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Bin this section:
To calculate limits we use the following properties
of limits called " The limits Laws "

suppose that : hmF(x)— | L lim g (x)=m

X —>a

and ¢ is constant .

,'Ghm [F(X)+g(x)]-hmf()<)+hmg(x) =L +M

\\\\\\\\

DTN 1

ol aand &9 4—1‘-@-43‘ &S *

ejlg[F(X)g(X)l =limf () .limg (x) =L .M

.-V -
_____

"""""" Gl e Al i

e . £(x) ‘ Xli_nfa‘ f(x) " o
Ilm’j}—-——]=m M ( 11mg()()¢ )

X —=>a
St X—>a .

Al o Allgd i *

. 0566664790 s - Slustn ——— 1024 mnmu}i |




Qm[c.f(;;)]g}iﬂf(x):c.z_ , |
o

&
Q- oo ~[m o] -z

lime¢ = ¢ Sl peds ClBll agles

X —->da

Where ¢ (s constant

lim X = a a = Xoe ol

X —>a

: lim x" =4a" . . .
° s | A = Xoe pas gl

e lim !(/; =dz | (IFI n (s :\;;n a must be po?t%e)

X =>a

@ lim 7 () = ;[Imfx) =41

(If : nis even L must be positive )

/. ’
8N arzaan ol

elinnl o ;n\u/'\\n —_—

L NRAALKARATON

! e
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x =5

Evaluate the following limits

 lim (2% - 3x+4) [ by dirvect substitution ]
bpal) (g g2l

=2 lim k-3 lim x+ lim 4 +—— oshillods 4l are (s *

X =35 X -5 X =5

2 (57 -3(5)+4

50 —-15+ 4

= 39
e i x3 +2x% -1
lim

lim x*+2 lim x*- lim 1

x> -2 . x—>-2 x> =2

lim 5 -3 lim x

X - -2 x—> -2

_(=2) +2(=2)*-1

5-3(-2)
_—8+8-1 -1
5+6 11

— oshadll ol 4 s (Sas

o - u\uo\.u —-—EQJ..ALSAAD;_D.HE} 5 —




Use the limit laws and graphs of f and g in figure

to evaluate the following h’mits'( if they exist") .

G.X@Z[F(XHSQ(X)] | IBdn!
= im F(+S in g() \/
= 1 +5(-1) T
-1 -5 - [

© - r)gx

Does not exist
because:

the lim g ( X ) is not exist

x—1

where lim g (x) # lim, g(x)
a(-1)  a(=2)

| lim f(x) —
e im £ _x-2 " _ 14 oy Does not exist

s> g(x) lim g(x) O
X -2

zero addl oY

— , . ;
L. NS6e664TON — slianl - Olialn ——— 10 4 :Aammu.” ]




O St dadle o (g ging 3 & il B Gl ity el ulgill 2a gl o

Cr al Adle (o (s fing M £ R (B Gl il (s pml Al 205 0
535350 Abgl) (1585 (5 pmal Al = gl dsbgall ; S 13 b
L0352 5a S Adlgll (oS (g ) Al 2 el Agledll : cullS )

(Does not exit)

'

()= (I0F

8-2x , X< 4
Find the lim f(x)?
L’JAJ:*STL;S“'sMLsmﬁﬂ‘Cwu@\@Lgﬂuus o

lirri+\/x-—4-=\/4-—4-=1/0 =lo
X =
Ga el o s ging 3 £ Al Ga g el Agill 2258 @

im (8 —2x)=8-2(4)=8-8= |0

x =47

Zero = syl 4gdll = Jadl Adgdl) -

s lim f(x) =0 Zero iy EXISE 0 s sa gl

X >4

Example:
2x+1 ,x#3

f(x)= { find: lim f(x) ?

X+5 ,x=3 Xx—3

lim f(x)=lim (2x+1) =2 (3) +1=| 7

L NR66664T90 —— st Ohaale ——10Y 2 #anoml] —
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wlim f(
x - 0%

X = 0

L 0566664790

, ~
ctim 22 i im(2)= [ 4 Al A
x—0" X x>0 X x—0F
,‘\
* lim =1 lim ‘=2 = lim( -2 )=| -1 iaall At
x>0 x x=0" X x—>a

. lim f( x) Does not exist.

Find : 1im “— ?
X =0 X

X ) #lim F(x)

sagasa i Al of
Sl (g g and |
s ) g (ohasd

s ! - Ot —— 10 4 &2l |




*The greatest integer function (gal 4l12)

Other notations for L x J are [ x ] and |x |
s defind b : the greatest integer function sometimes
s eﬁ Y called the floor function

[x1 = the largest integer that is

less than or equal to x o —
3+ S
I[x] a for a< x<a+1 2 eyl
1+ S———o
0. I 2 3 4 57

[ maweie ] = goaalldall gudi Greatest integer function

[ moaa ] = s pad) aaall (e JaY raaall asal)
(oS (Ao 35294l )

find the value of :

L21=2 ,[L-21=-2 ,C29]1 ,LC-291=-3
Lzl =3 , [L[el =2 , [J31=1 , [=-J31 = -2
4 4 ' \ 4 ¥

3.14 2.7 1.7 -1.7

BLUNALE find lim [ x 1

x—=3

x—3* x -3

* im [x11= * lim [x]l= = gomadlz Aaall

JETPNPEOTPIN TP D
m— ! dle £ gl dlel)

wep lim L X 1 Does not exist.

x—=3

0566664790 ———— linnd - Slunaln ———lQlA :Mm_ﬂlﬂ” —




G!fﬁf(x)sg(x)—?limf(x)ﬁ }iﬂg(’.‘-)

XxX—>a

9 ( squeeze theorem )

if: f(x)<g( <h(x)

®
and lim F(X)- 11m h(x)=

X =>a

then lim g9 (X)

X—>a

If:4x -9 <f(x)<x*—4x+ 7 forx =0

Find : lim f(x)?

a b gtaa (s AT1 g jhua Ll Lab st (il G s Jeals Ayl dlagl Alla b
| zero kil Qs
lim x* .sin — = 0

..O. .w 1
- x—>K \X

Sa il 84 gdana 4lla

) 2
lim x*.cos= = 0
x—0

Sa Lgiiled 8 gdama 4Alla

— 0566664790 —— chinl S Oiluale ————lﬁlamumﬂﬂm 1
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Gm (2x+2)=2(2)+1=(s]  aoms
\\-*.nc Stop.

2 2
- y (5) 25 . e
l = = — = L.\.A
eylglj 53 55 T % il g gl

Tw.» Stop.

2
. — 449 —
ehmzx” 6_4+2-6_0 | f 2,
. x=2 2-2 Crand ade Al

L3 (3A2) _
x—->2 9,/2) '}%(X+3) =2+5 .

(by L CH. R) S ot 02018 alaiiuly (Saa g) *

bdau.SQ %eM‘JM.“é.\-w' Ol

 +5x +4 16 -20+4 ‘ :
i - UM G IR P TR KX T o
x—>-4 X +3x—4 16-12—-4 0 s ate Alla
(x +4y( x+1) —lm x+l -4+1 3 _ (¢
m =

x—+—4 (X +/4)f(x—1) x4 X-—1 _4 1 -5 5
g Sl (by L. H . R) sl sald alaiiuly (Sea *

e
_9®

L NRG6664T0 ————  lia - OliAaly —— 10 s zaan ol




x2~4x'_

16-16 0

lim

x—> 4 x?-3x-4

(1.f.)(byL.H.R)

16-12-4 0

. ISAKAKKATO0

t* -9 9-9 0 ,
lim = = — l . F b L @ H L R
owd 2t +7t +3 18-21+3 O ( )( y~ )
— 2t -6 A6| 6
1>-3 4¢+7 —1247 A5 5
. 1 1 1 1 .
etlirrl()(_{— t2+t] —6—6—00_—_00 (l F)
?Ji&h&dpjwiﬂbué °
_ (1 1 . t+1 1 |
= lim |- - = lim -
t—)O(t t(t+1)j lt—-)O(t(t+l) t(t+1)}.
—_ t+=1 t
= lim = lim
t—>0(t(t+1) j t—>0 t(t+1)

@

/
it — Olualn ——— 100 4 & ol

X

AR




2 . 2 3 : .
e im (4+0) 16 - (4400’16 1616 0y £y by | . H . R)

h 0 0 0

1 o
= i 200 2 (41 ) = 204+ 0) =

I
|

= lim e =
x>=-2 3 x? 3(=2)° 3(4) 12

0

L— 0566664790 —— clndt - Gluatn ——— 1@ a1 52401
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Qlim—-—"—f—z—f =——9-—"—3-=%(I.F.)(bgL.H.R)

x—>7 x__7 7-7

@limm_l _J1ro-t_1-1 =%(1.F.)(by L.H.R)

h—0 h ; : 0

.. 24 1+h | 1 | ‘ lv
=lim ~ lim _ -
- 02 [1+h 21+0 | 2

01imx4—16 1616 0 g fy(byL.H.R)

L 0566664790 —— cuas - Olusly ———10) i &aan Ul —




. xz;-Sl «81-81- O
@1155 LB L f)(byL.HLR)

i
ol avs
w8
NS
>
Py
H
N
-
\O
p—
vy
I
W
(@)Y
Pam
(U8
A —

. (3+m)t -3 3 =37 0 »
am T T S L (1 fy(by L HR)

.. -1(3+hh*1 . -1
= lim = lim >
h -0 1 h—>0 (3+h)

-1 -1
S (3+0)  (3)

-1
9

®1Lm4“x+9 > 16+9 5=% (l.F.)(.byL.H.R)

x+4 -4+ 4
2 x
_ 24 x*+9
= lim = lim
ST A
—4 -4 -4

CJ16+9 J25 | 5

0566664790 oo | - Slusln —— (81850 ;Diliﬂ -




t—=0

1+t tygl+¢

lim(t L L+t ]=lim[—l——l\/—T—5]-—q .fy

(Labia g Unany ) Janssl (585 (B oyl

1- 1+t' 1+ 1+t
150t [1+¢ 1+ 1+¢

1
"g“.‘

- 1-(1+¢) At

'—>°t\/—1—+—(1+\[1_+—) = t 1+t (l412)

-1
=1
fl-r’%,tﬁ/l-l- (1+1/1+ ) HO J1+t(l+41+1)

-1 _1

- -1
[T+0(1+ J1x0) 1(1+1) | o

Alla 53 9 Alld
zero Wil 1 -1 O

L— 0566664790 —— oMl - Sluply



lim (2x+|x-3])

x—3

) Algdd
lim (2X+x—3)

*

x =37

im (3X—-3)=9 — 3=

x -3t

s el Al

¥ lm (2X-X+3)

x—=3"

“ lim = lim =6 - lim (2x+
x=>3" x-5>3 x >3

[x-3])=

. 2x+12
lim ————
x—> -6 lx+6|

*  lim }L’é)z X
X = —6" (x-i}z) '

* lim 2(x+6/f= 2 _
so>-6 —(x+6f -1

S lim %

x> -6

lim o) Algdll 2 el Agledll §

x—>-6"

o lim  2X*12 does not exist
x> 6 x+6|

— 0566664790 elins- = Sty ———18 4




}
J{»—'_a‘
o B
~
&
N’
1

@ lim (l-——i— ] dose not exist
»—=0"t X ‘ X l ,

ol il = el aledd oY

Because: lim # lim

x =0 x —» 0"
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- TAPIIEE I
et : = '
g(x) 2 —X* ;1<x<2

S X-3 ;X X> 2

Evaluat each of the following limits if it exists

Q - imw-[2) ZANIZAN
' X l 2-x

e lim g(x) lim (2-x*)= 2 — 1 =
x -1t x 1" '

@ 1m0 =1 (2= e e = it )

K ZEORE
i = I —x%) = — = -2
oxlin; g(x) xl_lfrzl_ (2-x*)=2 —4
. — 1 _ — = -1 »
ojfga.gm Jim (x-3)= 2-3

a lim g(x) does not exist

owall el = el 4l oY

Because: lim #  lim

X = 27 X = 27

’x—3

P

suas-1 - Oluply -—;——[QJ.ALsAAD _DJIUI ~—




e If nis im‘:eger Fa di

Find

Q- («1-n-2 s u

© i-x1-n (i ) g ) g

e lim [ X ] does not exist e 4llgdd # s pud) 4llgdd sl

@ fF:f(x)=[x]+[-x]

Find : lim f(x)?and f(2)7?

i ([eIe LD =(2)+(-3) 2 —3

........

Se o __,--

-
..........

m F(x) =2

*f(2)=[2]+[-2]

o) Al = el Al

=2+(-2)=2-2=0

L 0566664790 slios-\ - Slusy ————lQlALSAAm_DllUl -




R

-

lim f(x)-lim 8

' x—»l. .x-»l =10
hn}x - hml 1

mmp lim (%)~ lim 8= 210 (lim X ~ lim 1)

x =1 x=>1 x—>1

= lin f(x)-8=10(1-1)

—»11_1311}F(x)=1o£o)+8

~lim F(x) =38

— 0566664790 —— o>l - Sl —— (G

@
e
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Nyl
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ewofjwafééiﬂ’uéug)&ﬂgw °
BENRIRIECR PP e

(by L.H.R)
-1
. 2. 6—x
lim
x—2 —]_
24 3—-x
) =¥ 2 3 —x
= lim .

e
suas-| - Oluplly —— (841544

— 0566664790

po A 6-x -2 6—2—2_ 4 -2 —2‘2—9(1F)
a_x-ﬂ\/3—x—1 J3-2-1  Ji-1 1-1 o 7

o] —



@ If there a number a such that :

3x*+ax+a+3

lim exist o2
x> =2 x> +x-2 SR

0 Find the value of a .

e Find the value of the limit .

— 2 —

o lim 3(-2) :—a( 2)+a+3
s>=2 (=2) 4 (=2) -2
12-2a+a+3 15-a

4-2-2 0

pdsa e XISt Algd) -

O = bl of Ay -

25 -azo—-az-ismlaas
e . 3x*+15x+15+3
lim 5
¥>-2 X" +x-2

| - |
_ ﬁm3x2+15x+18_12 30+18 _0 (1.f.)
s5-2 xP px—2 4-2-2 0
(byL.H>R) lim 6x+15 _-12+15 _ 3 :
s>-2 2x41  —4+1 -3

L 0566664790 o\ - Sluply ————LglALSAAD _QluJi —




. in (
Fl!/\d lim 4 x esm
x—=0

zero Lglgs alla

Jx

o lim
x—>0

Coadiall
e Leiiled Y

L~ 0566664790

Z
X

DJJ.JM ‘\.“.J
-1
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¢ limits at infinity’
sl P} e aslaull 7
Horizontal asymptotes

251 il bobs-

[ ] (w)" = o0 h,-!-}yl/\ &P
© — )N Cun
.(__oo)n —
—o —> AN S
¢ (o) =zero A n s
. e
=0
+ o
+ o
¢ = 4+
Qe

(i{) =0 b pepdacisly  w» @)

[ ]
TN
o Q

8

1l

— 0566664790

© b S a sy »@
.e_w = O
0tan"—oo=_—7[
2

j°°

[NIEY

tan-*x |-

— 8 afaap 0] —



R

od Sl e g siay 2 aally

i

.20
o hW\ Ztarat K o0 = —00
X —>—-wx ZX-E:XZ
) 12X _
[ {[VV\ = — 00 =
X —> — —

suns-| - Oluply —— (04 E7ani U —

— 0566664790



X - © 3 3
3Y 3)? 2 A e LSl Jasal
X — o 2

-1«-13-‘-“1’1‘:\-.3,)'3

e oS

0566664790 — las| - Oluply -———-LQJ.ALsAAn.QﬂUI -
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im F(x).g(x)=0

oz o5 [N P o

-1 < cos x <1

33 gAna

= Ilim l sin 2 x =0
X —> © x |
1
! v
v -
1 -0 -1 <sin2 x <1
o EJJJM

L 0566664790 ——— sas| - Slplyy ——LQJ.AL;AD]_Q[U” -
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ind the limits:

hm VX2 o+ x V¥ - x - o (I.F.)
’ pe Als
LT T L LA el
/' ," x ) )
= lim \/x + x \/x - ) \/x2+x +\/x2—x
oo \/x2+x+\/x2—x

lim i’f +x)—(x2 )

X —> 0

x+x+

—

I \

2

lim =
o w/ 1+x +h/x;—-x

plial dn 50 = Tl a0

=(0 - 1) (1 +0) =

— 0566664790 ——

.22 _2 =
I+ 1+17 2

lim [ - cos —| |1+sin = ; )

o> w | x2 x * il iy gat
3 1 .1

=|— — cos —| |1 + sin —
e8] 0 o0

(O — cos O) (1 + sin O)

-n @)=

sbad-| - Oluply —————@1AL5AA0:.D.1UJ | —



cos | —
lim —-——lf— e s
X = © 1+~ Pl gxd
X

cos—l—
_ 0 cosO__l__1

1+1 1+0 1

o0

. ) 2—x 4+ sin x
Find: lim
x > -0 x4+ COS X

X o Lilias Ung anss 25,0 5208 JST a0

Z2 sin x
= lim X X =O—1+O=__1:—1
X > - ® 1 Cos x 1+O 1
X

— 0566664790

_® '
sbuas-| - Olupsly —— (8 acfaapi | —



i

Q quess the value of the limit:

‘aﬁ.dlc')!j 0 C)Agﬂé;xabjﬁ'uﬁc*
: Ol gl bl U8 00 (Y gl Jucay
- ,

—— = ()

o0

Al Ay e (L) g oad 21 AN

im cos x
X > o
COS X (5S3 oo die *

OUilite Jlileilyd qumem | -1 S| 1] W

lim cos X Does Not Exist
X — o©

@ «
L 0566664790 —— suny| - Swply —— (014 E7an 2] -




e tim (e  cos x) = 0
b

s A 3350n0 Ally Laadal w_
les 4 T AR a Ja

-0 s ~
e = cus el "

@ lim (¢ + x°)
X = -

= lim x*. (1+ %)

= (- 0)*.(1- )

=(@).(- ) = [-w

1
= lim i
x—>oo_x—+2
e
1
o _ 01 [7
| i+2 0 + 2 2
? o0

e
_®

ebas-| - Oluply —— (81 Srap Il —

L— 0566664790



. -1 .2 4
@ xlgnw tan™ (x x") | o 5t Jule 2

= lim tan” [* (-2
X = o

= tan™! [oo.(l—ob)]

tan” oo . - 0] = tan™ [- o] = |-

lim etanx = e—oo =0
X - (7%)+

* tan ks

NS

* tan9o = «©

@ find: lim f(x) 1027 =21 g < Sx

x > 2 e Jx -1

By: sandwich theorem
G pibadl Ay ks ladialy

[ |
* 1 110}_@’:—21:&:5
X > o 1 DlgX 2
T
. i5wx 5
¥ lim 32— = = =|5 — ] =
Kool -1 1 Aim - f (x) =[S

/

L— 0566664790 suas-| - Olusly —— (014 Eaap QM| —




Find hovizontal asymptotes:

2 -5x+6

f )=

— 0566664790

?G.A.“ 2.}).3‘—“.1:;“:,\.“:\_}‘)3

is horizontal asymptote

) (y=1 ish asym.)

e Y
suas| - Olualy —— (0L f7ap QU] —




fe ==
x° +1

5 )= i ’\235,1 ___+2:2

x o | x2\'+1 +1

DR -1 42

* — N = — —
y= i e = =(-2

X o> - .\/x2ln+1 -1
»y=2 , y=-2 areh asymptotes

+ 2 1
*y= lm T = — =i
Y x > o x + 4 1
*y= fim —X*3D _ -l
x - - x + 4 1
»y=1, y=-1 are h asymptotes.
4
x
f )=
| x|
4
* y = lim 7x-:=lim x* =]
x—-)ool\;x’) X = ©
4 3
*y= lim -2 = lim - =x
x—>—oo(—xl\ X = - ®

S

® f(x) has not. h. asymptotes aal ks Lsha L Gl

_-9®

— 0566664790

s\ - Olualy —— (01 afzani ] —




Jdadl b

a,b OSils F (x) olbsnal) 1l sl jlial angiv

aday

e

®» X =2 (s V. asymptote.

8 |

s - Oluply —— (81 arEaap QU] —

— 0566664790




2

x* = 5x+6
f(x) = R

4 —-10+ 6 0
S@= T

B X = 2 is not V. asym]

4 +10 + 6 20 KXY
* —2..—.. = —— =
7 (=2 4 — 4 0 0

- R

()y=-2, y=2 =1
Vb)yx=-2, x=2 g=1
(cyx=-2, x=0 y=1

(dyx=0, x=2 y=1

— 0566664790 ——— suad| - Sluply ———[QlALSAAD.QlU“ —



(a) lim g(x) =2
(¢c) xli213 g(x) =

@xybgm%-®

._______________{:::>__

For the function (g) whose graph is given, state the following

(b) lim g(x) = -2
(d) lim g(x) = —oo

() the equations of the asymptotes

T117
I
| !/ AN
IS 3
T \[/
N
1

following
(a) xli_rflz f(x) =

(¢) lim f(x) =-oo

(&) lim f(x) =2

For the function (f) whose graph is given, state the

lim f(x) =

et B

®)

(d) lim f(x) =1

(f) the equations of the asymptotes

; Y, 9Z 7FV I e —
L 1] 5 | * V. asymptote:
,\\g//\\//' . // - =iig g = 2
A 74 T A e
I E
if
» W
Sari
P
0566664790 suas-| - Sluply —— 041 8aan. 0 —




Gl & gun gall

Find the limits:

. . 1 ) X I _
lim x cotx = lim x . = lim =— =1
x =0 x>0 tan x x>0 tanx 1

- ) |
— 0566664790 ——— S| - Oluply ——lSlALSAAm_D.I.lUI —



+cosd -1

1
. I 9 O O
e llm - 7 —_ — . — 0
8 >0 | sin O 1 1
i —
. sin (cos 6 ———————— =
@ lim sin (cos 8) ke e ¥ |
) sec O ;\eﬁcﬂo)yaaug!tgﬂ |
sin ( cos O) sin (1) sin 1 '
B = = = sinl
sec O 1 Z
cos O 1
r sin? 3t i sin 3t sin3t 3 3 .
Ji, T = M. T e
‘ N —
b“)-’-“éh \\\ P
()

L 0566664790 —— suad>\-
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\

o \g
.lim sin 6 ———— e — — ——
6 >0 0 + tan O :em,euxr_um,@mg:
. I "*-:‘.)-’5‘33‘5.).9*-"61‘:(-].9*43-‘!'
sin O .
= lim 6
9 -0 tan 0
1+
0
1 | | 9_.m>uu\
— 1 _ Lo _ 1 ' llim 'Sl.n,eu
g 1+1 2 o0 0 +tan6
+ — | :
1 | S
& 1+l 2
, )
- sin (x?) :xﬁl_atiqj\_h_uga._umll.;:
x =90 X I MJLJ!‘aJ_,mGJQd}aA.UI
=1imO X . sm2x =O.-i—=0
x =
N |
{N . __~
I ___________ -
@ lim - tanx | zero guls e M Js5ix o) Lal |
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| by (L. H.R) Jst dasant |
1] em———— d
lim - sec’x "~ cos?45
r»>® cosx + sinx cos 45 + sin 45
4
S _ L 1
_ G2 a2 2
[_ V2 242 V2 V2
2 2 2
fr,u..Jl
\ 0566664790 c\sp&\_-é\pb\g———lSlALSAAm_QlH”—







o Continuous at the number x =

a <+ 2 2 Jlad

GF (a) is del"med (a v 48 pa usm)
@ i f (X) exist (sis25e 4l

fix)

approaches +
»

fla).

|
.
l
|
|
|

. £ (X) is discontinuous at x = 1
*x% |at X =

limf (x) does not exist (Jump)

. £ (X) is discontinuous at x = 3

*%|at X =
f(5)=
mf (x) -

. £ (X) is discontinuous at x =

— 0566664790

o\ - Oluply —— (0

- |
alaia £ 05
XA from the figure NI
f (1) is not defined N
2 \3 4 5

W f’iqs




2 —

where are each of the following

functions discontinuous? ”‘/

2_ __2 . ‘ .
F(x)y=2"%"¢= | oo
Q-5 N

| | /0 1 2
F(2)is not defined /
f ( x) is discontinuous at x = 2 £(x) = X —x =2
x -2

m f(x)is continuous on R — { 2 }

Al f (x) is continuous on (-, 2) U ( 2, ©)

©r)=1x1

f( x) is discontinuous

at all of the integers

<
-y

where the iim [ X ] —

X—>n

fo=[x]
does not exist ( where n is integer )

1
°F(X)= ;ifx#O »)

1 if x=0

1

0

limf (X )= lim ——1; does not exist

x =0 x——)Ox

L ifx=0
flxy=1 x°
1 ifx=0

a f ( x) is discontinuous at x = O

e
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If : xlirilf (x)=f(a)=fis continuous from the right a
A (e dlaia

If : lim fF(x)=Ff(a) ==fis continuous from the left a

a Ao dlaia

IfF:f(x)=[x]

at each integer a

i

e
P

10Y + &~ onill

L— 0566664790 —— il = Oilialn
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e From the graph of f, state the numbers at which f is

discontinuous and explain why.
° For each of the numbers stated in part ( a ),
determine whether f is continuous form right or from
~ the left or neither. |

NN
S L P

. f ( x) is discontinuous

where f ( - 4 ) undefined
fF(x) ,continuous from right (Y% from left. * at x = -4

. f (x) is discontinuous (Jump Yey. » il
f (x) is continuous from the left ( lir?z_F (x)=F (-2))
. ""f f ( x) is discontinuous (Jump )
f (%) is continuous from the right ( lim f (x)=Ff (2))

. f( x) is discontinuous (Jump )
f (x) is continuous from the right (lim f (x)=F (4))
x >4

From the graph of g, state the intervals on which g is

L] _‘- k
continuous.

~ L
Y a— | /4\f s

g ( X)) is continuous on :
*[-4,-2) *(-2,2)
*[2.4) *(4.,6) *(6,8)

M
e

il - OliAal —— 10 a1 2aams 0["” —

— (0566664790




o8 o Juay

( polynomial ) 3ssa o s f’( X ) ils )
R=(—=00,00) e dala s

(rational ) 4 ms f( x ) <ilsiyl

R - { plall jlisal J o Abuata 8

( root function ) 4sia f( x ) <uils 1

o
-9

10Y A+ %5~ 0l

— 056666479()
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The following types of function
alaie ledlase

ave AU on their ZIAVL.

o trigonometric functions. ALl JI gall

Inverse trigonometric functions. 4psall 4tal J) gl

o exponential functions. dga) J) gl
o logarithmic functions. Ay & glll JI gl
Erampic
0F(x)=ln.(x—z) 5 datia [ A2
- AW— 2 andfaie e da gika dsa gall il
- F(x) is continuous on - © (25 00)
af’( X) = tan'X el o dbaia tan~Tx 4dla
.. F( x) is continuous on - (-0 00)

a f(x)=In(x —2)+ tan'x & dal Jlad) o Alas

. F( x) is continuous

on

(2500)YN(-050) =(2,x) 0
/
— (566664790
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ehiall = Oilualn

o
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Where is the function f ( x ) continuous ?

-1
c F(X): lnxx;i-—tail X

tant x ¢ [n x Al i Jaall Lo dlaia £ ( x ) Al
( ?LLM JLLa\ JL’-.:U-HL.Q

(=00,00) (0,0) X2 —1 =0

o F(x)is continuous
on (mo,00) N (O ,0)-{-1,11}
=(0,0)-{-1,1} OOz 3, 00

'—‘(O,l)u(l,oo)

e f(x)=2x>—x2+ 11— polynomial 25,3

f ( x) is continuous on (—o,x)= R

* f(x) =0

(VS O

e f)=2 *f)=Vv5s *f(x)=-

Are continuous on (—w,0) = R

° f (x)=|x-3| continuous on (—w,)

L 0566664790 i - luale 103 22 omill




e F(x):‘ 13' R- {pidl Jaal} e dlaic
x_
7
3

. f (X) continuous on R—{3} =(-x,3)u (3,»)

@waﬁ‘lp—s x| - E= 0

Oy

Oy

-3 3
.. £ (x) continuous on R—{-3,3} =(-0,-3)U(-3,3)U(3,0)
e f(x)z 1 Jﬁm\dw?&d\
‘x ‘+3
/—\A

,x[ +3=0 N
|x |==3 ashx (discard)

- £ (%) continuous on R .

A ' .
° F(X)=x?x9- XZ—QZOaM‘J&A‘

O . ... . G X LB
3 3 X' = mmp X T

- £ (x) continuous on R—{~3,3} =(-x,-3)U(-3,3)U(3,»)

/7

3
° F(x)=— il 41 a8
S F(x) continuous on R .  zero st Of oSay
F(x)=3/x-4 bod) B e jia
" F( x) continuous on.R = (—0,)
2x-1 . .
fF(x)= all 3 e iy
Q- :

R- {ella.ﬂ J&m)} u.lﬁ Alaia A1l
f( x) continuous on R- { - 2, 2 }

P
chinv ) o cliAaly ——10Y ar2aar DI
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@ F(x)=50x"-x (38 n il ddy) guldl ji

bl A jially
. F (X) is continuous on R
L F(x) s AR,
af(x)z 2 Ay puS AlNS
x
i Alaie

R-{e\ld‘jimi}

WAoo~ (0
o JREBY: discominis a x <0

@F(X)=—2—2—x——l———5-x 4 S adla
x =5x+6

Al lial

X*-5X+6=0
f(x)is continuous (x =3)(x-2)=0

0V\R""{2,3} x=5;X=2

@F(x)=

discontinuous at x = Hidl jlial

2x-1 +2x2
x’-5x+6 3

X=2,3

- f(x) is discontinuous at x = 2 , 3

L— 0566664790 vt - Al ———10Y a124an OHI




@ find the interval
on which @F( x)=,/|x|-2 is continuous

| bl (A i sd o
Al Ao (o dllia Ay galf @ il o dluatia Al -

—> |x[-220
’x[—-ZZ
X 22
X222 or X< -2 4y ki
777777777792 Q77777777—2/ Z

. F(x)is continuouson (- 0, -2J U2, o)

i

. F(x)is continuouson [ - 2 , 2 ]

INY 5% im n"”

ﬂ‘lr\k‘ — l,i‘ll;\‘ll

— 0566664790




Bl (B (a Al *

bl il e dluata -,
x> —16 =0
g X*> =16
ok l discard ' ok X=+t4

f ( x) continuous on (-0,-4] U [ 4, »)
** £ ( x) discontinuous on ( - 4, 4)

2x . . ..
@F(K)=——x—:—— pliall (& 2 53 pda *
A gall @ A8l o dlata -

el QU s
f ( x) continuous on (-w,-4) U (4, »)

g(Xx);xza
F(x)=q

h(x);x<a

B . ol il = (o ponl) Algll) = Aliall o

Go oS il el GO el
Adle 4y
o) gluual

,,/‘ ‘ 7
Al - Sdaatle —I0Y 25l
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X°> —4;x>2

XZ ;X< 2

= ** £ ( x) is continuous on ( -, )

e ,
0y . 2%~ nmll _|
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Find the value of ¢

which makes

CX+S5;xXx<2

L— 0566664790

xh’_)wxr(cx2+1)=' xlile_(cx+5)
c(22)+1 = c(2)+5
~= 7T TSN
V's \’
4c+ 1 = 2¢c+ 5
.\\ _”
4c—-2c¢ =5 -1
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AT IPLPR PURPUIGE

(x#a) & ssialilaal

(% = a)e ssind s AT

= Aie e dllal) dad ¢ = Ao Gadilgill aagi ®

X = a s dlaia 4dlall ¢ cpanlil) o gl 13)

X = a s Abaia y& Allal ¢ e<i Yl
;X = 4

If : F(x) {
= 4

Is f ( x) continuous at x = 4 ?

EZErEr
x’—16 16 16 0

lim === = 2= (1. f.)(byL.H.R)

f(4)= |7
hm F(X)#F(‘l-)

. f( x) is discontinuous at x
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@

Where a < ¢
f(b)

mmpf(a)<f(c) < F(b) £)

/ o [a,b ]l daiaf () llalf sy +

¢ S Lo aalgase aa g o8

f(a)

such that f(¢) = —~-m- ..

vec[1,3]

1<c¢<3

F(1)<f(e)<f(3)

1 @ age - Soas

F (x)ada 4 f (x)en 3
|

1<f(c)<21

For the function f ( x )' = X> — X2 +

L= 0566664790 — bl _ il

o Sy
¥
X

x® -

there is a numberc c [ 1,3 ]

O 10. ' @-1 @40

222 sl a4 (B) 20 54 canlia) s

g
Iny .. 25 .. nmll




=+ Removable discontinuity ) LY e 4l )

Al gl Gy Al La AN Ciy s oale)
a de dlaia & A f (X)) cus )y
(G(X) AT Ala) AT g€y £ (K) Al iy a5 sale) (Say Adld
1 LS a e dlata (o 6<
f(x) Fadamoxcld ; X 2a
g(x)=
lim f (X) foNagi;x=a

X —=>a

Leiles CalS 13 gy pad oaled (S of (%) Al of aladl g i

Letles, il iy paionlel) oSy Y % A J

Which of the following functions f

has removable discontinuity ?

4
a fF(x)=12 +11 discontinuous at x = 1
x —

x*+1 141 2 Qe -
lim = - = ——-O— = 00

51 x—1 1-1 0

- discontinuity is not removable PIE{PCRUN IR

( Infinite discontinuous )

@ ,
e
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—d T
ef’(x)=

x* =1
x -1

Ay puS 402
aldall jlia) die dlaia y& -

f( x) is discontinuous at x = 1
YV o1 _1-1_ | o0
lim F(X)=lim = — = = | — |(.F.
fim F(x)=lm ——=_—=| = |(I.f)

= wWe can removable discontinuity

4 x*

(bgL.H.R)liLn1 =4(13)=4
x* =1
fOasacld 3 x 21
— g (X) { * -1
4 faday ;x=1

If : f and g are continuous function

With ‘and im [2F(x)-g(x)]=4
VY

im [2F(x)-g(x)]=4

2f(3)-9g9(3)=4

2(5)-g(3)=4 =g (3)=10 - 4=

>
—

Al B A AR n"”

—
Iny

— S566664790 hiall _ FSliala
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lim aresin (

1-x

1—«/¥J

= arcsin (lim - x)
X

x-—»ll_

%ﬂ‘eaub-wi
byL.H.R Juag
1

ol 2R
arcsin | lim

X =1 -1

x =l 2,\/—

arcsin | lim. —-———]

arcsin

H

]
=z,
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DO |
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Il
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Chapter 3

Differentiation
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e
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3.1

The Derivative as a Function

PEARSON

e

Addison
Wesley Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley




DEFINITION  Derivative Function
The derivative of the function f(x) with respect to the variable x is the function

f' whose value at x is

fx +h) = f(x)

f(x)=[}1_r§}) ;

provided the limit exists.

Slide 3- 4
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Alternative Formula for the Derivative

f(z) = f(x)

f/(x) = lim ==

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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y=fx)

Secant slope is

f(@) — f(x)
Q(z f(2) L — X
P(x, f(x)) f(@) = fx)
AN \
|
:<—h =z — x—:r:
| |
S, ¢
X Z
Derivative of fat x is
, . fx+h) - fx) FIGURE 3.1 The way we write the
Ja) =T, h difference quotient for the derivative of a

function f depends on how we label the
points involved.

Slide 3- 6
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y
A
1
y—1x+1
\
\
4,2)  y=Vx
1
S ! | | £|1 | > X

FIGURE 3.2 The curve y = Vx and its
tangent at (4, 2). The tangent’s slope 1s
found by evaluating the derivative at x = 4
(Example 2).
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| |~ Slope ~ |7 = 2 y-unils/x-unit
~ 8 y-units
—/_} ’
~ 4 x-units
> X
0 b 10 15
(a)
Slope
A
4 —
3L y=f “?
2+ E
1 -
Al
T 15 >
_1 -
Bl
~2I" Vertical|coordinate +1
(b)

FIGURE 3.3 We made the graph of y = f'(x) in (b) by plotting slopes from the
graph of y = f(x) in (a). The vertical coordinate of B’ is the slope at B and so on. The
graph of f' is a visual record of how the slope of f changes with x.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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y
§ 110
N,
8. 100 / \
.% y L —T
£ 9
=
3 /
(5) 80F
Z,
>t
0 1 2 3 4 5 6
Time (h)
(a)
yf
'4 A
2=
= I T ] —
o
.% 10F
Z
g2 o
S
5 ——
“5 | | | 1 1 5y
o 0 1 2 3 4 5 6
E st
(8]
Gy —
© —_—
L -10F
[
F~ Time (h)
(b)

‘l‘ %
) %‘p
» l =
# ' 4
SANTORINI | ~
I
‘ Sea ofll'Crete

Mediterranean 0 50 100 150

Sea CRETE st m

Daedalus's flight path on April 23, 1988

«FIGURE 3.4 (a) Graph of the sugar concentration in the blood of a Daedalus pilot
during a 6-hour preflight endurance test. (b) The derivative of the pilot’s blood-sugar
concentration shows how rapidly the concentration rose and fell during various portions
of the test.
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Slope =

jim £+ 1)~/
Slope = "0
L fat ) - f@
h—0" h

y =fx)

I

I

I

I

I

I I |
a

4+ h b+ h =
h>0 h<0

FIGURE 3.5 Derivatives at endpoints are
one-sided limits.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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y' not defined at x = O:
right-hand derivative
# left-hand derivative

FIGURE 3.6 The function y = |x|is
not differentiable at the origin where
the graph has a “corner.”

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Sl |de 3-11



1.

a corner, where the one-sided 2. a cusp, where the slope of PQ
derivatives differ. approaches o© from one side and —o0
from the other.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 3- 12



3. avertical tangent, where the slope of PQ approaches o0 from both sides or
approaches — o0 from both sides (here, —c0).

4. adiscontinuity.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 3- 13



THEOREM 1 Differentiability Implies Continuity
If f has a derivative at x = ¢, then f is continuous at x = c.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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>

y = Ux)

FIGURE 3.7 The unit step
function does not have the
Intermediate Value Property and
cannot be the derivative of a
function on the real line.

Slide 3- 15
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THEOREM 2 Darboux’s Theorem

If a and b are any two points in an interval on which f is differentiable, then f'
takes on every value between f'(a) and f'(b).

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 3- 16




3.2

Differentiation Rules

PEARSON
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RULE 1 Derivative of a Constant Function
If f has the constant value f(x) = ¢, then

af  d

dx  dx

(c) = 0.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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> N

FIGURE 3.8 The rule (d/dx)(c) = Ois
another way to say that the values of
constant functions never change and that
the slope of a horizontal line 1s zero at
every point.
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RULE 2 Power Rule for Positive Integers
If n 1s a positive integer, then

n _ n—1

d
X T X

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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RULE 3 Constant Multiple Rule
If u 1s a differentiable function of x, and ¢ 1s a constant, then

i(cu) = ¢

dx

du
o

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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X
y = 3x2
Slope = 3(2x)
= 6x
31 (1,3)/ =6(1)=6
|
=
|
2 |
|
|
|
|
'/ Slope = 2x
1+ =2(1)=2
|
|
|
|
|
' ] > X
0 1 2

FIGURE 3.9 The graphs of y = x? and
y = 3x2. Tripling the y-coordinates triples
the slope (Example 3).

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 3- 22



RULE 4 Derivative Sum Rule

If # and v are differentiable functions of x, then their sum « + v is differentiable
at every point where u and v are both differentiable. At such points,

d, .o _du_ dv
dx(u-I-v)—dx-I-dx.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 3- 23




> "=

y=x%—2x2+2

(0, 2)

(-1, 1) (1, 1)

FIGURE 3.10 The curve
y = x* — 2x* + 2 and its horizontal
tangents (Example 6).

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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RULE 5 Derivative Product Rule
If u and v are differentiable at x, then so is their product uv, and

A, dv ., du
E(uv)_udx—l_vdx'

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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RULE 6 Derivative Quotient Rule

If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-
entiable at x, and

4 (2 e
dx v UZ '

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 3- 26




RULE 7 Power Rule for Negative Integers
If n 1s a negative integer and x # 0, then

d , . a
dx(x)—nx .

1

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley

Slide 3- 27




FIGURE 3.11 The tangent to the curve
y =x + (2/x) at (1, 3) in Example 12.
The curve has a third-quadrant portion
not shown here. We see how to graph
functions like this one in Chapter 4.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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3.3

The Derivative as a Rate of Change
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DEFINITION Instantaneous Rate of Change
The instantaneous rate of change of f with respect to x at x is the derivative

h S
£(x0) = ;}1_% flxo + ; f(xo),

provided the limit exists.
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Position at time ¢ ... and at time f + At
I< As >I
P - ® > §
s = f(t) s + As = f(t + Ar)

FIGURE 3.12 The positions of a body
moving along a coordinate line at time ¢

and shortly later at time ¢t + At.
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DEFINITION Velocity

Velocity (instantaneous velocity) is the derivative of position with respect to
time. If a body’s position at time zis s = f(¢), then the body’s velocity at time ¢ is
. f+ A — f(@)

m .

_ds _
vlt) = dt Alrl—:-o At

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 3- 32
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FIGURE 3.13 The time-to-distance graph for

Example 2. The slope of the tangent line at P is the

instantaneous velocity at 1 = 2 sec.
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0 > [ 0 > [
s increasing;: s decreasing:
positive slope so negative slope so
moving forward moving backward

FIGURE 3.14 For motion s = f(¢) along a straight line, v = ds/dt is
positive when s increases and negative when s decreases.
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DEFINITION Speed
Speed is the absolute value of velocity.

Speed = |v(¢)| =

ds

dt

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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FIGURE 3.15 The velocity graph for Example 3.
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DEFINITIONS Acceleration, Jerk
Acceleration is the derivative of velocity with respect to time. If a body’s posi-
tion at time ¢is s = f(¢), then the body’s acceleration at time ¢ is

_dv _ d%
a(t) = ai -
Jerk is the derivative of acceleration with respect to time:

: da d°s
) == 13
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t (seconds) s (meters)
t=0 @ O
t=1 1) F5
- 10
- 15

t=2 ) 20
- 25
- 30
- 35
- 40

t=3 ) 45
v

FIGURE 3.16 A ball bearing
falling from rest (Example 4).
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Smax- & v=20
4
= 2561 QT -9
=
4
s =050
(a)
a0} s = 160f — 1612 FIGURE 3.17 (a) The rock in Example 5.
(b) The graphs of s and v as functions of
ol time; s is largest when v = ds/dt = 0. The
graph of s is not the path of the rock: Itis a
- ! T plot of height versus time. The slope of the
plot is the rock’s velocity, graphed here as
~160 - v= G =160 - 32 a straight line.
(b)
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y (dollars)

A

Slope =

marginal cost y=c)

> X

+hFbF—-——— ===

0 X X
(tons/week)

FIGURE 3.18 Weekly steel production:
c(x) 1s the cost of producing x tons per
week. The cost of producing an additional
htonsisc(x + h) — c(x).
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y
A
y = c(x)
/T
dc
> Ac T
: Ax=1 :
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
' ' > X
0 x x+1

FIGURE 3.19 The marginal cost dc/dx
is approximately the extra cost Ac of
producing Ax = 1 more unit.
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dyl/dp
A
2
y
A dy
= =2-2
1 dp P
y=2p-p’
' > >
0 1 P 0 1 P
(a) (b)

FIGURE 3.20 (a) The graph of y = 2p — p?,
describing the proportion of smooth-skinned peas.
(b) The graph of dy/dp (Example 8).
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FIGURE 3.21 The graphs for Exercise 21.
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©

FIGURE 3.22 The graphs for Exercise 22.
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The derivative of the sine function is the cosine function:

4 (sinx) = cosx
dx '
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The derivative of the cosine function is the negative of the sine function:

a4 (cosx) = —sinx
dx
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1 y = COS X

FIGURE 3.23 The curve y’ = —sinx as
the graph of the slopes of the tangents to
the curve y = cos x.
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Lo Rest
position
Position at

—5
t=0

A J

s

FIGURE 3.24 A body hanging from

a vertical spring and then displaced
oscillates above and below its rest position.
Its motion is described by trigonometric
functions (Example 3).
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S, U
A

v=-5s8int

\ \ s =35 cost
- = 37 > [
2 2

27 S

FIGURE 3.25 The graphs of the position
and velocity of the body in Example 3.
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Derivatives of the Other Trigonometric Functions

d a2

I (tanx) = sec” x

d _

E(secx) = sec xtanx
%(cotx) = —csc’x

d _

E(csc.x) = —cscxcotx
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C:yturns  B: u turns A: x turns

FIGURE 3.26 When gear A makes x

turns, gear B makes « turns and gear C
makes y turns. By comparing circumferences
or counting teeth, we see that y = u/2

(C turns one-half turn for each B turn)

and ¥ = 3x (B turns three times for A’s

one), so y = 3x/2.Thus, dy/dx = 3/2 =
(1/2)(3) = (dy/du)(du/dx).
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Composite f - g

Rate of change at
xis f(g(x)) - g(x).

&

Rate of change @
at x is g'(x). at g(x) is f'(g(x)). ®
x u = g(x) y = flu) = f(g(x))

FIGURE 3.27 Rates of change multiply: The derivative of f o g at x is the
derivative of f at g(x) times the derivative of g at x.
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THEOREM 3 The Chain Rule

If f(u) is differentiable at the point u = g(x) and g(x) is differentiable at x, then
the composite function (f ° g)(x) = f(g(x)) is differentiable at x, and

(f c g)'(x) = fgx))-g'(x).

In Leibniz’s notation, if y = f(u) and u = g(x), then

dy Ay du
dx  du dx’

where dy/du is evaluated at u = g(x).
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?) y = sin(x®) = sin NS

T T
TR BV

FIGURE 3.28 Sin(x®) oscillates only 7r/180 times as often as sin x oscillates. Its maximum
slope is /180 at x = 0 (Example 8).
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DEFINITION Parametric Curve
If x and y are given as functions
x=f(t), y=g()

over an interval of z-values, then the set of points (x, y) = (f(¢), g(¢)) defined by
these equations i1s a parametric curve. The equations are parametric equations

for the curve.
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Position of particle

at time ¢ T (f(), g()

FIGURE 3.29 The path traced by a
particle moving in the xy-plane is not
always the graph of a function of x or a
function of y.
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FIGURE 3.30 The equations x = cos ¢
and y = sin ¢ describe motion on the circle
x? + y% = 1. The arrow shows the

direction of increasing ¢ (Example 9).
Slide 3- 59
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FIGURE 3.31 The equations x = V¢
and y = ¢ and the interval = 0 describe
the motion of a particle that traces the
right-hand half of the parabola y = x?
(Example 10).

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley

Slide 3- 60



Parametric Formula for dy /dx
If all three derivatives exist and dx/dt # 0,

dy _ dy/dt )
dx dx/dt’
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Parametric Formula for d?y /dx*

If the equations x = f(¢), y = g(t) define y as a twice-differentiable function of
x, then at any point where dx/dt # 0,

By dy'/di 3
a2 dejdt 3)
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Position of aircraft at release

500./\
Path of dropped cargo

> =

I .
0 Open field 27700

FIGURE 3.32 The path of the dropped
cargo of supplies in Example 15.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley

Slide 3- 63



Standard Parametrizations and Derivative Rules

b3

2

CIRCLE x? + y? = a*: ELLIPSE x_2 — % =1:
a
= acost X = acost
y = asint y = bsint
0=t=2m 0=t=2m
FUNCTION y = f(x): DERIVATIVES
X =1t . dy  dy/dt d’y  dy'/dt
y = (1) Y T de T de/dt ax? dx/dt
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FIGURE 3.33 Normal mean air temperatures at Fairbanks,
Alaska, plotted as data points, and the approximating sine
function (Exercise 96).
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FIGURE 3.34 The approximation of a
sawtooth function by a trigonometric
“polynomial” (Exercise 111).
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A
1 s = k(1)
| A = h(1)
— _m 0 T 2
2 2
-1 \Aan

FIGURE 3.35 The approximation of a
step function by a trigonometric
“polynomial” (Exercise 112).
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Implicit Differentiation

1. Differentiate both sides of the equation with respect to x, treating y as a differ-
entiable function of x.

2. Collect the terms with dy/dx on one side of the equation.
3. Solve for dy/dx.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Sl |de 3- 69




y
vy, = V25 — x?
5 0 5
= V25 — x2 —_x_3
Y2 X Slope 7 = 1

FIGURE 3.36 The circle combines the
graphs of two functions. The graph of y, is
the lower semicircle and passes through
(3, —4).
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FIGURE 3.37 The equation y> — x = 0,
or y* = x as it is usually written, defines
two differentiable functions of x on the
interval x = 0. Example 1 shows how to
find the derivatives of these functions
without solving the equation y? = x for y.
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(X y3)® Y =5

FIGURE 3.38 The curve

x* + y* — 9xy = 0is not the graph

of any one function of x. The curve can,
however, be divided into separate arcs that
are the graphs of functions of x. This
particular curve, called a folium, dates to

Descartes in 1638.
Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley

Slide 3- 72



y? = x* + sin xy

FIGURE 3.39 The graph of

y% = x? + sinxy in Example 3. The
example shows how to find slopes on this
implicitly defined curve.
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Tangent

Light ray
Curve of lens
surface
Normal line
Point of entry

FIGURE 3.40 The profile of a lens,
showing the bending (refraction) of a ray
of light as it passes through the lens

surface.
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FIGURE 3.41 Example 4 shows how to
find equations for the tangent and normal
to the folium of Descartes at (2, 4).
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THEOREM 4 Power Rule for Rational Powers

If p/q is a rational number, then xP/4 is differentiable at every interior point of the
domain of x?/9~1 and

4d plg — Ex(p/q)—l
dx q '
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4V _ _3000 L/min
dr

FIGURE 3.42 The rate of change of fluid
volume 1n a cylindrical tank 1s related to
the rate of change of fluid level in the tank

(Example 1).
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% = 0.14 rad/min A
when 6 = 7/4 y _,
y dt '
when 6 = 7/4
Range N
finder 500 ft

FIGURE 3.43 The rate of change of the
balloon’s height 1s related to the rate of
change of the angle the range finder makes
with the ground (Example 2).
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—> <

Situation when

x=038,y=0.6
y ds _
D _ _60 ar =
— ==
| | —>—x
0| d_x_‘? X

FIGURE 3.44 The speed of the car is
related to the speed of the police cruiser
and the rate of change of the distance
between them (Example 3).
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A
D _ g
rri 10 ft
when y = 6 ft

FIGURE 3.45 The geometry of the
conical tank and the rate at which water
fills the tank determine how fast the water

level rises (Example 4).
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-1 0
y = x2 and its tangent y = 2x — 1 at (1, 1). Tangent and curve very close near (1, 1).

1.2 1.003
— ™ =

0.8 1.2 0.997 ' 1.003
0.8 0.997

Tangent and curve very close throughout Tangent and curve closer still. Computer

entire x-interval shown. screen cannot distinguish tangent from

curve on this x-interval.

FIGURE 3.46 The more we magnify the graph of a function near a point where the
function is differentiable, the flatter the graph becomes and the more it resembles its
tangent.
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> =

y=fx)

(a, f(a))

Slope = f (a)

FIGURE 3.47 The tangent to the
curve y = f(x) atx = a is the line

L(x) = f(a) + f'(a)(x — a).
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DEFINITIONS Linearization, Standard Linear Approximation
If f 1s differentiable at x = a, then the approximating function

L(x) = f(a) + f'(a)(x — a)
is the linearization of f at a. The approximation
f(x) = L(x)

of f by L is the standard linear approximation of f at a. The point x = a is the
center of the approximation.
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.

-1 0 1 2 3 .

FIGURE 3.48 The graphofy = V1 + x and its
linearizations at x = 0 and x = 3. Figure 3.49 shows a
magnified view of the small window about 1 on the y-axis.
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1.1

1.0

0.9 '
-0.1 0 0.1 0.2

FIGURE 3.49 Magnified view of the
window in Figure 3.48.
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Approximation True value | True value — approximation |
V1i2~=1+ % = 1.10 1.095445 <1072
V105~ 1 + O'zﬁ = 1.025 1.024695 <1073
V1,005 ~ 1 + O'gﬁ = 100250  1.002497 <1073
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FIGURE 3.50 The graph of f(x) = cosx
and its linearization at x = 7r/2. Near

x = a/2,cosx = —x + (mw/2)
(Example 3).
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DEFINITION Differential

Let y = f(x) be a differentiable function. The differential dx is an independent
variable. The differential dy is

dy = f'(x) dx.
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" y =fx)

S
Eail

Ay =t t o - @
T

AL = f'(a)dx

I~ ,
\

When dx 1s a small change in x,
the corresponding change in
the linearization is precisely dy.

(a,f(a))

dx = Ax

Tangent
line

|
|
|
|
|
|
|
|
0 a a+ dx

FIGURE 3.51 Geometrically, the differential dy 1s the change
AL in the linearization of f when x = a changes by an amount
dx = Ax.
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dr = 0.1

FIGURE 3.52 When dris
small compared with a, as it is
when dr = 0.1 and a = 10, the
differential d4 = 2ma dr gives
a way to estimate the area of the
circle with radius » = a + dr
AA =dA = 2madr (Example 6).
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Change in y = f(x) near x = a
If y = f(x) is differentiable at x = a and x changes from a to a + Ax, the
change Ay in f is given by an equation of the form

Ay = f'(a) Ax + € Ax (1)

in which e > 0 as Ax —0.
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True Estimated
Absolute change Af = f(a + dx) — f(a) df = f'(a) dx

Af df
Relative change —_— —_—
° f(a) f(a)

P t h af X 100 9 X 100
ercentage change — —
TP f(a)
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Number
P | of rabbits
2000.../’. | [] | | | |
/l \__[Initial no. rabbits = 1000
) [ [ '\ Initial no. foxes = 40
L /(20,11700)[ N\
ool \ |
1000 (F——— I ‘\
\\
| Number [ [] \\ﬁ
of foxes EPET e T P
R B A3 ol | ] i o T O [ e gy
0 50 100 150 200
Time (days)
(a)
+100
50
(20, 40) §
0
\\ P
N | S | ,// |
-50 \\_//
100, 50 100 150 200
Time (days)

Derivative of the rabbit population

(b)

FIGURE 3.53 Rabbits and foxes in an arctic predator-prey food chain.
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Workshop Solutions to Chapter 4

1) If f(x) is a differentiable function, then f'(x) =
Solution:

) If f(x) =4x?,then f'(x) =
Solution:

)  flx+h) - _ h) — 4 h)? —
f(x):}lli%fx ) f(x) f’(x)=}111£%f(x+ })l f(x):hlf% (x + })l
3) If f(x) =x2—3,then f'(x) = 4) If f(x) =+x, x =0, then f'(x) =
Solution: Solution:
, . flx+h)—f(x) _
f(x)=,lgrg,fx ) flx f’(x)=;Lirr5f(x+h})l f(x):h 0\/x+ —x
[+ h)?=3] - [x? -3 - -
_h—>0 h

5) If f is a differentiable function at a, then f is
a continuous function at a.

6) If f isa continuous function at a, then f is
a differentiable function at a.

Solution:
False
7) If y =x*+5x2+3, then y' = 8) If y=x*—5x2+3, then y' =
Solution: Solution:
y' =4x3 4+ 10x y' =4x3 — 10x
9) If y =x~/2, then y' = 10) If y = $+ 2Vx = %x'3 +2x'/2, then y' =
Solution: Solution:
5 s, 5 , 1
i A L v =5 ) @i

1 1 1
=—xttx=—— 4y =

—_— + —_—
x* 1, x* ' \x

11) If y = (x —3)(x — 2), then y' =

12) If y = (x3+3)(x2 - 1), then y' =

(4=27°" "4

Solution: Solution:
y=((x-3)(x—2)=x>-5x+6 y=x3+3)(x?-1)=x>—x3+3x2-3
y'=2x-5 y' = 5x* —3x? + 6x
13) If y =+vx(2x + 1), then y’' = 14) If y = % , then y' =
Solution: , ) Solution:
y=vx(2x+ 1) = 2xVx +x = 2x2 + x2 Use the rule (i), S
1y 1, 11 1 g 9?
y' = (—) (2)x2 (E) x2 - =3x2+ Ex 2
,_(1)(x—2)—(x+3)(1)_x—2—x—3_ -5
"3‘/_+ﬁ Y 5(x—2)2 o x=2)2 (x-2)?
OR -
I 1 ’ (x - 2)2
Usetherule (f.g)' =f'g+fg
2x+1
=(2 \/_+( )2x+1 =2Vx +
y' = (2)(Vx) ( ) N
x+3 -1 p
15) If y —xj,theny|x=4= 16) Ify=;c?,theny=
Solution: Solution:
_ MDx—-2)—(x+3)(1) =x—2—x—3 Use the rule ({) =fg—2fg
(x —2)2 (x —2)2 9 9
-5 5
_(x—2)2__(x—2)2 =(1)(x+2)—(x—1)(1)=x+2—x+1= 3
, 5 5 (x + 2)2 (x +2)? (x + 2)2
V'lx=a = —




17) If y =+v3x? + 6x , then y' =

Solution:
Use the rule (\/ﬂ)’ = zuﬁ
Y 6x +6 6(x+1)  3(x+1)

B 2v/3x2 + 6x B 2v/3x2 + 6x B V3x2 + 6x

18) If y =V3x2+6x , then y'|,=q =
Solution:
6x + 6 6(x+1)  3(x+1)

y = = =
2V3x2 + 6x  2V3xZ+ 6x V3x2 + 6x

3(+1) 6 6

Ve = B +6(1) V9 3

19) The tangent line equation to the curve y = x2 + 2
at the point (1,3) is
Solution:
First, we have to find the slope of the curve which is
y'=2x
Thus, the slopeat x =1 is
Y'lear = 2(1) =2
Hence, the tangent line equation passing through the
point (1,3) withslope m =2 is
y—3=2(x—-1)

y—3=2x—2
y=2x—2+3
y=2x+1

20) The tangent line equation to the curve y = %

at the point (0,0) is
First, we have to find the slope of the curve which is

, @+ 1)-2x)(1) 2x+2—-2x 2

B (x +1)2 T (x+ 12 (x+1)2
Thus, the slopeat x =0 is
! == 2
y |x—0 (0 + 1)2

Hence, the tangent line equation passing through the point
(0,0) withslope m =2 is
y—0=(2)(x—-0)
y =2x

21) The tangent line equation to the curve y = 3x% — 13

at the point (2,—1) is
Solution:
First, we have to find the slope of the curve which is

y' =6x
Thus, the slopeat x = 2 is
Y'lxzz = 6(2) = 12
Hence, the tangent line equation passing through the
point (2,—1) withslope m =12 is
y—(-1)=12(x—2)

22) The tangent line equation to the curve
y = 3x%2 4+ 2x + 5 at the point (0,5) is
Solution:
First, we have to find the slope of the curve which is
y' =6x+2
Thus, the slopeat x = 2 is
¥ lxo = 6(0) +2 =2
Hence, the tangent line equation passing through the point
(0,5) withslope m =2 is
y—5=2(x—-0)

y+1=12x — 24 y—5=2x
y=12x—24 -1 y=2x+5
y=12x — 25
23) If y =xe* , then y' = 24) If y =x—e* , then y" =

Solution:

Usetherules (f.g)' =f'g+fg' and (e*) =e*.u'

Usetherules (f—g)' =f"—g' and (e*) =e*.u'

vy =@)E*)+ x)(e*) =e¥+xe*=e*(1+x) y'=1—e*
yll — _ex
25) If x2—y2 =4, then y' = 26) If x2+y2 =4, then y' =
Solution: Solution:
2x —2yy'=0 2x+2yy'=0
—2yy' = —-2x 2yy' = —2x
,  —2x ,  —2x
yI _ f y’ = _f
1 Y 1 Y
x+ . _ 1 ,
27) Ify—m,theny— 28) Ify—z\/;+secx,theny—
Solution: , Solution:
Use the rule (Z) = @ Use the rules
g g

,_(1)(x+2)—(x+1)(1)_x+2—x—1
B (x + 2)2 T (x+2)2

T @+2)2

(f+9) =f"+g and (secu) =secutanu.u’

1 -5
y=5—+secx =x 2+secx
x5
5

(25 _ S,
y 2x2 + secxtanx = 2x 2+ secxtanx




29) If y =tan"1(x3) , then y' =

Solution:
Use therule (tan~'u) = 13;2
, 1 o 3x?
Y = 1rer ) T 1e

30) If y=tanx —x , then y' =

Solution:
Use the rules
(f-9) =f"—g and (tanu)’ =sec’u .u’
y' =sec?x—1

31) If y=sec?x—1, then y' =

32) If y =x5"* | then y' =

Solution: Solution:
Usetherules (f—g) =f"—g, @"=n@™Lu' |Usetherule (sinu)’ =cosu .u’
and (secu)’ =secutanu.u’
y = xsinx
y' = 2secx. secxtanx = 2sec? xtanx Iny = Inxsinx
Iny =sinx.lnx
y' _ 1 sin x
—=cosx.Inx +smx.; =cosx.Inx +
, sinx . sinx
y' = y(cosx. Inx +T) = xSn¥ (cosx. Inx + . )
33) If y =x5% | then y' = 34) If y = (2x% 4+ cscx)? , then y' =
Solution: Solution:
Usetherule (cosu) = —sinu .u' Use the rules
W™ =n@)™ Ly and (cscu) = —cscucotu.u’
y - xcosx
Iny = Inxc0s* y' =9(2x?% + cscx)®. (4x — cscx cot x)

Iny =cosx.lnx

y' . 1 _ cosx
; = —sinx. lnx+cosx.;= —sinx. Inx +
cosx
y’=y(—sinx.lnx+ )
Cosx
= xC0s¥ (——sinx. 1nx)
35) If y = S , then y' = 36) If y =e?* , then y©® =
Solution: cotx Solution:
Use the .rules Usetherule (e*) =e*.u
Y [ l
<§) = f—gngg , (@) =a“lna.u’ y' =2e%*
"o fe2x
and (cscu)’ = —cscucotu.u’ ;}m — gp2x
1) = 16e2*
y e
, _ (5%In5)(cotx) — (5%)(— csc® x) NORIIPYIE
Y= (cotx)? y©) = 64e%*
_ 5%(In5cotx + csc? x)
-~ cot? x
37) If y =x"2e5"% | then y' = 38) If y =5%"%  then y' =
Solution: Solution:
Usetherules (f.g)' =f'g+fg , (e“)=e u Use the rules

and (sinu)’ =cosu .u’

y' = (—2x73)(e5"*) + (x~2)(e5"*. cos x)
= —2x3eS"¥ 4 x2cosxe
= x3eSI%(—2 + x cos x)
= x3eSMX(x cosx — 2)

sinx

(a¥) = a*Ina.u’ and (tanu) =sec’?u.u’

y' =5%"% In5 sec?x

39) If x2+y?2=3xy+7, then y' =
Solution:
2x +2yy' =3y +3xy’
2yy' —3xy' =3y — 2x
y'(Qy —3x) =3y — 2x
, 3y—2x

Y C 2y —3x

40) If y = sin3(4x) , then y® =
Solution:
Use the rules
@W" =n@™tu and (sinu) =cosu.u’

y' = 3sin?(4x).cos(4x). (4)
= 12 sin?(4x). cos(4x)




41) If y =3%cotx , then y' =

Solution:

Usetherules (f.g)' =f'g+fg’, (@*)' =a“Ina.u’
and (cotu)’ = —csc?u .u’

y' = (3*.In3)(cotx) + (3*)(—csc? x)
=3%In3 cotx — 3¥ csc? x
= 3*(n3 cotx — csc?x)

42) If y = (2x% +secx)” , then y' =
Use the rules
@™ =n™ v and (secu) =secutanu.u’

y' = 7(2x% + secx)®. (4x + secx tan x)

43) If f(x) =cosx , then f*3)(x) =

Solution:
f'(x) = —sinx
f"(x) = —cosx
f'""(x) = sinx

F®(x) = cosx
Note: f(™(x) = cosx whenever n is a multiple of 4.
Hence,
F@®(x) = cosx
F#)(x) = —sinx

44) If D*(sinx) =

D(sinx) = cosx
D?(sinx) = —sinx
D3(sinx) = —cosx

D*(sinx) = sinx
Note: D"(sinx) = sinx whenever n is a multiple of 4.
Hence,

D**(sinx) = sinx

D*>(sinx) = cosx

y' = —sin(2x3).(6x?) = —6x?sin(2x3)

D*®(sinx) = —sinx
D*”(sinx) = —cosx
45) If y = x* , then y' = 46) If f(x) = 2%, then f'(1) =
Solution: . x
W Solution:
Usetherule (Inu)’ = u Use the rules (Z) = f—g_zfg and (Inw)' = =
) g u
y=x* 1
Iny = Inx* o (BHEH-n@0  x—2xmx
Iny=xlnx f'ix) = (x?)? = s
! 1
y—:(l)(lnx)+(x)(—) =x(1—21nx)=1—21nx
;’, x x4 x3
—=Inx+1
y L 1-2In(1) 1-2(0)
y' =yl +Inx) =x*(1+Inx) fi= 13 1 =1
47) If y = cot™1(e¥) , then y' = 48) If y =tan"1(e¥) , then y' =
Solution: Solution:
-1 ,__u’ U\ — LU o, —-1.,\/ — ' U\ — LU o,
Use therules (cot™ u)' = vy and (e%) =e" . u Use therules (tan™"u)’ = o and (e%) =e%u
L 1 v e* L 1 . €
Y T 14 @2 Y T T 1ger Y T15 (@2 % T1te
49) If y =sin"!(e¥) , then y' = 50) If y = cos™(e*) , then y' =
Solution: Solution:
R N Uy — pU o7 -1,V — _ u' Uy — LU o/
Use therules (sin~*u)' = = and (e%) =e" . u Use the rules (cos™ u) — and (e%) =e%u
, 1 X e* , 1 x e*
y' = e* = M= e ———
V1 —(e¥)? V1 —e?* V1 —(e¥)? V1 —e?*
51) If y = cos(2x3) , then y' = 52) If y =cscxcotx , then y' =
Solution: Solution:
Usetherule (cosu) = —sinu .u' Usetherules (f.g)' =f'g+fg',
(cscu) = —cscucotu.u’ and (cotu) = —csc?u .u’'

y' = (= cscx cotx)(cotx) + (cscx)(—csc? x)
= —cscx cot? x — csc x = — cscx(cot? x + csc? x)




53) If y =+vx2%—2secx , then y' =

Solution:
Use the rules
1 u'
Vu) =——= and (secu) =secutanu.u’
Vu) ==

, 2x—2secxtanx 2(x —secxtanx)

y = =
2Vx?% — 2secx 2Vx2 — 2secx

X —secxtanx

Vx2 — 2secx

54) If y=(3x%+1)®, then y' =
Solution:
Usetherule  (W)*=n@)" 1.u’

y' = 6(3x%+ 1)°.(6x) = 36x(3x% + 1)°

55) If xy + tanx = 2x3 +siny , then y’' =
Solution:

[(DB) + ()] +sec?x = 6x% +cosy.y’
y+xy' +sec’x = 6x%+y' cosy

xy' —y'cosy = 6x% —y—sec’x

y'(x — cosy) = 6x%2 —y —sec®x
. 6x?—y—sec’x
y =

X —cosy

56) If y=x"lsecx , then y' =

Solution:

Use the rules

(f.9)'=f'g+fg and (secu) =secutanu.u’

y' = (—x"?)(secx) + (x 1) (secx tanx)
=x"lsecxtanx — x %secx
=x"?secx (xtanx — 1)

57) If y =sin"1(x3) , then y' =

58) If y =cos™1(x3) , then y' =

Solution: Solution:
=1 r__ u’ -1 r_ u’
Use therule (sin™'u)' = — Use therule (cos™u)' = —
, 1 342 3x?
y = — 35X = 2
1= VT—x° S S S Y
1= (x3)2 V1 — x6
59) If y =sec™*(x3) , then y' = 60) If y =csc™1(x3) , then y' =
Solution: Solution:
-1 r u’ -1 [ u
Usetherule (sec”'u)' = N Usetherule (csc™u)' = TN
, 1 5 3x? 3 ) 1 5 3x? 3
y:—_3x: = y:——.3x = — = —
x3(x3)2 -1 x3Vx6 -1 xvx6 -1 x3(x3)? -1 x3vVx6 —1 xVx® —1
61) If y =In(x® —2secx) , then y' = 62) If y =In(cosx) , then y' =
Solution: Solution:
Use the rules Use the rules
u' u'
(Inw)' = m and (secu) =secutanu.u’ (Inuw)' = m and (cosu)' = —sinu.u’
, 1 35?2 — 2 . , 1 (= sinx) sin x )
= . — = .(—sinx) = — = —tanx
Y T3 —2secx (3x secx tanx) Y = Cosx ! cosx

3x% — 2secxtanx

x3 —2secx

63) If y =In(sinx) , then y' =

Solution:
Use the rules
ul
(Inu) ' =— and (sinu)’ =cosu.u’
u
, 0S X
y' = (cosx) = = cotx

sinx

64) If y =InvV3x?% +5x , then y' =

Use the rules (Inu)’ = u; and (\/ﬂ)’ = zuﬁ

_ 6x+5
~ 2(3x2 + 5x%)

L 1 ( 6x +5 )
Y V3xZ + 5x \2v/3x2 + 5x




65) If y =logs(x3 —2cscx) , then y' =
Solution:
Use the rules

(logaw)' = and (cscu)’ = —cscucotu.u'

ulna

1

(x3 —2cscx)(In5)
3 3x2% 4+ 2 cscx cotx

" (x3 = 2cscx)(In5)

!

y:

[3x% — 2 (—cscx cotx)]

67) If y=2x3—sinx , then y' =
Solution:
Use therule (sinu)’ = cosu.u’

y' = 6x? —cosx

68) If y =x3cosx , then y' =

Solution:
Use the rules
(f.9) =f'g+fg" and (cosu) = —sinu.u’

y' = (3x?)(cosx) + (x3)(—sinx)
= 3x%cosx — x3sinx

x—1 ;
66) Ify—lnm , then y
Solution:

Use the rules

o= () L 9

L (O6EFD) - -1 (=)

y' 2Vx + 2
x—1 \/—2
x4+ 2
Vx + 2 ( )
-1
Vit2-—=
_Vx+2 2vVx + 2
x—1 " x+2
2x+2)—(x—1)
_Vx+2 2x + 2
x—1" x+2
x+5
_Vx+2 [ 2x+2
x—1 "\ x+2
_VX+2< x+5 >
x=1\2(x+2)Vx+2
x+5

" 22— D(x +2)

69) If y =x¥* , then y' =

Solution:
Use the rule (\/ﬂ)’ = zuﬁ
y=x"
Iny = InxV¥
Iny =+xInx

!

y (1 1
7= GE) 0+ (3 (5)
y' Inx +x xlnx+2x x(Inx+2)

70) If y = (sinx)* , then y' =
Usetherule (sinu)’ = cosu.u’
y = (sinx)*
Iny = In(sin x)*
Iny = xIn (sinx)
y' ) cosx
— = (D (n(sinx)) + (x) ( )

y sinx
I

y :
— =In(sinx) +
y

- = In(sinx) + x cotx
sin x

—=—t— y" = y(In(sinx) + x cotx)
y 2Vx x Inx +22x\/§ 2xVx = (sinx)*(In(sinx) + x cotx)
1 g 1
nx+2 nx+2
v = (S ) = (55
2\/x 2Vx
71) If y =log,(x3—2) , then y' = 72) If y = cos(x®) , then y' =
Solution: Solution:
p Use therule (cosu)’ = —sinu.u’
Use the rule (log,w)' = 0
1 3x2 , o5 4 4 i (a5
y' =———— . (3x%) = y' = —sin(x?).(5x*) = —5x* sin(x>)

(x3—-2)(n7) (x3—-2)(n7)




73) If y =secxtanx , then y' =

Solution:

(f.9))=f'g+fg', (secu) =secutanu.u’ and
(tanu)’ = sec?u.u’

y' = (secxtan x)(tanx) + (secx)(sec? x)
= secx tan? x + sec3 x = secx(tan® x + sec? x)

74) If D?(cosx) =
Solution:
D(cosx) = —sinx
D?(cosx) = —cosx
D3(cosx) = sinx
D*(cosx) = cosx
Note: D"(cosx) = cosx whenever n is a multiple of 4.
Hence,
D®%(cosx) = cos x
D%”(cosx) = —sinx
D%8(cosx) = —cosx
D®°(cos x) = sinx

75) If y = (x + secx)® , then y' =
Solution:

Use the rules

@™ =n™ v and (secu) =secutanu.u’

y' = 3(x + secx)?. (1 + secx tan x)

76) If x2 =5y% +siny , then y' =
2x = 10yy' + cosy.y’
y'(10y + cosy) = 2x
, 2x
"~ 10y +cosy

77) If x> —5y%2 +siny =0, then y' =
Solution:
2x —10yy' +cosy.y' =0
y'(=10y + cosy) = —2x

, —2x 2x

78) If y =sinxsecx , then y' =
Solution:

(f.9) =f'g+fg, (sinu) =cosu.u’ and
(secu) =secutanu.u’

Y= —10y + cosy - 10y —cosy y' = (cosx)(secx) + (sinx)(secx tan x)
_ 1 sinx sin? x 5
=1+sinx. . = >—=1+tan"x
COSX COSX cos? x
= sec?x
79) If f(x) =sin?(x3+ 1), then f'(x) = 80) If y = (x +cotx)? , then y' =
Solution: Solution:
Use the rules Use the rules
W"*=n@)™tu and (sinu) =cosu.u’ @W" =n)™ Ly and (cotu) =-—csc’u.u’

f'(x) = 2sin(x3® + 1) . (cos(x® + 1)) . (3x?)
= 6x2sin(x3 + 1) cos(x3 + 1)

y' = 3(x + cotx)?. (1 — csc? x)

81) If y =tan™! (g) , then y' =

82) If y =cot™?! G) , then y' =

Solution: Solution:
-1 r_ u' -1 r_ u'
Usetherule (tan™*u)' = vy Usetherule (cot™u)' = T
, 11 1 1 2 , 11 1 1
y = 25 N N 2 y == 25 N 2
X 2 X 44+ x 44+ x X 2 X 4+ x
1+(3) 2(”?) 2( . ) 1+(3) 2<1+T) 2( . )
_ 2
_ 44x2
83) If y =sin™?! (g) , then y' = 84) If y = cos™! (g) , then y' =
Solution: Solution:
N . 1,y
Use therule (sintu)' = ey Use therule (cos™ u)' = —
, 1 1 1 1 , 1 1 1 1
y = ‘2= = y == =T ==
2 3 x2 \/9—x2 o2 3 x2 9 — x2
ONMENEE EAE THONMENENEE SN
_ 1 _ 1
J9— 2 Vo —x2




85) If D99(sinx) =

Solution:
D(sinx) = cosx
D?(sinx) = —sinx
D3(sinx) = —cos x

D*(sinx) = sinx
Note: D"(sinx) = sinx whenever n is a multiple of 4.
Hence,

D% (sinx) = sinx

D% (sinx) = cosx

D®8(sinx) = —sinx

D®°(sinx) = —cosx
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