. Motion in Two and
Three Dimensions
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By the end of the chapter student should be able:

to define the motion in two and three dimension.
to locate a particle position in two and three dimension relative to the origin of coordinate system.

to calculate the position vector at certain time, in magnitude- direction and write it in unit-vector
notation.

to calculate the displacement vector in magnitude- direction and write it in unit vector notation.
to calculate the average velocity in magnitude- direction and in unit vector notation.

to calculate the instantaneous velocity in magnitude- direction and write it in unit vector notation, and
specify that the direction is always tangent to the particle's path.

to calculate the average acceleration and its direction.

to calculate the instantaneous acceleration and its direction

.to define the projectile motion.

to identify the launched angle of a projectile that measured from the horizontal.

to resolve the initial velocity of the projectile into its components and write it in unit-vector notation.

to analyze the projectile motion into two one dimensional independent motion: horizontal and vertical
motions.

to identify the horizontal and vertical components of the acceleration of the projectile.
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By the end of the chapter student should be able:

to calculate the horizontal and vertical components of the final velocity of the projectile after time t.
to calculate the horizontal and vertical displacement of the projectile after time t.

to calculate the maximum height that the projectile can reach.

to calculate the time that the projectile spend to reach any position.

to define the horizontal Range of the projectile.

to calculate the horizontal Range of the projectile.

to calculate the maximum horizontal Range of the projectile.

to describe the path of the projectile (trajectory).

to define the uniform circular motion.

to identify the particle's velocity in the uniform circular motion.

to define the centripetal acceleration in magnitude and direction for a particle in uniform circular motion.
to calculate the time of revolution (period) for a particle in uniform circular motion.

to calculate the distance that the particle travels during one period in circular motion.

to determine the velocity and acceleration vectors in a circular path in which the centre at the origin of xy
plan.
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Position

r =X+ Yy]+zk

Displacmen
AT =7,

I = x1f+ y1]+ 21R and I, = x2f+ y2]+ ZZIA(
AT = (Xzi T Y2] + er() ) ()(1i T Y1] T leA<)

AT :(Xz ) Xl)/i\ T (yz ) y1)]"‘ (Zz - 21)r<

AF:Axf+Ay]+Azf<
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Sample Problem
In Fig. 4-2, the position vector for a particle initially is
7, = (—3.0m)i + (2.0m)j + (5.0 m)k
and then later is
7, = (9.0m)i + (2.0 m)j + (8.0 m)k.
What is the particle’s displacement A¥ from 7, to r,?
y
o 4

Initial s

<. _— ———————— Ll x

posmon—\ 3 /
F

7/
/7
'

7
/
7
g Later
position

Path of particle
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Sample Problem m yam

40
A rabbit runs across a parking lot on which a set of i
coordinate axes has, strangely enough, been drawn. The 20—
coordinates (meters) of the rabbit’s position as func- |
tions of time ¢ (seconds) are given by

x = —0317 + 7.2t + 28 (4-5)
and y = 0.22¢2 — 9.1t + 30. (4-6)

(a) At = 15 s, what is the rabbit’s position vector 7 in
unit-vector notation and in magnitude-angle notation?
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Averaﬁge velocity Instantaneous velocity
aftenis AR (Or velocity)
Favg = ﬂ..‘f
o gy
= 5 = 1-? L LR
- _ Axi + Ayj + Azk dt

V

At At
Ax » Ay . Az -
— 1+ —— 71+ —k
At At ) At
Example:

> A7 (12m) + (3.0 m)k

Ve A 2.0s
= (6.0 m/s)1 + (1.5 m/s)k.

v=—I(x1+y +zk
dt ( Y] )
dx . dy . dz »
= - e
di dr 1T




The direction of the Instantaneous velocity

- s = T
Ve RS v e ek

Tangent
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Tangent —\IL

o

o The direction of the instantaneous velocity v of a particle is always tangent to the

particle’s path at the particle’s position.
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Sample Problem

For the rabbit in Sample Problem 4-2 find the velocity v
attimer = 15s. y (m)

x = —031¢2 + 7.2t + 28 TN
y = 0.22¢2 — 9.1¢ + 30. 2
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Averaﬁge Acceleration Instantaneous Acc\eleration
: . (Or acceleration)
average  change in velocity —
acceleration time interval 7 = ﬂ.
dt
e Ll vV, =V, ul Av but V= v_,:]: am v\.j 1 w:];..
Care = T R AR e oA ’
S d | . . R
a = E(Vxl +v,] +v.k)
dv, . dv, . dv. -
=——1+—Lj + —=
dt dt dt
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Sample Problem m

For the rabbit in Sample Problems 4-2 and 4-3, find the
acceleration g attime ¢t = 15 s.

x = —0312 + 72t + 28 o
y = 0.222 — 9.1t + 30.
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A particle with velocity v, = —2.01 + 4.0] (in meters
per second) at t = 0 undergoes a constant acceleration a
of magnitude a = 3.0 m/s* at an angle 6 = 130° from the
positive direction of the x axis. What 1s the particle’s
velocity v att = 5.0 s?




Skills of Teaching
1

4-5 | Projectile Motion Pik

ks

#liA a8 S Mg
£ i) acd
Aglalud ) g 3

Projectile Motion Projectile motion is the motion of a
particle that is launched with an initial velocity v,. During its
flight, the particle’s horizontal acceleration is zero and its
vertical acceleration is the free-fall acceleration —g.

g
N
.
R
)
g
Height, y (m)

}0 w R o o>
Y T T

’,'l
o 0“
b" ’::.
¢ "‘. - |
o 4 _
- .'/[ . SPH=EN . v \ 3
= L b ; . A |
i 8 e E G
Distance, x (m)

-
&
RS
A= = ]

A

o
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Projectile’s Path

Launching point

R

The range R

Landing point
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In projectile motion, the horizontal motion and the vertical motion are independent
of each other; that is, neither motion affects the other.

y
A
—‘--'-‘~
./,,’ \\\\\
—— ey o /’ \\
— 5
Vo = Voxl T Vgy)- Vo “
: \
Y | \
Oy \.
i \
— 0 \
Voxr = Vo COS b ' —>
Vox

vﬂ}- — Fl] S1I 6{]
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4-6 | Projectile Motion Analyzed
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Projectile motion

A
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Horizontal Motion

a, =0

Vox = Vo COS b

4

Uy = VUpy

X — Xg = Vil

Vertical Motion

V

= Ap

v: = vj
X — Xg

X = Xp

vg + al

= vyt + 3at>

+ 2a(x — xg)
= vy + V)t
vt — Sat’

Il

a,=—g

Voy = Vo SIN B

Uy, =V, — gt

A4

Uy=v,sinf,— gt

X — x5 = (vycos ).

|
Y = Y = vyl — ngz

1

c {L’[} SIn ﬂg)f: — ngz,




Projectile motion
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Horizontal Motion
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| Max height

Vertical Motion

a,=-g

4

Vgy=Vy SIn 6,

> 4

y Max. height
Bt QL
Vy V”’ \\\\\
a, = 0 AN
\"
Voyl /- \y
V,=UgC0S88, v, ‘e
\
| B »
v, =1 A VOx
x — Yox 0
J A
\
"
U
X = Vg, t / y AN
/ AN
U4 \\
— AN
X = Vycos6,t , vl
: \

Uy, =Vgy,— gt

Uy=v,sinf,— gt

U

1
y = vgyt — 2 gt?

Y =u,sin @, t - gt
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*21 A projectile is fired horizontally from a gun that is
45.0 m above flat ground, emerging from the gun with a speed
of 250 m/s. (a) How long does the projectile remain in the air?

(b) At what horizontal distance from the firing point does it
strike the ground?

O e




Skills of Teaching

7

$LdA Om S S g

£l 5ail) anad
Aglalud ) g 3

(c) What is the magnitude of the vertical
component of its velocity as it strikes the ground?
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38 You throw a ball toward
a wall at speed 25.0 m/s and at
angle #, = 40.0° above the hori-
zontal (Fig. 4-38). The wall is
distance d =22.0m from the
release point of the ball
(a) How far above the release
point does the ball hit the wall?

FIG. 4-38 Problem 38.

What are the (b) horizontal and
(¢) vertical components of its velocity as it hits the wall?



Skills of Teaching

F%

$LdA Om S S g

£ 5udl) andd
Ailalud ) g b

(d) Whenit hits, has it passed the highest point on its trajectory?
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The equation of the projectile path (TRAJECTORY)

A _e_
¢”—— ° ~~‘\
/, \\
7 N\
O’ \\
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Y, \
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y; \

Y; \

/ \
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Y/ [ )
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< - ‘ r
\7
2
gx
y = (tan 0y)x —

2(vy cos B;)?

This is the equation of a parabola, so the projectile path is parabolic
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Sample Problem B8

Figure 4-16 shows a pirate ship 560 m from a fort de-
fending a harbor entrance. A defense cannon, located at
sea level, fires balls at initial speed vy = 82 m/s.

(a) At what angle 6, from the horizontal must a ball be
fired to hit the ship? )

I R=560 m
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(b) What is the maximum range of the cannonballs?
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A particle is in uniform circular motion if it travels arou. =~-'¢*
a circle or circular arc at constant speed.

1-Velocity :

-maghnitude constant v.

-direction :tangent to the circle in the
direction of motion.

2- Acceleration:

Why is the particle accelerating even though the speed does not vary?

V2

- magnitude a="—
"
- direction: toward the center.

- It is called Centripetal acceleration(meaning seeking center)
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3- Period: is the time for a particle go around the circle once.
_ distance

Time = -
velocity
For one round = distance = circumference of the circle
27

T=57
Vv
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Sample Problem m

What is the magnitude of the acceleration, in
g units, of a pilot whose aircraft enters a horizontal cir-
cular turn with a velocity of ¥, = (4001 + 500j) m/s
and 24.0 s later leaves the turn with a velocity of

v, = (—4001 — 5007) m/s? -
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(a) From Eq. 4-22 (with g, = 0),
h=(-gt?)/2, h=-45.0m
The time of flight is

t= |2 =\/2(45'0 M) _3.03s.
g 9.80 m/s

AX =V,t = (250 m/s)(3.03s) = 758 m.

(b) From (Eq. 4-21)

(c) from Eq.( 4-23)

v,| = gt = (9.80 m/s*)(3.035) = 29.7 ms.
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(a) from Eq. 4-21

AX 22.0m B
v, (25.0 m/s)cos40.0°

X

1.15s.

The vertical distance ( from Eq. 4-22 )
Ay = (v, sin g,)t —% gt* = (25.0 m/s)sin 40.0°(1.15s) —%(9.80 m/s*)(1.15s)* =12.0 m.
(b) v, =v, cos 40.0° = 19.2 m/s.
(c) from ( Eq. 4-23)
V, =V, sin 6, — gt =(25.0 m/s) sin 40.0° - (9.80 m/s*)(1.155)=4.80 m/s,

(d) As v, >0 when the ball hits the wall, it has not
reached the highest point yet.



