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Tests and Degrees

• First Exam   (25 D).
• Second Exam (Mid Term) (25D).
• Third Exam  (25 D) and they choose the best two 

degrees   اخ تيار ي  
• Participate + Exercises + I-Clicker (10D)
• Final Exam (40 D).
• Total (100 D)
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 1
Review of Basic 
Concepts

Copyright © 2013, 2009, 2005 Pearson Education, Inc.
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1.1 Sets

• Basic Definitions
• Operations on Sets 
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Basic Definitions

Set: A set is a collection of objects.
The objects that belongs to a set are called 
the elements, or members, of the set.

*
Sets are commonly written using set braces{  }.
• Any set has name: A,B,C,S,…
• Elements: a,b,c,…..

• Ex: S={1,2,3}, A={a,b,c},…
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• The order is not important.
• {1,2,3}={2,1,3}={3,1,2}

• Don’t repeat any element.
• {1,1,2,3} is False, {1,2,3} is True
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Belongs to , Don’t belongs to 


 

 

4 {1, 2,3, 4 }, { , , }

5 {1, 2,3, 4 }, { , , }

a a b c

d a b c



Copyright © 2013, 2009, 2005 Pearson Education, Inc. 15

Set builder notation

S={1,2,3,4}= {the set containing the first 
four counting number }

={x|x is a natural number between 2 and 
7}={3,4,5,6}
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Finite and Infinite sets

A finite set is one that has a limited 
number of elements.
S={1,2,3,4}
A={1,2,3,…,20}
B
3,4,5,6}
Infinite set: is one that has no limited 
number of elements.
N={1,2,3,…} (Natural counting numbers)

   .
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Finite and Infinite sets

Infinite set: 
O={1,3,5,…} (Odd numbers)
E={2,4,6,…} (Even numbers)

Between any two distinct natural 
numbers there are infinitely many 
fractions. 

   .
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Sets.

Example 1: Using Set Notation and Terminology

Identify each set as finite or infinite. Then 
determine whether 10 is an element of the 
set.

A={7,8,9,…,14}

B={1,1/4,1/16,1/64,…}

C={x|x is a fraction between 1 and 2}

D={x|xis a natural number between 9 and 11}
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Sets.
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Homework 1: Listing the Elements of a Set

Use set notation, and write the elements each 
set.
a) {x|x is a natural number less than 5}
b) {x|x is a natural number greater than 7 and 
less than 14}
Solution:
a) {1,2,3,4}
b) {8,9,10,11,12,13}

  

1.1 Sets 
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Especial Sets
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Subset and not subset 
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Equal sets
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Set Operations 

Example 2:
Let U={1,3,5,7,9,11,13}, A={ 1,3,5,7,9,11}, 
B={1,3,7,9} , C={3,9,11}, and D={1,9}. 
Determine each statement True or False.

Solution
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Operations on Sets 

The complement of a set Aا�لمكملة   

Homework 2.
Let U={1,2,3,4,5,6,7}, A={ 1,3,5,7}, B={3,4,6} , 
Find each set

Solution
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 THE COMPLEMENTالمكملة    
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THE INTERSECTION ;ا;;لتقاطع  

Ex:
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THE INTERSECTION
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Set Operations 

Example 3: Finding the  Intersection  of Two Sets
Find each of the following.

Solution

Notes: 1) If A
, 
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THE UNION ا;;لاتحاد

Ex:
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THE UNION
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Set Operations 

Homework 3: Finding the Union of Two Sets
Find each of the following.

Solution

Notes: 1) If A
, 
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Set Operations 

Let  be sets, with universal set . 

The complement of a set  is the set  of all elements in the 
universal set that do not belong to set 

The intersection of a set A and B, Written  is made up all the 
elements belongs to both set A and set B.

The union of sets A and B, written , is made up of all the 
elements belongs to set A or to set B.
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1.2 Real Numbers and Their Properties  

• Sets of numbers and the Number Line 

• Exponents 

• Order of Operations 

• Properties of Real Numbers 

• Order on the Number Line 

• Absolute Value 



Copyright © 2013, 2009, 2005 Pearson Education, Inc. 

 

2 Copyright © 2013, 2009, 2005 Pearson Education, Inc. 

 

2 

1.2 Real Numbers and Their Properties 

•



Copyright © 2013, 2009, 2005 Pearson Education, Inc. 

 

3 Copyright © 2013, 2009, 2005 Pearson Education, Inc. 

 

3 

1.2 Real Numbers and Their Properties 

•
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1.2 Real Numbers and Their Properties 

•
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1.2 Real Numbers and Their Properties 
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Let 𝐴 = −8, −6, −
12

4
, −

3

4
, 0,

3

8
,

1

2
, 1, 2, 5, 6 .  

List the elements from A that belong to each set. 

a) Natural numbers     b) Whole numbers   c) Integers     

d) Rational numbers      e) Irrational numbers      

f) Real numbers 

Solution:  

a) Natural numbers={1,6}      

b) Whole numbers ={0,1,6}   

c) Integers ={-8,-6, −
12

4
(or -3),0,1,6}     

d) Rational numbers ={-8,-6, −
12

4
(or -3), −

3

4
, 0,

3

8
,

1

2
, 1,6}  

e) Irrational numbers=* 2, 5+ 
f) Real numbers= All elements of A. 

  

. 

Example 1: Identifying Sets of Numbers 



Copyright © 2013, 2009, 2005 Pearson Education, Inc. 

 

7 Copyright © 2013, 2009, 2005 Pearson Education, Inc. 

 

7 

The real numbers 
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•Exponents 

•What are ‘Exponents’? 

•Exponents: 
             an = a ∙ a ∙ a ∙ a ∙ … ∙ a 
                      n factors of a 
This is known as exponential notation. Put simply, an 
means a is multiplied by itself n times. In math, we 
say an is a to the nth power. 

•In the expression an, a is known as the base, and n 
is known as the exponent 

Exponents 

 

http://equella2emea.pearson.com/taibah-pri/file/f7b05cbd-e3dc-4f06-b876-76aa4c762ab4/1/L2Presentation.zip/pages/index_01_02_04.html
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•Exponents 

 

 

 

 

 

Exponents 
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1Homework 

Evaluate each exponential expression , and 

identify the base and the exponent. 

a) 43     b)(−6)2     c)−62       d)4. 32      e) (4.3)2 
 

Solution: 

a) 43=4.4.4=64, the base is 4 and the exponent is 3 

b) (−6)2 = −6 . −6 = 36 the base is −6 the exponent is 2 

c) −62 = −6.6 = −36, the base is 6 and the exponent is 2. 

d) 4. 32 = 4.3.3 = 36, the base is 3 and exponent is 2. 

e) (4.3)2= 4.3 . 4.3 = 12.12 = 124, the base is (4.3)  

and the exponent is 2. 
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Exponents 
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Order of operations 

 

Rules for Order of Operations 

Let’s summarize the order in which we should perform operations when simplifying or 

evaluating expressions. 

Step 1   Treat both parts of fractions separately 

           Work separately above and below each fraction bar 

Step 2   Parentheses ()  

              Use the rules that follow within each set of parentheses or square brackets 

first. Start with the innermost set and work outward. 

Step 3   Exponents xy 

           Simplify all powers. Work from left to right. 

Step 4   Roots √   

               Simplify all roots. Work from left to right. 

Step 5   Multiplications and divisions × ÷  

             Do any multiplications or divisions in order. Work from left to right. 

Step 6   Additions and subtractions  +  – 

              Do any additions or subtractions in order. Work from left to right. 
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Example 2: 

Evaluate each expression. 

𝑎) 6 ÷ 3 + 23. 5        𝑏) 8 + 6 ÷ 7 ∙ 3 − 6 

𝑐) 
4+32

6−5∙3
                     d)  

− −3 3+(−5)

2 −8 −5(3)
  

Solution: 

𝑎) 6 ÷ 3 + 23. 5= 6÷ 3 + 8 ∙ 5 = 2 + 8 ∙ 5 = 2 + 40 = 42 

 
𝑏) 8 + 6 ÷ 7 ∙ 3 − 6 = 14 ÷ 7 ∙ 3 − 6 = 2 ∙ 3 − 6 = 6 − 6 = 0 

𝑐) 
4 + 32

6 − 5 ∙ 3
= 

4 + 9

6 − 15
=

13

−9
𝑜𝑟 = −

13

9
 

d)  
− −3 3+(−5)

2 −8 −5(3)
=

−(−27)+(−5)

2 −8 −5(3)
=

27+(−5)

−16−15
=

22

−31
𝑜𝑟 = −

22

31
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Homework  2: Using order of Operations 

Evaluate each expression for 𝑥 = −2, 𝑦 = 5, 𝑎𝑛𝑑 𝑧 = −3 

𝑎) − 4𝑥2 − 7𝑦 + 4𝑧         𝑏)
2 𝑥−5 2+4𝑦

𝑧+4
             𝑐) 

𝑥
2

−
𝑦
5

3𝑧
9

+
8𝑦
5

                      

Solution: 

𝑎) − 4𝑥2 − 7𝑦 + 4𝑧 = −4 −2 2 − 7 5 + 4 −3
= −4 4 − 35 − 12 = −16 − 35 − 12 = −63 

𝑏)
2(𝑥 − 5)2+4𝑦

𝑧 + 4
=

2(−2 − 5)2+4(5)

−3 + 4
=

2(−7)2+4(5)

1
= 2(49) + 20 = 98 + 20 = 118 

𝑐) 

𝑥
2

−
𝑦
5

3𝑧
9

+
8𝑦
5

=

−2
2

−
5
5

3 ∙ (−3)
9

+
8(5)

5

=
−1 − 1

−1 + 8
=

−2

7
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Order of operations  

Examples 

1) 8 + (3 x 72 + 5) 

= 8 + (3 x 49 + 5)                      Work within brackets, exponents 

= 8 + (117 + 5)                          Multiplication 

= 8 + 122                                   Addition within bracket 

=130                                             Addition 

                         

2) (32 + (18 ÷ 9 + 32)) + 52 

= (32 + (18 ÷ 9 + 9 )) + 52         Innermost bracket, exponent 

= (32 + (2 + 9)) + 52                     Division 

= (32 + 11) + 52                              Addition 

= (9 + 11) + 52                                   Next bracket, exponent 

x= 20 + 25                                 Addition within bracket, exponent 

= 45                                            Addition  

  



Copyright © 2013, 2009, 2005 Pearson Education, Inc. 

 

16 

•The Commutative Property of Addition 

•Look at this expression: 
 
    4 + 5 = 9  is the same as  5 + 4 = 9 
  
This is an example of commutative property.  It 
means that we can move the numbers around in an 
addition sum and still get the same answer.  

Properties of Real numbers 
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•The Commutative Property of Multiplication and the Closure Property 

•As with addition, the commutative property works for multiplication too. 
 
              4 x 5 = 20  is the same as  5 x 4 = 20 
  
The commutative property of real numbers allows us to switch the order of 
numbers in additions and multiplications, making such operations simpler. 

•The commutative property of real numbers allows us to switch the order of the 
terms in additions and multiplications without changing the answers. 

•Another property of real numbers, the closure property, states that those answers 
will be real numbers. 

•The sum of two real numbers is a real number – the additive closure property. 

•The product of two real numbers is a real number – the multiplicative closure 
property. 

•http://equella2emea.pearson.com/taibah-pri/file/e200028d-8fd9-4d17-91a9-
d22d4a86b8ab/1/L3Presentation.zip/pages/media/math_anim_2.mp4 

Properties of Real numbers 
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The Associative Property of Addition 

Look at this expression: 

 

3x + (4x + 6) is the same as (3x + 4x) + 6 

  

This is an example of associative property. 

The Associative Property of Multiplication 

As with addition, the associative property works for multiplication too. 

 

3 (2x )  is the same as  (3 × 2 )x 

  

 The associative property of real numbers allows us to regroup 

numbers in additions and multiplications, making such operations 

simpler. 
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Additive Identity  

  Now let’s consider the identity property. The identity property for addition is a number that 

when added to any number does not change the value of that number. 

  

The additive identity for real numbers is 0. This means that adding 0 to any number doesn’t 

change that number’s value.  

  

Example: 

  

       3 + 0 = 3 

        970 + 0 = 970 

  

In general terms, there exists a unique real number 0 such that 

   

This is known as the additive identity 
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Multiplicative Identity 

   Is there an identity property for multiplications too?  

 Yes, there is multiplicative identity. It means that when we multiply 1 

by any number we get the same number, which means that it keeps 

its identity. 

 Example: 

  

        4 × 1 = 4 

         105 × 1 = 105 

  

In general terms, there exists a unique real number 1 such that 

 This is known as the multiplicative identity 
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Summery 
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Simplifying Expression  

Use the commutative and associative 

properties to simplify each expression  

𝑎) 6 + 9 + 𝑥         𝑏) 
5

8
16𝑦      𝑐)  − 10𝑝(

6

5
) 

Solution : 

𝑎) 6 + 9 + 𝑥 = 6 + 9 + 𝑥 = 15 + 𝑥 

𝑏) 
5

8
16𝑦 =

5

8
∙ 16 𝑦 = 10𝑦 

𝑐)  − 10𝑝
6

5
=

6

5
−10𝑝 =

6

5
−10 𝑝 = −12𝑝 

 

Example 3  
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Using the Distributive Property  

Rewrite each expression using the 

distributive property and simplify, if 

possible.  

𝑎) 3 𝑥 + 𝑦         𝑏)  − 𝑚 − 4𝑛       

𝑐) 
1

3

4

5
𝑚 −

3

2
𝑛 − 27       𝑑) 7𝑝 + 21 

Solution : 

𝑎) 3 𝑥 + 𝑦 = 3𝑥 + 3𝑦         
𝑏)  − 𝑚 − 4𝑛 = −𝑚 + 4𝑛      
 

Homework 3  
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Using the Distributive Property  

𝑐) 
1

3

4

5
𝑚 −

3

2
𝑛 − 27

=
1

3
∙

4

5
𝑚 −

1

3
∙

3

2
𝑛 −

1

3
∙ 27

=
4

15
𝑚 −

1

2
𝑛 − 9 

𝑑) 7𝑝 + 21 = 7(𝑝 + 3) 

 

Homework 3  
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Order on the Number Line  

If the real number a is to the left of the real 
number b on  a number line, then 

𝑎 𝑖𝑠 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑏 , 𝑤𝑟𝑖𝑡𝑡𝑒𝑛  𝑎 < 𝑏 
 
If a is to the right of b, then  

𝑎 𝑖𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 𝑏, 𝑤𝑟𝑖𝑡𝑡𝑒𝑛  𝑎 > 𝑏  
Also we have  
𝑎 ≤ 𝑏  𝑎 𝑖𝑠 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑜𝑟 𝑒𝑞𝑢𝑎𝑙 𝑏  
𝑎 ≥ 𝑏  𝑎 𝑖𝑠 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 𝑜𝑟 𝑒𝑞𝑢𝑎𝑙 𝑏  
𝑎 < 𝑏 < 𝑐 , 𝑏 𝑖𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑎 𝑎𝑛𝑑 𝑐. 
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Absolute Value 

 

Absolute value is the distance of any number from 0 on a 

number line in any direction.   

The direction doesn’t change the distance; it is always positive. 

So whether we are finding absolute value for negative or 

positive numbers, the absolute value is always positive. 

absolute value for negative or positive numbers, the absolute 

value is always positive. 
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Distance between points on a number line 

If P and Q are two points on a number line with 

coordinates a and b, respectively, then the 

distance d(P,Q) between them is given by the 

following  

d(P,Q)=|a-b|=     or   d(P,Q)=|a-b| 

Example 5: Find the distance between -5 and 8. 

Solution: 

Use a=-5 and b=8 

d(-5,8)=|-5-8|=|-13|=13 

Or for a=8 and b=-5 

d(8,-5)=|8-(-5)|=|8+5|=|13|=13 
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1.3 Polynomials 

• Rules for Exponents 

• Polynomials 

• Addition and Subtraction 

• Multiplication  

• Division  
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Rules of Exponents 
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Algebraic expression. 

Any collection of numbers or variables joined by 

the basic operations of addition, subtractions 

multiplication or division and so on  

When a false statement such as − 3 = 7 results, 

the equation is a contradiction, and the solution 

set is the empty set or null set, symbolized by   . 

  




2 3

4

15
2 3 , , 64,

2 3

(3 )

y
x x m

y

a b

Polynomials 

0
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 43m

Polynomials 
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Like Terms: 

Are terms with the same variables each raised 

to the same powers  

Example:1) the terms   

  are like terms  

2)  the terms 

  are unlike terms. 

 4 4 43 ,6 ,4m m m

Polynomials 

 4 4 43 ,6 ,4y m r
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Types of Polynomials: 
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Addition and Subtraction 

• We use    3𝑚5 − 7𝑚5 = 3 − 7 𝑚5 = −4𝑚5 

• Example 3: Adding and subtracting polynomials: 

Add or subtract , as indicated. 

• 𝑎) 2𝑦4 − 3𝑦2 + 𝑦 + 4𝑦4 + 7𝑦2 + 6𝑦  

• b) (−3𝑚3 − 8𝑚2 +4)−(𝑚3 + 7𝑚2 −3) 

• c)  8𝑚4𝑝5 − 9𝑚3𝑝5 + 11𝑚4𝑝5 + 15𝑚3𝑝5  

• d) 4(𝑥2 − 3𝑥 + 7) − 5(2𝑥2 − 8𝑥 − 4) 

• Solution: 

• 𝑎) 2𝑦4 − 3𝑦2 + 𝑦 + 4𝑦4 + 7𝑦2 + 6𝑦 = 2 + 4 𝑦4

+ −3 + 7 𝑦2 + 1 + 6 𝑦 = 6𝑦4 + 4𝑦2 + 7𝑦 

• b) (−3𝑚3 − 8𝑚2 +4)− 𝑚3 + 7𝑚2 − 3 = −3 − 1 𝑚3

+ −8 − 7 𝑚2 + 4 − −3 = −4𝑚3 − 15𝑚2 + 7 
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Addition and subtraction  

c) 8𝑚4𝑝5 − 9𝑚3𝑝5 + 11𝑚4𝑝5 + 15𝑚3𝑝5

= 19𝑚4𝑝5+6𝑚3𝑝5 

 

 d) 4(𝑥2 − 3𝑥 + 7) − 5(2𝑥2 − 8𝑥 − 4) = (4 − 10) 𝑥2

+ −12 + 40 x + 28 + 20 = −6𝑥2 + 28𝑥 + 48. 
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•Multiplication of Polynomials 

•Multiplication of Polynomials 

•There are several methods for multiplying 
polynomials. The choice of method depends on 
the type of polynomials being multiplied together. 

•One of the easiest methods of multiplying 
polynomials is to use the concept of distribution 
property. 

•– 3x (4x2 – x + 10) = – 12x2 + 3x2 – 30x 
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•Multiplication of Polynomials 

For example: :(Product horizontal)  
3𝑥 − 4 (2𝑥2 –3𝑥+5)= 

= 3𝑥 − 4 (2𝑥2) − 3𝑥 − 4 3𝑥 + 3𝑥 − 4 5  
= 3𝑥 2𝑥2 − 4 2𝑥2 − 3𝑥 3𝑥 − −4 3𝑥

+ 3𝑥 5 − 4 5  

 = 6𝑥3 − 8𝑥2 − 9𝑥2 + 12𝑥 + 15𝑥 − 20 

 = 6𝑥3 − 17𝑥2 + 27𝑥 − 20 
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•Multiplication of Polynomials 

For example:(Product vertically) 
(2𝑥2 –3𝑥+5) 

3𝑥 − 4  

 ـــــــــــــــــــــــــ

                              −8𝑥2 + 12𝑥 − 20 ← (−4)(2𝑥2 –3𝑥+5) 

                          6𝑥3 − 9𝑥2 + 15x              ← (3𝑥) (2𝑥2 –3𝑥+5)     

 ــــــــــــــــــــــــــــــــــــــــــــــ

                    6𝑥3 − 17𝑥2 + 27𝑥 − 20 
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•Multiplication of Polynomials 

Homework 3:Multiplication of Polynomials 

Multiply (3𝑝2 − 4𝑝 + 1)(𝑝3 + 2𝑝 − 8) 

Solution: 
3𝑝2 − 4𝑝 + 1 𝑝3 + 2𝑝 − 8  

= 3𝑝2 𝑝3 + 3𝑝2 2p + 3𝑝2 −8  
+ −4𝑝 𝑝3 + −4𝑝 2p + −4𝑝 −8  
+ 1 𝑝3 + 1 2p + 1 −8  

= 3𝑝5 + 6𝑝3 − 24𝑝2 − 4𝑝3 − 8𝑝2 + 32𝑝                  

+𝑝3 + 2p + −8 = 3𝑝5 + 3𝑝3 − 32𝑝2 + 34𝑝 −8 
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•Multiplication of Polynomials 

FOIL method: (First, Outside, Inside, Last) 

Example 4: 

Find each product: 

 a) 6𝑚 + 1 4𝑚 − 3      b) 2x + 7 2x − 7     

 c)𝑟2(3𝑟 + 2)(3𝑟 − 2)  

Solution:  

a) 6𝑚 + 1 4𝑚 − 3 = 6𝑚 4𝑚 + 6𝑚 −3
+ 1 4𝑚 + 1 −3 = 24𝑚2 − 14𝑚 − 3 

b) 2x + 7 2x − 7 = 4𝑥2 − 14𝑥 + 14𝑥 − 49
= 4𝑥2 − 49. 
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•Multiplication of Polynomials 

Solution:  

c)𝑟2(3𝑟 + 2)(3𝑟 − 2) = 

=𝑟2 9𝑟2 − 6r + 6r − 4  
= 𝑟2 9𝑟2 − 4  

= 9𝑟4 − 4𝑟2 
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•Special product  

Product of the sum and difference of two terms: 
𝒙 + 𝒚 𝒙 − 𝒚 = 𝒙𝟐 − 𝒚𝟐 

Square of a binomial : 
(𝒙 + 𝒚)𝟐= 𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐 
(𝒙 − 𝒚)𝟐= 𝒙𝟐 − 𝟐𝒙𝒚 + 𝒚𝟐 
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•Special product  

Homework 4: Using the special product 

Find each product: 

a) 𝟑𝒑 + 𝟏𝟏 𝟑𝒑 − 𝟏𝟏  

b) (𝟓𝒎𝟑 − 𝟑) (𝟓𝒎𝟑 + 𝟑) 

c) (𝟗𝒌 − 𝟏𝟏𝒓𝟑)(𝟗𝒌 + 𝟏𝟏𝒓𝟑) 

d) (𝟐𝒎 + 𝟓)𝟐 

e) (𝟑𝒙 − 𝟕𝒚𝟒)𝟐 

Solution: 

a) 𝟑𝒑 + 𝟏𝟏 𝟑𝒑 − 𝟏𝟏 = 𝟑𝒑 𝟐 − 𝟏𝟏 𝟐 = 𝟗𝒑𝟐

− 𝟏𝟐𝟏 
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•Special product  

Homework 4: Using the special product 

b)(𝟓𝒎𝟑 − 𝟑) 𝟓𝒎𝟑 + 𝟑 = 

= 𝟓𝒎𝟑 𝟐
− 𝟑 𝟐 = 𝟐𝟓𝒎𝟔 − 𝟗 

c) 𝟗𝒌 − 𝟏𝟏𝒓𝟑 𝟗𝒌 + 𝟏𝟏𝒓𝟑 = 𝟗𝒌 𝟐 − 𝟏𝟏𝒓𝟑 𝟐
 

= 𝟖𝟏𝒌𝟐 − 𝟏𝟐𝟏𝒓𝟔 

𝒅) (𝟐𝒎 + 𝟓)𝟐

= (𝟐𝒎)𝟐+𝟐 𝟐𝒎 𝟓 + (𝟓)𝟐                         
= 𝟒𝒎𝟐 + 𝟐𝟎𝒎 + 𝟐𝟓 

𝒆) (𝟑𝒙 − 𝟕𝒚𝟒)𝟐

= (𝟑𝒙)𝟐−𝟐 𝟑𝒙 𝟕𝒚𝟒 + 𝟕𝒚𝟒 𝟐
                

= 𝟗𝒙𝟐 − 𝟒𝟐𝒙𝒚𝟒 + 𝟒𝟗𝒚𝟖 
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•Special product  

Example 5: Multiplying more complicated Binomials 

Find each product. 

a) 𝟑𝒑 − 𝟐 + 𝟓𝒒 𝟑𝒑 − 𝟐 − 𝟓𝒒            𝒃)(𝒙 + 𝒚)𝟑               𝒄)(𝟐𝒂 + 𝒃)𝟒 

Solution : 

a) 𝟑𝒑 − 𝟐 + 𝟓𝒒 𝟑𝒑 − 𝟐 − 𝟓𝒒 = (𝟑𝒑 − 𝟐)𝟐− 𝟓𝒒 𝟐 = 𝟗𝒑𝟐 − 𝟏𝟐𝒑 + 𝟒 − 𝟐𝟓𝒒𝟐 

 

b) (𝒙 + 𝒚)𝟑= 𝒙 + 𝒚 𝟐 𝒙 + 𝒚 = 𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐 𝒙 + 𝒚 = 𝒙𝟑 + 𝟐𝒙𝟐𝐲 + 𝐱𝒚𝟐

+ 𝒙𝟐𝐲 + 𝟐𝐱𝒚𝟐 + 𝒚𝟑 = 𝒙𝟑 + 𝟑𝒙𝟐𝐲 + 𝟑𝐱𝒚𝟐 + 𝒚𝟑 

 

𝐜)(𝟐𝒂 + 𝒃)𝟒= (𝟐𝒂 + 𝒃)𝟐(𝟐𝒂 + 𝒃)𝟐= (𝟒𝒂𝟐 + 𝟒𝒂𝒃 + 𝒃𝟐) 𝟒𝒂𝟐 + 𝟒𝒂𝒃 + 𝒃𝟐  
                                                                    = 𝟏𝟔𝒂𝟒 + 𝟑𝟐𝒂𝟑𝒃 + 𝟐𝟒𝒂𝟐𝒃𝟐 + 𝟖𝒂𝒃𝟑 + 𝒃𝟒 
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•Division  

Example  6: Dividing Polynomials with Missing Terms 

Divide  𝟑𝒙𝟑 − 𝟐𝒙𝟐 − 𝟏𝟓𝟎  𝒃𝒚  𝒙𝟐 − 𝟒. 

                                                                           𝟑𝒙 − 𝟐 

Solution :ـ ـــــــــــــــــــــــــــــــــــــــــــ                                        ـ       

𝒙𝟐 + 𝟎𝒙 − 𝟒 𝟑𝒙𝟑 − 𝟐𝒙𝟐 + 𝟎𝒙 − 𝟏𝟓𝟎. 

                                                     𝟑𝒙𝟑 + 𝟎𝒙𝟐 − 𝟏𝟐𝒙 ← 𝒄𝒉𝒂𝒏𝒈𝒆 𝒕𝒉𝒆 𝒔𝒊𝒈𝒏 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــ                

                                  −𝟐𝒙𝟐 + 𝟏𝟐𝒙 − 𝟏𝟓𝟎 

                                                                    −𝟐𝒙𝟐 + 𝟎𝒙 + 𝟖 ← 𝒄𝒉𝒂𝒏𝒈𝒆 𝒕𝒉𝒆 𝒔𝒊𝒈𝒏 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــ                          
                                                             𝟏𝟐𝒙 − 𝟏𝟓𝟖 ← 𝑹𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓 

𝟑𝒙𝟑 − 𝟐𝒙𝟐 − 𝟏𝟓𝟎

𝒙𝟐 − 𝟒
= 𝟑𝒙 − 𝟐 +

𝟏𝟐𝒙 − 𝟏𝟓𝟖

𝒙𝟐 − 𝟒 
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•Division  

Homework 5: Dividing Polynomials  

Divide 𝟒𝒎𝟑 − 𝟖𝒎𝟐 + 𝟓𝒎 + 𝟔  𝒃𝒚  𝟐𝒎 − 𝟏. 

                                                                           𝟐𝒎𝟐 − 𝟑𝒎 + 𝟏 

Solution :ـ ـــــــــــــــــــــــــــــــــــــــــــ                                        ـ       

𝟐𝒎 − 𝟏 𝟒𝒎𝟑 − 𝟖𝒎𝟐 + 𝟓𝒎 + 𝟔. 

                                                𝟒𝒎𝟑 − 𝟐𝒎𝟐           ← 𝒄𝒉𝒂𝒏𝒈𝒆 𝒕𝒉𝒆 𝒔𝒊𝒈𝒏 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــ                

                                  −𝟔𝒎𝟐 + 𝟓𝒎 + 𝟔 

                                                                         −𝟔𝒎𝟐 + 𝟑𝒎     ← 𝒄𝒉𝒂𝒏𝒈𝒆 𝒕𝒉𝒆 𝒔𝒊𝒈𝒏 

 ــــــــــــــــــــــــــــــــــــــــــــــــــــ                          

                                                    𝟐𝒎 + 𝟔  

                                                                                         𝟐𝒎 − 𝟏 ← 𝒄𝒉𝒂𝒏𝒈𝒆 𝒕𝒉𝒆 𝒔𝒊𝒈𝒏 

                               ــــــــــــــــــــــــــــــــــــــــــــــــــــ                                                

                                                                        7← 𝑹𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓 
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•Division  

Homework 5: Dividing Polynomials  

Divide 𝟒𝒎𝟑 − 𝟖𝒎𝟐 + 𝟓𝒎 + 𝟔  𝒃𝒚  𝟐𝒎 − 𝟏. 

Solution :  

𝟒𝒎𝟑 − 𝟖𝒎𝟐 + 𝟓𝒎 + 𝟔

𝟐𝒎 − 𝟏.
= 𝟐𝒎𝟐 − 𝟑𝒎 + 𝟏 +

𝟕

𝟐𝒎 − 𝟏
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•Division  

Homework 5: Dividing Polynomials  

Divide 𝟒𝒎𝟑 − 𝟖𝒎𝟐 + 𝟓𝒎 + 𝟔  𝒃𝒚  𝟐𝒎 − 𝟏. 

Solution :  

𝟒𝒎𝟑 − 𝟖𝒎𝟐 + 𝟓𝒎 + 𝟔

𝟐𝒎 − 𝟏.
= 𝟐𝒎𝟐 − 𝟑𝒎 + 𝟏 +

𝟕

𝟐𝒎 − 𝟏
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1.4 
Factoring Polynomials  

• Factoring Out the Greatest Common Factor 

• Factoring by Grouping  

• Factoring Trinomials  

• Factoring Binomials 

• Factoring by Substitution.  
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Factoring Out the Greatest Common Factor   

Example 1 : Factoring Out the Greatest Common Factor   

 Factor out the greatest common factor from each polynomial GCF. 

 𝐚) 𝟗𝒚𝟓 + 𝒚𝟐          𝒃) 𝟔𝒙𝟐𝒕 + 𝟖𝒙𝒕 + 𝟏𝟐𝒕 

𝒄) 𝟏𝟒(𝒎 + 𝟏)𝟑−𝟐𝟖 𝒎 + 𝟏 𝟐 − 𝟕(𝒎 + 𝟏) 

Solution :  

𝐚) 𝟗𝒚𝟓 + 𝒚𝟐 = 𝒚𝟐 𝟗𝒚𝟑 + 𝒚𝟐 𝟏 = 𝒚𝟐(𝟗𝒚𝟑 + 𝟏), GCF=𝒚𝟐 

𝒃) 𝟔𝒙𝟐𝒕 + 𝟖𝒙𝒕 + 𝟏𝟐𝒕 = 𝟐𝒕(𝒙𝟐 + 𝟒𝒙 + 𝟔), GCF=2t 

𝒄) 𝟏𝟒(𝒎 + 𝟏)𝟑−𝟐𝟖 𝒎 + 𝟏 𝟐 − 𝟕 𝒎 + 𝟏

= 𝟕 𝒎 + 𝟏 𝟐 𝒎 + 𝟏 𝟐 − 𝟒 𝒎 + 𝟏 − 𝟏

= 𝟕 𝒎 + 𝟏 𝟐 𝒎𝟐 + 𝟐𝒎 + 𝟏 − 𝟒𝒎 − 𝟒 − 𝟏  

                = 𝟕 𝒎 + 𝟏 𝟐𝒎𝟐 + 𝟒𝒎 + 𝟐 − 𝟒𝒎 − 𝟒 − 𝟏  

                 = 𝟕 𝒎 + 𝟏 𝟐𝒎𝟐 − 𝟑  
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Factoring by Grouping  

𝒂𝒙 + 𝒂𝒚 + 𝟔𝒙 + 𝟔𝒚 = 𝒂𝒙 + 𝒂𝒚 + 𝟔𝒙 + 𝟔𝒚
= 𝒂 𝒙 + 𝒚 + 𝟔 𝒙 + 𝒚 = (𝒙 + 𝒚)(𝒂 + 𝟔) 

Homework 1 : Factoring by Grouping  

 Factor each polynomial by grouping. 

 𝐚) 𝒎𝒑𝟐 + 𝟕𝒎 + 𝟑𝒑𝟐 + 𝟐𝟏          𝒃) 𝟐𝒚𝟐 + 𝒂𝒛 − 𝟐𝒛 − 𝒂𝒚𝟐 

𝒄) 𝟒𝒙𝟑 + 𝟐𝒙𝟐 − 𝟐𝒙 − 𝟏 

Solution :  

𝐚) 𝒎𝒑𝟐 + 𝟕𝒎 + 𝟑𝒑𝟐 + 𝟐𝟏 = 𝒎𝒑𝟐 + 𝟕𝒎 + 𝟑𝒑𝟐 + 𝟐𝟏

= 𝒎 𝒑𝟐 + 𝟕 + 𝟑 𝒑𝟐 + 𝟕 = 𝒑𝟐 + 𝟕 (𝒎 + 𝟑) 

𝒃) 𝟐𝒚𝟐 + 𝒂𝒛 − 𝟐𝒛 − 𝒂𝒚𝟐 =  𝟐𝒚𝟐 − 𝒂𝒚𝟐 + 𝒂𝒛 − 𝟐𝒛 = 𝟐𝒚𝟐 − 𝒂𝒚𝟐 + 𝒂𝒛 − 𝟐𝒛

= 𝒚𝟐 𝟐 − 𝒂 + 𝒛 𝒂 − 𝟐 = −𝒚𝟐 𝒂 − 𝟐 + 𝒛 𝒂 − 𝟐 = 𝒂 − 𝟐 (𝒛 − 𝒚𝟐) 
𝒄) 𝟒𝒙𝟑 + 𝟐𝒙𝟐 − 𝟐𝒙 − 𝟏 = 𝟒𝒙𝟑 + 𝟐𝒙𝟐 + −𝟐𝒙 − 𝟏 = 𝟐𝒙𝟐 𝟐𝐱 + 𝟏 − 𝟐𝐱 + 𝟏

= (𝟐𝐱 + 𝟏)(𝟐𝒙𝟐 − 𝟏) 
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Factoring Trinomials  

As shown here , factoring is the opposite  of multiplication. 

𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 
 

𝟐𝒙 + 𝟏 𝟑𝒙 − 𝟒 = 𝟔𝒙𝟐 − 𝟓𝒙 − 𝟒 
𝑭𝒂𝒄𝒕𝒐𝒓𝒊𝒏𝒈 

 

Example 2 : Factoring Trinomials 

 Factor each trinomials. 

 𝐚)𝟒𝒚𝟐 − 𝟏𝟏𝒚 + 𝟔     𝒃) 𝟔𝒑𝟐 − 𝟕𝒑 − 𝟓      𝒄) 𝟒𝒙𝟐 + 𝟏𝟑𝒙 − 𝟏𝟖    

 𝒅) 𝟏𝟔𝒚𝟑 + 𝟐𝟒𝒚𝟐 − 𝟏𝟔𝒚 

Solution :  

𝐚)𝟒𝒚𝟐 − 𝟏𝟏𝒚 + 𝟔 = 

𝟐𝐲 − 𝟏 𝟐𝐲 − 𝟔 = 𝟒𝒚𝟐 − 𝟏𝟒𝒚 + 𝟔     Incorrect  

𝟐𝐲 − 𝟐 𝟐𝐲 − 𝟑 = 𝟒𝒚𝟐 − 𝟏𝟎𝒚 + 𝟔     Incorrect  

𝐲 − 𝟐 𝟒𝐲 − 𝟑 = 𝟒𝒚𝟐 − 𝟏𝟏𝒚 + 𝟔     correct  
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Factoring Trinomials  

Therefore: 
𝟒𝒚𝟐 − 𝟏𝟏𝒚 + 𝟔 =  𝐲 − 𝟐 𝟒𝐲 − 𝟑  

Check:  

𝐲 − 𝟐 𝟒𝐲 − 𝟑 = 𝟒𝒚𝟐 − 𝟑𝒚 − 𝟖𝒚 + 𝟔 = 𝟒𝒚𝟐 − 𝟏𝟏𝒚 + 𝟔   (𝑻𝒓𝒖𝒆) 

 

b) 𝟔𝒑𝟐 − 𝟕𝒑 − 𝟓 = 

𝟐𝒑 − 𝟓 𝟑𝒑 + 𝟏 = 𝟔𝒑𝟐 − 𝟏𝟑𝒑 − 𝟓   Incorrect 

𝟑𝒑 − 𝟓 𝟐𝒑 + 𝟏 = 𝟔𝒑𝟐 − 𝟕𝒑 − 𝟓      Correct 

Check:  
𝟑𝒑 − 𝟓 𝟐𝒑 + 𝟏 = 𝟔𝒑𝟐 + 𝟑𝒑 − 𝟏𝟎𝒑 − 𝟓 = 𝟔𝒑𝟐 − 𝟕𝒑 − 𝟓(𝑻𝒓𝒖𝒆) 
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Factoring Trinomials  

𝒄) 𝟒𝒙𝟐 + 𝟏𝟑𝒙 − 𝟏𝟖 

𝟐𝒙 + 𝟗 𝒙 − 𝟐 = 𝟐𝒙𝟐 + 𝟓𝒙 − 𝟏𝟖    Incorrect 

𝟐𝒙 − 𝟑 𝒙 + 𝟔 = 𝟐𝒙𝟐 + 𝟗𝒙 − 𝟏𝟖    Incorrect 

𝟐𝒙 − 𝟏 𝒙 + 𝟏𝟖 = 𝟐𝒙𝟐 + 𝟑𝟓𝒙 − 𝟏𝟖    Incorrect 

 

Additional trials are also unsuccessful. Thus, this trinomial cannot be 
factored with integer coefficients and is Prime. 
 

𝒅) 𝟏𝟔𝒚𝟑 + 𝟐𝟒𝒚𝟐 − 𝟏𝟔𝒚 = 𝟖𝐲 𝟐𝒚𝟐 + 𝟑𝐲 − 𝟐          Factor out  the GCF,  8y 

                                             = 𝟖𝐲 𝟐𝐲 − 𝟏)(𝐲 + 𝟐        𝑭𝒂𝒄𝒕𝒐𝒓 𝒕𝒉𝒆 𝒕𝒓𝒊𝒏𝒐𝒎𝒊𝒂𝒍. 
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Factoring Perfect square Trinomials  

𝒙𝟐 + 𝟐𝒙𝒚 + 𝒚𝟐 = (𝒙 + 𝒚)𝟐 

𝒙𝟐 − 𝟐𝒙𝒚 + 𝒚𝟐 = (𝒙 − 𝒚)𝟐 
Homework 2: 

a)    𝟏𝟔𝒑𝟐 − 𝟒𝟎𝒑𝒒 + 𝟐𝟓𝒒𝟐                  𝒃) 𝟑𝟔𝒙𝟐𝒚𝟐 + 𝟖𝟒𝒙𝒚 + 𝟒𝟗 

Solution: 

a)𝟏𝟔𝒑𝟐 − 𝟒𝟎𝒑𝒒 + 𝟐𝟓𝒒𝟐 =           
= (𝟒𝒑)𝟐−𝟐 𝟒𝒑 𝟓𝒒 + 𝟓𝒒 𝟐 =  (𝟒𝒑 − 𝟓𝒒)𝟐 

 
𝒃) 𝟑𝟔𝒙𝟐𝒚𝟐 + 𝟖𝟒𝒙𝒚 + 𝟒𝟗 = (𝟔𝒙𝒚)𝟐+𝟐 𝟔𝒙𝒚 𝟕 + 𝟕𝟐 = (𝟔𝒙𝒚 + 𝟕)𝟐 
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Factoring Binomials  

Difference of Squares     𝒙𝟐 − 𝒚𝟐 = (𝒙 + 𝒚)(𝒙 − 𝒚) 

  Difference of Cubes     𝒙𝟑 − 𝒚𝟑 = (𝒙 − 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) 

 Sum of Cubes                𝒙𝟑 + 𝒚𝟑 = (𝒙 + 𝒚)(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐) 
 

Example  3: Factoring Difference of Squares. 

a) 𝟒𝒎𝟐 − 𝟗            𝒃) 𝟐𝟓𝟔𝒌𝟒 − 𝟔𝟐𝟓𝒎𝟒         𝒄) 𝒂 + 𝟐𝒃 𝟐 − 𝟒𝒄𝟐 
 𝒅) 𝒙𝟐 − 𝟔𝒙 + 𝟗 − 𝒚𝟒        𝒆)𝒚𝟐 − 𝒙𝟐 + 𝟔𝒙 − 𝟗       

d) 

Solution: 

a)𝟏𝟔𝒑𝟐 − 𝟒𝟎𝒑𝒒 + 𝟐𝟓𝒒𝟐 =           
= (𝟒𝒑)𝟐−𝟐 𝟒𝒑 𝟓𝒒 + 𝟓𝒒 𝟐 =  (𝟒𝒑 − 𝟓𝒒)𝟐 

 
𝒃) 𝟑𝟔𝒙𝟐𝒚𝟐 + 𝟖𝟒𝒙𝒚 + 𝟒𝟗 = (𝟔𝒙𝒚)𝟐+𝟐 𝟔𝒙𝒚 𝟕 + 𝟕𝟐 = (𝟔𝒙𝒚 + 𝟕)𝟐 
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Factoring Binomials  

Difference of Squares     𝒙𝟐 − 𝒚𝟐 = (𝒙 + 𝒚)(𝒙 − 𝒚) 

  Difference of Cubes     𝒙𝟑 − 𝒚𝟑 = (𝒙 − 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) 

 Sum of Cubes                𝒙𝟑 + 𝒚𝟑 = (𝒙 + 𝒚)(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐) 
 

Example  3: Factoring Difference of Squares. 

a) 𝟒𝒎𝟐 − 𝟗            𝒃) 𝟐𝟓𝟔𝒌𝟒 − 𝟔𝟐𝟓𝒎𝟒         𝒄) 𝒂 + 𝟐𝒃 𝟐 − 𝟒𝒄𝟐 
 𝒅) 𝒙𝟐 − 𝟔𝒙 + 𝟗 − 𝒚𝟒        𝒆)𝒚𝟐 − 𝒙𝟐 + 𝟔𝒙 − 𝟗       

d) 

Solution: 

c) 𝒂 + 𝟐𝒃 𝟐 − 𝟒𝒄𝟐 = 𝒂 + 𝟐𝒃 − 𝟐𝒄 𝒂 + 𝟐𝒃 + 𝟐𝒄  

𝒅) 𝒙𝟐 − 𝟔𝒙 + 𝟗 − 𝒚𝟒 = 𝒙𝟐 − 𝟔𝒙 + 𝟗 − 𝒚𝟒 = 𝒙 − 𝟑 𝟐 − 𝒚𝟐 𝟐
         

= 𝒙 − 𝟑 − 𝒚 𝒙 − 𝟑 + 𝒚 . 

𝒆)𝒚𝟐 − 𝒙𝟐 + 𝟔𝒙 − 𝟗= 𝒚𝟐 − (𝒙𝟐−𝟔𝒙 + 𝟗) = 𝒚𝟐 − 𝒙 − 𝟑 𝟐 = [𝒚 − (𝒙
− 𝟑)][𝒚 + (𝒙 + 𝟑)] = (𝒚 − 𝒙 + 𝟑)(𝒚 + 𝒙 + 𝟑) 
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Factoring Binomials  

Difference of Squares     𝒙𝟐 − 𝒚𝟐 = (𝒙 + 𝒚)(𝒙 − 𝒚) 

  Difference of Cubes     𝒙𝟑 − 𝒚𝟑 = (𝒙 − 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐) 

 Sum of Cubes                𝒙𝟑 + 𝒚𝟑 = (𝒙 + 𝒚)(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐) 
Homework 3: Factoring Sums or Difference of  Cubes 

Factor each polynomial. 

a) 𝒙𝟑 + 𝟐𝟕            𝒃) 𝒎𝟑 − 𝟔𝟒𝒏𝟑         𝒄) 𝟖𝒒𝟔 + 𝟏𝟐𝟓𝒑𝟗 

  Solution: 

a)𝒙𝟑 + 𝟐𝟕 = 𝒙𝟑 + (𝟑)𝟑= 𝒙 + 𝟑 𝟗 − 𝟑𝒙 + 𝟗  
𝒃) 𝒎𝟑 − 𝟔𝟒𝒏𝟑 =  𝒎𝟑 −(𝟒𝒏)𝟑 = (𝒎 − 𝟒𝒏)(𝒎𝟐 + 𝟒𝒎𝒏 + 𝟏𝟔𝒏𝟐) 
𝒄) 𝟖𝒒𝟔 + 𝟏𝟐𝟓𝒑𝟗 = (𝟐𝒒𝟐)𝟑+(𝟓𝒑𝟑)𝟑

= (𝟐𝒒𝟐 + 𝟓𝒑𝟑)(𝟒𝒒𝟒 − 𝟏𝟎𝒒𝟐𝒑𝟑 + 𝟐𝟓𝒑𝟔) 
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Factoring by Substitution   

EXAMPLE 4: Factoring by Substitution : 

Factor each polynomial. 

a) 𝟏𝟎(𝟐𝒂 − 𝟏)𝟐 − 𝟏𝟗 𝟐𝒂 − 𝟏 − 𝟏𝟓         𝒃) 𝟐𝒂 − 𝟏 𝟑 + 𝟖      
 𝒄) 𝟔𝒛𝟒 − 𝟏𝟑𝒛𝟐 − 𝟓 

  Solution: 

a)𝟏𝟎(𝟐𝒂 − 𝟏)𝟐 − 𝟏𝟗 𝟐𝒂 − 𝟏 − 𝟏𝟓 = 𝟏𝟎𝒖𝟐 − 𝟏𝟗𝒖 − 𝟏𝟓
= 𝟓𝒖 + 𝟑 𝟐𝒖 − 𝟓 = 𝟓 𝟐𝒂 − 𝟏 + 𝟑 𝟐 𝟐𝒂 − 𝟏 − 𝟓
= 𝟏𝟎𝒂 − 𝟐 𝟒𝒂 − 𝟕 = 𝟐 𝟓𝒂 − 𝟏 𝟒𝒂 − 𝟕 . 
 𝒃) 𝟐𝒂 − 𝟏 𝟑+𝟖 = 𝒖 𝟑 + (𝟐)𝟑= 𝒖 + 𝟐 𝒖𝟐 − 𝟐𝒖 + 𝟒       

= 𝟐𝒂 − 𝟏 + 𝟐 𝟐𝒂 − 𝟏 𝟐 − 𝟐 𝟐𝒂 − 𝟏 + 𝟒

= 𝟐𝒂 + 𝟏 𝟒𝒂𝟐 − 𝟒𝒂 + 𝟏 − 𝟒𝒂 + 𝟐 + 𝟒

= 𝟐𝒂 + 𝟏 𝟒𝒂𝟐 − 𝟖𝒂 + 𝟕  

𝒄)𝟔𝒛𝟒 − 𝟏𝟑𝒛𝟐 − 𝟓=𝟔𝒖𝟐 − 𝟏𝟑𝒖𝟐 − 𝟓 = 𝟐𝒖 − 𝟓 𝟑𝒖 + 𝟏  

                                  = (𝟐𝒛𝟐 − 𝟓)(𝟑 𝒛𝟐 + 𝟏) 
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1.5 
Rational Expressions  

• Rational Expression  

• Lowest Terms of a Rational Expression  

• Multiplication and Division   

• Addition and Subtraction  

• Complex Fractions.  
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Rational Expression  

The quotient of two polynomials p and Q , with 
Q ≠ 0,is a rational expression : 

𝑥 + 6

𝑥 + 2
,  

(𝑥 + 6)(𝑥 + 4)

(𝑥 + 2)(𝑥 + 4)
,

2𝑝2 + 7𝑝 − 4

5𝑝2 + 20𝑝
 

The domain of a rational expression is the set of real numbers for which the 

expression is defined. 

Example 1 : Finding the domain. 

 Find the domain of the rational expression 

a) 
𝒙+𝟔

𝒙+𝟐
,  𝒃) 

(𝒙+𝟔)(𝒙+𝟒)

(𝒙+𝟐)(𝒙+𝟒)
 



Copyright © 2013, 2009, 2005 Pearson Education, Inc. 

 

3 

Rational Expression  

Solution : 

a)
𝒙+𝟔

𝒙+𝟐
,   

The solution of the equation :  𝒙 + 𝟐 = 𝟎 𝒊𝒔 𝒆𝒙𝒄𝒍𝒖𝒅𝒆𝒅 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 
𝒙 = −𝟐 

𝑫𝒐𝒎𝒂𝒊𝒏 = ℝ\*−𝟐+ = *𝒙 𝒙 ≠ −𝟐 = (−∞, −𝟐) ∪ (−𝟐, ∞) 

 𝒃) 
(𝒙 + 𝟔)(𝒙 + 𝟒)

(𝒙 + 𝟐)(𝒙 + 𝟒)
 

The solution of the equation (𝒙 + 𝟐)(𝒙 + 𝟒) = 𝟎 𝒊𝒔 𝒆𝒙𝒄𝒍𝒖𝒅𝒆𝒅 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 
𝒙 = −𝟐, −𝟒 

𝑫𝒐𝒎𝒂𝒊𝒏 = ℝ\*−𝟐, −𝟒+ = *𝒙 𝒙 ≠ −𝟐, −𝟒 = (−∞, −𝟒) ∪ (−𝟒, −𝟐) ∪ (−𝟐, ∞) 
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Rational Expression  

Lowest Terms of Rational Expression: 

A rational expression 
𝒂

𝒃
 is written in lowest terms when the greatest 

common factor of its numerator a and denominator b is 1. 

Examples: 
𝟐

𝟑
,

𝟑

𝟓
,

𝟕

𝟖
, … . 𝒂𝒓𝒆 𝒊𝒏 𝒍𝒐𝒘𝒆𝒔𝒕 𝒕𝒆𝒓𝒎𝒔 

𝟐

𝟒
,

𝟓

𝟏𝟎
,

𝟑

𝟏𝟓
, … … 𝒂𝒓𝒆 𝒏𝒐𝒕 𝒊𝒏 𝒍𝒐𝒘𝒆𝒔𝒕 𝒕𝒆𝒓𝒎𝒔               

Fundamental Principle of Fractions: 

     
𝒂𝒄

𝒃𝒄
=

𝒂

𝒃
    (𝒃 ≠ 𝟎, 𝒄 ≠ 𝟎),                   ( 

𝒂+𝒄

𝒃+𝒄
≠

𝒂

𝒃
 ) 

Examples: 
𝟏𝟒

𝟐𝟏
=

𝟐∙𝟕

𝟑∙𝟕
=

𝟐

𝟑
,  

𝟐𝟓

𝟏𝟓
=

𝟓∙𝟓

𝟑∙𝟓
=

𝟓

𝟑
,   

𝟓

𝟖
=

𝟐+𝟑

𝟓+𝟑
≠

𝟐

𝟓
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Rational Expression  

Homework 1: 
Write each rational expression in lowest terms: 

𝒂)  
𝟐𝒙𝟐 + 𝟕𝒙 − 𝟒

𝟓𝒙𝟐 + 𝟐𝟎𝒙
                 𝒃) 

𝟔 − 𝟑𝒙

𝒙𝟐 − 𝟒
 

Solution: 

𝒂)  
𝟐𝒙𝟐 + 𝟕𝒙 − 𝟒

𝟓𝒙𝟐 + 𝟐𝟎𝒙
=

(𝟐𝒙 − 𝟏)(𝒙 + 𝟒)

𝟓𝒙(𝒙 + 𝟒)
=

𝟐𝒙 − 𝟏

𝟓𝒙
 

 

 

𝐛) 
𝟔 − 𝟑𝐱

𝐱𝟐 − 𝟒
=

𝟑(𝟐 − 𝒙)

(𝒙 + 𝟐)(𝒙 − 𝟐)
=

−𝟑(𝒙 − 𝟐)

(𝒙 + 𝟐)(𝒙 − 𝟐)
=

−𝟑

𝒙 + 𝟐
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Multiplication and Division  

Multiplication and Division: 
For fractions 

𝒂

𝒃
, 

𝒄

𝒅
(𝐛 ≠ 𝟎, 𝒅 ≠ 𝟎), the following hold. 

 
𝒂

𝒃
∙

𝒄

𝒅
=

𝒂𝒄

𝒃𝒅
           𝒂𝒏𝒅       

𝒂

𝒃
÷

𝒄

𝒅
=

𝒂

𝒃
∙

𝒅

𝒄
=

𝒂𝒅

𝒃𝒄
       (𝒄 ≠ 𝟎) 

Examples:     
𝟐

𝟕
∙

𝟑

𝟓
=

𝟐∙𝟑

𝟕∙𝟓
=

𝟔

𝟑𝟓
,             

𝟒

𝟑
÷

𝟓

𝟕
=

𝟒

𝟑
∙

𝟕

𝟓
=

𝟒∙𝟕

𝟑∙𝟓
=

𝟐𝟖

𝟏𝟓
 

Example 2: Multiplying or Dividing Rational Expression s 

Multiply or divided , as indicated 

𝒂)  
𝟐𝒚𝟐

𝟗
∙

𝟐𝟕

𝟖𝒚𝟓                                       𝒃) 
𝟑𝒎𝟐−𝟐𝒎−𝟖

𝟑𝒎𝟐+𝟏𝟒𝒎+𝟖
∙

𝟑𝒎+𝟐

𝟑𝒎+𝟒
       

c) 
𝟑𝒑𝟐+𝟏𝟏𝒑−𝟒

𝟐𝟒𝐩𝟑−𝟖𝒑𝟐 ÷
𝟗𝒑+𝟑𝟔

𝟐𝟒𝒑𝟒−𝟑𝟔𝒑𝟑             𝒅) 
𝒙𝟑−𝒚𝟑

𝒙𝟐−𝒚𝟐 ∙
𝟐𝒙+𝟐𝒚+𝒙𝒛+𝒚𝒛

𝟐𝒙𝟐+𝟐𝒚𝟐+𝒛𝒙𝟐+𝒛𝒚𝟐 
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Multiplication and Division  

Solution: 

𝒂)  
𝟐𝒚𝟐

𝟗
∙

𝟐𝟕

𝟖𝒚𝟓
=   

𝟐𝒚𝟐 ∙ 𝟐𝟕

𝟗 ∙ 𝟖𝒚𝟓
=

𝟐 ∙ 𝟗 ∙ 𝟑 ∙ 𝒚𝟐

𝟗 ∙ 𝟐 ∙ 𝟒 ∙ 𝒚𝟐 ∙ 𝒚𝟑
=

𝟑

𝟒𝒚𝟑
 

𝒃) 
𝟑𝒎𝟐−𝟐𝒎−𝟖

𝟑𝒎𝟐+𝟏𝟒𝒎+𝟖
∙

𝟑𝒎+𝟐

𝟑𝒎+𝟒
= 

(𝒎−𝟐)(𝟑𝒎+𝟒)

(𝒎+𝟒)(𝟑𝒎+𝟐)
∙

𝟑𝒎+𝟐

𝟑𝒎+𝟒
=

𝒎−𝟐 𝟑𝒎+𝟒 𝟑𝒎+𝟐

𝒎+𝟒 𝟑𝒎+𝟐 𝟑𝒎+𝟒

=
𝒎−𝟐

𝒎+𝟒
 

c) 
𝟑𝒑𝟐+𝟏𝟏𝒑−𝟒

𝟐𝟒𝐩𝟑−𝟖𝒑𝟐 ÷
𝟗𝒑+𝟑𝟔

𝟐𝟒𝒑𝟒−𝟑𝟔𝒑𝟑 =
(𝒑+𝟒)(𝟑𝒑−𝟏)

𝟖𝒑𝟐(𝟑𝒑−𝟏)
÷

𝟗(𝒑+𝟒)

𝟏𝟐𝒑𝟑(𝟐𝒑−𝟑)
 

=
(𝒑 + 𝟒)(𝟑𝒑 − 𝟏)

𝟖𝒑𝟐(𝟑𝒑 − 𝟏)
∙

𝟏𝟐𝒑𝟑 𝟐𝒑 − 𝟑

𝟗 𝒑 + 𝟒
=

𝒑 + 𝟒 𝟑𝒑 − 𝟏 𝟏𝟐𝒑𝟑 𝟐𝒑 − 𝟑

𝟖𝒑𝟐 𝟑𝒑 − 𝟏 𝟗 𝒑 + 𝟒
         

=
𝟏𝟐𝒑𝟑 𝟐𝒑 − 𝟑

𝟖𝒑𝟐 ∙ 𝟗
=

𝟑 ∙ 𝟒 ∙ 𝒑𝟐∙ 𝒑 𝟐𝒑 − 𝟑

𝟐 ∙ 𝟒 ∙ 𝟑 ∙ 𝟑𝒑𝟐
=

𝒑(𝟐𝒑 − 𝟑)

𝟔
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Multiplication and Division  

Solution: 
 

𝒅) 
𝒙𝟑 − 𝒚𝟑

𝒙𝟐 − 𝒚𝟐
∙

𝟐𝒙 + 𝟐𝒚 + 𝒙𝒛 + 𝒚𝒛

𝟐𝒙𝟐 + 𝟐𝒚𝟐 + 𝒛𝒙𝟐 + 𝒛𝒚𝟐
 

= 
(𝒙−𝒚)(𝒙𝟐+𝒙𝒚+𝒚𝟐)

(𝒙−𝒚)(𝒙+𝒚)
∙

𝟐 𝒙+𝒚 +𝒛 𝒙+𝒚

𝟐(𝒙𝟐+𝒚𝟐)+𝒛(𝒙𝟐+𝒚𝟐)
 

=
(𝒙 − 𝒚)(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)

(𝒙 − 𝒚)(𝒙 + 𝒚)
∙

𝒙 + 𝒚 𝟐 + 𝒛

(𝒙𝟐+𝒚𝟐)(𝟐 + 𝒛)
 

=
(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)

(𝒙𝟐+𝒚𝟐)
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ADDITION AND SUBTRACTION  

Addition and Subtraction 
For fractions 

𝒂

𝒃
, 

𝒄

𝒅
(𝐛 ≠ 𝟎, 𝒅 ≠ 𝟎), the following hold. 

𝒂

𝒃
+

𝒄

𝒅
=

𝒂𝒅 + 𝒃𝒄

𝒃𝒅
       𝒂𝒏𝒅       

𝒂

𝒃
−

𝒄

𝒅
=

𝒂𝒅 − 𝒃𝒄

𝒃𝒅
       

Examples:    

  
𝟐

𝟕
+

𝟑

𝟓
=

𝟐 ∙ 𝟓 + 𝟕 ∙ 𝟑

𝟕 ∙ 𝟓
=

𝟑𝟏

𝟑𝟓
,  

 
𝟒

𝟑
−

𝟓

𝟕
=

𝟒 ∙ 𝟕 − 𝟑 ∙ 𝟓

𝟑 ∙ 𝟕
=

𝟐𝟖 − 𝟏𝟓

𝟐𝟏
=

𝟏𝟑

𝟐𝟏
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ADDITION AND SUBTRACTION  

Homework 2: Addition and Subtraction 

Add or subtract, as indicated  

a)
𝟓

𝟗𝐱𝟐 +
𝟏

𝟔𝐱
    𝒃) 

𝒚

𝒚−𝟐
+

𝟖

𝟐−𝒚
     𝒄) 

𝟑

(𝒙−𝟏)(𝒙+𝟐)
−

𝟏

(𝒙+𝟑)(𝒙−𝟒)
 

Solution:  

𝒂) 
𝟓

𝟗𝐱𝟐
+

𝟏

𝟔𝐱
=  

𝟓 ∙ 𝟔𝒙 + 𝟏 ∙ 𝟗𝒙𝟐

𝟗𝐱𝟐 ∙ 𝟔𝒙
=

𝟑𝒙(𝟏𝟎 + 𝟑𝒙)

𝟑𝒙 ∙ 𝟏𝟖𝒙

=
𝟏𝟎 + 𝟑𝒙

𝟏𝟖𝒙
 

𝒃) 
𝒚

𝒚 − 𝟐
+

𝟖

𝟐 − 𝒚
=  

𝒚

𝒚 − 𝟐
−

𝟖

𝒚 − 𝟐
=

𝒚 − 𝟖

𝒚 − 𝟐
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ADDITION AND SUBTRACTION  

Homework 2: Addition and Subtraction 

Add or subtract, as indicated  

a)
𝟓

𝟗𝐱𝟐 +
𝟏

𝟔𝐱
    𝒃) 

𝒚

𝒚−𝟐
+

𝟖

𝟐−𝒚
     𝒄) 

𝟑

(𝒙−𝟏)(𝒙+𝟐)
−

𝟏

(𝒙+𝟑)(𝒙−𝟒)
 

Solution:  

𝒄) 
𝟑

(𝒙 − 𝟏)(𝒙 + 𝟐)
−

𝟏

𝒙 + 𝟑 𝒙 − 𝟒
= 

 
𝟑 𝒙 + 𝟑 𝒙 − 𝟒 − 𝟏(𝒙 − 𝟏)(𝒙 + 𝟐)

(𝒙 − 𝟏)(𝒙 + 𝟐)(𝒙 + 𝟑)(𝒙 − 𝟒)
=

𝟑𝒙𝟐 − 𝟑𝒙 − 𝟑𝟔 − 𝒙𝟐 − 𝒙 + 𝟐

(𝒙 − 𝟏)(𝒙 + 𝟐)(𝒙 + 𝟑)(𝒙 − 𝟒)
 

=
𝟐𝒙𝟐 − 𝟒𝒙 − 𝟑𝟒

(𝒙 − 𝟏)(𝒙 + 𝟐)(𝒙 + 𝟑)(𝒙 − 𝟒)
=

𝟐(𝒙𝟐 − 𝟐𝒙 − 𝟏𝟕)

(𝒙 − 𝟏)(𝒙 + 𝟐)(𝒙 + 𝟑)(𝒙 − 𝟒)
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Complex Fractions 

Example 3: Simplifying Complex Fractions 

Simplify each complex fraction.  

a)
𝟔−

𝟓

𝒌

𝟏+
𝟓

𝒌

              𝒃) 
𝒂

𝒂+𝟏
+

𝟏

𝒂
𝟏

𝒂
+

𝟏

𝒂+𝟏

 

Solution:  

𝒂)
𝟔 −

𝟓
𝒌

𝟏 +
𝟓
𝒌

=
𝐤(𝟔 −

𝟓
𝒌

)

𝒌(𝟏 +
𝟓
𝒌

)
=

𝟔𝐤 − 𝟓

𝒌 + 𝟓
 

𝒃)

𝒂

𝒂 + 𝟏
+

𝟏

𝒂
𝟏

𝒂
+

𝟏

𝒂 + 𝟏
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Complex Fractions 

Solution:  

𝒃)

𝒂
𝒂 + 𝟏

+
𝟏
𝒂

𝟏
𝒂

+
𝟏

𝒂 + 𝟏

=
𝒂(𝒂 + 𝟏)(

𝒂
𝒂 + 𝟏

+
𝟏
𝒂

)

𝒂(𝒂 + 𝟏)(
𝟏
𝒂

+
𝟏

𝒂 + 𝟏
)

=
𝒂(𝒂 + 𝟏)(

𝒂
𝒂 + 𝟏) + 𝒂(𝒂 + 𝟏)

𝟏
𝒂

𝒂(𝒂 + 𝟏)(
𝟏
𝒂

) + 𝒂(𝒂 + 𝟏)(
𝟏

𝒂 + 𝟏
)

=
𝒂𝟐 + (𝒂 + 𝟏)

𝒂 + 𝟏 + 𝒂

=
𝒂𝟐 + 𝒂 + 𝟏

𝟐𝒂 + 𝟏
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1.6 
Rational Exponents  

• Negative Exponents and the Quotient Rule  

• Rational Exponents   

• Complex Fractions Revisited    

• Radical Notation 

• Simplified Radicals 

•Operations with Radicals 

•Rationalizing Denominators  
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Negative Exponents and the Quotient Rule   

Negative Exponents 

Suppose that 𝑎 is a nonzero real number and 𝑛 any integer. 

𝑎−𝑛 =
1

𝑎𝑛
,      (

𝑎

𝑏
)−𝑛= (

𝑏

𝑎
)𝑛 

Example 1 : Using the Definition of a negative exponent. 

 Evaluate each expression. In part (d) and (e), write the expression 
without negative exponents. Assume all variables represent nonzero 
real numbers. 

𝐚) 𝟒−𝟐     𝒃) −𝟒−𝟐       𝒄) (
𝟐

𝟓
)−𝟑       𝒅) (𝒙𝒚)−𝟑 

 𝒆) 𝒙𝒚−𝟑 
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Negative Exponents and the Quotient Rule   

Solution: 

𝐚) 𝟒−𝟐 =
𝟏

𝟒𝟐
=

𝟏

𝟏𝟔
 

 𝒃)−𝟒−𝟐= −
𝟏

𝟒𝟐
= −

𝟏

𝟏𝟔
 

𝒄) (
𝟐

𝟓
)−𝟑=

𝟏

(
𝟐
𝟓
)𝟑

=
𝟏

𝟖
𝟏𝟐𝟓

= 𝟏 ÷
𝟖

𝟏𝟐𝟓
= 𝟏 ∙

𝟏𝟐𝟓

𝟖
=
𝟏𝟐𝟓

𝟖
  

𝒐𝒓
𝟐

𝟓

−𝟑

=
𝟓

𝟐

𝟑

=
𝟏𝟐𝟓

𝟖
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Negative Exponents and the Quotient Rule   

Solution: 

𝒅) (𝒙𝒚)−𝟑=
𝟏

(𝒙𝒚)𝟑
=

𝟏

𝒙𝟑𝒚𝟑
 

 

𝒆) 𝒙𝒚−𝟑 = 𝒙 ∙
𝟏

𝒚𝟑
=

𝒙

𝒚𝟑
. 
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Negative Exponents and the Quotient Rule   

Quotient Rule 
Suppose that m and 𝑛 are integer and 𝑎 is a nonzero real number. 

𝑎𝑚

𝑎𝑛
= 𝑎𝑚−𝑛 

Homework 1 : Using the Quotient Rule. 

 Simplify each expression. Assume all variables represent nonzero real 
numbers. 

𝐚) 
𝟏𝟐𝟓

𝟏𝟐𝟑
     𝒃)

𝒂𝟓

𝒂−𝟖
             𝒄) 

𝟏𝟔𝒎−𝟗

𝟏𝟐𝒎𝟏𝟏
        𝒅)

𝟐𝟓𝒓𝟕𝒛𝟓

𝟏𝟎𝒓𝟗𝒛
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Negative Exponents and the Quotient Rule   

Solution: 

𝐚) 
𝟏𝟐𝟓

𝟏𝟐𝟑
= 𝟏𝟐𝟓−𝟑 = 𝟏𝟐𝟐 = 𝟏𝟒𝟒 

𝒃)
𝒂𝟓

𝒂−𝟖
= 𝒂𝟓−(−𝟖) = 𝒂𝟓+𝟖 = 𝒂𝟏𝟑 

𝒄) 
𝟏𝟔𝒎−𝟗

𝟏𝟐𝒎𝟏𝟏
= 

𝟒

𝟑
𝒎−𝟗−𝟏𝟏 =

𝟒

𝟑
𝒎−𝟐𝟎 =

𝟒

𝟑𝒎𝟐𝟎
 

𝒅)
𝟐𝟓𝒓𝟕𝒛𝟓

𝟏𝟎𝒓𝟗𝒛𝟏
=
𝟐𝟓

𝟏𝟎
𝒓𝟕−𝟗𝒛𝟓−𝟏 =

𝟓

𝟐
𝒓−𝟐𝒛𝟒 =

𝟓𝒛𝟒

𝟐𝒓𝟐
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Negative Exponents and the Quotient Rule   

Example 2 : Using the Rules for Exponents. 

 Simplify each expression. Write answers without negative exponents. 
Assume all variables represent nonzero real numbers. 

𝐚) 𝟑𝒙−𝟐(𝟒−𝟏𝒙−𝟓)𝟐     𝒃)
𝟏𝟐𝒑𝟑𝒒−𝟏

𝟖𝒑−𝟐𝒒
       𝒄) 

(𝟑𝒙𝟐)−𝟏(𝟑𝒙𝟓)−𝟐

(𝟑−𝟏𝒙−𝟐)𝟐
 

Solution: 

𝐚) 𝟑𝒙−𝟐(𝟒−𝟏𝒙−𝟓)𝟐= 𝟑𝒙−𝟐𝟒−𝟐𝒙−𝟏𝟎 = 𝟑 ∙ 𝟒−𝟐 ∙ 𝒙−𝟐−𝟏𝟎=
𝟑

𝟒𝟐 ∙ 𝒙𝟐+𝟏𝟎

=
𝟑

𝟏𝟔𝒙𝟏𝟐
 

𝒃)
𝟏𝟐𝒑𝟑𝒒−𝟏

𝟖𝒑−𝟐𝒒
=
𝟏𝟐

𝟖

𝒑𝟑

𝒑−𝟐
𝒒−𝟏

𝒒
=
𝟑

𝟐
∙ 𝒑𝟑−(−𝟐) 𝒒−𝟏−𝟏 =

𝟑

𝟐
∙ 𝒑𝟓 𝒒−𝟐 =

𝟑𝒑𝟓

𝟐𝒒𝟐
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Negative Exponents and the Quotient Rule   

𝒄) 
(𝟑𝒙𝟐)−𝟏(𝟑𝒙𝟓)−𝟐

(𝟑−𝟏𝒙−𝟐)𝟐
 

 = 
𝟑−𝟏𝒙−𝟐𝟑−𝟐𝒙−𝟏𝟎

𝟑−𝟐𝒙−𝟒
 

 =
𝟑−𝟏−𝟐𝒙−𝟐−𝟏𝟎

𝟑−𝟐𝒙−𝟒
 

 =
𝟑−𝟑𝒙−𝟏𝟐

𝟑−𝟐𝒙−𝟒
 

 = 𝟑−𝟑−(−𝟐)𝒙−𝟏𝟐−(−𝟒) 

 = 𝟑−𝟏𝒙−𝟖 

 =
𝟏

𝟑𝒙𝟖
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Rational  Exponents    

The expression 𝒂
𝟏

𝒏 

𝒂
𝟏
𝒏 , 𝒏 𝑬𝒗𝒆𝒏 

If 𝒏 is an even positive integer, and if 𝒂 > 𝟎, then 𝒂
𝟏

𝒏  is the positive 

real number whose nth power is 𝒂, That is (𝒂
𝟏

𝒏)𝒏= 𝒂. (In this case 𝒂
𝟏

𝒏 
is the principle nth root of 𝒂) 

 𝒂
𝟏

𝒏 , 𝒏 𝑶𝒅𝒅 

If 𝒏 is an odd positive integer, and  𝒂 is any nonzero real number, then 

𝒂
𝟏

𝒏 is the positive or negative real number whose nth power is 𝒂, That 

is (𝒂
𝟏

𝒏)𝒏= 𝒂.  

For all positive integers 𝒏, 𝟎
𝟏

𝒏 = 𝟎 
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Rational  Exponents    

Homework 2 : Using the definition of 𝒂
𝟏

𝒏 

 Evaluate each expression. 

𝐚) 𝟑𝟔
𝟏
𝟐      𝒃) −𝟏𝟎𝟎

𝟏
𝟐        𝒄) −(𝟐𝟐𝟓)

𝟏
𝟐     𝒅)𝟔𝟐𝟓

𝟏
𝟒      

𝒆)(−𝟏𝟐𝟗𝟔)
𝟏
𝟒      𝒇) −𝟏𝟐𝟗𝟔

𝟏
𝟒     𝒈)(−𝟐𝟕)

𝟏
𝟑    𝒉) −𝟑𝟐

𝟏
𝟓 

Solution: 

𝐚) 𝟑𝟔
𝟏
𝟐 = 𝟔                 𝒃)−𝟏𝟎𝟎

𝟏
𝟐= −𝟏𝟎                𝒄)− 𝟐𝟐𝟓

𝟏
𝟐= −𝟏𝟓    

𝒅)𝟔𝟐𝟓
𝟏
𝟒 = 𝟓                              𝒆)(−𝟏𝟐𝟗𝟔)

𝟏
𝟒= 𝒊𝒔 𝒏𝒐𝒕 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 

 𝒇)−𝟏𝟐𝟗𝟔
𝟏
𝟒= −𝟔          𝒈) −𝟐𝟕

𝟏
𝟑 = −𝟑            𝒉)−𝟑𝟐

𝟏
𝟓= −𝟐 



Copyright © 2013, 2009, 2005 Pearson Education, Inc. 

 

11 

Rational  Exponents    

The expression 𝒂
𝒎

𝒏  
Let m be any integer, 𝒏 be any positive integer , and 𝒂 be any real 

number for which 𝒂
𝟏

𝒏 is a real number. 

𝒂
𝒎
𝒏 = (𝒂

𝟏
𝒏)𝒎 = (𝒂𝒎)

𝟏
𝒏 

Example 3 : Using the definition of 𝒂
𝒎

𝒏  

 Evaluate each expression. 

𝐚) 𝟏𝟐𝟓
𝟐
𝟑           𝒃)𝟑𝟐

𝟕
𝟓             𝒄) −𝟖𝟏

𝟑
𝟐            𝒅) (−𝟐𝟕)

𝟐
𝟑      

𝒆)𝟏𝟔
−𝟑
𝟒       𝒇)(−𝟒)

𝟓
𝟐 
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Rational  Exponents    

𝒂
𝒎
𝒏 = (𝒂

𝟏
𝒏)𝒎 = (𝒂𝒎)

𝟏
𝒏 

Solution  

𝐚) 𝟏𝟐𝟓
𝟐
𝟑 = (𝟏𝟐𝟓

𝟏
𝟑)𝟐= 𝟓𝟐 = 𝟐𝟓 

𝒃)𝟑𝟐
𝟕
𝟓   = (𝟑𝟐

𝟏
𝟓)𝟕 = 𝟐𝟕 = 𝟏𝟐𝟖 

𝒄)−𝟖𝟏
𝟑
𝟐= −(𝟖𝟏

𝟏
𝟐)𝟑 = −𝟗𝟑 = −𝟕𝟐𝟗 

  𝒅) (−𝟐𝟕)
𝟐
𝟑 = [(−𝟐𝟕)

𝟏
𝟑 ]𝟐 = (−𝟑)𝟐= 𝟗 

𝒆)𝟏𝟔
−𝟑
𝟒 =

𝟏

𝟏𝟔
𝟑
𝟒

=
𝟏

(𝟏𝟔
𝟏
𝟒)𝟑

=
𝟏

𝟐𝟑
=
𝟏

𝟖
 

𝒇)(−𝟒)
𝟓
𝟐= 𝒊𝒔 𝒏𝒐𝒕 𝒂 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓.  

  𝑻𝒉𝒊𝒔 𝒊𝒔 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 −𝟒
𝟏

𝟐 𝒊𝒔 𝒏𝒐𝒕 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 
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Definitions and Rules for Exponents    

Suppose that  𝒓 𝒂𝒏𝒅 𝒔 represent rational numbers . The results here 
are valid for all positive numbers  𝒂 𝒂𝒏𝒅 𝒃. 

 

Product rule 1     𝒂𝒓∙ 𝒂𝒔 = 𝒂𝒓+𝒔  

Product rule 2      (𝒂𝒓)𝒔= 𝒂𝒓𝒔 

Quotient rule 
𝒂𝒓

𝒂𝒔
= 𝒂𝒓−𝒔   

                    (𝒂𝒃)𝒓= 𝒂𝒓𝒃𝒓,  (
𝒂

𝒃
)𝒓=

𝒂𝒓

𝒃𝒓
 

Negative exponent      𝒂−𝒓=
𝟏

𝒂𝒓
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Rational  Exponents    

Homework 3 : Using the Rules for exponents 

 Simplify  each expression. Assume all variables represent positive real 
numbers. 

𝐚) 
𝟐𝟕

𝟏
𝟑 ∙ 𝟐𝟕

𝟓
𝟑

𝟐𝟕𝟑
      𝒃)𝟖𝟏

𝟓
𝟒 ∙ 𝟒−

𝟑
𝟐       𝒄)𝟔𝒚

𝟐
𝟑 ∙ 𝟐𝒚

𝟏
𝟐          

𝒅)(
𝟑𝒎

𝟓
𝟔 

𝒚
𝟑
𝟒

)𝟐(
𝟖𝒚𝟑

𝒎𝟔
)
𝟐
𝟑      

𝒆)𝒎
𝟐
𝟑(𝒎

𝟕
𝟑 + 𝟐𝒎

𝟏
𝟑) 
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Rational  Exponents    

Solution: 

𝐚) 
𝟐𝟕

𝟏
𝟑 ∙ 𝟐𝟕

𝟓
𝟑

𝟐𝟕𝟑
=
𝟐𝟕

𝟏
𝟑
+
𝟓
𝟑

𝟐𝟕𝟑
=
𝟐𝟕

𝟔
𝟑

𝟐𝟕𝟑
=
𝟐𝟕𝟐

𝟐𝟕𝟑
= 𝟐𝟕𝟐−𝟑 = 𝟐𝟕−𝟏

=
𝟏

𝟐𝟕
 

𝒃)𝟖𝟏
𝟓
𝟒 ∙ 𝟒−

𝟑
𝟐 = 𝟖𝟏

𝟏
𝟒

𝟓

∙
𝟏

𝟒
𝟑
𝟐

= 𝟑 𝟓 ∙
𝟏

𝟒
𝟏
𝟐

𝟑
= 𝟐𝟒𝟑 ∙

𝟏

𝟐𝟑

=
𝟐𝟒𝟑

𝟖
 

𝒄)𝟔𝒚
𝟐
𝟑 ∙ 𝟐𝒚

𝟏
𝟐 = 𝟏𝟐𝒚

𝟐
𝟑+

𝟏
𝟐 = 𝟏𝟐𝒚

𝟒+𝟑
𝟔 = 𝟏𝟐𝒚

𝟕
𝟔          
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Rational  Exponents    

Solution: 

𝒅)(
𝟑𝒎

𝟓
𝟔 

𝒚
𝟑
𝟒

)𝟐(
𝟖𝒚𝟑

𝒎𝟔
)
𝟐
𝟑=

𝟑𝟐𝒎
𝟓∙𝟐

𝟔 

𝒚
𝟑∙𝟐
𝟒

𝟖
𝟐
𝟑𝒚𝟑∙

𝟐
𝟑

𝒎𝟔∙
𝟐
𝟑

=
𝟗𝒎

𝟓
𝟑 

𝒚
𝟑
𝟐

𝟒𝒚𝟐

𝒎𝟒

= 𝟑𝟔𝒎
𝟓
𝟑
−𝟒𝒚𝟐−

𝟑
𝟐 = 𝟑𝟔𝒎

𝟓−𝟏𝟐
𝟒 𝒚

𝟒−𝟑
𝟐 = 𝟑𝟔𝒎

−𝟕
𝟒 𝒚

𝟏
𝟐

=
𝟑𝟔𝒚

𝟏
𝟐

𝒎
𝟕
𝟒

 

𝒆)𝒎
𝟐

𝟑(𝒎
𝟕

𝟑 + 𝟐𝒎
𝟏

𝟑)=𝒎
𝟐

𝟑
+
𝟕

𝟑+𝟐𝒎
𝟐

𝟑
+
𝟏

𝟑 = 𝒎
𝟗

𝟑+𝟐𝒎
𝟑

𝟑 = 𝒎𝟑+𝟐𝒎𝟏 

=𝒎𝟑+𝟐𝒎 
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Rational  Exponents    

Example 4 : Factoring Expressions with Negative or 
Rational Exponents 

 Factor out the least power of the variable or variable expression. 
Assume all variables represent positive real numbers. 

𝐚) 𝟏𝟐𝒙−𝟐 − 𝟖𝒙−𝟑     𝒃)𝟒𝒎
𝟏
𝟐 + 𝟑𝒎

𝟑
𝟐       𝒄) 𝒚 − 𝟐

−𝟏
𝟑

+ 𝒚 − 𝟐
𝟐
𝟑 

𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝐚) 𝟏𝟐𝒙−𝟐 − 𝟖𝒙−𝟑 = 𝟒𝒙−𝟑 𝟑𝒙−𝟐− −𝟑 − 𝟐𝒙−𝟑− −𝟑 = 𝟒𝒙−𝟑(𝟑𝒙 − 𝟐) 

𝒃)𝟒𝒎
𝟏
𝟐 + 𝟑𝒎

𝟑
𝟐 = 𝒎

𝟏
𝟐(𝟒 + 𝟑𝒎) 

𝒄) 𝒚 − 𝟐
−𝟏
𝟑 + 𝒚 − 𝟐

𝟐
𝟑 = 𝒚 − 𝟐

−𝟏
𝟑 𝟏 + 𝒚 − 𝟐

= 𝒚 − 𝟐
−𝟏
𝟑 (𝒚 − 𝟏) 
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Complex Fractions Revisited    

Negative exponents are sometimes used to write complex 

fractions.  

Homework 4 : Simplifying a Fraction with Negative 
Exponents 

 Simplify 
(𝒙+𝒚)−𝟏

𝒙−𝟏+𝒚−𝟏
 . Write the results with only positive 

exponents. 
𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 
(𝒙 + 𝒚)−𝟏

𝒙−𝟏 + 𝒚−𝟏
=

𝟏

(𝐱 + 𝐲)(𝒙−𝟏+𝒚−𝟏)
=

𝟏

𝐱𝒙−𝟏 + 𝐱𝒚−𝟏 + 𝒚𝒙−𝟏 + 𝒚𝒚−𝟏

=
𝟏

𝟏 + 𝒙
𝒚 +

𝒚
𝒙 + 𝟏

==
𝟏

𝒙
𝒚 +

𝒚
𝒙 + 𝟐
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Radical Notation     

In this section we used rational exponents to express roots. 
An alternative notation for roots is radical notation. 

Radical Notation for 𝒂𝟏 𝒏 :  

Suppose that 𝒂 is areal number, 𝒏 is a positive integer, 

and 𝒂𝟏 𝒏  is a real number. 

𝒂𝟏 𝒏 = 𝒂𝒏  

 Radical Notation for 𝒂𝒎 𝒏 :  

Suppose that 𝒂 is areal number, 𝒎 is an integer, 𝒏 is a 

positive integer, and 𝒂𝒏  is a real number. 

𝒂𝒎 𝒏 = ( 𝒂𝒏 )𝒎= 𝒂𝒎
𝒏
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Radical Notation     

In the radical 𝒂𝒏 , the symbol 
𝒏

 is a radical symbol 

The number 𝒂 is the radicand, and 𝒏 is the index. We use the familiar 
notation 𝒂 instead of 𝒂𝟐   for the square root.  

 

For even of 𝒏( square roots, fourth roots, and so on), 

when 𝒂 is positive, there are two 𝒏𝒕𝒉 roots, one positive 

and one negative. In such cases, the notation 𝒂𝒏   

represents the positive root, the principal 𝒏𝒕𝒉 root. We 

write the negative root as − 𝒂.𝒏   
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Radical Notation   

Example 5 : Evaluating Roots 

 Write each root using exponents and evaluate.  

𝐚) 𝟏𝟔
𝟒

          𝒃) − 𝟏𝟔 
𝟒

           𝒄) −𝟑𝟐
𝟓

        𝒅) 𝟏𝟎𝟎𝟎
𝟑

  

𝒆) 
𝟔𝟒

𝟕𝟐𝟗

𝟔

           𝒇) −𝟏𝟔
𝟒

 

𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝐚) 𝟏𝟔
𝟒

= 𝟏𝟔𝟏 𝟒 = 𝟐                     𝒃) − 𝟏𝟔 
𝟒

= −𝟏𝟔𝟏 𝟒 = −𝟐  

𝒄) −𝟑𝟐
𝟓

= (−𝟑𝟐)𝟏 𝟓 = −𝟐           𝒅) 𝟏𝟎𝟎𝟎
𝟑

= 𝟏𝟎𝟎𝟎
𝟏
𝟑 = 𝟏𝟎 

𝒆) 
𝟔𝟒

𝟕𝟐𝟗

𝟔

 = (
𝟔𝟒

𝟕𝟐𝟗
)
𝟏
𝟔=

𝟐

𝟑
                𝒇) −𝟏𝟔

𝟒
 𝒊𝒔 𝒏𝒐𝒕 𝒂 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓. 
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Radical Notation   

Homework 5 : Converting from Rational Exponents 
to Radicals 
 Write in radical form and simplify. Assume all variable expressions 
represent positive real numbers.  

𝐚) 𝟖
𝟐
𝟑                     𝒃)(−𝟑𝟐)

𝟒
𝟓              𝒄)  −𝟏𝟔

𝟑
𝟒            𝒅) 𝒙

𝟓
𝟔 

𝒆) 𝟑𝒙
𝟐
𝟑              𝒇)𝟐𝒑

𝟏
𝟐                    𝒈)(𝟑𝒂 + 𝒃)

𝟏
𝟒 

𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝐚) 𝟖
𝟐

𝟑 = 𝟖𝟐
𝟑

= 𝟔𝟒
𝟑

= 𝟒    or    𝟖
𝟐

𝟑 = ( 𝟖
𝟑

)𝟐= 𝟐𝟐 = 𝟒 

𝒃)(−𝟑𝟐)
𝟒

𝟓= (−𝟑𝟐)𝟒
𝟓

= 𝟏𝟎𝟒𝟖𝟓𝟕𝟔
𝟓

= 𝟏𝟔  or  (−𝟑𝟐)
𝟒

𝟓= ( −𝟑𝟐
𝟓

)𝟒

= (−𝟐)𝟒= 𝟏𝟔 
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Radical Notation   

𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝒄) −𝟏𝟔
𝟑
𝟒= − 𝟏𝟔

𝟒 𝟑
= −𝟐𝟑 = −𝟖      

 

𝒅) 𝒙
𝟓
𝟔 = 𝒙𝟓

𝟔
 

 

𝒆) 𝟑𝒙
𝟐
𝟑 = 𝟑 𝒙𝟐

𝟑
 

 

𝒇) 𝟐𝒑
𝟏
𝟐 = 𝟐 𝒑         

 

𝒈) (𝟑𝒂 + 𝒃)
𝟏
𝟒= (𝟑𝒂 + 𝒃𝟒 ) 
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Radical Notation   

𝑪𝑨𝑼𝑻𝑰𝑶𝑵  

It is not possible to distribute exponents over a sum, so in Homework 

5(g) ,  (𝟑𝒂 + 𝒃)
𝟏

𝟒≠ 𝟑𝒂
𝟏

𝟒 + 𝒃
𝟏

𝟒 

 

𝒙𝒏 + 𝒚𝒏𝒏 ≠ 𝒙 + 𝒚 
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Radical Notation   

Example 6 : Converting from Radicals to Rational 
Exponents  

Write in exponential  form. Assume all variable expressions represent 
positive real numbers.  

𝐚) 𝒙𝟓
𝟒

          𝒃) 𝟑𝒚           𝒄) 𝟏𝟎( 𝒛𝟓 )𝟐        𝒅) 𝟓 (𝟐𝒙𝟒)𝟕
𝟑

  

𝒆) 𝒑𝟐 + 𝒒 
𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝐚) 𝒙𝟓
𝟒

= 𝒙
𝟒
𝟓                                     𝒃) 𝟑𝒚 = (𝟑𝒚)

𝟏
𝟐            

𝒄) 𝟏𝟎( 𝒛𝟓 )𝟐 = 𝟏𝟎𝒛
𝟐
𝟓                       𝒅) 𝟓 (𝟐𝒙𝟒)𝟕

𝟑
= 𝟓(𝟐𝒙𝟒)

𝟕
𝟑 = 𝟓 ∙ 𝟐

𝟕
𝟑 𝒙

𝟐𝟖
𝟑  

𝒆) 𝒑𝟐 + 𝒒  =  (𝒑𝟐+𝒒)
𝟏
𝟐 
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Evaluating 𝒂𝒏
𝒏

 

Evaluating 𝒂𝒏
𝒏

  

suppose that 𝒂 is areal number, 𝐈𝐟 𝒏 is an even  positive 

integer,  then     𝒂𝒏
𝒏

= 𝒂  

Example: (−𝟗)𝟐= −𝟗 = 𝟗, 𝟏𝟑𝟐 = 𝟏𝟑 = 𝟏𝟑 

suppose that 𝒂 is areal number, 𝐈𝐟 𝒏 is an odd  positive 

integer,  then     𝒂𝒏
𝒏

= 𝒂 

Example:  𝟐𝟓
𝟓

= 𝟐,          (−𝟖)𝟑
𝟑

= −𝟖          
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Evaluating 𝒂𝒏
𝒏

 

Homework 6. Using Absolute Value to simplify Roots 

Simplify each expression.  

𝐚) 𝒑𝟒           𝒃) 𝒑𝟒 
𝟒

           𝒄) 𝟏𝟔𝒎𝟖𝒓𝟔     𝒅) (−𝟐)𝟔
𝟔

  

𝒆) 𝒎𝟓𝟓
          𝒇)  (𝟐𝒌 + 𝟑)𝟐       𝒈) 𝒙𝟐 − 𝟒𝒙 + 𝟒         

𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝐚) 𝒑𝟒  = (𝒑𝟐)𝟐 = 𝒑𝟐                                          𝒃) 𝒑𝟒 
𝟒

= 𝒑           

𝒄) 𝟏𝟔𝒎𝟖𝒓𝟔 = 𝟒𝒎𝟒𝒓𝟑 𝟐 = |𝟒𝒎𝟒𝒓𝟑|         𝒅) −𝟐 𝟔𝟔
= | − 𝟐| = 𝟐 

𝒆) 𝒎𝟓𝟓
 = 𝒎                                 𝒇)  (𝟐𝒌 + 𝟑)𝟐= 𝟐𝒌 + 𝟑  

𝒈) 𝒙𝟐 − 𝟒𝒙 + 𝟒 = (𝒙 − 𝟐)𝟐= |𝒙 − 𝟐|         
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Rules for Radicals  

Suppose that a and b represent real numbers, and m and n 

represent positive integers for which the indicated roots are 

real numbers. 

Rule                          Description 

Product rule            The product of two roots is the root of the product. 

𝒂𝒏 ∙ 𝒃
𝒏

= 𝒂𝒃
𝒏

 

Quotient rule          The root of a quotient is the quotient of the roots 

𝒂

𝒃

𝒏
=

𝒂𝒏

𝒃
𝒏  , (𝒃 ≠ 𝟎) 

 Power rule                 The index of the root of a root is the product of their   

                                            indexes  

𝒂𝒏𝒎
= 𝒂𝒎𝒏  
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Rules for Radicals 

Example 7. Simplifying Radical Expressions 

Simplify. Assume all variable expression represent positive real 
numbers.  

𝐚) 𝟔 ∙ 𝟓𝟒           𝒃) 𝒎𝟑 ∙ 𝒎𝟐𝟑
      𝒄) 

𝟕

𝟔𝟒
     𝒅) 

𝒂

𝒃𝟒
𝟒

  

𝒆) 𝟐
𝟑𝟕

          𝒇) 𝟑
𝟒

 

𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝐚) 𝟔 ∙ 𝟓𝟒 = 𝟔 ∙ 𝟓𝟒 = 𝟑𝟐𝟒 = 𝟏𝟖            

𝒃) 𝒎𝟑 ∙ 𝒎𝟐𝟑
= 𝒎𝟑𝟑

= 𝒎          𝒄) 
𝟕

𝟔𝟒
=

𝟕

𝟔𝟒
=

𝟕

𝟖
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Rules for Radicals 

𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝒅) 
𝒂

𝒃𝟒
𝟒

= 
𝒂𝟒

𝒃𝟒
𝟒 =

𝒂𝟒

𝒃
 

 

𝒆) 𝟐
𝟑𝟕

  =  𝟐
𝟐𝟏

        

 

 

𝒇) 𝟑
𝟒

 =  𝟑
𝟒∙𝟐

= 𝟑
𝟖
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Simplified  Radicals 

Simplified Radicals: 

𝑨𝒏 𝒆𝒙𝒑𝒓𝒆𝒔𝒔𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒓𝒂𝒅𝒊𝒄𝒂𝒍𝒔 𝒊𝒔 𝒔𝒊𝒎𝒑𝒍𝒊𝒇𝒊𝒆𝒅 𝒘𝒉𝒆𝒏 𝒂𝒍𝒍  

𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔 𝒂𝒓𝒆 𝒔𝒂𝒊𝒔𝒇𝒊𝒆𝒅. 

1. The radicand has no factor raised to a power greater 

than or equal to the index. 

2. The radicand has no fractions 

3. No denominator contain a radical 

4. Exponents in the radicand and the index of the 

radical have greatest common factor 1 

5. All indicated operations have been performed (if 

possible) 
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Rules for Radicals 

Homework 7. Simplifying Radical  

Simplify each radical.  

𝐚) 𝟏𝟕𝟓                 𝒃) − 𝟑 𝟑𝟐
𝟓

                𝒄)  𝟖𝟏𝒙𝟓𝒚𝟕𝒛𝟔
𝟑

  
𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝐚) 𝟏𝟕𝟓 = 𝟓. 𝟓. 𝟕 = 𝟓 𝟕  

 

𝒃) − 𝟑 𝟑𝟐
𝟓

= −𝟑 ∙ 𝟐 = −𝟔                

 

𝒄)  𝟖𝟏𝒙𝟓𝒚𝟕𝒛𝟔
𝟑

= 𝟑 ∙ 𝟑𝟑𝒙𝟐 ∙ 𝒙𝟑 ∙ 𝒚𝟑 ∙ 𝒚𝟑 ∙ 𝒚 ∙ 𝒛𝟑 ∙ 𝒛𝟑
𝟑

= 𝟑 ∙ 𝒙𝟐 ∙ 𝒚
𝟑

(𝟑𝒙𝒚𝟐𝒛𝟐)𝟑
𝟑

= 𝟑𝒙𝒚𝟐𝒛𝟐 𝟑𝒙𝟐𝒚
𝟑
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Operations on  Radicals  

Radicals with the same radicand and the same index, such as 

𝟑 𝟏𝟏𝒑𝒒𝟒  𝒂𝒏𝒅 − 𝟕 𝟏𝟏𝒑𝒒𝟒
, are like radicals, On the other hand, 

examples of unlike radicals are as follows:  

𝟐 𝟓, 𝒂𝒏𝒅 𝟐 𝟑  radicands are different 

𝟐 𝟑 𝒂𝒏𝒅 𝟐 𝟑 
𝟑

   indexes are different. 

We add or subtract like radicals by using distributed 
property. Only like radicals can be combined. Sometimes we 
need to simplify radicals before adding or subtracting. 
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Rules for Radicals 

Example 8. Adding and Subtracting Radical  

Add or subtract, as indicated. Assume all variable expression 
represent positive real numbers.  

𝐚) 𝟑 𝟏𝟏𝒑𝒒𝟒 + −𝟕 𝟏𝟏𝒑𝒒𝟒       

b) 𝟗𝟖𝒙𝟑𝒚 + 𝟑𝒙 𝟑𝟐𝒙𝒚      

c) 𝟔𝟒𝒎𝟒𝒏𝟓𝟑
− −𝟐𝟕𝒎𝟏𝟎𝒏𝟏𝟒𝟑

 
𝐒𝐎𝐋𝐔𝐓𝐈𝐎𝐍 

𝐚) 𝟑 𝟏𝟏𝒑𝒒𝟒 + −𝟕 𝟏𝟏𝒑𝒒𝟒   = −𝟒 𝟏𝟏𝒑𝒒𝟒  

b) 𝟗𝟖𝒙𝟑𝒚 + 𝟑𝒙 𝟑𝟐𝒙𝒚 = 𝟒𝟗 ∙ 𝟐 ∙ 𝒙𝟐 ∙ 𝒙 ∙ 𝒚 + 𝟑𝒙 𝟏𝟔 ∙ 𝟐 ∙ 𝒙 ∙ 𝒚

= 𝟕𝒙 𝟐𝒙𝒚 + 𝟑𝒙 𝟒 𝟐𝒙𝒚 = 𝟕𝒙 + 𝟏𝟐𝒙 𝟐𝒙𝒚 = 𝟏𝟗𝒙 𝟐𝒙𝒚 
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Rules for Radicals 

 

𝒄) 𝟔𝟒𝒎𝟒𝒏𝟓𝟑
− −𝟐𝟕𝒎𝟏𝟎𝒏𝟏𝟒𝟑

= 𝟒𝒎𝒏 𝟑𝒎𝒏𝟐𝟑
− −𝟑𝒎𝟑𝒏𝟒 𝟑𝒎𝒏𝟐𝟑

= 𝟒𝒎𝒏 𝒎𝒏𝟐𝟑
− (−𝟑)𝒎𝟑𝒏𝟒 𝒎𝒏𝟐𝟑

= (𝟒𝒎𝒏 + 𝟑𝒎𝟑𝒏𝟒) 𝒎𝒏𝟐𝟑
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Rules for Radicals 

Homework 8. Simplifying Radicals 

Simplify each radicals. Assume all variables represent positive real 
numbers.  

𝒂) 𝟑𝟐
𝟔

                    𝒃) 𝒙𝟏𝟐𝒚𝟑
𝟔

                     𝒄) 𝟔𝟑
𝟗

 

Solution  

𝒂) 𝟑𝟐
𝟔

= 𝟑
𝟐
𝟔 = 𝟑

𝟏
𝟑 = 𝟑

𝟑
             

𝒃) 𝒙𝟏𝟐𝒚𝟑
𝟔

= (𝒙𝟏𝟐𝒚𝟑)
𝟏
𝟔 = 𝒙

𝟏𝟐
𝟔 𝒚

𝟑
𝟔 = 𝒙𝟐𝒚

𝟏
𝟐 = 𝒙𝟐 𝒚 

𝒄) 𝟔𝟑
𝟗

= 𝟔𝟑
𝟐∙𝟗

= 𝟔𝟑
𝟏𝟖

= 𝟔
𝟑
𝟏𝟖 = 𝟔

𝟏
𝟔 = 𝟔

𝟔
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Rules for Radicals 

Example  9. Multiplying  Radical Expressions 

Find each product  

𝒂) 𝟕 − 𝟏𝟎 𝟕 + 𝟏𝟎            𝒃) 𝟐 + 𝟑 𝟖 − 𝟓  

Solution  

𝒂) 𝟕 − 𝟏𝟎 𝟕 + 𝟏𝟎 = ( 𝟕)𝟐− 𝟏𝟎
𝟐
= 𝟕 − 𝟏𝟎 = −𝟑 

 

𝒃) 𝟐 + 𝟑 𝟖 − 𝟓 = 𝟐 𝟖 − 𝟐 𝟓 + 𝟑 𝟖 − 𝟑 𝟓

= 𝟏𝟔 − 𝟓 𝟐 + 𝟑 𝟐 𝟐 − 𝟏𝟓 = 𝟒 − 𝟓 𝟐 + 𝟔 𝟐 − 𝟏𝟓

= −𝟏𝟏 + 𝟐 
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Rules for Radicals 

Example  9. Multiplying  Radical Expressions 

Find each product  

𝒂) 𝟕 − 𝟏𝟎 𝟕 + 𝟏𝟎            𝒃) 𝟐 + 𝟑 𝟖 − 𝟓  

Solution  

𝒂) 𝟕 − 𝟏𝟎 𝟕 + 𝟏𝟎 = ( 𝟕)𝟐− 𝟏𝟎
𝟐
= 𝟕 − 𝟏𝟎 = −𝟑 

 

𝒃) 𝟐 + 𝟑 𝟖 − 𝟓 = 𝟐 𝟖 − 𝟐 𝟓 + 𝟑 𝟖 − 𝟑 𝟓

= 𝟏𝟔 − 𝟓 𝟐 + 𝟑 𝟐 𝟐 − 𝟏𝟓 = 𝟒 − 𝟓 𝟐 + 𝟔 𝟐 − 𝟏𝟓

= −𝟏𝟏 + 𝟐 
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Rationalizing Denominators  

The third condition for a simplified radical requires 
that no denominator contain a radical. We achieve 
this by rationalizing the denominator- that is, 
multiplying by a form of  1. 

Homework 9: Rationalizing Denominators 

Rationalize each denominator 

𝑎) 
4

3
          𝑏) 

3

4

4

 

Solution 
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Rationalizing Denominators  

Homework 9: Rationalizing Denominators 

Rationalize each denominator 

𝑎) 
4

3
          𝑏) 

3

5

4

 

Solution 

𝑎) 
4

3
=

4

3
∙

3

3
=
4 3

3
 

𝑏) 
3

5

4

=
𝟑

𝟒

𝟓
𝟒 =

𝟑
𝟒

𝟓
𝟒 ∙

𝟓
𝟒

∙ 𝟓
𝟒

∙ 𝟓
𝟒

𝟓
𝟒

∙ 𝟓
𝟒

∙ 𝟓
𝟒 =

𝟑𝟕𝟓
𝟒

𝟓
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Rationalizing Denominators  

Example 10:  Simplifying Radicals Expressions with Fractions 

Simplify each Expression. Assume all variables represent positive real 
numbers 

𝑎) 
𝑥𝑦3

4

𝑥3𝑦2
4

          𝑏) 
5

𝑥6

3

−
4

𝑥9

3

 

Solution 

𝑎) 
𝑥𝑦3

4

𝑥3𝑦2
4

=
𝐱𝐲𝟑

𝐱𝟑𝐲𝟐

𝟒

=
𝐲

𝐱𝟐
𝟒

=
𝐲𝟒

𝐱𝟐
𝟒 =

𝐲𝟒

𝐱𝟐
𝟒 ∙

𝐱𝟐
𝟒

𝐱𝟐
𝟒 =

𝐱𝟐𝐲
𝟒

𝐱
 

𝑏) 
5

𝑥6

3

−
4

𝑥9

3

=
5

3

𝑥6
3  −

𝟒
𝟑

𝒙𝟗
𝟑 =

5
3

𝑥2
 −

𝟒
𝟑

𝒙𝟑
=
𝑥 5
3

𝑥3
 −

𝟒
𝟑

𝒙𝟑

=
𝑥 5
3

− 𝟒
𝟑

𝑥3
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Rationalizing a Binomial Denominators  

Homework 10: Rationalizing a Binomial Denominator 

Rationalize the denominator of 

 
1

1 − 2
 

Solution 

1

1 − 2
=

1

1 − 2
∙
1 + 2

1 + 2
=

1 + 2

1 − 2 1 + 2

=
1 + 2

1 + 2 − 2 − 2 2
=

1 + 2

1 − 2

= −1 − 2 ∙ 

 

 

  


