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Integral Calculus-MAT 1060 for PYP

CHAPTER 2

TECHNIQUES OF INTEGRATION.

Floating dish at the King Saud University Sports
Stadium complex is an ellipse. Find the length of the
ellipse bracket
Involves the integration techniques provided in this chapter.

In this section we will give a
brief overview of methods for
evaluating integrals, and we will
review the integration formulas that
were discussed in earlier sections.

We will discuss and provide a

more systematic procedure for
attacking unfamiliar integrals. We
will talk more about Integration by
Using Trigonometric Identities and
Substitutions, Integration by Parts,
Integration of Rational and
Irrational Functions and Integration
by Partial Fractions.

2.1 INTEGRATION BY USING TRIGONOMETRIC
IDENTITIES AND SUBSTITUTIONS.

2.1.1 Integrating Products of Sines and Cosines.

Two special substitution rules are useful in a few simple cases:
1. For [sin™xcos"xdx , where m and n are positive integers.

Evaluating the previous integral depending on weather m and n are odd or even.
In fact, if nis odd, * Split off a factor of cos X.
* Apply the relevant identity  cos?x = 1 — sin’x
» Make the substitution U = sin X.

If misodd, -« Splitoff a factor of sin X.
» Apply the relevant identity.

sin?x =1 — cos®x
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* Make the substitution U = COS X.

If m and n both are even , then « Use the relevant identities to reduce the powers on
sin x and cos X.

_ 1
sin? x = 5 (1 — cos 2x)

1
cos?x = o) (1 + cos 2x)

2. For J'tanm x.sec” x dx , where m and n are positive integers.

If niseven, < Split off a factor of sec2 X.
« Apply the relevant identity. sec’x =1+ tan®x
* Make the substitution U = tan x.

If misodd, < Split off a factor of sec x tan x.
« Apply the relevant identity. tan? x = sec®x — 1
» Make the substitution U = Sec X.

If m even and n odd,
» Use the relevant identities to reduce the integrand to powers of
sec x alone. Then use the reduction formula for powers of sec x

tan® x = sec’x — 1

Example 1. Evaluate:
a) fsinzxcos:”xdx , b)jsin5xcos4xdx

Solution:
a) We note that m=2 is even, n=3 is odd:

J'sinzxcosf’xdx :J'sinzxcoszxcosxdx =I sinzx(l—sinzx)cosxdx

Substituting u=sin x , du= cos x dx we get:

Jsinzxcosg’xdx:qu(l—uz)du :‘[(u2 —u4)du :%u?’—%us +C

1.5 1.5
=—=SIN"X—=SIN"X+C
3 5

b) We note that m=5 isodd, n=4 is even
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. 5 4 . 4 4y 2\ nih oo
Ism X COS xdx:IS|n X COS xsmxdx=.[(1—cos x) COS”~ XSinxdx
4 6 8 :
:I(cos X —2C0S" + COS x)smxdx

Substituting y=cos x , du= -sin x dx We get:
1 2 1

[ sin®x cos*x dx = —f (u* — 2u® + u®)du = —gus +7u7 —§u9 +c
1 2 1
= —§c055x +7cos7x —§C059 +c

Examples2. Evaluate:

a) [ tan®xsec*xdx , b) [tan3x sec3x dx

Solution: a) Note that n =4 is even, the:
[ tan®x sec*x dx = [ tan?x sec®x sec?x dx = [ tan®x(tan?x + 1)sec?x dx
Substituting u= tan x , du= sec?x dx we get:

jtanzxsec4xdx :J'(u2 +1)u2du :luf’ +1u3 +c:£tan5x+ltan3x+c
5 3 5 3

b) Note that m =3 is odd, we get:
[ tan3x sec®x dx = [ tan®x sec?x(secx tanx)dx
= [ (sec?x — 1)sec?®x(secx tanx)dx

Substituting u = secx , du = secx tanxdx we have:

jtansxsecsxdx :I(u2 —1)u2du :Eu5 —lu3 +c:lsec5x—13e03x +C
5 3 5 3

2.1.2 Integrating Powers of Sine and Cosine.

Let's evaluate the two general integrals by the reduction formulas.

'[sin”xdx=—£sin”‘1xcosx+n—_l'fsin”‘2 xadx (1)
n n
1 : n-1
J.cosn X dx :—cos”‘lxsmx+—Icos”‘2xdx ().
n n
Example 3. Evaluate: a) jsinzxdx : b)jcos3xdx
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Solution: a) Using (1), we get:
. . 1 1
[ sin?xdx = — 5 sinxcosx + Ef xdx = — 5 sinxcosx +-x + ¢

b) Using (2), we get:

J'cosgx :lcos2 xsin x dx +gj.cosxdx = 1c:os2 X sin x dx +zsinx +c
3 3 3 3

:1(1—sin2 x)sinx +Esinx +c=sinx —lsin3x +c
3 3

2.1.3 Integrating Powers of Tangent and Secant

The procedures for integrating powers of tangent and secant closely parallel those
for sine and cosine. The idea is to use the following reduction formulas
to reduce the exponent in the integrand until the resulting
integral can be evaluated:

tan™ 1x
tan™ xdx = ——— — | tan™ 2 xdx (3)
n—1
sec" ?xtanx n-—2 )
sec™ xdx = sec™™ % xdx 4)
n—1 n—1

In the case where n is odd, the exponent can be reduced to 1, leaving us with the
problem of integrating tan x or sec x. These integrals are given by

[tanxdx = In|sec x|+ C (5)
[ secxdx =In|sec x +tan x| + C (6)

Precedents Formula can be obtained by writing:

sinx
ftanxdx = f dx = —In|cosx| + ¢ = In|secx| + ¢
cosx

Considering :
u = cosx ,du = —sinx dx and
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secx + tanx secx + tanx
= In|secx + tanx| + ¢

secx + tanx sec?x + secx tanx
secxdx = | secx ( ) dx =

Considering : u = secx + tanx ,du = (sec?x + secx tanx) dx

The following basic integrals occur frequently and are worth noting:

j tan®xdx = tanx — x + ¢ (7)

jsec2 xdx =tanx + ¢ (8)

Formula (8) is already known to us, since the derivative of tan x is sec?x, formula
(7)can be obtained by applying reduction formula (1) with n = 2 (verify) or,
alternatively,
by using the identity

1 4 tan®x = sec?x
to write
j tan’xdx = j(secz x—1dx =tanx—x+c (9)
The formulas

1
f tan3 xdx = Etanzx — In|secx| + ¢ (10)

1 1
j sec3 xdx = - secx tanx + > In|secx + tanx| + ¢ (11)

2.1.4 Integration by using trigonometric identities.

When the integrand involves some trigonometric functions, we make use of known
trigonometric identities to evaluate the integral. We classify these integrals as
follows:

21.4(A) Integrals of the type [ Sin" xdx, [cos™ xdx and [sin™ xcos™ xdx
where M is a positive integer less than or equal to 4.

To evaluate these type of integrals we will make use of the following trigonometric
identities:
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. 1-cos2A
i sinf A=————2271
(i) >

1+cos2A

ii cos? A==
(ii) >

I i : : 3sin A—sin3A
(iiiy SiN3A=3sin A-4sin®A or sin®A= = 4Sln

3cos A+Cos3A

(iv) CoS3A=4cos® A—3C0SA or cos’ A="> Z S

Example 4. Evaluate jSins xcos° X dx
. 1, .
Solution:  sin®xcos®x = §(8sm3 xcos® X)

1., . 1, . 1.
:g(Zsm xcos x)°* :g(sm 2x)° = §SII’13 2X  (Using the identity

sin2A = 2sin Acos A) :1(35"‘ 2X4—Sin 6x

8
A=2x)

Therefore

j (Using identity (iii) above with

jsin3 X €S> X dx =ij(3sin 2X —sin 6x)dx = ijsin 2xdx—ijsin 6x dx
32 32 32

3 (—costj L (_COSGXJ+C (Here we have made use of

AN AN
theorem 2.1.1. Since ISin Xdx=-cosx, using theorem 2.1.1 we have
J'sin2xdx=_COSZX , =_—3c032x+i0056x+c_
2 64 192

Example 5. jsin4 xcos* x dx

Solution:  sin* xcos® x = %(16sin4 X cos* X) = %(ZSin xcos x)*

_ L (inz2x)7 = L[LCOSAX) ety () with A=2X

16 16 5 (Using identity (i) with A= £X)

_ 1 2 1 1+cos8x N
_a(1—2cos4x+cos 4X) =% 1—2cosdx+——>°2 (Using identity (ii)
with A=2X) =%(3—4cos4x+c058x)
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Therefore
J‘sin4 Xcos* xdx = i‘[(3—4cos4x+c038x)dx:
128

128 128 4 128

= i(BX—sin 4X + SIZBXjJrC

3 4 sindx 1 sin8x
: +—. +C (By Theorem 2.1.1)

128

2.1.4 (B) Integrals of the type | sinmxcosnxdx, [sinmxsinnxdx and

j COSMXCoSNX dx

To evaluate these type of integrals we will make use of the following
trigonometric identities:

(v) sin AcosB=%[sin(A+ B) +sin(A—B)]
(vi) cosAsin B=%[sin(A+ B) —sin(A-B)]
(vii) cosAcosB= %[COS(A—!— B) +cos(A—B)]

(viii) sin AsinB = %[COS(A— B)—cos(A+B)]

Example 6. Evaluate the following integrals:
a) |sin3xcos2xdx

b).9n3x§n2xdx

c) [ cos3x cos2x dx

Solution:
a. Using the trigonometric rule (v), we get:

-1 1

1
fsiancos 2xdx = Ef(sin5x+sinx)dx =Ec055x—§cosx+c
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b. Using the trigonometric rule (viii), We get:

1 1
[ sin3x sin2x dx = Ej.(cosx — cos5x)dx = Esinx — 1—Osin5x +c

c. Using the trigonometric rule (vii) We get:

_[coschostdx :lj(cosx +C0s5x )dx = 1sin X + isin 5X +C
2 2 10

Example 7. Evaluate _[COS 2XC0s4xCcos6xdx .
Solution: costcos4xc036x:%(2c032xcos4x)cos6x
1 . . :
=§(COS6X+COS 2x)cos6X  (Using identity (vii) above withA=2 B =4

and also C0S(—6) = cos )

= %(cos2 6X +COS 2X COS 6X) = %(2(:052 6X +2C0S 2X C0S 6X)

1
=12 (1+cos12x +cos8x +cos4x) (Using identities (ii) and (vii) above).
Therefore,

Icos 2XC0S4xcosbxdx = %j(1+ c0s12x +c0s8X + cos 4x)dx

1 sinl2x sin8x sin4x
= X+ + + +C.
12 8 4

2.1.4 (C) Integrals of the type | tan” xsec™” xdx and [ cot™ xcsc™"xdx
In the above integrals M denotes any non-negative integer and 2n denotes any

. . 2 .
positive even integer. Clearly J.SGC "xdX and j csc®” xdx are special cases of the

above integrals with M = 0. To evaluate these type of integrals we make use of the
following :

2
Algorithm 1. To evaluate jtanm xsec™" xdx

n-1
Step 1: Write the given integral as | = jtanm X(sec?x) sec’ xdx.
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n-1
Step 2: Write the given integral as | = J.tanm x(l+tan2 x) sec’ xdx (using the

trigonometric identity sec” x—tan® x=1)

Step 3: Put tan x =t . Differentiating with respect to X we getsec’ xdx =dt . The
integral in step 2 becomes | = J"[m(lﬁ“[z)n_1 dt.

Step 4: Expand (L+t*)"" of step 3 by binomial theorem and then integrate using
tn+1

the formula_[tn dt = PYRE

Step 5: After integration in step 4, replace t with tanx.

Note: A similar algorithm follows for [ cot™x. csc?™x dx also.

Example 8. EvaluateJ.COt2 xcscixadx
Solution:  We will follow the steps of Algorithm 1 as follows:
Let | = J.cot2 XcSc*XdX Then

I =.fcot2 xcsc?xesc?xdx or= fcot2 X(1+ cot? x) csc?x dx

Put cotx—t andesc’xdx =dt, Then | = [*(L+t)dt = [t°dt+ [t'dt

t3 t5 3 5
_ _+_+C:cot x+cot X. ¢
3 5 3 5

2n+l

214 (D) Integrals of the type Itan2m+l XSecC XdX and IC0t2m+l x cs c2"1x dx

In the above integrals the exponents of tan X and secx are odd positive integer. To
evaluate these type of integrals we make use of the following:

2m+1 2n+l

xsec”"™ xdx

Algorithm 2 To evaluate _[tan

Step 1: Write the given integral as | = J‘(tan2 x)" (sec2 x)n sec xtan xdx
Step 2: Write the given integral as | = J (sec® x-1)" (5902 X)n secxtanxdx (using the

trigonometric identitysec” X —tan” x =1)
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Step 3: Put sec x =t . Differentiating with respect to X we get. SeCXtan xdx = dt
The integral in step 2 becomes | = j(tz -1)"t"dt,

Step 4 : Expand (t° —1)™ of step 3 by binomial theorem and then integrate using the
tn+1

formula Itn dt = N+l

Step 5: After integration in step 4, replace t with SecX.

2n+l

Note: A similar algorithm follows for J‘COIZW1 xcscxdXx also.

Example 9. Evaluate J.'[E:lﬂ3 xsec’® xdx

Solution: Let | :Itan3xsec3xdx_ Then | :Itan2 xsec® xsecxtan xdx or

| = I(sec2 x —1)sec” xsec x tan x dx .

Now put sec X =t, so that on differentiating with respect to X we get
secxtan xdx =dt . Then we have

t* sec’x  sec’x

| =|(t*-Dt’dt= [t*dt—|t°dt= ———+C= -

I( ) J I 5 3 3) 3

+C

2.15 (E) Integrals of the type jtann xdX and Icot” xdx
These type of integrals can be reduced to any of the forms given in sections 2.2.1(c)

or 2.2.1(d) by using the identities S€C° X —tan® x =1 and cosec’x—cot* x =1.
The method will be clear from the following examples.

Example 10. Evaluate J.tanB xdx .

Solution: Let | =Itan3XdX. Then

I :jtanzxtan xdx = j(seczx—l)tanxdx:jseczxtanxdx—jtanxdx.

Now, Itan xdx =In|cos x| +C.

Example 11. Evaluate ICOtG xdx

Solution: Let | = jcot6 X dx = jcot“ X cot? x dx
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— J‘cot4 x(csc’x—1) dx = jcot“ xcsczxdx—'[cot4 xdx=1-1, . (1
To evaluate this integral put cotx =t, so that —CSC*xdx =dt or cscxdx = —dt Then

t° cot’x
— 4 — —
|1_—jtdt_—§+cl_——5 +C. @

The integral |, = _[ cot* xdX can be solved by repeating the above process as follows

|, = J'cot“ Xdx = Icot2 xcot® xdx = Icot2 x(csc®x —1) dx

= jcotz X csc"‘xdx—jcot2 xdx = jcot2 xcsczxdx—j(csczx—l)dx

= jcotzxcsczxdx—j(csczxdx +j1dx: I, +cotx+x+C,
(since Icsczxdx=—cotX)_

Where |5 =.[COt2 Xcsc’XdX . To evaluate |, put cotx =t so that csc’x dx = —dt

t3 cot®
and thenI3=—It2dt=§+Cg= 3 X+C3.Thus we have
cot® X
|, = +C,+cotx+x+C, )
Hence from (1), (2) and (3) we have
5 3
I :.[cot6 xdx = — CO; X_ CO; X _cotx—x+C,~C,-C,

cot’x cot® x
- - — —cotx—x+C
5 3 '

2.1.4 (F) Integration using miscellaneous trigonometric identities

In many cases of integration of trigonometric functions, the given integral may not
be of any of the above said types and also direct substitutions may not be possible to
reduce the given integral to any of the standard form. In such cases we have to make
use of various known trigonometric identities to reduce the given integral to any of the
known types. The trigonometric identity to be used varies from problem to problem
depending upon the function in the integrand. Students are advised to see the following
examples carefully and try to understand how to analyses a given function and use
necessary trigonometric identity to simplify the given function.

in2
Examplel?2. Evaluatej @ f:)nco); ) dx.
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sin 2x J 2sin X CoSs X

(a+bcos x)? (a+bcosx)?
(Using sin2A=2sin Acos A).

Solution: I

t—a : —dt
put a+hCOSX =t so that cosx =~ and sin XdX=T.Then we have

_[ sin 2x B IZSlnxcosx 2 t-a,
(a+bcosx) (a+bcosx) R
-2l 2a 2al
=ijdt+b7jt_2dt = | |t|——— +C
—2 a
- — In(|a+bcosx|+— +C
b a-+bcosx
Example 13. Evaluate _f COSX—SINX 4
P ' 1+sin2x
COS X —SiIn X COS X —Sin X
ion: ————dx = dx
Solution: -[ 1+sin2x J‘sinz X +C0S® X + 25in X COS X
(Note the use of identities) :j cos X o X2 dx
(sin X+ cos x)
Put sinx+cosx =t so that(COSX—sin x)dx =dt .
Then we have
[RE N R gy o [SOSXTSNX gy o lo=-tic=— 1 ¢
1+sin2x (sin x + cos X)* t t Sin X +C0S X
Example 14 Evaluatej L
P ' sin(x —a)cos(x —b)
i 1 1 cos(a—b)
. . dx = -
Solution J.sm(x—a) cos(x —b) cos(a—b) J‘sm(x—a) cos(x —b)

_ 1 J-cos((x—b)—(x—a)) dx
cos(a—Db) 7 sin(x—a)cos(x—b)

_ 1 Icos(x—b)cos(x—a)+sin(x—b)sin(x—a) dx
cos(a—h) sin(x—a)cos(x—h)

:m(jcot(x a) dx+ [ tan(x - b)dx)

1 .
= m(ln [sin(x —a)| - In|cos(x —b)[)+ C
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sin(x—a)
cos(x —b)

j+c_

In this section we will discuss the methods for evaluating integrals in which the
integrand contains algebraic functions under radicals and can be simplified by making
use of some trigonometric substitutions.

B 1
~ cos(a—b)

2.1.5 Trigonometric Substitutions

More generally, an integrand that contains one of the forms
JaZ b2, va? +b2x? or yb*x? —a?

(where a and b are constants) but no other irrational factor may be transformed into
another simple trigonometric functions in a new variable by making some
trigonometric substitutions. Such trigonometric substitutions are summarized in the
following table

Table (2)
Integrand | Substitution To obtain

va?-b’x* | x —2ging | avl—sin’0 =acosO
b

Va® +b?x? x:%tane av/1+tan®0 =aseco

Vb?x*—a% | y —8¢acp | avsec’0-1l=atan®
b

In each case, integration yields an expression in variable 0.
For the special case b=1_ the above table becomes :

Table (3)
Integrand Substitution To obtain
a®—x* | x—asing;— <0< X Va® —x* =acos0
2 2
a’+x? X:atanO,—géeég Vva? +x% =aseco
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if x>a |Vx°—a®=atano

X" —a 0<0<

T
x=asec9, 2

g<9STC if x<-a

: dx
Example 15. Evaluate: [— =
‘[ X2/ 4 — x2
Solution:  The integrand containsv'4—x?* , which is of the form va? —x* witha=2.
Then as in table (3) make the substitution

X =2sin0,dx = 2cos0do

we get

X2\/4 - x? B

dx 2c0s0d0 1_do 1
| ——=-ZcotB+c ...»1)
.[ I(zsine)2 4—4sin”0 4'[5'”29 4

) X
But we have x=2sin@® or smez?Then

2
cosO=+/1-sin0 = 1- X :%\/4— x?

4

cosO  V4-x°
sin® X
Now substituting in (1), we get

which yields coto =

dx 1 V4 —x>
_[ == +C.
x2Ja—x2 4 X

Example 16. Evaluate:

dx
I X9 + 4x?
Solution: As in table (2) make the substitution

x:gtane , then dx:gseczede and 9+ 4x? =3secO
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3

—sec0do
J' ax == 32 =1.|'cscede
X9+ 4x (ztan e)(?;sec 0)

:%In\csce—cotehc (1)

Now, x:gtane ortane:%X.Then cotezzi and

X
V9+4x

cosecO =1+ cot?0 = 1+ . Substituting in (1), we get

oy

9+4x% -3
2X

+C

X~/9 + 4x?

x2dx

Example 17. Evaluate I—
\/Zx—x2

Solution: We have

J2x X2 ¢1 x-1)°

Make the substitution x —1=sin®, dX =c0S0d0 and v/2x — x? =cosH.

Then we have

B 1+sm6)
I\/Zx x? '[ cos@

= [(1+5in6)°d0 = [ (1+2sin0+sin’0)do

0s0doO

= ( + 2sinf — —cosZH) do
= %9 — 2cosf — ZsinZB +C (1)

Also we have sin®=x—1, 0=sin"(x-1),

cos0 =+/1-sin?0 =\/1—(x—1)2 —J2x - x2, sin20 = 2sin0cos0 = 2(x —1)v/2x — x? .

2
I x“dx _—<51n (x— 1)> Zm_%(x—l)m‘FC
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sekskskokesketekekekekokskekekskekekeokekek

v QUICK ACTIVITY EXERCISES 2.1 (see after exercises for answers.)

1. Evaluate the integrals:

a)jcoszx dx , b) jtanzx dx , ©) ,jsin3xcosx dx ;u = sinx

2. Ineach of the following, state the trigonometric substitution that would
be used to evaluate the integral. Do not evaluate the integral:

a) j\/9—x2 dx b) I\/9+3x2 dx c) I\/1+16x2 dx

v’ EXERCISES SET 2.1

e Evaluate the following integrals :

2
1 j dx 4 _
) m (26)jtan x dx
2 f o9, z
2 X X
) x * 27)[ sin® = cos? = dx
0 2 2
dx
3 [ e
x2V9x2 — 4 28) Isin"’Zxdx
cos
4) jmde 29) Isinzxcos3xdx
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9)] dx
x2vVx2 -1

10)_[5%3 V1 —x2 dx

dx
11 —
) xzx/x2 + 25
12)[———

( )3/2
13)j\/x2 +4dx

dx
4 '[xz»\/9 —x?

15) |

dx
17
)I\/x2 —4x +13
18) j X34 - x?

19) [ ———5

(9+x )3’2

30) jsin 2X cos4x dx
) jcoschostdx
”)'ftan3xdx
¥Y) Itan“”xsecxdx
Vi)J'cot?’xdx
“°)J‘cot3xcsc3xdx
36)jsin4 X dx

™

6
37)J sec326 tan26d0
0

4
38)j secx tanx dx
0
n
39) [ sin®3xcos®3x dx .
40) f sin* x cos*x dx
41)ftan3x sec?x dx
42) f sin 33x dx
43) j cos 34x dx

44) j sec 32x dx

45)fsin2x cosx dx

sin® x —cos® x
46 dx
)-[1—25in2 X c0s? X
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20)fsin4xcoszxdx 47)jCOSZXCOS4XCOSGXdX
- f tan 2x 48 Il cosx
) sin 2x + 3cosx %x 1+COSX
49)fcoszxdx
22) fsec32x dx
23) jsin33x dx 50) _fsin32xdx

24) j\/tanxsec”‘x dx

25) j sin3xcos?xdx

v QUICKACTIVITY ANSWERS 2.1
1. a) X+ lsin2x +c
2 4
b) tanx —x+C

sin® x
+

2. a) 3sec® , b)+/3tanb , ¢)
—tan 6

sekekskekskokeskokekokskskskskokskokskokk
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2.2 INTEGRATION BY PARTS.
2.2.1 Introduction

In this section we will discuss the methods of differentiating functions which are
expressed as product of two functions. A primary method to integrate product of two
functions is called integration by parts. The formula used is given as follows:

Let f(X) and 9(X) be any two functions. Then
[ £().9()dx= £ ([ g(x)ex— | (f (o] g(x)dx)dx
Students are advised to remember the above formula as follows:

Let f(X) and 9(X) be any two functions of X taken as the first function and
second function respectively. Then= j' first functionxsecond function dx

first funCtiOHXISGCOHd functiondx - J.(di first function x _[ second function dxjdx
X
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Namely: The integral of product of two functions = (First function)
(integral of second function) — integral of { (derivative of first function)
(integral of second function)}.

Result: when we have _[ first functionxsecond function dx or
j f (X) g(X)dx then we take
u=f(x)and dv=g(x)dx, so du= f'(x)dx andv=G(x)= j g(x)dx, then

we can write:

Judv:u-v—jvdu 1)

When the last relation is to be used in a required integration the given integral must by
separated into two parts, one part being u and the other part, together with dx, being
dv (for this, integrations is called "by parts". In this way, two general rules can be
stated:

1. The part selected as dv must be easily integrable.
2. deU must be simpler than ju dv

f xe3* dx
e3x

Solution: put u=x ,du = dx anddv = e3*dx ,v = -

Example 1. Find

1 1 1 1
jxe3xdx=§xe3x —§fe3xdx=§xe3x—§e3x+c

2.2.2 We use this method a lot especially in the following case considering
cases.

e The First Case: For evaluating the integral: J'x” e dx

x"=u = du=nx"1ldx

We take: 1
edx =dv =>v==e*
a
1 _
then: [ x"e®™dx = ~x"e™ — Zf x" 1 e dx

The new integral is less complicated than the original, repeated the integration by parts
in the right integral (n-1) times, we get the required integral.

Example 2. Find [ x?e*dx
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Solution: take u=x?=du=2xdx
e*dx=dv =v=e*, then
Ixzexdx = x%e* —2_|'xeX dx
Now we must evaluate the integral in the right side by parts again with:
U=Xx=du=dx and e*dx =dv = v=¢"
hence: [ xe*dx = xe* — [ e* dx = xe* — e* +c;,.

[x%?e*dx = x?e* —2xe* +2e*+c; c=-2¢

Note:
The technique work for integral jx”eaxdx in which n is a positive integer and a is a

real number, because differentiating X" will eventually lead to zero and integrating
IS easy.
e The Second Case:

For evaluating the integral: jx”cosaxdx or _[X”Sinaxdx

We take: x"=u=du=nx""dx and dv=cosaxdx:>v:lsinaxdx,then:
a

1 ) n 1.
jx”cosaxdx:—x”smax——fx” Lsinaxdx
a a

The second integral is like the first except that it has sin ax in place of cos ax.

To evaluate the second integral, repeated the integration by parts on the right integral
(n-1) times, we get the required integral.

Example 3. find IXCOSXdX

Solution: take u=x=du=dx gng dv=C0oSXdXx=v=sinx
then:

jxcosxdx =XSinXx —jsin XdX =XSINX +COSX +C

e The Third Case:
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For evaluating the integral: an Inx dx

dX X1
We take: InXx=u=>—=du x"dx=dv=>v= n#—1
X n+1
n+1
X 1
then: _[x” Inxdx = ——Inx ——— | x"dx
n+1 n+1

It is obvious that the integral in the right side is less difficult of the one in the left.

Example 4. Find len X dx

) 1 2
Solution: take Inx:u:;dx:du and xdx:dv:%:v,then:
X2 1 N

lenxdx=—|nx— J'xdx:—lnx—lx2 +C
2 2 4

2
Remark: The integrals:
Ix”sin‘lxdx,jx” cos ™ xdx, Ix“tan‘lxdx
are solving by the same hypotheses, by mean:
u=sin"'x (cos‘lx, tan‘lx) and dv =x"dx
e The Fourth Case:
For evaluating the integral:

J'eax coshxdx or jeax sinbx dx

We take: u=e* =du=ae®dx and dv:cosbxdx:v:%sinbx

then:J'eax cosbx dx :%ea" sinbx —%jeaxsin bxd

Easily seen that, the second integral is like the first one except that sin bx in place of
cos bx, to find it we use integration by parts again, with u=e* , dv =sinbxdx.
then:

ax

Jeax cosbxdx = e—s.in bx —E{Eeax cos bx —ij‘eax cos bxdx}
b b(b b
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thus:
aX a3 ax
(1+3jj e™ coshx dx = = smbx+ae CngX
b b b
finally:
o5 bx dx = b | be®sinbx +ae®™ cosbx
Ie coshxdx = > +C
a+b b

Example 5. find Iex sin xdx

Solution:

take: sinxdx =dv = v=CosX

u=e* =du=e"dx and
Je"sinxdx =e*cosX —Jex cos x dx
to evaluate the right side integral by integration again, with:
u=e* , dv=cosxdx
we get:

_[ex sinxdx =e* cosx — {ex sinx — jex sin xdx} +c, , then:

ZjeX sinxdx =e*cosx —e*sinx +¢, thus:

‘- e* cosx +e*sinx
Ie sinxdx = +C
2
e The Fifth Case:
For evaluating the integral :
dx
I, = ——
(1+x )

by reduction method, we evaluate the integral |, ;, then | ,, thus till evaluate the
integral 1,, where:
dx

11=fm=tan‘1x+c
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indeed, applying integration by parts rule on:
dx

In—1: W , Where:
! n_1=u:>du=2(1_n)xndx and dx=dv = v=x
(1+x2) (l+x2)
2
we find: In_1=%+2(n—1)f den or
(1+x2) (1+x2)
2
|, = X2 —+2(n-1) X +12_nldx
(1+x (1+x )
X dx dx
Iy = 5 n—1+2(n_1)< N o\1
(1+x (l+x ) (l+x )
That 1,,=————+2(n=1){l,,~1.} then:
1+x°
| - 2n-1 - X ?
" 2= p(n-g)(1ex?)
Example 6. Find |3=I(1 dX2)3
+X
Solution: Using (2): we have: l;=—1,+ ( X 2)2 where:
4(1+ X
1 1. 4
I, ==I =—t
? 21+2(l+x2) 2" X+2(1+x2)

Substituting in 15, we get:

50



Integral Calculus-MAT 1060 for PYP

X 3X 3.
I, = + +—tan "X +¢C

414x?) 8(L+x?)

Example 7. Evaluate _[ X cos xdx ,

Solution:  Here the integrand is product of two functions X? and COS X. So we
take U = x*> —du =2xdx and dv=CcosSxXdx—Vv = .fcosxdx =sin X

judvzuv— fvdu

Ixz cos xdx = x°sin x—2'[xsin X dX

Using the formula

we find

(Note that we don’t add constant of integration while integrating the first function )
( Again integrating by parts without changing the order of first function and second

function ) = X° Sin X+2xcos x—2sinx+C

Note : In the above example if we take COS X as the first function and X* as the

second function and integrate we get
2 q x® X8 . . .
X“cosxdx = cos x.?—jsm x5 dx, that is the given integral is expanded to a

more complicated integral with more higher powers of  and this will still increase in
the next step. Thus proper choice of first function and second function is important.
Usually we follow the following rules to choose the first function :

1. If one function is a polynomial function and the other function is easily
integrable then the polynomial function is taken as the first function.

2. The LIATE rule is also very useful in deciding the first function. According to
this rule the first function is chosen as the function which comes first in order
of letters of the word LIATE where
L — stands for logarithmic functions.

| — stands for inverse trigonometric functions.
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A — stands for algebraic functions.
T — stands for trigonometric functions.
E — stands for exponential functions.

3. If there is an inverse trigonometric function or logarithmic function and no
other function, then we can take 1 as the second function and integrate by
parts.

Example 8. Evaluatejm xdx .

Solution:  Note thatInx =Inx.1, that is In x is the product of Inx and 1. Now 1

being a polynomial of degree zero, to evaluate I|n XdX we use integration by parts

taking U =In|x| and dv=dx , then we have du ~Land v=x
X

jln xdx = xln\x\—jxidx:xln\x\—jdx:xln\x\—x+c_
X
Example 9. Evaluatej'[an_1 xdx

Solution:  Note that tan™" x =tan ™ x.1. So integrating by parts taking tan ™" X as

the first function and 1 as the second function, we get

jtan‘lxdx = X.tal’]1X—J.XﬁdX:ta_n1 X'X_J‘[l 1x2 _xjdx =
_'_

X
1+ x°

xtan ™t x — j dx .
Now to evaluate the integral above, we will use substitution method.

1
Put 1+ X* =t so that on differentiating with respect to X we get xdx = Edt :

Then we have

X 1,1 1 1
dx = = |=dt = =In|t|+C = =In(1+ x*)+C
I1+x2 zjt 5 | 5 (1+x°)+C Hence
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a1 _ 1 ) ) .
Jtan XdX = xtan™ x - > In(1+x*)+C (Note that since C is a constant, it doesn’t

matter whether we take +C or —C).

2.2.3 Integrals of the form Iex [ f(x)+ f'(x)]dx

To evaluate this type of integral we proceed as follows :

1. Write the given integral as

jeX[f(x)+ f '(x)]dx:jeXf(x)dx+jeXf (X)dx .
2. Now evaluate the first integral by parts taking f (X) as the first function and

e” as the second function.

3. The second integral will get cancelled.

Theorem 1. j e [f(x)+ f'(x)]dx=€"f(x)+C.
Proof : We have jex [ f(x)+ f(x)]dx ='fex f (X)dx+jexf (X)dX . Integrating the

first integral by parts taking f(X) as the first function and €" as the second function

we get

= [er[F00+ £:(0]dx= £ (0e" - £ 1(0e’d+C + [ F ()X = £ (x)e* +C.
[ 2+5sin2x

Example 10. Evaluate _[e (m) dx

2 +5sin 2x -
. e* dx — [ 2+ 2sin X Cos X
Solution: j (l+c052xj Ie ( > 005 x dx

= '[ e” (SEC2 X +tan X)dX (This integral is of the above discussed form)
= Iex tan xdx +J'eX sec” xdx
= tan x.e* —Iex sec” xdx +jeX sec’ xdX (Integrating the first integral by

parts taking tan x as the first function) = tan x.e*+ C.
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Note: Whenever € appears in the integrand, students are advised to check whether

the given integral can be reduced to the above form.

. X
Example 11. Evaluate Ie (x+1) dx

x X X+1-1 1 1
ion- e dx = |e dx = [e* _
sotions ¢ G ¢ = [ i = e (m (x+1)2]dx

1 1
o : i = [e*——dx—[e*
(This integral is of the above discussed form) Ie 1 X je (x+1)?

ieX+J‘eX - 5 dx — ex%dx
x+1 (x+1) (x+1)

(Integrating the first integral by parts taking tan x as the first function )

1
_——¢
X+1 -

2.2.4 Integrals of the form jeax sinbxdx and Ieax cosbxdx

In this type of integrals we integrate by parts repeatedly taking e™ as

dx

the first

function. After few steps we get the same given integral on the Right Hand Side. We

illustrate the method below.

Example 12. Evaluatejezx sin3xdx.

Solution:  Let! =Iezx sin3xdx . Integrating by parts taking €°* as th

function, we get

I :ezx(_COSSXj—jZezx(ﬁ]dx
3 3

—e*cos3x 2 . :
=T+§ j e” cos3xdx. Again integrating by parts, we get

2X - .
_ 8 c0S 3X +g(32x sin 3x —IZeZX sin 3x dxj
3 3 3

e first
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2X 2X
—e“"C0S3X 27 . 4 . 2x 2x
_ + sm3x—§je2xsm3xdx=—e cos3x  2e Singx_g|

3 9 3
Therefore
4  —e™cos3x 2e* . 13 —e*cos3x  2e* .
| +—1= + SIN3X  gror — | = + sin 3x
9 3 9 ’ 9 3 9
3 e2*
| = ——e* c0os3Xx +——sin3x
13 13 '
Example 13. Evaluatejex cos” xdx .
. [ 14+C0s2x
Solution: Iex cos® xdx = je (—jdx
1 1 1 1
= —|efdx+=|e*cos2xdx= =e*+=1+C
-] 5] €+ @)

where | :'[eX cos2xdX now I:J‘eX cos 2x dx

e*sin2x 1, , . ) ) ) . .
= T_EIG sin 2x dx (integrating by parts taking € as first function)

e*sin2x 1 (—ex COS 2X _I —e* c0s2x

2l 2 2

; > dX] (again integrating by parts )

e*sin2x e*cos2x 1 , e*sin2x e*cos2x 1
= + ——Ie cos2xdx = + ——1,
2 4 4 2 4 4
Therefore
1 e*sin2x e*cos2x 9 e*sin2x e*cos2x
l+=1 = + -1 = +
4 2 4 4 2 4
2e*sin2x e*cos2x
= z + 5 Thus we have from (1)
1 1( 2e*sin2x e*cos2x
jeXCOSZXdX:—eX+— €3 L0 +C
2 2 5 5

Example 14. Evaluate J.(sin*1 x)2 dx.
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Solution:  Put Sin"" X =t Then X=8INt and dx = costdt , we get
J'(sin*1 x)2 dx = jtz costdt . Now integrating by parts
[(sinx)"dx = t*sint—[2tsintdt+C= tsint + 2tcost - 2[ costat +C
(again integrating by parts)

= t*sint+2tcost—2sint+C = (sin™ x)2x+25in1 xyJ1-x? —2x+C.

Example 15. Find [ x3e**dx
Solution: take u=x? = du=2xdx and dv=dx=v=X

thenijexzdx = %xze"2 - Ixexzdx = %xze"2 —%exz +c

Example 16. Find the integral jln(x2 + Z)dx

) 2x dx
) 2 _ _
Solution: take u=|n(x +2):>du:X2+2 and dv_dX:V_X,then
2x%du
[In(x?*+2)dx =xIn(x*+2)— [ o
X
=xIn(x24+2)—=2x+2V2tan"1—+¢
( ) 7

¥.2.5 A Tabular Method For Repeated Integration By Parts

Integrals of the form p(x)f(x) dx, where p(x) is a polynomial, can sometimes be
evaluated using repeated integration by parts in which u is taken to be p(x) or one of
its derivatives at each stage. Since du is
computed by differentiating u, the repeated differentiation of p(x) will eventually
produce 0, at which point you may be left with a simplified integration problem. A
convenient method for organizing the computations into two columns is called
tabular integration by parts.

e The steps we take to find integration in using Tabular Integration by
Parts:

Step 1. Differentiate p(x) repeatedly until you obtain 0, and list the results in the first
column.
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Step 2. Integrate f(x) repeatedly and list the results in the second column.

Step 3. Draw an arrow from each entry in the first column to the entry that is one row
down in the second column.

Step 4. Label the arrows with alternating + and — signs, starting with a +.

Step 5. For each arrow, form the product of the expressions at its tip and tail and then
multiply that product by +1 or —1 in accordance with the sign on the arrow.

Example V7.
Using Tabular method to evaluate the integral: [ x%e* dx

Solution:
derivation integration
(+) x? — e”
() 2x S e
(+)2 s
0 T e*

Since ,we find:

szexdx =(x?=-2x+2)e*+c

Example 18.
Using Tabular method for evaluate the integral:
jx3cosx dx
Solution:
Derivation Integration
(+) x3 cos x
() 3% T sinx
(+)6x T cosx
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(-)6

-sin x

I

COS x

Since we find:

fx3 cosxdx = x3sinx + 3x%cosx + 6xsinx — 6cosx + ¢

Example 19. [(x* — 2x + 9)sinx dx

Solution:
derivation integration
(H(x*—2x+9) sinx
() (2x:2) T —cosx
(+) 2 \ —sinx
0 B coOSX

j(xz — 2x + 9)sinx dx = —(x? — 2x + 9)cosx + (2x — 2)sinx + 2cosx + c.

skekskskskeketekekekekskokskekekekekokekek

v QUICK ACTIVITY EXERCISES 2.2 (See after exercises for answers.)

1. Find appropriate choice of first function u and second function v for
integrating by parts the following integral. Do not evaluate the integral.

a)fxlnxdx; U=———,dv=———
b) f(X+2)sinxdx; Uu=———,dv=———
c)fcos‘lxdx; U=———,dv=———

d) [In(x+1dx; u=—-—-——,dv=———.
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2. Use integration by parts to evaluate the integral.

a) jln(x+1)dx , b) fxsiandx.

v EXERCISES SET 2.2

a) Evaluate the following integrals :

1)J x° sin x dx

J' (X +1)e
(x+1)?

5) [ xe?* dx

7) [ X sin3xdx

9) [ e* sin x dx

sin~1x

2 =

dx

4)]cos‘12x dx
6)jxc052xdx

10) 'sin"* 2xdx
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11)j(x2+1)|n X dx

In X
3) j mdx
15) j x2e dx
17) j x tan* x dx
19)jsin‘1x dx
Zl)jln(x +2)dx
23)jxtan2x dx

25)je3xsin2x dx

Inx

29)ch2 e Xdx

31)f\/§lnx dx

12) j (sin(In x) +cos(In X)) dx
14)Jxe3x dx
16)J'x2\/1—xdx
18)Jsin3x dx
20)[?62 e*dx
ZZ)steczx dx

1
24)J (5x + 2)2%dx

0

26) f x2Inx dx

x2dx

28)[ N
30) j xe** dx

32)Jcos3x dx

b) Using Tabular method to evaluate the integral:

1) f(xz + 7x — 56) sinx dx

2) f(xz —2x)Inx dx

3) f(xz + 2x) cosx dx

4) f(3x2 —x+2)e ™ dx
S)Ieax sin bx dx.

6)fex cos x dx.

v QUICK ACTIVITY ANSWERS 2.2
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1.

a) u=In|x|, dv=xdx — v=%x2,

b) u=x+2, dv=sinxdx - v=—cosx,
) u=cos x,dv=dx->v=x.

d) u=In|(x+1)], dv=dx—->v=x.

2. a)(x+Dn(x+1)—x+c
b) — §c052x +i sin2x + ¢

sekskskokokstekkekeskokokerekkekekokokek

2.3 INTEGRATION OF RATIONAL AND IRRATIONAL
FUNCTIONS.

2.3.1 Integration of Standard Rational Functions
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In this section first we prove some standard integrals for rational algebraic
functions and then give some applications of these integrals. The students are advised
to remember these integrals as standard integrals

1
dx=—|n
x? —a’ 2a

X—a
X+a

Standard Rational Integral I: j +cC

1 1
Proof. x> —a®  (x- a)(x +a)

1 2a (x+a)—(x—a) 1{L_L}
“2al (x—a)(x+a) | 2a| (x-a)(x+a) | 2alx-a x+a

= zdzl{ 1o de}:-[m(x a)|—|n|(x+a)|]_—|n

X —a 2a

+C

X—a X+a X+a
. 1
Standard Rational Integral Il : I > 2dx=—|n arXc
a” —x 2a |a—X
1 1
Proof. 22

a“—-x° (a-x)(a+x)

1 2a 1 1[@-x+@+x)] 1[ 1,1 }
“2al(a-x)(a+x)| 2a| (@a-x)(a+x) | 2ala+x a-x

1 1|, 1 1 1
f dx:—[ —— dx+ —dx}=2—a[ln|(a+x)|—ln|(a—x)|]

az—x2 2a|’ a+x a—Xx
a+x
= I +C.
2a |a—X
. 1 1, ;X
Standard Rational Integral I11 : f —— dX=—tan" —+c
X +a a a
Proof. Put x=atan@ ,then dx = asec’ 0dé@

dx _Iasec <9d¢9 1

x’+a’=a’tan’f+a*=a’sec 9—>I
a’sec’d

dé
Fra a!
“Lloie = LantXic

a a a
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Many rational algebraic functions and rational transcendental functions can be
reduced to any of the above said standard forms by proper simplification and
substitutions. Although there is no specific method for simplification, the following

steps will be helpful:

1. If degree of numerator is greater than or equal to degree of the
denominator, then first divide numerator with denominator.

2. If trigonometric functions are involved then make use of the various
trigonometric formulas and then some proper substitutions will reduce the
given integral into any of the above said standard forms.

3. Make proper substitutions to reduce the given integral into any of the above
said standard forms.

The following solved examples will make the method clear.

2.3.2 Solved examples

X + X
Example 1. Evaluate_[x4—_9dx .

3

Solution: Izji;dxﬂ. 4X dx+I

——dx=1+1,

X" — X" =9

3

dt
Now , |1=I X dax, putX* =9 =t then 4x’dx = dt OrXSdX:Z'

x* -9
: x° 1 ¢dt 1 \
ch=fag® = T = ghilee = dnjed-o)+e,
X dt
Again 1, =[x Put X* =t then 2xax =dt or xdx==""
X 1 dt 11, |(t-3 1. |(x*-3
2 IX4—9 2It2—32 26 (t+3j * 12 {x2+3j i
X + X x° X
Hence,J.X4_9dx=_|'x4_9dx+_[x4_9dx
1 x* -3 1 x> -3
=1In(x*-9)+¢, +-—In +¢, =1In|(x* =9)[+—=In +C
Hn(¢ - 9)+¢+ [X2+3j = 4In|(¢ =9+ S in| ——

63



Integral Calculus-MAT 1060 for PYP

dx
Example 2. Evaluate —\/;+ x\/;'

1

- J‘ dx ZJ- dx ZJ- 1 dx
Solution: \/§+x\/§ \/;(l+x) 1+x'\/§

1
[ — ——dx=dt ,, —=dx=2dt
Put /X =1 | then 5 ,—X or ,—

dx 1 1 1
S| — . —dx = |—.2dt
I = I m® = e
=2_[ L 4t = 2tanttsc - 2tant /X + ¢

1+t2

(Using standard rational integral 111).

X4

Example 3. Evaluate jmdx.

Solution:  Note that in the given function, degree of numerator is greater than the

degree of denominator. So first we divide x* with X° -4 using long division
4

16
=X +4+— 7 Thenwe have

method to get 24 v

4
X44dx=Ix2dx+I4dx+IX2_

16
IX _4dX J.(x2+4+xz_4jdxz> Ixz—
=
X+2

= IX2X14dx:jx2dx+4fdx+16.fxziz dx =—+4X+16[Z|n

3
(X 2)
X+ 2

3

(Using standard rational integral | with a=2) _?+4x+4ln

sin2x

Example 4. Evaluatej Sin3x

dx .

Solution: We have
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Sin2x  2sinXcosx  2C0SX

sin3x  3sinx—4sin®x  3-4sin?x

n2x _J- 2C0S X
3-4sin*x

(Using proper trigonometric

identities),therefore I

Now put SinX=t. Then cos xdx =dt . Then we have

dt. Dividing numerator and denominator of R.H.S by 4,

-s!n2de_J- 2 :
7 sin 3x 34t

-sm2x / 1 ‘/_/+t _
we get | 3|n3x j/ e j[\/g]z . J_/ (using

2

J3 \/_/+smx

standard rational integral I, with@ = ——).Example 5.=
: y )Banples.”; g B, sinx

sin x

————dx
Evaluate .f 17 cos? x X

Solution: Put cos X =t , so that on differentiating with respect to X , We get
sin xdx =—dt . Then we have

sin X 1 1 1
J‘mdx = _'[1 2 dt = —tan t+C = —tan (COSX)+C.

2.3.3 Integration of Standard Irrational Functions

In this section first we prove some standard integrals for irrational algebraic
functions and then give some applications of these integrals. The students are advised
to remember these integrals as standard integrals.

[

Proof. Put x=asin@ ,then dx =acos&d@

Standard Irrational Integral I : dx =sin” —+c
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.[ 1 dx:f acosgdeo :J- acosgdeo
Jvai —x° Ja? —a’sin’e \/az(l—sinze)

=Id9 = O0+c = sintZic

a
Standard Irrational Integral 11 : J'#dh—sec‘lhc
andard Irrational Integral Il : X\/m 3 3
Proof. Put X=asecd ,then dx=asecfdtanfdé
I 1 dx—j asec@dtangde _Iasecetanede
xVx? —a’ asecd./a*(sec’6 —1) asectatand
:ijde = l6’+c = 1sec‘1§+c
a a a a
1 2 2
Standard Irrational Integral Il : J—Z > dx:In‘(x+\jx —a’)|+c
VX —a
Proof. Put X=2asech ,then dx—asecotanodo
1 asecOtan6do asecOtanfdo
o f S = [ sec0df

atanf

Vx2 — a? a’(sec?6 — 1)
= In|(secfd +tanf)| +c; =In |(sec9 + +/sec?0 — 1)| +c
<x Vx2 — az)

—+
a a

= In +c

= 1n|(x+ x? —a2)| —Inlal + ¢,

=1n|(x+ x2—a2)|+c.

+C

1 2 2
Standard Irrational Integral 1V: Iﬁdx: |”‘(X+\/X +a’)

Proof.  Put X=atan®@  then dx =asec’4da .
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I 1 dx=j asec’ 9do :J-aseczede
It Ja’(tan’d+1) asecd

= jsecede = In|(secd+tan@)|+c,

=In|(v1+tan® @ +tan 0)‘ +C,

2
=1In [,/1+X—2 +5} +C =In‘(x+\/x2+a2)
a’ a

:In(x+\/x2+a2)

—Inlal+c,

+C

We also present the following three standard integrals without proof :

2

/ 3 X a~ . (X
Standard Irrational Integral V: _f a’ —x*dx =§\/a2 —x? +?sm 1(—]+C

a

: X a’
Standard Irrational Integral Vl:jx/xz—azdx:?/xz—a2 —?In‘(xm/xz—az)

+C

. X a’
Standard Irrational Integral VII: j\/x2+a2dx:§\/x2+a2 +?In‘(x+\/x2+a2) +C

2.3.4 Solved examples

Proper substitutions can reduce many irrational functions to any of the above said
standard irrational functions which can further be integrated using the above
formulas. The following examples will make the concept clear.

1
Example 6. Evaluatej-%dx.
(2-x)* -1

Solution: Put 2—x=t , then —0x = dt or dx =—dt.

J.\/(Z—];(ﬁdx j%=—ln‘(t+ﬁ)‘+c:
((Z—X)+ (2—X)2—1)+c=—|n‘((2_x)+\/m>‘+c

—In
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2
X
——0X
Example 7. Evaluate J [ 1

X X
Solution: Iﬁdx=Ide. Now put X° =t sothat 3x*dx=dt or

1
x*dx = gdt . Then we have

X 1
mdx W—§In|t+\/ |+C

=%ln|x3+m|+C

Example 8. Evaluate _[XV X' +1dx.

Solution: J.X\/ x*+1dx = J.X\/(Xz )2 +1dx |

1
Putting X° =t sothat 2xdx=dt or XdX= Edt , We get

1/t 1
= E(E‘/tz +1 +§ln |t +4/t2 + 1|) +c
(using standard irrational integral VII with X=t and a=1)
x? 1 ,
=7 x4+1+Zln|x +\/x4+1|+C

2.3.5 Integrals of some special rational algebraic functions

In this section we will discuss various types of special rational algebraic functions
and the method of integrating such functions.

1

2.3.5(a) Integrals of the type Imdx.
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These type of integrals can be reduced to either of the standard rational integrals

discussed in section 2.4.1, as follows :

Algorithm 1
. . 2 b _ 2 b c . .
Step 1: Write aX™ +0X+C = a(x” +2X+<)  ie. from the expression

ax® + X + C, take out the coefficient of x2 common.

Step 2: Now add and subtract square of half the coefficient of x in the parenthesis
2 2 7\?
ot socsomatet i (1 -5+ = o e (-

Step 3: Put X+ % =t The given integral reduces to either of the first three

integrals.

1

Example 9. Evaluate: Il— P dx

Solution: We have 1—6x—9x° = —9(X2 +2X—3)

12Y 1
(adding and subtracting square of half the coefficient of X, that is (E'gj =9 )
1 1 1
=-9((x+1)* -2 —— X = —Z|———dX
(( 3) g).Thuswehave J1—6x—9x2 9I(x+§)2—§,

1 _
Nowputx+§—t,Then dx =dt.
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Ssese sl - g Wln(fjt)w

3

(using standard rational integral 11 with & = ?)
V2 1
3 tx+s3 \/_ 2+3x+1
= In |3 3¢ =
6v2 V2 1 6\/_ 2-3x—1
3 3
Example 10. Evaluate .[ X ax
X2 —4x +8

Solution: Completing the square yields
NG —4x+8:(x2 —4x+4)+8—4:(x—2)2+4 . now we take
u=x-2, du=dx yields

X dx xdx (u+2)du ¢ udu du
Ix2—4x+8 j -[ u?+4 _Iu2+4+zju2+4

1 2 1 1 u 1 2 [ X-2
ZInfu“+4)+2| = [tan —+c:—In[ X—2 +4}+tan — |+C
weget 2n(u+4) (zj ! o=2nf(x-2) &

| | .[X +X— 1dx
Example 11. Evaluate —+ N —6
2 2 2
X"+ x-1 X“+X-6+5 X“+X-6 1
. = “dx = dx = | ———dx+5| ———dx
SOIUt'On. IX2+X_6 j X2+X_6 J.X2+X_6 .[X2+X_6
—_[ldX+SI —————dx =X+5 —dX S
X +X—6 x> +X—6
To evaluate j 1 x_p Xiwe will apply Algorithm 1.

25
Now X +X-6 = X +x+i-1-6 = (x+i)-—
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1
! 1 1 eta-3
Jz—dx =-]. dx=—ln _— +C
X°+X—-6 N2 /5\2 5 +1+§
(x+32) -(3) 22
1 5
( Using standard rational integral | with X = X+§ and a_E ).

Substituting in (1), we get

x“+x—1
jz—dx—x+1n |+C
xX“+x—6 x+3
2.3.5 (b) Integrals of the type | —2——dx
(b) Integrals of the type 2 bxtrc

In this type of integrals we find constants A and B such that

d
PX+0 = A.&(axz +bx+¢)+ B, This can be done as follows :

Algorithm 2
d o

Step 1: Put Px+g=A—(ax” +bx+c)+B.
dx

Step 2: Simplify the Right Hand Side of the equation in step 1.

Step 3: Now equate the coefficients of x and the constant terms on both sides of the
equation obtained in step 2.

Step 4: Solve the simultaneous equations obtained in step 3 to get the required
values of A and B.

Step 5: Substitute the values of A and B in the equation in step 1.

Step 6: Substitute the value of px+q obtained from step 5 in the given integral. The
O dx + Bj.;dx _

integral reduces toj +bx+c I ) o brac

Step 7: The first integral can be solved by the substitution f(X) =t and the second
integral can be solved by the method discussed in 4.2.1.
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2X—3
> X
X°+3x-18

Example 12. Evaluate _[

d
Solution: Put2x-3= A-&(XZ +3x-18) + B = A(2x+3) + B, Equating the coefficients of x

and the constant terms on both sides, we get 2A =2and 3A+ B =-3. Solving these two
equations simultaneously, we have A=1and B=—-6. . 2x-3=1.(2x+3)-6
Substituting this value of 2x—3 in the given integral , we have

2x -3 L(2x+3)-6, _ 1(2x+3) 1
——  dx= =|——dx-6| —————dx ___
-[x2+3x—18 I X% 4+ 3% — 18 J'x2+3x—18 J‘x2+3x—18 (1)
Now

1(2x + 3) ,
fx2+3x_18dx—ln|x + 3x — 18| + C;.
And now for j s dX | we see that
x?+3x-18

x2+3x—18:x2+3x+%—%—18:(x+§)2—(%)2_

3 9
LI . dr=imt 272y o 2L P8 .
jx2+3x—18 x‘j i e ] _§nx+6| '
2) \2
Hence from (1), we get
f @x+3) e inlx? + 3% — 18] + 11 x_3|+c
xZ+3x—18" T 9 M x+6l
x* +a’
2.3.5 (c) Integrals of the type_[ ol 13 dx

To solve these type of integrals we proceed as follows :

Algorithm 3

Step 1: Divide numerator and denominator of the integrand by x°, we get
1+ %

] e ~

x* +kx* +a* +2
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2

2
Step 2: Now in case of J ~dx put X—5- =1 so that on differentiating

kx +a*

with respect to X we get (1+ )dX dt.

2 2 4 4
Step 3: Simplify (X—aT) =t* {0 get X* — 28’ +& =t" or X +& =t"+2a°,
Substitute these values of ( )dX and X° +_2 in (1).

Step 4: The given integral reduces to any of the standard rational integrals.

x2 _ g2 ’
Note: In case of j ol 12t -dx, put X+ “=lin step 2 above and then proceed .
Example 13 Evaluat jﬁdx

xample 13. valuate <37

Solution: Dividing numerator and denominator by x*, we get

I X;1+1 —I dX Now put X—5 =t then(1+ )dX:dt_A|SO

. 2 s
(X—%) =t% je. X° —2+X%=t or X*+%=t"+2 sybstituting these values

x> +1 1 _ _ 1
in the above integral we get I—xﬂdx = J.tz o=t ‘t=tan 1(x—;j+c .
x° 1 d
2.3.5 (d) Integrals of the type Ix4 ol a7 0% and J kol at t
X 1 2x?
== dx
Hereweseethatjx ol +a -[x4+kx2+a4

1 x* +a° x* —a’
=— dx + dx
2“x“+kx2+a4 Ix“+kx2+ai4 }

1 1 2a’
dX= 2_[ 4 2 7
x* +kx? +a’ 2a° Y x" +kx +a

1 x° +a x* —a’
= dx — dx
2a2“‘x“+kx2+a4 -[x4+kx2+a4 }

dx

Similarly , _f
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Thus the given integrals reduces to the one discussed in 2.4.5 (c) .

1

—dx
Example 14. Evaluate jx“ RVEERT R
1 1 2 1 x* +1 x> -1
: . —dX:— —dX = — dX— dx
Solution: Jx“ +x2+1 2~[x4 +x2+1 ZD X' +x% +1 J.x“ +x2+1 }
t x>—1\ 1 J|x*?—x+1
an- V3x 2 M xr x+ 1

{Solving by the method discussed in 4.2.3}.
2.3.5(e) Integrals reducible to any of the above forms

There exist many integrals which can be reduced to any of the above forms by
making proper substitutions. We discuss below some of such integrals.

X
Example 15. Evaluate Imdx.

Solution:  Put X* =t , SO that on differentiating with respect to X we get

Xdx = —dt “Then we have _[ . This integral is of the

+ X2 +1 - _-[ t+1
form discussed in section 4.2.1. Now

1 1
2 4t+1 = 2+t +z+1—z (adding and subtracting square of half the coefficient

of t)
: (H%T%:t%iifi TR
back T = X* we getjmdx = %tanl(«?)jgljJrC.
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2X

Example 16 I 2 ° dx
' e +6e*+5

2X

e
Solution: Ier—xd

X = J-de,
+6e" +5

e** +6e* +5

Now put € =t so that on differentiating with respect to X we get, e*dx =dt. Then
2x

e
we have _erx—dX = I dt This integral is of the type discussed in

t
+6e*+5 t> +6t+5
section 4.2.2 and to evaluate this integral we follow Algorithm 2.

LettzA%(t2+6t+5)+B e (D)

Then t =2At+6A+ B . Equating the coefficients of t and constant terms on both
sides we get 2A=1(coefficients of ) 6A+B=0 ( constant terms )Solving

1
the above equations we get, A=— and B=-3. Substituting in (1), we get

2
;(2t+6)—3
=—(2t+6)-3 —dt: £ dt =
( )=3. Then we havej T | -
t? +6t+5 t2+6t+5 ! 2
1 (2t+6) 1.
Now, |, jt gt =2Inle? + 6t + 5] +c

(By Theorem 2.1.2 of section 2.1.2) =§ln|e2x + 6e* + 5| + c.
Iz = 3_[@& . This integral is of the type discussed in section 4.2.1. We have
t? +6t+5 = t*+6t+9—4 . (adding and subtracting square of half the coefficient of
t).= (t+3)°—2° Then

1 1
= 3 aras = g™ Sl e
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(By standard rational integral | with a=2)

31 e*+1 N
=—I|n C.
4 |eX+5
e2x
—dle 2x x _ 3 ex+1|
Henceje2x+6ex+5 2lnle + 6e* + 5| 4ln e + c.

1
Examplel7. Evaluate Im dx

X(x" +1)

multiplied X" in the numerator and denominator so as to get a proper substitution)

- 1 Xn—l
Solution: J—dx = jmdx (Note the method used. We have

o 1
Now put X" =1 so that on differentiating with respect to X , we get X" "dx = ﬁdt'

n-1

X 1¢ 1
————dX = = dt
Then we have I X" (X" +1) " jt(t b e etc.

2.3.6 Integrals of some special irrational algebraic functions

1
2.3.6(a) Integrals of the type I n X,

(ax+b)" £ (ax+b)™

This type of integrals can be evaluated by putting ax +b =t" , where p is the L.C.M
of mand n.

1
Example 18. Evaluate I 1 dx.

1+ x)2 —(1+x)?

Solution: L.C.Mof2and3is6. Put 1+x=t° and dx=61". We get
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1 3
I 1 dx = 6f :6jt—dt =6I(t2+t+1+ijdt
(1+%)2 — (1+ x)3 t-1 t-1

(DIVIdIngt byt —1)= 6( + = +t+1n(t—1)+c)_2t3+3t2+6t+61n(t—

1)+c:2(1+x)5+3(1+x)3+6(1+x)6+61n|(1+x)6—1|+c .

f
2.3.6(b) Integrals of the type J (o b)(X'_)px " _[ ——— f((:)) —

,where f(X)and g(X) are some linear functionsinx. ~ To evaluate these type of

integrals, put PX+Q = t* Find dxand substitute the value of dX and x in the given
integral. The integral reduces to an algebraic function which can be solved by any of
the methods discussed in section 2.4.5.

X+2
Example 19. Evaluate _[( +3x+3)\/ﬁ

Solution: Put X+1=t*. Then we have dx=2tdt , x =t* —1 and
x> =t* —2t* +1. Substituting these values in the given integral we get
I X+ 2 dx :I (t* +2tdt I (t? +1)dt

(X% +3x+ VX +1 t*+t2+0t Y (4t
discussed in section 2.4.5(c). Applying the method dlscussed there, we get

2 —_
f (+ndt 1. - (t 1

1 1 X
(t+2+1) 3 tIJ N (ﬁ(xu)}c'Hence

_[ X+ 2

2 . X
(x* +3x+3)\/x+ ﬁtan (\/§(x+1)j+c

. This type of integral is

1
2.3.6(c) Integrals of the type Imdx and j\/ax2 +bx +cdx
+bx +

These integrals can be reduced to any of the standard irrational integral by the
method discussed in section 2.4.5(a).

1
Example 20. Evaluate I \/—dX
2 +3x —2x°
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Solution:  Applying the method discussed in section 3.2.1, we get

3 : -
2+3x—2x% = —Z(X2 —Ex—lj (Taking out common the coefficient of x* )

3.9 9
=2 X —Sx+———-1 i i
(x 5 x+16 16 j (Adding and subtracting square of half the

coefficient of X ).:2((%)2_()(_%)2) ~ 2( y_2)? 25]
=2 (=" -3¢

dx dx

Hence I . dX=I = = 1[ L
1 T A e O]

. x=3 :
=——=sint—%+c=-"=sin'——+c i i ot
A 5 A 5 . (Using standard irrational integral I)

2.3.6(d) Integrals of the type J E)x+q dx and I(IOXH])\/&\X2 +bx+cdx

Jax? +bx +c¢

To evaluate this type of integrals , proceed as follows :

d
Step 1: Put PX+q= A-&(axz +bx+c)+B = A(2ax+b)+ B and simplify the
Right Hand Side.
Step 2: Equate the coefficients of X and the constant terms on both sides.

Step 3: Solve the simultaneous equations thus obtained to get the required values of
A and B.

Step 4: Replace A and B in step 1, with the corresponding values obtained in step 3
to get PX+Q in an expanded form.

Step 5: Replace PX+( in the given integral with its expanded form obtained in step
4. The given integral reduces to any of the previously known forms.

X+3

Example 21. Evaluate J\/z—dx_
X" +2X+2
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Solution: Put X+3= A.di(x2 +2x+2)+B=A(2x+2)+B=2Ax+2A+2B .
X

Equating the coefficients of x and the constant terms on both sides , we get

1
2A=1and2A+ B =3. Solving these two equations simultaneously , we have A= 5

1
and B =2 Therefore, X+3=§-(2X+2)+2. Substituting this value of X+ 3 in the

given integral, we have

j X+3 dx_j§(2X+2)+1d _1I 2X+2 dx - (1

N, — < = - X__
VX2 +2X+2 X2 +2X+2 27 \IX?+2x+2 J‘»\/x +2X+2

1 2X+2 5
Now, 5 ——2\/x +2X+24C, =X +2X+2+C
27 Ix? +2x+2 !

{Note: j\;ﬂdt 2.Jf(®) }

1
dX - - -
To evaluate j—m we apply the method discussed in section

2.4.6(c).Thus we get,

dx

Vx2 4+ 2x + 2

- 1n|(x+1)+J(x+1)2+1|+c2.

Hence from (1) we see that

j\/x2+2x+2=\/x2+2x+2+ 1n|(x+1)+\/(x+1)2+1 +c;c

=C1+C2

PX® + X + T

2.3.6(e) Integralsofthetypejm
+bx +

To evaluate this type of integrals , proceed as follows :

dx
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d
Step 1: Put PX* +ax+r = A(ax® +bx+c) + B.&(ax2 +bx+¢)+C and simplify the

Right Hand Side.

Step 2: Equate the coefficients of X , X and the constant terms on both sides.

Step 3: Solve the simultaneous equations thus obtained to get the required values of
A, BandC.

Step 4: Replace A,B and C in step 1, with the corresponding values obtained in step

3 to get PX* +OX+T inan expanded form.

Step 5: Replace PX* +gX+ I inthe given integral with its expanded form obtained
in step 4. The integral reduces to any of the previously known forms.

X? +2X+3

——————0dX
Example 22. Evaluate jm

Solution: PutX® +2X+3=A(X*+x+1)+ B.%(x2 +x+1)+C  We get

X’ +2x+3= Ax* +(A+2B)x+ A+C . Equating the coefficients of x? , X and
the constant terms on both sides , we get A=1, A+2B =2 and A+C =3. Solving

these equations simultaneously , we get A=1,B =3 and C=2. Hence

X* +2x+3=1.(x* +x+1) +1.(2x+1) + 2. Substituting this value of x> +2X+3 in

dx

X° +2X+3 J-l.(x2+x+1)+§.(2x+1)+2

the given integral , we have J‘ﬁ dx =
x>+ x+1 VX2 +x+1

= [VX* +x+1dx+1 &dwrz ;dx - 1
f e A 3

These integrals can be solved by the methods discussed in Type Ill and IV . Thus we
have
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3 1 . 2X+1
VRT3 s o3 ] + g

+C
e
[ 2x+l — = = dx=2+%? +Xx+1+¢,

"X+ x+1

1 gx=sipn 241

[ ——"+c
"X+ x+1 N

Substituting the values of these integrals in (1) , we get

'fx F2x+3y [(x+1)«/(x+1) +5+8 smh‘1 }+\/x2+x+1+25inh‘1 2x+1 ¢
X2+ x+1 \/_ J5

X2 +2x+3 [ . 4 2x+41
or (X+ ) (x+21)? +2 }+ X? + X +1+ Zsinh
J‘»\/x +x+1 J5

1
2.3.6(f) Integrals of the type I(px+q)r\/mdx

H'IH

1
, dx=——dt sybstitute the value

To evaluate this type of integrals, put px+q= ot

1
of PX+(q , dx and X= 5—% in the given integral. The integral reduces to any of

the previously known forms.

1

Example 23. Evaluate dx
P '[(2x+1)2\/x2+x+1
1 1 1 1
- 2X+1== x=—"—-Z dx=-——dt
Solution: Put i o 2 otz

1 t
We get, dx = —| ——=—=dt
©9° I(2x+1)2\/x2+x+1 '[\/C%t2 +1
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Note that here it is possible to make the substitution 3t* +1=u?, tdt =3udu  Thys

t 32 +1
Weget—fmdt———jdu_—% ~3V3t° +1 Therefore

I 1 dx__z»\/x2+x+1JrC
(2x +1)%4/x? + x+1 P2+l

1
2.3.6(g) Integrals of the type I(axz TDol 1d dx

l _ l - -
To evaluate these type of integrals put X =1, dx = —7 dt . The given integral

becomes —I dt. Now put C+dt* =u’, tdt =2 udu . The given

(a+ btz)\/c +dt?

integral reduces to any of the previously known forms.

dx

Example24. Evaluate :
P J.(1+ X2 )W1-x?
Solution: Put X=1¢,dx = ——dt in the given integral. We get

t? —1=u’, tdt =udu  we get

~ dx
=- .N t
"1+ xz)\/l—x2 J.(1+t2)\/t2 -1 oW Pt

. =Ltan™
e )\/— Iu S . Therefore

[ ax ——Ltan L
Y14 x2) /1_X2 V2 «/_

2.3.6(h) Integrals of the type Ixm (a+bx")"dx.

tan™ \/- +C,

ol

In this type of integrals we discuss the following cases.

Case 1. pisan integer. In this case expand (& +bx")" binomially and then
integration of each term is possible.

: : m+1 . .
Case 2. pis not an integer but T+ is an integer. Suppose P =5 . Put

a +bx" =t*and appropriate value of dX in the given integral.
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m+1
Case 3. pisnotan integer but P+ is an integer. In this case put X = tand

appropriate value of dXin the given integral. The integral reduces to that of case 2.

2 1 5

Example 25. Evaluate J.Xi5 (L+x2) 3dx.

-

m+1
Solution:  Here p is not an integer but P + - -1 is aninteger. So put X =71 ,

1 5 1 5

1 2 15 L 15
dx = _t_zdt in the given integral. We get [ X *(1+x?) 3dx=—[t 2(L+1?) 3dt . Here

m+1

5
we see that P =—7 is not an integer but =1 is an integer. Now put

3
1 1 1 15
1+t2 =u® ,t 2dt = 6u”du . We get It 2(1+1t2) 3dt:ju‘56u2du =3u” +c,
2 15 12
Therefore we have J.X 3A+x2) *dx=-3(1+x 2) 3 +c,

sgkskskokoketekskekeskoskokerekkekekokokek

v QUICK ACTIVITY EXERCISES 2.3 (see after exercises for answers.)

a) Evaluate the integral :

—dx
x2+x—2
b. In each part, determine the substitution u
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1 1
— . =7
1)sz—2x+10dx fu2+1du' u=

2)j\/x2—6x+8dx=J\/u2—1du u=?

v’ EXERCISE SET 2.3

1. Evaluate the following integrals.

5
J' 3X12 dx
1) “1+X
cosec’x
I dx
2) 1= cot’® x
3) J9x -1
X
d
4) J.X4_9 X V)
dx
d
) -[ex+e X
2
X
dx
3X
d
7 I1+2x4
sin X
dx
8) I1—4cos X
X2
dx
x? -1
d
10) X2 +4 X
: dx
11) ‘e +1
12) [ xy/x+x? dx

dx
1) | 2x2 +3)Vx —4
Ixz 1+ 2x“)_j dx
Ix§(2+ X® )2 dx
e

X
——dx
J‘x“—x2+1

dx
2| —mM
)Ix —3x 10

17)

18)

19)

20)

22)J‘x —7x 8

24) [ —3" —10 4y
x> —4x+4

25)j 2% +3 ,

xxl)

#_1)’
x+l

27 [~—dx

26) |
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2

13 V3—-2x—2x2 dx x“+1
) ‘[ 28)-[x2—3x+2dx ’
14) | X+2 2x% —10x +4
(x? +3x+$vx+ 2%J >
j 3 +3 (x+1)(x—3)
v —d
Kl 30) | a0 ™
2. Evaluate the following integrals:
1
. dx 1+ x2 dx
1. | ———— 2. dx 3 | ——
T+ x+x Jl+x; Ix+\/x27—l
- X+1 J. 1 dx J‘ xadx
4. (X — 1)\/x+ > (x? + 1)/ 6 (x+3)Vx+1
- Xx+3 X°
7. | m———=dx 8. | =——=0dx 9. |(8x—2)VX* +x+1dx
e sl o feca
10. | 2 [ > 12, [—
7 3-x T (x=3)2x2—6x+8 T (X2 +DV1-x2
V1+x? X+1 4043 3\3
13. dx 14, dx 15 | x (8’ +X’)*dx
'[ 1-x* J.(x2+4)\/x2+9 I

3. Evaluate the following integrals.

. .[ COS X 5 IX2+5X+3 J‘ 1 dx
© dsin?x+4sinx+5 "I X% 43x4+2 3x? +13x-10
1 X 3x+1

———dx —dx ——dx

4. -[1—6x—9x2 S. J‘x2+x+1 6. I2x2—2x+3
2
2% +1 X“+1 dx

A dx

5 J.4—3x—x2 X 8. J.X4+1 o IX4+1

4. Evaluate the following integrals:.
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COS X

. X 2"
T LI X dx = dx
). V4 —sin® x 2 I\/x6 +a’ 3) '[»\/1—4X

) _ , dx
4) | cos xv/4—sin® x dx, 5) dexw : G)I 1_ e

dx sec? x

. e*
—_— ————X = 7 4
n. \J15—8x? 8) J‘¢\/1—e2X %) '[x/tanzx—4 "

sin X < [
10)J.mdx 11) Ie Ve +4dx 1) f\/2x2—3dx

v QUICK ACTIVITY ANSWERS 2.3

a) %ln

b) 1) u=x-1, 2)u=x-3.

x-1
|+
x+2

skekskskskesketekekekekskokeskekekekekokekek

24 INTEGRATION BY PARTIAL FRACTIONS.
2.4.1 Introduction

In this section we will discuss the techniques of integrating some rational
functions by making use of partial fractions. Recall that a rational function is the ratio

of two polynomial functions, or in other words, rational function is a function which

can be written in the form of %, where P(x) and Q(x) are polynomials and

Q(x) = 0. If degree of P(x) is greater than degree of Q(x) then % IS an improper

P(X)

rational function. If degree of P(X) is less than degree of Q(x) then 20

IS a proper

rational function. Every improper rational function can be expressed as the sum of a
polynomial and a proper rational function and every rational function can be
expressed as the sum of some basic rational functions also known as partial fractions
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1
ax+b

of the given function. Some of the important basic rational functions are

where n is a positive integer, 2 o (quadratic) and

i 1
(linear), (ax+b)’

X% +bx +
1
(ax® +bx+c)"

2.4.2 Partial Fractions In this section we will discuss various methods of reducing
a proper rational function into partial fractions.

P(x) . .
Let ) be any proper rational function.

Case 1: When the denominator can be expressed as the product of non repeated
linear factors. Let Q(x) =(a,x+b)(a,x+bh,)...(a,x+b,).

): Ai + A2 + -|-—A1
)

ax+b ax+b, T ax+b,

i P(x
Write 1

ox (1)
Where A, A,,...A are constants whose values are to be determined. Simplify the
Right Hand Side of the above equation. We get

P(x) _ F(x)

Q(x)  (ax+b)(@x+h,)..(ax+h)’
denominators on the L.H.S and R.H.S are same , the numerators must also be equal.
Hence equating the coefficients of like powers of X in P(x) and F(X) we get some

where F(x) is a polynomial function. Since the

linear equations in terms of the unknowns A, A,,...A,. Solving these equations we

find the values of A, A,,...A,. Substituting these values of A, A,,...A, in equation (1)
we get the required partial fractions of the given function.

Now we will discuss some more different cases of the denominator. The method will
differ only in formation of equation (1) whereas the remaining procedure will be the
same as above.

Case 2: When the denominator can be expressed as the product of repeated linear
factors.

Let Q(X)=(ax+b)(ax+b)...(ax+b) = (ax+b)" . Note that here Q(x) is the product
of the linear factor ax+b repeated n times.
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In this case we write

P)_ A A A )
Q(x) ~ ax+b (ax+b)> ' (ax+b)" e (D)

Now proceed as in case 1.

Case 3: When the denominator can be expressed as the product of repeated and non-
repeated linear factors.

(3A) LetQ(X) = (a,x+b)(a,x+b,)...(a,x+b,)(@x+b)™ . In this case we write

P) _ A A A B B B )

Q(X) ~ ax+b  ax+b, < ax+b @ ax+b (ax+b) " (ax+b)"

(3B) LetQ(x) = (ax+b)(a,x+b,)...(a,x+b )(@x+b)"(cx+d)" . In this case
we write

P(x

L: A A LA BB =+t B

Q(X) ~ ax+b ax+b, ax+b ax+b (ax+h) (ax+b)"
Cl C2 CP

+ + ot ,
cx+d  (cx+d)? (cx+d)°

Case 4: When the denominator can be expressed as the product of non-repeated
quadratic factors which cannot be further factorised to linear factors.
Let Q(X) = (a,x* +bx+c,)(@,x® +b,x+¢,)....(a, x* +b X+C.) .. In this case we

P(x) X+B X+ B X+B
write = f& ~—+ ?2 2 — ..+ ?‘ .
Q(X)  ax’+bx+c ax’+bx+c, ax"+b x+c,

1)

Where A,A,...A,, B,,B,,..B, are all constants whose values are to be determined by
following the same procedure as in case 1.

Case 5: When the denominator can be expressed as the product of repeated
quadratic factors.

Let Q(X) = (ax® +bx+c)(ax® +bx +c)....(ax* +bx+¢) = (ax® +bx +¢)" . In this

P(x) Ax+B Ax+B AX+B
o L 2 4.+ -
Case We WITTe 0 (x) = @ +bx+c ' (ax’ +bx+cy’ (ax® +bx+c)" -
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2.4.3 Use of Partial Fractions for Integration.

X
) we will proceed as per the

PX)
Q(x)

To integrate rational functions of the form ——

following:

Algorithm 1: To evaluateIQE ;dx

Step 1: If is a proper rational function, that is if degree of P(x) is less than

P(x)
Q(x)
degree of Q(x), then go to step 3.

Step 2: If PO is an improper rational function, that is if degree of P(X) is greater

Q(x)
than or equal to degree of Q(X), then divide P(X) by Q(X) and write % as the
R.(x)
Q(x)

QE ; as sum of its partial fractions by any

of the methods discussed in the previous section.

Step 3: Write the proper rational function

Step 4: Integrate both sides.

Example 1. Evaluate: j 5
X2 + X —

Solution:
We note that the integrand is a proper rational function that can be written.

1 1 __A B
x2+x—2_(x—1)(x+2)_x—1 X+ 2

where A,B are constants to be determined:
1:A(x + 2)+ B(x —1)
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Setting x =1 makes the second term drop out and yields A:% and setting x=-2

makes the first term in drop out and yields B = —%. The partial fraction decomposition.

i 1
1 _ 3 .3
(x-1)(x+2) x-1 x+2
d.
dx 1 dx x-1
= 1——I 2 ==
J‘(x 1)(x+2) 3jx 1 3JX+2 3 Infx -3 np+2+c 3nx+2|jLC
—d
Example 2. Evaluate J e X,

Solution: ILdX = JLdX.Note that the integrand ————
' X? +3X+2 (X+2)(x+2) X2 43X+ 2

Is a proper rational function whose denominator can be expressed as product of non-
repeated linear factors. So we apply the procedure of case 1 of section 2.4.2 to reduce
2X

— 5. 5 assum of partial fractions as follows :
X*+3X+2

2X A B
= +
Let (X+D(x+2) x+1 x+2 - (@

2X _ A(X+2)+B(x+1)
X+D(x+2)  (X+D(x+2)

(Note that R.H.S is simplified by cross

multiplication method)

2X _ X(A+B)+(2A+B)
(X+D)(x+2) ~ (x+1)(x+2)

Now equating the coefficient of like powers of x in the numerators on both sides we

getA+B=2 (coefficient of X ) and 2A+B =0 (coefficient of x° or the
constant terms).

Solving the above two equations simultaneously, we get A=-2 and B=4.
Substituting these values in (1) we get
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x 2 4 I 2X v = | 2X gy =

(x+D(x+2) x+1 x+2° O axv2 T Tl aDx+2)

-2 4 4

—dX+ | ——dx= -2 4 = In [£&F2
Ix+1 jx+2 Inx+1)“+In(x+2)*+Inc=In Y
E le 3 J- 3X—2

xampie o. (x+1)*(x+3)
Solution:  Note that the integrand —— o | jonal functi
olution: ote that the integran (x+ D2 (x+3) is a proper rational function
whose denominator is expressed as product of repeated and non-repeated linear

i 3x-2
factors. So we apply the procedure of case 3 of section 2.4.2 to reduce 1 (x23)

as sum of partial fractions as follows :

-2 __ A B _C
(X+D*(x+3) x+1 (x+1D*> x+3

1)

Let

3x—2  A(XX+1)(x+3)+B(x+3)+C(x+1)?
(x+1)%(x+3) (X+1)2(x +3)

3x-2 A +4x+3)+B(x+3)+C(X* +2x+1)
(X+1D%(x+3) (x+1)%(x+3)

3x-2 X*(A+C)+x(4A+B+2C)+(3A+3B+C)
(X+1)2(x+3) (x+1)%(x +3)

Now equating the coefficient of like powers of X in the numerators on both sides we
get A+C=0 (coefficient of x*), 4A+B+2C =3(coefficient of x) and

3A+3B+C=-2 (constant terms).

Solving the above three equations simultaneously, we get

11 -5 -11 N :
A= R B= > and C = Wk Substituting these values in (1) we get
3x—-2 11 -5 11

(X11)2(x+3)  4(x+1)  2(x+1)°  4(x+3)
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3X—2 _ 11 1 11 1
Thereforej_(x+—1)z(x+3) Im __I(x+1) 4 j(x+3)
11 x+1 5
R o) I T
Example 4. Evaluatejidx
-5x+6

2

i X“+1
Note that the integrand 7 tx16

since the degree of numerator = degree of denominator = 2. So first we divide the
numerator by denominator to reduce the integrand into a proper rational function.
Dividing using long division process we get

Solution: IS an improper rational function,

_ x4l
X* —5X+6

5x-5
T X=2)(x-3)

5x-5
X* —5X+6

1)

Now we follow the method of casel to reduce into sum of partial

5x-5
(x=2)(x—3)
fractions.

A

-2

5x-5
(x=2)(x=3)

B

Let —

(2)

_ A(x=3)+B(x-2)
(x=2)(x-3)

_ x(A+B)-3A-2B
T (x=2)(x-3)

Now equating the coefficient of like powers of x in the numerators on both sides we
get-3A-2B=-5 A+B=5

Solving the above equations, we have A=-5 and B =10. Substituting these values in

¢

-5 10
(2). Therefore from (1)—2+X—3 5x—5
(x——2)(x——3)
2
jx—” = [1dx- 5j—dx+1o 1 ax
x> —5x+6 -3
10
=x—5In|x—2|+10In|x — 3|+ In|c| =x + In (= 32))5 C|.
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X
Example 5. Evaluatej 2D (x_D) dx

Solution:  The integrand is a proper rational function, so we reduce it as sum of
partial fractions. Note that denominator of the integrand is the product of a non-
repeated linear factor (X—1) and a non-repeated quadratic factor (X2 +1). So let

X A Bx+C
2 VI B
(x*+D(x-1) x-1 x°+1

(1)

_ AKX +D)+(Bx+C)(x-1) _ X’(A+B)+x(-B+C) +(A-C)
- (X=X +1) (x=1)(x% +1)

Now equating the coefficient of like powers of x in the numerators on both sides we
get A+B=0’ A-C=0, _B+C=1

. : 1 -1 1 N
Solving the above equations, we have A= 5 , B=7 and C = > Substituting
these values in (1)
X 1 1-x
= Therefore

CrD(x=1)  2(x=1)  2(x+1)

X
L Pt P

:l idx_kij‘
27 x-1 2

X__
x?+1 2J.x2+1

—11 1+1t -1 11 Z+1)+
—2n|x | Stan”x 4n(x )+c.
(Here the third integral on the R.H.S is integrated by substitution method taking
x*+1=t).

2X+4

Example 6. Evaluate j—zdx
2X
Solution:
Let22)(—+4:é+22+i
x*(x-2) x X 2
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2X +4=AX(x-2)+B(x -2)+cx?
2x+4=(A+C)x* +(-2A+B)x-2B

Then

Putting x = 0, we get B=-2 and putting X =2 yieldsc=2. To find the value of A. we
equate the coefficients of x* on both sides to get
A+C=0 or A=-C=-2

Thus the partial fraction decomposition:
2X+4 -2 -2 2

- - T4 4= and:

X?(x-2) x x* x-=2

2X+4 dx dx dx
sz(x—z)dx__2-[?_2-[?+2J.x—2
:—2In|x|+§+2ln|x—2|+c

X—2

X

+3+1
X

=2In

Example 7. Evaluate

I3 X2 +x—-2 dx

x3—x2+3x-1
Solution:
We have: 3x° —x° +3x —1=x?(3x —1)+(3x —1) =(3x —l)(x2 +1)

Thus, the partial fraction decomposition is

X2 +X—2 __A +Bx+C
(3x—1)(x2—1) 3x-1 x?+1

Multiplying by (3X —1)(x2 +1) yields
x2+x—2:A(x2+1)+(Bx+C)(3x—1)
or: x*+x—2=(A+3B)x*+(-B+3C)x+(A-C)

Equating coefficient of like powers of x on both sides gives

A+3B=1
~B+3C=1
A -C=-2

Solving the above system, we find:
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Al gt .38
5 ' 5' 5
Thus:
X+ X—2 3¢ dx
J‘(3x—1)(x2+1) :__j3X 1 5-[x +1X+§Jx2+1

=—1In|3x—14+gln(x2 +1)+§tan‘1x+C
15 5 5
Example 8.  Evaluate

dx

J-xs—x4+4x —4x% +8x—4
(x*+2)
Solution: We have:
X°—x*+4x*-4x*+8x-4 Ax+B Cx+D  Ex+F
3 - 2 + 2+ 3
(x2+2) X“+2 (x2+2) (x2+2)

Then:
X° —x* +4x° —4x® +8x — 4= AX® + Bx" + (4Arc)x° +
+(4B+D)x* +(4A+2C+E)x +
+(4B+2D +F)
from which we get A=1,B=-1,C=0,D=0,E=4,F=0

thus the given integral becomes

1 2
= dx +4 —:—In X“+2)—
IX +92 I(X +2)2 2 ( )
—ﬁtan’li—;JrC
V2 (x2+2)2
Example 9. Evaluate .[ x+1 > dx
x3 —x?
Solution:
Wehave _X+1 _A B C
x*(x-1) x* x x-1

Then x +1=A(x—1)+ Bx(x —1)+cx?
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or x+1=(B+C)x*+(A-B)x—-A
Equating corresponding coefficient we get A=-1,B=-2,C=2
Thus the given integral yields

|=—ji—’§—2j%+2jj—f

:1—2In|x|+2In|x—l|+C
X

2
=Ex+ln(x—_1j +C
2 X

skeeskskeskskskekskokskekskskekekokskskoksk

v QUICK ACTIVITY EXERCISES 2.4 (see after exercises for answers.)

e Complete the partial fraction decomposition :

1
0 1 1 __A 3
’+x—-2 (x-Dxx+2) x—-1 x+2
-3 A 2
D arDex—D  x+1 -1
2x?% — 3x B 1
3)(x2+1)(3x+2) “3x+2 x2+1
e Evaluate the integral.
3 2x° — 3x
4)j(x+1)(1—2x) ) f(x2+1)(3x+2)
v EXERCISES SET 2.4
1. Evaluate the following integrals.
. 3x-1 X3 +x - -1,
) o™ " J(x 2 1)
3x-1
) I(x+2)2 X
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2x-3 %3
" dx i
)| (x> —1)(2x+3) x) (X2+1)2 dx
V) [ dx :
(x> —4)(x+1) X) JZX +3 dx
- x*-3x-1 (x2+1)2
V) —————dx
° X7+ X —-2X _ 3x2—10
. ‘x?+3x—4 XI) fx2—4x+4 X
Vi) ————dx
"X —2x-8 2x2+43
vii) X dx 2 Xii) fx(x—l)z
“(x-2 x> +x2+2
(x-2) Xiii)  [=—— dx
2. Evaluate the following integrals .
2 X
i ———dXx dx
)] (L—X)(L+xX) i) (x=D*(x+2)
3 X2+ X+1 . _ .[ 1-x° .
N I xr20e+ V) I xa—2x0
v QUICK ACTIVITY ANSWERS 2.4
1) A=1/3 , 2)A=l, 3) B=2 ,
A f 3 _ x+1 N
) xD=20 M1ox ¢
9 [ P oot
) | eer DG+ 3 aerTe

sekekskekskokeskekekokskskskskokskokskokk
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