmltlmnmw

5 10
y=r—= Y00 - 300 1
5 =2 ) 29 T 29

=4 7

a; _Wm

Ve a unique solutjon. In that case the system is
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L i ; ding a de .
ithmetic involved g, ; onsid
. CALCULATOR 3 e o make the computation more convenient, C c 4_4 8 _7_ 2 5
. COMMENT & calculator can 26, =0 27, ¥Ty=20 28, =% =3
- fe y'minant
m.uﬁm_v&mﬂ\n\ﬁ\&%% uuw MMO M@Xu©m|\\—wmxmwm M+M”m MIM”HQ MINHQ
—3. u.wm = -3, . Xy x y x oy
7.35 - . : _ -
. ientific calculators perform multiplication and diy 29, I, - 77, = 19 30. 2w, + Wy =3 3. F, + 2F, =5
m——.-ﬁﬂ —.—..Omm.mwﬂmﬂnﬁ Onmc-.— :,—ﬂ sequence is ..wm:h = m..w;u =20 Wy + wx\m =35 N»ﬂ.n + »B:u =6
e s e addition and subtra : ; - - .
Asvision rﬁ: 3.59 [T7=][x] .98 [=]7.35 [X]5.26 [=] 32.2w, + 3w, = o 33. 3R, + 4R, = 9 34. 21, + 81, = 55
: . .N 9492 N:.\_ i Ax\u =15 Amm i NMNN =15 AN_ + MNN = 30
. s i y er
U_%W ¢ omwnc_mﬂoa that do not automatically perform the op 3. 3¢ - 1Cy =3 36. 2p — 7 = 19
or . .
) te sequence is ~9C + 21, = 5 S~ g=15
A bove order, an alterna A 1 2 P~ q
Poradon (vt The a 7.35[x]5.26 .
@ wm.ﬂ%i 3.59 EH 3.98 . _M! . (The Temalining problems should be solyeq with a calculator.)
—|[+ l.?mw ;
EE. 3. 2785~ L52y = 5.2 38. 0.980x + 0.730y = 1.21 39, —-2.10¢ + 3.64y = 1.32
Display: —52.9492 —  0.130x + 2,49, = 5 gg L2 - 5o = 1y 1.00x + 1,78y = _4 g5
Bo. 6.52x + 3 98y = —1.25 L ~7635 — 3005 = 154
. - 1.35x — L44y = 2.73 2.84x — 1.54y = 3.87
- ction 3.3
Exercises / Se
In Exercises 1-16, expand each determinant. s fon 4
210 ~2 ‘ |4 —s N " .
L.|o w 4 -8 F & 3.4 Applications of Systems of Linear Equations
2 6.1 : : S
. 5.12 1 _ LB _ S\Eun.mwmmnsm of equationg have varijeq applications jp technology, the type
4, m 1w 7 4 - of problems already discussed jp Section 2.3 can be dope more conveniently
8.1 =2 ¢ _ 9. MN 5 by using systems of equations. As a typicaj ©Xample, suppoge that the sym of
.12 1 g 4 two numbers jg 35 s and one of {he numbers is 3 more than the other. Let x be
4 -3 " 6 - 12. 12 |M _ the smaller number; thus x 4 3 represents the larger. It follows that
- — - —15
.| -3 &_ 3 NL X+ +3) =35 0
= ol g ( ) (3.10)
KH.121 5 75 0 and ;
B. 32 2 _ 20 -8
-17 16 2x + 3 = 35
6.1 —12 —11 _ From this we Belx = 16and x + 3 = 19,
5 -8 . ing Cramer s ie Now consider another way to golye this problem by using Systems of
n Exercises 17-41, solve each system of equations by using B S md equations. Let y pe the first number and y the secopd. Then
. s T
4 i =5 )
.w.uk._.awﬂ_ 18. »+w.<lo —~x + Sy =1 H+E”um ﬁu.:v
e+ 3y =4 > mw ’ 22. 3x — 4y =20 From the other piece of _.mwo:dm:.o? we have
21. —5x + 6y = _
0. —2x— gy =4 i Sy =8 e By B y=x+3 (3.12)
+ 10y = 5 3 . - . .
5x y ool 25. m - = 7 m:wﬂ:::sm €quation (3,12) Into equatiop (3.11), we 8¢t equation (3, 10). The
O . 3x+ 4y first method, then, is the same as solving the System by subsfitinting n
bx — 8y = 8 1 + 3 =3 we have Seen, the method of ciboers... .
Sx+3y= 2 x oy
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One alloy contains 20% copper, and another 25% copper. How many pounds
of each must be combined to form 60 Ib of an alloy containing 22% copper?

u\.n.uﬂ\

iple 1

Solution. Let x be the number of pounds of the first alloy and y the number
of pounds of the second. Then x + y = 60. Recall that it is best to work with
the quantities directly: For example, (0.22)(60) = 13.2 Ib, the weight of
copper in the 22% alloy. Thus

0.20x + 0.25y = (0.22)(60)
x+y=60

are the resulting equations, which can be solved by addition or subtraction:

(22)(60)

20x + 25y

20x + 20y = 1200
5y = 120
y=241b
x=7361b -

multiplying first equation by 100

multiplying second equation by 20

I

subtracting

Two resistors are connected in series. The resistance of the second is 5.6 ()

less than that of the first. The total resistance is 50.2 Q). Find the resistance
of each resistor.

w_m 2

Solution. Recall that the total resistance of two or more resistors in series is

equal to the sum of the individual resistances. Letting R; and R, be the
individual resistances, we get

Ri—R;= 56

R, + Ry =502

2R, = 55.8 adding
R, =2790Q
R,=2230

L
ple 3 a portion of $13,580 was invested at 8% interest and the rest at 10%,. If the
total interest income was $1,253, how much was invested at each rate?

Solution. Let

X = amount invested at 8%
y = amount invested at 10%

73

Then

$13,580
$1,253

x+y
0.08x + 0.10y

are the equations to be solved.

8x + B8y = 108,640 multiplying first equation by 8
8x + 10y = 125,300 multiplying second equation by 100
-2y = —16,660 subtracting
y = $8,330
x = $5,250

Of course, the solution of a problem can always be checked against the given
information. Thus 8% of $5,250 equals (0.08)($5,250) = $420 and 10% of
$8,330 is $833, for a total of $1,253.

Many problems in technology involve the lever. A lever is a rigid bar
supported at a point called the fulcrum, which is usually positioned between
the ends of the bar. Neglecting the weight of the lever, a weight w at a
distance d from the fulcrum has a moment given by weight times distance, or
wd. (The moment is a measure of the tendency of the weight to rotate about
the fulcrum.) If two weights w, and w, are placed on opposite sides of the
fulcrum at distances d, and 4,, respectively, then

wid; = wad,

whenever the weights are balanced on the lever. The distance from the
fulcrum is called the moment arm.

One of the fundamental principles of levers is the fact that moments are
additive; that is, w,d, + w,d, is equal to the total moment. Consider, for
example, the weights on the lever in Figure 3.9. For the weights to be
balanced on the lever, the moment on the left must be equal to the moment
on the right, or

widy + wad, = wad; d

R A

Figure 3.9

sl a
i A

This formula can be extended
to any number of weights.

Example 4

A weight of 11b and a lever are to be used to determine two other weights.
Referring to Figure 3.9, the following measurements were taken: given
w3 = 1 Ib, the lever balances when d; = 31 in., d, = S in., and d, = 4 in.
Another balance is obtained when d; = 33 in., d, = 3 in., and d, = 6 in.



Solution. From the relationship
. widy + wad; = wyd,
and the given measurements, we get the system
Swi + 4w, = 31« |
3w+ 6wy, =331

By Cramer’s rule

31 4 3 31
33 6 3 33
W, = and W, =
5 4 5 4
3 6 3 6
Hence
186 — 132 54
MIT 3o T3
and =
165 -93 72
Wy = —w = Hlm. =4 .__u

LOACIEN 3 STYDIEMD UF LINEAK EQUA HUNS AND INIHUOUUCTIUN TU DETERMINANTS

loo
6. The relationship between the length of a certain bar (measured in centimeters) and its temperatur

in degrees Celsius) is known to be L = aT + b. Tests show that if T= 15°C, then L = 50.0 cm; if T = 60°C,
funL = 50.8 cm. Find the relationship.

7. Two resistors connected in series have a combined resistance of 150 Q). If the resistance of one resisi
% 10 Q less than that of the other, find the resistance of each.

8. The combined resistance of two resistors in series is 130 . If the resistance of one

resistor is 20 () less
tharithat of the other, find the resistance of each.

9. A portion of $8,500 is invested at 12% interest and the remainder at 11%.

The total interest incon
£ $976.10. Determine the amount invested at each rate.

10. A woman invests a certain amount of money at 10% interest and the rest at 8%. If the first investme
{5 $2,000 more than the second and her total interest income is $740, find how much was invested at each)

11. The foreman of a machine shop ordered two sets of machine parts costing $35 per dozen and $50
perdozen. If twice the number in the first set was one dozen more than the number in the second set and i
fie total bill came to $625, find the number of parts in each set.

12. A machinist has an order for a rectangular metal plate with the following specifications: The lengthis 1.
\# less than 3 times the width and the perimeter is 24.4 in. Find the dimensions of the plate.

13. The manager of a shop spends $189 in his budget to buy 80 small castin

gs. Some cost $1.95 apiece, anc
Hs rest cost $2.50 apiece. How many of each can he buy?

14. Two separate squares are to be made from a piece of wire 54.0 cm long. If the perimeter of one square
4p be 3.0 cm larger than that of the other, how must the wire be cut?

15. The sum of the voltages across two resistors is 55.1 V. It was found that 3 times the first voltage is 9.7 V

xercises / Section 3.4

2

. In Figure 3.10 the moment of weight Wis 5. The lever balances whend, =2 ftand d, = | flland»

=1ftand d, = 3 ft. Determine the weights w, and w,.

Jegs than 4 times the second. What are the two voltages?

x;&&wr&a 16. Measurements of the tension, in pounds, of two supporting cables produced the following equations:

0377, - 0477, = 0
0.527; + 0.87T, = 120.49
Find N._ and N‘N.

17. Tickets for an industrial exhibit cost $5.00 for regular admission and $4.00 for senior citizens. On one
day 215 tickets were sold for a total intake of $1,050. How many tickets of each type were sold?

d, Qu
— f Q. QN Qu
W, w &3 Fan Y —rt }
W COWW, VAN Wy
Figure 3.10 Figure 3.11

Exercises 24, refer to Figure 3.11 and find wj and w, in each case.

+ W3 = 2.0 N; a balance is obtained ifd;=2.0m,d;=2.0m, and dy=35mandifd, =2.0m dy =

WLN“m Al

w3 = 4.000 lb; a balance is obtained if dy =3.000in., 4, = 4.000 in., and d; = 17.25in. and ifd, -
cizsin, dizs

dy = 2.000 in., and d; = 18.25 in.
w3 = % 1b; a balance is obtained ifdy=3ft,d, =4ft and dy=9ftandifd, =11, d

18. A technician needs 100 mL (milliliters) of a 16% nitric acid solution (by volume). He has a 20% and a
1o’ solution (by volume) in stock. How many milliliters of each must he mix to obtain the ama:._.uﬁw .mowEa

Lottt frony
19. How many liters of a 5% solution (by volume) must be added to a 10% solution to obtain 20 L of an
@ Yzsolution?

20. One alloy contains 6% brass (by weight) and another 12% brass (by weight). How many pounds of each r
wd be combined to form 30 1b of an alloy containing 10% brass?

21. Two machines have a total of 62 moving parts. If one machine has 2 more than 3 times as many moving p
{aff as the other, how many moving parts does each machine have?

* 22. John has $6.10 in dimes and quarters. If he has five more dimes than quarters, how many of each doe:

=2ft, an e have?
) ) ) . el aw w.h__i.ﬁ.up_w 3 i . . ; ’ .
The relationship between the tensile strength § (measured in pounds) of a certain metal r 23. Jane has $3.30 in nickels and dimes. If she has nine more nickels than dimes, determine the number of e

1§ =56591b;if T = 100°C, then § = 565.8 Ib. Find the relationship.

1 . 3 Sapod
t temperature T (in degrees Celsius) has the form § = a — bT. Experimenters found that _ﬂunu M

o= G - An office building has 20 offices. The smaller offices rent for $300 per month, and the lar
.ﬂuﬁ T=583 ¢y dm.‘ P

of eack
ger offices for §

% per month. If the rental income is $7,440 per month, how many of each type of office are there?
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i. One consultant to a firm charges $200 per day, and another consultant charges $250 per day. After 13 days (15) 1-302) - 2
- the total charged by the two consultants came to $2,950. Assuming that only one of the two consultants was

-2 substituting in (1)

(16) z= -3
called in on any one day, how many days did each one work?
The solution is therefore given by x = 1, y = 2, and z = —3. As
& nﬂamnf substitute these values into equations (2) and (3). Then
3.5 Systems of Linear Equations with More Than A1) —2-2-3) =38

Two Unknowns

Our method for solving systems of equations can be readily extended to and

systems of three or more equations. We shall concentrate on the method of 1) + 208 + 2(-3) = 1

addition or subtraction in this section and return to the method of determi-

nants in Section 3.6. . which checks.

To solve a system of three equations

ax + _w:u\ + iz = Q__

ayx + by + ¢z = d, (3.13) mxm::—u_m 2 Solve the system
asx + by + ¢z = d,
i imi (1) 4R, - 2R, + R, =18
algebraically, we eliminate one of the unknowns between any two of the
equations. Then, taking a different pair of equations, we eliminate the same 2) 3R, — 3R, + 4Ry =8
unknown. The resulting system of two equations can then be solved by one G) R+ Ry +2R;=6

of the earlier methods. Consider the following example.

Solution. We eliminate R, as follows:

_ - = 24 ltiplying (1) by 3
Example 1 Solve the system (@) 12R, — 6R; + 3R, i &:mﬁ
Q) 3 = —9 (5 O6R, —6R,+ B8R;=16 multiplying (2) by 2
) M - H " NM = 8 (6) _6R, + 6R, + 12R, =36  multiplying (3) by 6
_ = ing (5) f 4)
Q) 3x+2y+22= 1 (7) 6R, SR, 8 subtracting (5) :uzzﬁ
R + 20R; = 52 adding (5) and (6
Solution, A glance at the different coefficients tells us that z is the easiest of G IR, mcmw — 1 ingplyinE Ty by
the three unknowns to eliminate. (9) 24R, - § = multiplying y
“@ 2x — 6y — 2z = —4 multiplying equation (1) 3.“ , (10) 12R, + 20R; = 52 ,.m_um.m::m @®)
G) - y-2;= 3 repeating (2) and (3) (11) 36R, = 84 adding (9) and (10)
84 7
(M -2x -5y = —12 subtracting (5) fram (4)
@ _Tx+ y = 9 adding(5)and (6) a3 6(7) ~ SRy= 8  substituting into (7)
%) -2x -5y = —12 repeating (7) 6 :
(10)  35x + Sy = 45 multiplying (8) by § - , (14) Ry = %
(11) 33x = 33  adding (9) and (10) 7 6 o .
il - = 1 t
(12) x= 1 (15) 3t Ry +2 AMV 6 substituting into (3)
13 ) +y = 0 substituting in (8) 19
(16) Ry =g
(14) y= 2
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As a check, we substitute the values Ri =% By= H, and R; = § into
equation (1):

Q-2 510 20w,

Equation (2) is checked similarly,

Exercises / Section 3.5

Saolve the following systems of equations.

L x+y+2:= ¢

x - z==2
-y = 0
4. 2x — 3y = 8
Ix—- y+2z= 3§
2x + 3y = —4
Nmklw+umﬂa

Ix+dy+2z= 7
5x — 6y + 8z = 47

_. NNH— - MMHN ,._v MDM‘J..._
3Fi + SF, + 10F,
n:u._ o MO.T;N + AOTM

2y +3z4+ w
N«Ime + W
3x =2z + 2w
X+ 3y - ;

Il

Il

2.x- y = 2 3. 3x +2z= -
X+ 2y -z=-3 -y-2z= 7
~y+z= 3 x+y "= 2
S. o x -2y — ;7= I 6. 3x -3y ~-27=1
e~ y -2z = - X+t y—6z=3
I+ y+2:= X+t y+2:=3
8. x-2y+ 7= w.wm_lwww+.\5wuum
x4+ y+27=2 6R, + 3R~ Ry = -5
3x+3y-3;=97 wk_l_wwN.Tu.wwme
2 1 2
mm_ 11. mrm+mu~ B.m+w_\|w_.n 0
T ST
1 14, x +2z-3w= 12 Hm.mklwiwmlmx\uiw
I 3r~2y + = -3 4x — 2y + 37 = 3
13 3y =3z - 5w = 12 B+ 23 £z — Py = 16
9 2x — y —2w= 3 8x — 2z — 4w = —¢

3.6 More on Determinants

leYy v lody
- The easiest way to see the extension of the determinant method is to
solve the system
ax +byy+ cz=d,
a,x + Muuv.. + CrZ = b-w Au.mn—w
asx + b3y + ¢z = dy
by the method of addition or subtraction, Although straightforward, the
calculation is quite lengthy. The expression for x turns out to be
_ Q_Umﬁ.u e Q.@mﬁw = Q—N&Hﬁm + .u-u.wmh.m + Qm_vwh._ = n&u&.mn._
= n:mumﬁw = Qu&wﬁm - Qmw_nu + Qm%-ﬁ.w + Qu@wn._ - Qu&m_ﬂ_

(3.15)

A determinant of the third order is defined with Cramer’s rule in mind; If
Cramer’s rule is to carry over, then the denominator of solution (3.15)
should be a determinant whose elements are the coefficients of the un-
knowns. In other words,

a b, Cy
a, bw C | = D_Tmﬁu e _n:n.w.uﬁm = ..um_w_h.u i Duw._n.u
as Muu C3 + Dm@mh_ = bw@mh.m

(3.16)

The last expression may look like a jumble of symbols without any discern-
ible pattern, but if you look more closely, you will see that every product
consists of exactly one element from each row and one Sfrom each column.
(The same holds true for higher-order determinants.) This observation en-
ables us to express a third-order determinant in terms of second-order deter-
minants. For example,

&N Cy

by s = a(byc; — bycy) = aibycy — aibyc,

a;

which are the first two terms in expansion (3.16). The determinant

wm (4]
Ww Cy

is called the minor of the element aj.

Definition of a minor: The minor of a given element is the determinant
formed by deleting all the elements in the row and column in which the
element lies.

Thus in determinant (3.16) the minor of a, is

by Cy
&w C3
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i i he first element, 2
! | ¥ he signs were determined. T ,
Take a closer look at how t dete .
s " lies in row 1, column 1, and 1 + | = 2, which is even. Hence the nmmmu.:ns_ﬁ is
. ies i + 1=
o c given a plus sign. The next element, —4, lies in row 2, column 1, an
as Cy

Now obserye that, in terms of minors, the determinant (3. 16) can be written
a; b, Cy
a; &m C; | = a;
a3 by C3

b, C; a 2 a, b,

- b +
bs C3 _ a; C3 . as b3
In other words, the determinant is expanded by forming the products of the
elements in the first row with their corresponding minors and affixing either

3, which is odd. So the element —4 is given a minus sign to _umnoﬂm l?ﬁ:.
m,mnm:ur the third element, —3, lies in row 3, column 1, and 3 + 1 = 4, which

i is gi a plus sign. .
is even. So the element is given .
No particular row or column offers any obvious advantage with one

notable exception: A row or a column containing one or more Zeros Mmgzomm
the number of calculations required. For example, expanding along the sec-
ond row yields
2 -3 1
-4 0 -7
=3 =1 1

= 2 1 2. =3
;Ti:w | Is_;w __Ll,:_lw ) _

Il

=4(-3+1)+0+ 7(~-2-9)=—85
Typical expansion by minors
@b a c a ¢ a ¢
- _ 2 2 i T ] 1 i t
a, by C b, a5 o + b, s 5 by & _ Example 2 Expand the determinan
asy .Wu C3
-3 2 1
= ernﬁmn.w + W_Duﬂm + Wwﬁ_ﬁw g @NQwﬁ_ 4 -2 3
= biajc, + biac, -3 1 D
Solution. Because of the 0, we expand along the third SWF ﬂm%ﬁw E:% ﬁm
: ) 2 is oi i 1. Since =4,
We still need a rule for affixing the sign. It turns out that the sign element —3. \._,_:m element is situated in row 3, column
depends only on the position of the element. Consider the row and column in affix a plus sign.
ule for signs  which the element lies. If the sum of the number of the row and the numbper < 2 1
of the column is even, affix a plus sign; if the sum is odd, affix a minus sign. ’ 4 =2 3
-3 1 o
- 2
2 i ~3 1 + (0) 3
ample 1 Expand the determinant = +(=3) _ -2 3 W 4 4 3 % =L
2 -3 L =36 +Y — (-9 - +0 =il
|M w iw (Note that the signs necessarily alternate, so that only the first one needs t
be determined.)
Solution. As already noted, we can expand the determinant along any row
or column. Suppose we arbitrarily choose the first column. Then we get
2 -3 1 Example 3 Expand the determinant
~4 0 =7 7 -2 -3
-3 -1 1 —11 0 5
_ 0 -7 -3 -3 ] 2 0 2
=2 s 1 AI&_;H 1 +Alu; 0 -7
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.Solution. If we expand along the second colu
to be evaluated. Note also that the element —
therefore given a minus sign.

mn, then only one minor needs
2liesinrow 1, column 2, and is

7 -2 -3 i s
-0 s uuTm; B =2(~22 - 10) = —54
2 0 2 2 2 v

Having defined a third-order determinant, we can now return to Cra-
mer’s rule and the solution of equations.

Cramer’'s rule: The solution of the system

ax + W_E + ciz = D~_

axx + byy + ¢z = d, (3.18)
asx + &uv\ s = CZ = b—w
is given by
d, b, Cy a d C )
dy b, ¢ a  d;
dy by 3 a; d; C3
x = P T, y = R ———
a W_ Cy a, bw_ Cy
a; b, &) ] b, C
as @u Cy as Ww C3
a .__‘.: n&_
a; @m &_m
a, &u Qu
=/ 3.19
a; &_ ) ﬁ v
a; b, C
a; by C3

a, mu_ Cy
ar muw Cy
as bs C3
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in (3.19) is different from zero, then the system has a unique solution, since

Independent system

the values of the determinants are unique. Such a system is called indepen-

dent. If the determinant is zero, then the system is not independent and ng
unique solution exists. (The system is either inconsistent, having no soly.
tion, or dependent, having infinitely many solutions.)

Example 4
2x — y + 3z
x+2y— z
3x —2y

If

Il

Solve the given system by determinants.

2
1
4

Solution. First we evaluate the determinant whose elements consist of the
coefficients of the unknowns; this determinant will occur in all the denomi-
nators. Expanding along the third row:

2 ~ 3
1 2 -1
3 =2 D

S0 by Cramer’s rule,

2 -
1 2
4 -2

X =

=25

=3

=] 3
2 -1

2 -1

23
:Te__ 1{*% 1 2

=31-6)+2(-2~3)+0=-35

3

-1

0

Expanding along the third column, we get

*="3

1

|

1
=~ 75 (=30)

Ll oy

Next,

s [

1
4

2

1

3
11

gt

2
=2

=]

2
IT:T s [0

75 [3(-2-8) + 1(—4 + 4)]

expanding along thirc
column ,

r 3
4 JT:_w 4t0
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1 pﬁﬁw
. =5 BU-3)+18-6)

1
=-30
—_—
5
Finally,
1 2 -1 2
et~ [ | 2 1
) Bl 5 4
_ -HI 2 1 1 1 1 ) expanding
25 N_ -2 4 _IT:_ 3 4 _+~_ 3 2 _ along
, first row
= Iwﬁmmm+mv+ 14 —3) +2(-2 - 6)]
1
TS (5)
= — nwl i
5
As a check, suppose we substitute x = §,y = -}, and z = —1 in the second

equation. Then

$ea(-h- (D

The other equations are checked similarly.

..ﬂﬂn expansion of a 3 X 3 determinant can also be accomplished by
rewriting the first two columns to the right of the determinant and then

forming products of elements alon i i i
g the resulting full diagonal
the following scheme: ; onals, as shown in

(3.20)

The leftmost arrow .co:&sm upward yields the product —asb,c¢,, and the
ieftmost arrow pointing downward yields +a,b,c;, and so forth. Comparing

CHAPTER 3 SYSTEMS OF LINEAR EQUATIONS AND INTRODUCGIIUN (U UKICRIvIINAIvG o

{io {s]

the resulting six products to the expansion by minors shows that the terms
are identical. Unfortunately, this scheme does not work with higher-order

determinants.

Example 5

Expand the determinant in Example 2 by using the expansion scheme (3.20).
Solution. Rewriting the first two columns, we get

-3 2 1] -3 2
4 -2 3 4 =2
—3 1 0] -3 1

+(=3)(=2)(0) + 2)3)(=3) + (A1)
—(=3)(=2)(1) — (HBN=3) — (O)H(2)

0-18+4—6+9-0
=—11

You will have to judge whether this method is more convenient than
expansion by minors.

il

An important application of systems of equations is the analysis of basic
electrical circuits by means of Kirchhoff’s laws. Since a discussion of setting
up systems of equations using Kirchhoff’s laws is too lengthy to consider
here, we will work with the given system of equations corresponding to a
particular circuit in the next example and the exercises.

Example 6

Consider the n:.nm: in Figure 3.12. If the directions of the currents are as
indicated in the diagram, then from Kirchhoff’s laws the system of equations

is given by ;

.N_.._l Nul. Nu“O )\(?l
—t
101, - 31, =4 ?_ wn 4 - T,
= 1.
3L+Sh=2 4Ly A -
+
l._|~<
Figure 3.12 _

By Cramer’s rule the solution is found tobe I, = §# A, L, = 0A,and ; =
32 A. (See Exercise 36 in the following exercise set.)

Since the calculated values of I, and I, are positive, the directions of
these currents agree with the directions originally assigned. (If a calculated
current is negative, its direction is actually opposite to the direction origi-
nally assigned.)
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N2
- :_ :_um. Find the weights Wi, Wy, and ws given the following sets of measurements: w = 2 |b and
Exercises / Section 3.6 M dy=dft,dy=3ft,dy=2ft,d, =55
In Exercises 1-12, evaluate each determinant. @ di=3ft,d =21, ds =11t dy = 3.5 fi
. Aww&_nu?.&u“_?&uﬂ_m.&&um.mn
L “ IW M 2. M Im IM 3. w .M w 24. Find the weights w), w,, and w3 given the following sets of measurements: w = [1 N
1 —4 4 = 3 —4 3 2 A:&_HMEM&NHHB.&unSi&aHNE
(2) &__ Hh—aqawﬂwa.&u”wav&aﬂw%ma
- 3 -3 . -1 3 6.1 -5 12 3 ;
“12 47 . : i 7 - @ di=6m d;=2m,dy~6m,dy = 47 m
0 =2 0 10 5 —-10 -3 0 A 25. A portion of $3.950 was invested at 8%, another portion at 10%, and the rest at 12%. The total int
~test income was $635. If the sum of the second investment and twice the first investment was $750 more tha
i 2 3 8 8. -15 20 10 9. -3 2 4 | ne third investment, find the amount invested at each rate, :
1 32 3 . 1 10 18 lmm 26. A woman has $16,750 to invest. She decides to invest the largest portion at 8.25% in a safe investment
5 .Ia -2 A =B 15 - =15 she invests the smallest portion at 12% in a high-risk investment and the rest at 10%. In fact, the safe invest
; 5 0 20 L[ -3 —4 —7 | -¢ 13 -3 | —med is only $750 less than the other two combined. Determine the amount invested at each rate, given the
to. mn_ 3 40 - 3 0 -6 . 9 17 p e total interest income is $1,605. ’
5 —40 10 10 15 18 0 19 2 27. Three machine parts cost a total of $40. The first part costs as much as the other two together, while the

n Exercises 13-22, solve each system by Cramer’s
ection 3.5, respectively.)

¢ost of 6 times the second is $2 more t

.
rule. (Exercises 13-20 are the same as Exerci
Al Exeyclsen (O

han

ers,

is brothers® co

the total cost of the other t

Richard, Paul, and Craig,
mbined present ages, whi

wo. Find the cost of each part.

total 24 years. Three years ago Rich
le Paul’s age was one fourth of whe

L. brothers® combined ages will be twa years from now. Find their respective ages. ‘
% xtypilz= 9 W 2= y = 2 B, 3z g In Exercises 29-35, find the currents in each of the circuits by solving the system of equations given in
x - z= =2 X+ 2y —z= -3 4 —y -2z = 7 esfcase,
inv_. = 0 “ytz= 3 x+y = 2
5. 2x — 3y = 8 17 x—2y— 7= | 18. 3x — 3y — 27 = | 2.4+ L- =0 ‘
- y+27= 8 X— y-=2z=~] X+ y—6z=3 1j — 21, =4 ‘T 10 Ibrv
2x + 3y = —4 Ix+ y+2:= ¢ X+ y+2z=3 2l + 31, =2 + a“\ \L. o unw
L2t — y+3z=16 20, x—2y+ z=1 2l. 2x -3y + z =1 = ' +
x+dy+2;= 7 2x+ y+27=2 X—2y—3z=1 Ah‘ IHN<
5x — 6y + 8z = 47 Ix+3y—-32=2 X—4y+27=2 ! .
- 3x— y+4dz= 4 Figure 3.14
—x+2y—3z2= ¢
-3y + z=10
0. - L+L= ¢
Ive Exercises 23 and 24; refer to Figure 3.13. 21 + 31, = 2
-3 -1 = —4
d, d, d, d
EREx) JAY ,
Figure 3.13 Figure 3.15
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Figure 3.16
2, L+ I, + =
1 2 I 0 ) . —AAM—
=21, - 5l =20 4 108 ;
S — 100, = 10 L 50 1
20 3 10 V=
# +
J. 20V
Figure 3.17 ©

I
=]

I
!
=

m. |Mm+ Nm._r Nw
- —
—hL -3 = =10 1 50 L
31, - 514 i & 30 o
16 V=
o ﬂ

Figure 3.18
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o
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L
-

o

|
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Figure 3.19
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Iy

e .2 4/# —_—

3s. ~_+H~+ Nu|~A" 0

. I T
NN_ = Nm = H ! 4
- - 20 10
I, - 35 3 10 30
3L+ 1y = —2 g i
H\-! 4V .Ilﬂe\ 2V l_r|
Figure 3.20
36. Solve the system of equations in Example 6.
Review Exercises / Chapter 3
In Exercises 1-8, evaluate each determinant.
1.|] -2 1 2. 1 10 3.| -8 0
5 1 -5 =3 30 —20
4. 1 -7 5]1 3 =2 6. ]2 7 1
-10 1 0 0 -3 3 =2 0
1 4 5 7 8§ -—-10
7. 5 6 -1 8.1 7 -2 -11
-4 7 2 10 4 13
=3 0 5 12 6 15
In m.xmﬂommmm%LP solve each system of equations graphically, giving the values to the nearest tenth of ¢
G4 & un
9. 2x - y=-5 - 10, 3x -6y =1 M. 2x—- y= 3
xx+3y= 3 x—3y=35 2t -5y =-5
2. 2x—-y= 7
4x —y =11
In Exercises 13-16, solve each system by the method of substitution.
13 x-3y=1 4. 2x~ y=9 15, —dx + 2y =7
3x +2y =4 X+2y=17 x—3y=2
16. 5x — 4y =5 ’
2Zx— y=1

In Exercises 17-20, solve each system by the method of addition or subtraction.

17. 3x + 2y =5 18. 2x — 4y =2
xX— y=2 3x — Sy =4

2. 2+ 6y=17 ‘
—4x + 7y =23

19. 4x + 3y
C5x + 6y

I
= 0



n.Exercises 21-24, solye each system by the method of determinants.

.

w\nId\H

4x + 2y

]

x— 3y

8
3
5
x+2y=2

il

22.

I
(N}

—x + 3y
2x + 4y

I
w

[n Exercises 25-36, solve the given systems by any method.

25.

i1

4.

n Exercises 37-40, solve the given systems algebraically.

7.

e
.

 Exercises 41-44, solve the given systems by using Cramer’s rule.

Riw
[

x—3y=95
x -y

il
n

Ix—4y =1
—2x + 6y = |

s+ 35, =14
25y — 5= 0
2C)+2C,= 9
4C) + 3C; = 14

xX— y = 2
2x + 3z =11
Ix +2y + 4z = 13

[ RN

AN

=~

!
M= s -
+

Vi — Vs + 4V;
v, +2v,
—2Vy + 3V, - 3V,

It

It

—-12
3
17

26.

29,

32,

3s.

38.

42,

l ! I I
A R | L T

RN Hlh N M=

2T - T,
3T, + 27,
2m + 3n =8
4m + 3n =7

2wy + 2w,

W2+ wy
4w, + 2w,

a+b+ ¢
2a — b + 2¢
a—»b-—4c¢

0
7

1

il

I

23.

27.

30.

33.

36.

39,

43.

2x — 2y
2x + 3y

—x + 2y
2x + 4y

=is k(W

2d, + 3dy”
dy + 2d,
r+2s
12r — 65

i =l

+
-

< lw

~ <N

¥y

|-

+

+
Nl NTwW NN

i
NI N N

In
th W

5

=L

(3]

=7

—
w

|
A

b
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M. T,- T, =6 N

45

47

49

50

5. I -L- L= ¢

-

by

.

NH._ =% MN..N |_| H:w .m
37— I, +2T5 = 1
Determine the value of a that makes the system
2x+ay =3
4x—2y=5 . '

Il

inconsistent.
Show that the system
3

1
2

x+ 2y + 3z
4x + 5y + 6z
Tx + 8y + 9z

I

cannot have a unique solution,

A portion of $1,014.80 is invested at 10%, another at 8%, and the rest at 124%. The 124% investment vields
as much interest as the other two investments combined. Find the amount invested at each rate if the tota]
interest income is $103.20,

Experimenters found that the velocity (in feet per second) of two moving parts in a machine satisfy the
relation

1 3
—+—=35
Uy Uy

2 1
—_ —
L] Uz

Ii
o

Determine v, and v,.

Two kinds of milk containing 1% butterfat and 4% butterfat by volume, respectively, are to be mixed to
obtain 90 gal of milk containing 2% butterfat. Determine the number of gallons of each required.

The perimeter of a triangle is 14 in. The longest side is twice as long as the shortest side and 2 in. less than
the sum of the two shorter sides. Find the length of each side.

In Exercises 51-53, find the currents in the given diagrams.
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Figure 3.21
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» An experimenter determined that the lever in the figure balances if the w weights are positioned as f}

2 W€
M) di=3in,d;=2in, dy = lin., d = 2 in. =4 :
@ di =2in,d;, = 1in., dy=3in., d = 2}in. d, d, d,
@) di=3in,dy=2in,dy=2in.,d=2}in v 3 P 7A)
Find the weights.
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A-26 APPENDIX D

: Chapter 3

Section 3.1 (page 84)

1. (-1.0, -3.0) 3. (2.0.3.0) S. (5.8, -3.3) 7. (-0.2,0.8) 9. (27,23
11. (2.9, -8.6)

Section 3.2 {page 90)

| ] 7 3 .
LG 3 (=5.-8) 5 3.-¢ o (-3.3) 9, (362_0) . (-1 13 @33
5 g L
.1y (- d) g, -8 2 w09 n inconsistent 25, (1. |
5 1 a —
7. (3.5) 2. (-3 a (-1.3) 3 w0 s dependent 37, inconsistent
¢ 39, (1,2
Section 3.3 {page 95)
L0300 s 9 9 g g 13. 869 15 450 17, (~13 1)
17 i3 19 19y —Lo-
9. 22,310 21. (-83, —¢8) 23 (-3.-3—) 5. (Z.-13) 2. (- 5 “iz)

5
3. (=232 -0.974) 41, (0.669, —1.28)

29. (20, 10 3. (7 4) 33. (2;’) 35. inconsistent 37. (243, 1.07)

Section 3.4 {page 99)

1. w, =21h, wa = 11b 3w =11.00 Ib. w-2 = 9.000 1b 5. 5 =566+ 0.00200T 7. 700.80 :
9. 3%4,110.at 12%, 34,390 at 119 11. 5 dozen at $35/dozen. 9 dozen at $50/dozen

13. 20 at $1.95, 60 at $2.50 15. 30,1 V. 250V 17. 190, 25 19. 8L of 5% solution
21. 47,15 23. 19 dimes, 28 nickels 25. 7 days at $250. 6 days at $200

Section 3.5 (page 103)

L0233 a,,-2 5 .21y 9 (2-%%) 9, (3—%4)
(%2—;—2-1) Boh2-23 a5 (155 )

Section 3.6 (page 111) .
1. 4 3. =55 5 115 7. =234 9. 940 11. -129 13. (1,2, 3) 15. (1.1, =2)

37 8 12 |

— &) - - T —— o i 1 = 1y = =
U, -1 1 (3 73) 2 (-5 o IR S b, wy = 2 1b
25 51,200 at 8%, $1,550 at 10%, $3,200 ar 125 37, $20, 56, $14

24 10 14
20, !|=I—I~A,!:=-—-1TA.!;-—-1-TA 3L h=4Ah=3A4=-14

98 44 5 13 9 . T 14 8
33. h=fmAbk=smAL=-%a 3 1.-ﬁA.13-ﬁA,1,—-I—7A,1”ﬁA

' Review Exercises for Chapter 3 (page 114)

1. -7 3. 160 5 3 7. 238 9. (~1.5.2.0) 11. (2.5, 2.0) 13. (—‘]—-i']—l)

i
s (-2.-3) o @—3’) . (23 . (i—;—g) B (-2 e e-n
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o1 33 - i I
7. (-2.4) (7 %o moay s (-5.3) 3 a1y

[ 3
. (- b3l A (-13.-23 a (5.-2.-2) 45 4=
47. 3172 at 10%. $430 at 8%. $412.80 at 1245 49, 60 gal of 1% milk
SLoh=1AL=1A6L=0A 5. 1,"0AL-—]A11—0A14-——IA
Cumulative Review Exercises for Chapters 1-3 (page 118)
L -7 - WT +27, 2. 23 -3c 3 V6 4. INFRom s 3pigt 6. 442

29

To a® =54 = 4ap + 4p? 8 x4+ 2r+3 9. 6.4 x 10~ 10, x = T 11. x= 1§

Ly = L,Bra— [ - 7 3
2. 4= —‘—Lf’—— Bors4 W Vi oo 16 e 1 (3.2, < 5)

18
18. 6.00/, — 5.00/, 19. 3F, + 2F, 20. 2.4 x 10° miles 2l. 1.2 mmby 3.6 mm 22. 6.56 b

Chapter 4

Section 4.2 (page 123)

3. 20s° 5. 287°0° 7. 180°3" 9. 213°5 1. [78%’ 13. 34°19° 15, 3557
Section 4.3 (page 129)

For Exercises 1~19. the trigonometric functions are given in the following order: sin 8. cos . tan @, csc g.
sec 6, and cot 6.

L 2 _N3 1 5 \/5\/_1 3, 2.2 5 5VA5 2 39 \35 s
: {75““_5_'?}‘?‘ 7 V29 29 '\35 39 '3 T3 R
5 a2 Ty V3 4 2V32 V3 w3
5 —i:=\——__=—\/~—5.1 5.2, 4 == AV Vi
V5 5T\ 5 %2 2 3IV2 3 73\3 4 4
Ve I N7 % Va2 Ve _ NP
. ==—=—= 2 _ =\ T V6
2 viI_1'va@E 16 6 o
i \/10_\/50 7V39 VI0 V596 v 7\/T0 ;3. Y3 VI VI VAL
V5 59 %7010 77 " TTo 66 ItV
;5. Mo Ve VIS 2VID 2VE VTS i V7 3V2 VTE 5\T sv3 3Vi1a
. 4 .T._B“'"S_‘_‘—_"‘— 5._'3—- 6 ._7'_—._'6—,_'7‘
% V142 3\497 2VI4 Vi42 VagT ivia 55 3 wy, Y3 - V34 . 29 8
ST T T I SR T e C 3 © 3 5 "9 "7
419 Ve “\33 —
3B —— 33 0 35 ¥ 37. VIO 39, V1o
19 3 6
Section 4.4 {page 137}
V3 V3 2Vv3 - 1
_ -_— 2 4 et
L= . 5.1 12 e 1. 3 3. 1 15, v2 17, 3
V2
19. 5= 21 45 23, 45° 25, 30° 27, 45° 29, qp 31. 30° 33, 60° 35 90°
37. 45 39, 30° 41, 0185 43. 1319 450 1110 | 47, 1017 49. 1.047

51 3.030 §3. 0.3169 55. 0.9960 57. 0.7950 59. 4.843 61. 20°20° 63. 51°10°
65. 85°38 67. 8l°25 69. &°5° 71. 38°9 73. 18°3g’ 75. 46°15’ 77. 45°38’
79. B8z°28' 81. a. W=1l6lg b W=7 c. W=193g d. W=234g e, W=251¢g



