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éQDMéH: 
Techniques and
applications of
differentiation

S T S AR R

This chapter continues.the study of differentiation started in
Chapter 11. The table of derivatives in Chapter 11, although useful,
is limited. In this chapter several techniques for expanding the
range of functions we can differentiate are introduced.

Methods for differentiating products and quotients of functions are
explained in Block 1. Some functions can be differentiated when
the function is written in terms of a new variable. This gives rise to
the chain rule in Block 2.

Although we have focused on differentiating a function of x, say
y(x), it is not always possible to express y explicitly in terms of x.
For example, it is impossible to rearrange the equation

e* + e = x? + y° to obtain y by itself on the left-hand side.
However, by using implicit differentiation as explained in Block 3 it
is still possible to find an expression for the derivative, %-’3.

if a function is expressed parametrically the derivative is found by
differentiating parametrically. This is covered in Block 4. The final
technique, logarithmic differentiation, is useful for finding the
derivative of products of functions involving many factors.

Blocks 6 and 7 turn to some applications of differentiation. The
calculation of equations of tangents and normals is treated in Block
6. Finally, the important topic of maximum and minimum values of
a function closes the chapter.

Block 1 The product-rute 'and'-thE'quotiénf'rﬂie- é(f( ' |
Block 2 The chain rule L

Block 3  Implicit differentiation
Block 4 Parametric differentiation
' Block 5  Logarithmic differentiation

Block 6 Tangents and normals
Block 7

Maximum and minimum values of a function
End of chapter exercises:
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The product rule and the
.~ quotient rule

BLOC!
—

11 Introduction

Chapter 11 introduced the concept of differentiation and the use of a table of
derivatives. Clearly every possible function cannot be listed in a table. We need a
set of rules, used in conjunction with the table of derivatives, to extend the range
of functions which we can differentiate. The product rule and the quotient rule
are two such rules.

1.2 The product rule

As its name tells us, the product rule helps us to differentiate a product of
funétions. Consider the function y(x), where y(x) is the product of two
functions, u(x) and v(x), that is

y(x) = u(x)v(x)
For example, if y(x) = x* sinx then u(x) = x and v(x) = sinx. The product rule
states:

KEY POINT [ If
y(x) = u(x)v(x) ',
then l
|

dy du dv ..

—_— = — + u—

dx dx dx
= u'v 4+

L

Example 1.1

- = iy :
Find = where 1 = x* sinx.
X

Solution
We have
b -
y=x'sinx = uv
and so 1 = x* and v = sinx. Hence

du dv
- =2x. —=2COsX
dx dx

642



1.2 The product ryfe 643
Applying the produgt rule we have
dr  dy dir
—— = vV + U —
dx dy dx
= 2x(sin x) 4 12 (cosx)
= x(2s8inx + ¥ cos x)

@7 Example 1.2

Find y' where Y =e cosx,

Solution
We have

Y=e"cosx = yy

So

‘ e*, cos x
and hence
S — , i e e*, —sinx
dx dx
Applying the product ryje yields: '

dx
== O0S X < eiyy X) .
& Example 1.3
2
Find d-% where y = 3215
32
Solution
We have
Y=xlnx =y
S0
H=x2 p=Iny
Then ‘
dr I
du _ 2w ¥
dx dx

a3




644 Block 1 Product and quotient rule

Applying the product rule, we have

iild-i-ui‘—
dy dx dx

- ‘ 2xInx+x

To obtam ! we differentiate 3 dr Hence we need to find £ (2xInx + x). The derivative of

x is simply l so let us examine & (h In x).
To ﬁnd (2x In x) we use the product rule, with u = 2x, v=Inx. Then

du_, dv_1
dx Todx x
and so
du dr
2 xlnx)=—v+u
%) dx dx
=2Inx+2x (—1—)
b
_ =2lnx+2
Finally
& — = —q—(lenx—l— X)
X+ d).
e l ; 2Inx+ 3
Exercises
| Find ii where 1 is given by e+ —2‘)(3\ ~2%) () /FeE
X 2
(a) xcos x (b) xey(c) sin xcos 2x {d) e (e)
(e) x* sin 2x
2 Calculate 1/ where y is given by 3 Find the second derivative of the functions
{a) (12 + 1) sin4r (b) (37 + T)e™ in question 1.
Solutions to exercises
3 ; " JC"”'2 )
1 (a)cosx — xsinx (b)e™(1 + X) (d) e + x”’)
(c) cos x cos 2x — 2sin X sin 2.v 2
@ FEeFB3F ) - @yﬁ”W—Z+U
(e) 4x7 sin 2x + 2x* cos 2x
Z (a)%ﬁnm+40“+ﬂkw40 3 (a) —xcosx—2sinx
(b) —e~>(61+11) (b) e*(x+2)
(c) (e*—2e” 1)(3 a—2%) (c) —5sinxcos2x — 4cosxsin2x
+(e* +e*mm—3nmmﬂmym (d) 2xe™ (2% + 6x +3)
written as e*(3x% +4x - 2) (€) 1633 cos2x — 4x*(x* — 3)sin2x

e (6x7 - 108+ 2)

ey



1.3 The quotient rule

1.3 The quotient rule

645

Thé quotient rule shows us how to differentiate a quotient of functions, for example

SiHE =1

x 2+ 1

The quotient rule may be stated thus:

KEY POINT If '
(x) = u(x)
> v(x)
then ) du i ﬂ
dr _ _dx dx
dx » o
vu' —
v
Example 1.4
Find y/ given y = oL
B
Solution
We have
' sinx u
y = = —
E v
50

u=s8inx, v=x

and so

X

Applying the quotient rule gives

ﬂ
dx

cosx, —=1
d

X

vil —

2

xcosx — sinx(1)

x2

XCOSX — sinx

el
-

Loy
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646 Block 1 The product rule and the quotient rule

R Example 1.5

3

; . r

Find ) given y = ———-
r+1

Solution
We have
y= £ =z
t+1 v
and so

u=1t3, v=t+1, =312 V=1

Applying the quotient rule gives

dy v’ —w'
ds v

which can be simplified to

dy _

ds

Exercises

1 Find an where 1 is given by
Y )
/ 5
e* A ox . cosx I -x
(a) — (b) — (c) — d
x e +1 I smx 14+ x

@Iz

Solutions to exercises

e'{x—.1) e+ 1 —xe'
1 (a) ———= (b)) ————=—
@) .x: (b) (ex+ 1)
B —Ai 1 e 21“.\‘
— v (d 1
(c) —cosecx (d) T: (e) =
47
(a) 5
(F+1)
b) (e" — 1)(2e* + 1) - (e¥ + e’
(e = 1)

2

(t+1)32 —2(1)
(t+1)°

(2t +3)
(t+1)°

Find 3 when y is given by

21 e 4t ( sin 3¢

a (b [

(}12+1 )ef—l }cosr—f—r

@ 4 sinz 14+x+x
z4cosz 143

3(cos 1 + 1) cos 3¢ — sin 3¢(—sint + 1)

) (cost+ 1)

) (-4 Necosz+(z—1)sinz+1
(cosz+z)3

o - [FAze A 2] |
(3+17

P P I S S




End of block exercises

I Find the.derivative. of each: of the.
- following:

(@) (x—1)sin2x (b) SN2¥ diad
x—1 sin2x

(d) e™sin3x (e) e~2¥ gin 3x

.2 Differentiate the following:

PP og? ) 3cosx
a b) 3sin 2xcos x (c
()12+1(') sin 2x ()sin2x

(d):—j: € (r+ 1)(r+ sinr)

Solutions to exercises

I (@) 2(x ~ 1) cos2x + sin 2x
2(x — 1) cos 2x — sin 2x
(by 2= Deos2x
(= 1)
Sin2x — 2(x — 1) cos 2x
© Lt
sim” 2x
(d) e**(3cos3x + 2sin 3x)

(e) € *(3cos 3x — 2sin 3x)

w

£

End of block exercises

Find,gﬁ given
dr-
H=e¥2gin;

Find 92 given
ds
2f L=
Pops e simr
12

@ 1 +31—2)
(2 +1)°
(b) 6cos x cos 2x — 3sinxsin2x
$in 2. Sin x + 2 ¢os x cog 2x
© -3( : a )
sin“ 2x
(e (e) (r+1)cosr+ sinr+2r+1

e[ cos 1 + 21(1+4 1) sin 4]

e*[2ssin + 1cost — 2sin 1]
o

647
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The chain rule
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N

2.1 Introduction

In Block 1 we saw how to differentiate products and quotients of functions. This
block introduces the chain rule which allows us to differentiate an additional

class of functions.

2.2 The chain rule

Suppose y is a function of z, that is y = y(z), and that z is a function of x, that is
z = z(x). So
y=y(2) = y(z(x))

Hence y may be considered to be a function of x. For example, if
¥(z) = 2z% + 3z and = = cos 2x then

y = 2(cos 2x)* + 3(cos 2x)
Since y can be considered as a function of x, then _S.;_' may be found. The chain
rule helps us to find %. The chain rule states

)
KEY POINT If y = 3(z) and = = =(x), then i
dr_dy d |
dxy d- dx |
|
Example 2.1
Given y = =* and - = 3x + 6, find d—l
A dx
Solufion
We have

r== = (3r+6)°

dyr .
and we seek d— Now
X

r=o=3x+6



2.2 The chain rule 649

and so
G =4" —==3
d- - dx
Using the chain rule we have
dy _drds
dx drdye
== 42(3)

= 127
= 12(3x +6)

Sometimes care must be taken to recognise the independent and dependent |
variables. Example 2.2 uses the chain rule but it may look unfamiliar.

Example 2.2

Given z(y) = y* and y(x) = 2x? — x find ;l_z
: x

Solution
We have

and
Hx) =2 —x so dy =4x—1
dx

The chain rule has the form

dz_dzdy
dx dydx
= 3)*(4x —1)

= 3(2¢ — x)*(4x — 1)

Example 2.3

Given y = (v + x)’, find g—‘
%

Solution
We let - = x* + x and so

r=(+x) =2



2.

LS )

650 Block 1 The product rule and the quotient rule

‘Then dy = 7% and —35 = 33" + 1. Applying the chain rule gives
dz X
4r . M es
dx d-dxy

= (7290322 + 1)
= 7(3x2 + 1)(x* + x)°

{;f? Example 2.4

Given y = Va2 + 1 find -gl
i

Solution
Let z=x? + | and then

Y gy

Then

dy _ b =
dz P odx

and applying the chain rule gives

dy _dydz
dx dzdx

\..~ Example 2.5

Find g—‘ given y = In(x> + x + 1).
X

Solution
Let o= x" 4+ x + 1 so that

r=n(+x+1)= I

—z“”z, 2x

1 _1p
—Zz 2x
271 (2)

x: 41

Inz

B )

v s s i A 11 1P Nt 5 8, 45

l
Lw..- o
£S



2.2 The chain rule 651

Then
dz dx z
So
dr _dypdz
dx dzdx
. 2x+1
z
_2xk
x24x+1
We note that in the final solution, the numerator is the derivative of the
denominator. In general:
KEY POINT If y = Inf(x) then
dr _T1
dx f

@ Example 2.6

Given y = In(1 — x) find %
X

Solution
Heref(x) =1 — xand f'(x) = -1. So
dy -1
dx 1-x
which may be simplified to
dy 1
dy  x—1
Example 2.7

Given y = 5In(2¢ — 1) find %
1
Solution

Here f (1) = 2t — 1 and so f'(r) = 2. Hence

o)
dr 21 —1

10
2t —1




mple 2.8 d
en V= In(("\' + sin .\') find

Block 2 The chain rule
EL‘;(.::‘W\.‘J{)_Q “'{’{ 2 _8

)
dy’

n(e* + sinx)

et S5E7

xercises

1

2

Differentiate each of the following
functions:

(@) (x* +2)° (b) Jsinx () (e + 1y
(d) (cos 2x)° (€} In{x + 1)

Find %J—’ where y is given by
t

(a) c(3:1) (b) 36’1 (C) esin 2 (d) e!sim (c) zes'mr

Solutions to exercises

1

18203 +2)° (b . .
. (c) Te¥(e* + e
(d) —10sin2xcos* 2x (©) .-
x4+ 1

End of block exercises

1

Use the chain rule to differentiate each of

the following functions:

(et

nf(x) where flx)y=¢'+ sin X

(a) y = (6 _ )t oy h=(r - N

@ = Vi3 (@) i=sin07)
() R = cos(v/T)

2 Find the derivative of each function

(@) Y(1)= sesin2  (b) m(p) = 3in(p*+2)

(¢) H(r)=>5 sin(nr? + 1)
(d) x(n)=-3 cos(«%} (e) O(s) =

Ins

j = /pﬂ ( (2%4— S )c)

£ _goosx A
f e+ sin x

e b A A e A

Find the rate of change of y at the
specified point:

(@) y= n(32+5), 1= 1

(b) y=sin(), 1= 2

) » = cos(® + 11), 1=1

2/

(d) y= (13 - 1)—-3 {
e .= 4%, l‘=-]’E
(€) ) 5

(a) 6:€*" (D) 6re” (c) 2cos 2™
(d) 2cos re2sin! (€) 2cos

(2) 0.75 (b) —2.6146 () —2.7279
(d) 4.1821 (&) —4

Evaluate %}— at the specified value of x.
X ;

(@Qy=vx+ snxy, ~x=1
) y= sin(x* + 1), ~¥= 0.5
©)y= ¥, x=1

@r= zcos(l), gl
X
|

ey =—"""T"2a" +=10.5
©) (3.\‘3-%1)4

Differentiate the following functions where
a, b and nn are constants.
(@) r= (at+ pY (b)yr=¢€
(c) » = sin{ar + b)

(d) r = cos{al + b) @)y = n(at + 0)

at+h

i
i
ke ’
‘ [
1]
!
I.
|




Solutions to exercises

1.

3

(a) 4(18x% — 1)(6x7 — x)
3
(© —(9 = 20)™'" (@) 31* cos(1)

(b)

(e) — %r"/l sin /1

127°
pt+2

(a) 10 cos 21" (b)

(c) 10mr cos(m? + 1)

3. (1 -1
Y i ] -
@-on(3) Oy

End of block exercises

{a) 0.5675 (by0.3153
(c) 1.3591 (d) 1.6829
(e) —0.7311

(@) an(at + )" (b) ac“*
(c) acos(at + b) (d) —asin(ar+ b)

a
(e) Y

653
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BLOCK

3 |mplicit differentiation

3.1 Introduction

So far we have met many functions of the form y= £y, for example
y=x+3,3= sin2x and y = &** — 2x. Whenever y is equated to an expression
involving only x terms We Say that y 18 expressed explicitly in terms of x.

Sometimes we have an equation connecting x and y but it is impossible to
write it in the form Y= f(x). Examples of this include X* — y? +sinx—
cosy =1, sin(x+ y)+e +e = »3 +37. In these cases W€ say that y 1s
expressed implicitly in terms of x.

Whether y 18 expressed explicitly or implicitly in terms of x we can still

differentiate to find the derivative %‘\%. Ifyis expressed explicitly in terms of x
then %—_% will also be expressed explicitly 1n terms of x. If y1s expressed implicitly

in terms of x then %_‘\% will be expressed in terms of x and y.

3.2 Differentiating f(y) with respect to x

If yis expressed implicitly n terms of x and we wish 10 find %, then we
frequently need to differentiate a function of y with respect 10 X, that is, find
4(f (). To do this we use the chain rule. The examples illustrate the

technique.

Example 3.1
.. d

Find — ().

0

Solution
We use the chain rule. Let 2= 3? so that we wish to find . Using the chain rule (see

Example 2.2 in Block 2)

& _dzdr

dv dydx
Now

-=y andso —"::3}’2
Hence

e 3" °F

dx ©odx



3.2 Differentiating f(y) with respectto x 655

Hence
) ) d )
_fl._(y?‘) s
dx dx

The result of Example 3.1 can easily be extended to

KEY POINT
n-19y

i Y
dx(y)—ny =

@7 Example 3.2

Find i3 (siny).
dx

Solution d
Let z = sin y so that we wish to find d—z We know from the chain rule that
} 2
& _dzdy
dx dydx
We have z = sin y so
dz _ cosy
dy.
and
d . dy
e )= COS y—
Tz i) Yo
Generalising the result of Example 3.2 we have
KEY POINT d dard
3 il = 1 A
Example 3.3

Find il (Iny).
dt

el -i,ié".:’;'s'"" '
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656 Block 2 The chain rule

Solution

We use the previous result with /(1) = In1 Then
d
4 =¥
ds dr
_dfdr
dy dt
_1d
y dat
Exercises
3

1 Differentiate the following functions of »

with respect to x:

2 () 3y (@) 27 -3+ 1(d

(@) y ) % ©) /T

7 Differentiate the following functions of v

with respect to X.
(a) sm 2y (b) 3cosy — ¥ (c) &~

(e) sin’ ¥

v (d) 2cos 3y

Solutions to exercises
dy

1 (@) 2} = (b) 12y LE (c) 4;,d_ a4y
dx dx

1 d\‘ 1 dy
d) ——— —
@ 12 dx ©) 2,/7 dx

—3(siny dy gr

. o
2 (a) 2(cos2y) Eii (b) e

P i
3.3 Finding — impli
dx
We illustrate the technique.
Example 3.4
Find By given 17 4 X = X+ 3y
dx )
Sofution
We differentiate each term w.r.t. X.
a s dyr d d , a
— ()= 9 =1 —
dv ) dy o dx () d.\'(\

Differentiate the following functions of y

with rc5pect to x:
@ (+3)" 0 07+ 3)*

© 28 Y (@) —6(sin3y) £E
dx dx

(e) 2sin ycosy LN
dx

3 (@) a0 +37 ) 807 + 3p I
dx dx

icitly
) =3x %(3_1-) = 3%

b )

s



3.3 Finding & implicitly ~ 657

So
2_1‘91i + =3+ 3Ell
T dx dx

Rearrangement yields

dy _ 3x -1
dx 2y-3

Note that & is given in terms of x and y. .
dx g J

@7 Example 3.5

Find ' given

Xy=3xpP=1+7

Solution

We differentiate each term w.r.t. x.
To differentiate x2y we use the product rule.

d 2 - - dy
—(x"y)=2xy +x"—
dx ) Y dx

To differentiate 3x)° we again use the product rule.

d 3 3 5 dy '
o ( x) ) ¥ xy 2 E

Finally -we differentiate 1= + 7.

LN . 2y Y i
dx 7 dx
Hence
’ % ~dy ; :
2%y + X dr_ 317 =9 ay 2_vd—'] '
dx dx dx :

Rearrangement yields !

dr _ 33 — 2xv

dx  x =937 -2y

Example 3.6

Find 92 if 5x + 3% = 7.
dx*



g

58 Block 2 The chain rule

Solution

dy . o .
First, we calculate ~;1. Differentiating each term of the equation w.r.t. ¥ we find

-

dy :
5+6y—=0 g
g :
50 & _ 3
dx 6y
Now 5= dz" means & () so we must differentiate — - with respect to X, that is £ (-2).
Here we are dlffcrenuatmg a function of y w.r.t. x. Usmg the result '
df dy
O =g o
we have
_d,(_ 5) ﬂﬁ_(,i)éx
dx 6y dy \\ 6y/ dx
= 2 8F
6y* dx
_5 (* k- ) ~25
6y 6y 36y°
Exercises
1 Find gi given 3 Find g— given
(a)\ gt =1 (b)3\-1 =10 (a) 2e* +3t3 = 10y (b) e* —'x+'?v
©xX+27+3x-Tr=9 (©) e¥e’ = Xy’ (d)el‘+3‘+2\ P 2
@ =P =x+y @ VI+F= (e) 267 = 3"+
2 Find dd— given 4 Find -2;3-;- given
()4+s1nr-—1(b}3cos7x-r-=20 2ar=1

(c)tanx:— (d) 4sin7 — cos 3x = cos! ‘
t 5 Find y” given
(e) tan 2f — X7 = sin 2X )
sinx +cosy =1

Solutions to exercises

+3 cos”
1 (a)f— (b) — 2 (a b) — -
) ( ) 7 -4y @ cosx( ) 3sin2x ° P
(@ -1 © - ,[— ) —4cost— sint ' sec? 2t
41 \' x . 3sin3x x 4 cos2x



3

(@) 2 ( 2e™ —~ 1 2 —e'e”
10 — 3e¥ 3elr 42 eve’ — 3
@ 6x* + 2_63""”-" e + 28
5)‘4 s 383-"+3A" Jer—X — 2).

End of block exercises

1

In which of the following equations is ¥
expressed implicitly in terms of x?

(a)sinx+£=3(b)sin};+-}-’=3
¥ B
(c)xl-—v= 10 (d) xy+y7x=./y

©= e’
Xty

Find d—J given

dx
(@ x*—3*=1
by2x2 =32 +2x=Ty=0
X -2=x
)22+ +3x+2y+7=0
@x*—3*+3x—y=0

A circle, centre the origin, radius 5, has
equation
X4y =25

Find the equation of the tangent to the
circle which passes through the point
(3, 4.

Solutions to exercises

1

2

(b) and (d)
1

(a)——()6+7()

4x+3 3x2 +6\
d) -
(d) 2_1'+2()3) e

—3x+ 25

P
@ 2x(t—1) _ () 312 —l—_31.\‘1 —2x3t
2r42x—1- 2x1? — 6xt
3x+ 8¢ 3x5 4+ 2x1% — 271t
8x —3r 2x4r+ 218 + X3t
2x1 + 317 + 6x

6x — 12— 6t

©

(e)

5

End of block exercises 659

sin’ y sin x + cos? xcos ¥

- 3
sin” y

Find % given
(a) 2xt + X2 —xP =0 (b) 22 =3t =7
©4(x+10)(x—1)—3xt=0

2 2
(d)%—-;—+x+r=1
x4+t 3x
LN
(e)x——2t 2
Find —= dy,
dx’

(@)e’ +e' =x+)y* (b) xsxny—ycosx
(© xe¥ —2ye* = xy (d) (x+2p)e™ =x7y
(¢) sin 2xcos 3y — 2sinycosx =0

Differentiate the following expressions

w.r.t. X:
@) (x+3)" ®) (2 +y)" © (& + )

3x? —e” psinx +siny
( ) er 3
— 4y COSX — XCOoSy
© y—er+42ye” 2xyer — 1
xey — 2e* — 2—x—2y—x%f

2 cos 2xcos 3y + 2sinysin x
3 sin 2xsin 3y + 2€0S y COS X

@ n(x+y)"" (1 +g’i)
dx
! £
() n(>x* +) (2x+ dx)

@ ne+ 7 (24 2 L)
dx

©
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