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Infinite Series
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Types of series
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Testing for Convergence or Divergence of a series

1. The divergence test
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More Exercise s on diverges or
converges of series
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Maclaurin and Taylor polynomials
1-Maclaurin polynomials
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Length of Plane Curve

6.4.2 DEFINITION Ify = f(x) is a smooth curve on the interval [a, b], then the arc
length L of this curve over [a, b] is defined as
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Area of a surface of revolution

6.5.2 DEFINITION If f i1s a smooth, nonnegative function on [a, b], then the surface
area S of the surface of revolution that is generated by revolving the portion of the curve
y = f(x) between x = a and x = b about the x-axis is defined as

b
S'= / 2 f(x)y/1 + [f'(x)]? dx

a

b b dy 2
S=/ 27tf(x)\/1—|—[f’(x)]2dx:/ 2y 1+(E) dx

Moreover, if g 1s nonnegative and x = g(y) 1s a smooth curve on the interval [c, d], then the
area of the surface that is generated by revolving the portion of a curve x = g(y) between
y = ¢ and y = d about the y-axis can be expressed as

2

d d dx
S=/ Zﬂg(y)\/1+[g’(y)]2dy=/ 2mxy 1+ (@) dy

» Example 1 Find the area of the surface that is generated by revolving the portion of
the curve y = x? betweenx = 0 and x = 1 about the x-axis.

1 2
dy
AY Szf 27ry\/1 -+ (—) dx
0 d)C

&

(1, 1) L
= / 27T.X3\/1 + (3)C2)2d.x - '[t AN=-0O
0 “\
i A= l-& q(_,o\ < 1
il C N = 27‘[[0 (14 9xH" 2 dx . 1% =4

wz A & Q(\{\= \o

10
— 2_” ul/2du u=1+9x*
1 du = 36x3 dx

20 2 10 T
3/2 3/2
o — = — (107" —1) ~ 3.56 «
] = )



» Example 2 Find the area of the surface that is generated by revolving the portion of
the curve y = x? between x = 1 and x = 2 about the y-axis.
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Hyperbolic Function

.oet+et et —e
CT T T
L. — / L. — 7
Even Odd
6.9.1 DEFINITION
- : et —e"
Hyperbolic sine sinh x = >
Hyperbolic cosine coshx = < +26
. sinh x et —e
Hyperbolic tangent tanh x = = —
coshx e¥4e*
h X —X
Hyperbolic cotangent cothx = C?S * e, +e -
sinh x et —e™*
. 1 2
Hyperbolic secant sechx = = .
coshx e¥+4e™*
. 1 2
Hyperbolic cosecant cschx = — = — -
sinhx e —e™*
, eV — ™0 1 —1
sinh 0 = — — 0
2 2
0 —0
e’ +e 1+ 1
cosh(0 = = =1
2 2
, e’ — e ?
sinh2 = —— ~ 3.6269 <«
2
Hyperbolic Identities

9.2 THEOREM

coshx + sinhx = e*
coshx —sinhx =e¢™*
cosh? x — sinh?x = 1
1 — tanh? x = sech” x
coth? x — 1 = csch? x
cosh(—x) = cosh x

sinh(—x) = —sinh x

sinh(x + y) = sinh x cosh y 4+ cosh x sinh y
cosh(x + y) = cosh x cosh y + sinh x sinh y
sinh(x — y) = sinh x cosh y — cosh x sinh y
cosh(x — y) = cosh x cosh y — sinh x sinh y
sinh 2x = 2 sinh x cosh x

cosh 2x = cosh? x + sinh? x

cosh2x = 2sinh®x + 1 = 2cosh?x — 1



Derivative and integral formulas for Hyperbolic functions

).3 THEOREM

d
d_[sinh u] = coshu d—u /coshu du = sinhu + C
X X
. du .
E[COSh u] = sinhu T / sinhu du = coshu + C
» du 2
d_[tanh u] = sech” u i sech™ udu = tanhu 4+ C
X X
» du 2
d_[coth u] = —csch” u = csch®udu = —cothu 4+ C
X X
du
d—[sech u] = —sech u tanh u d_ / sech utanhu du = —sech u + C
X X
d du
d—[csch u] = —csch u coth u . csch ucothudu = —cschu + C
X X

» Example 2

i[cosh()c3)] — sinh(x?) - i[x3] — 3x?sinh(x?)
dx dx

d 1 d sech? x
— [In(tanh x)] = : [tanh x] =
dx tanhx dx tanh x
» Example 3 |
/ sinh® x cosh x dx = é sinh® x + C u = sinh x
du = coshx dx
inh
/tanhxdx = / S A dx
cosh x
— u = cosh x
= Infcoshx| +C du = sinh x dx

= In(cosh x) + C



LOGARITHMIC FORMS OF INVERSE HYPERBOLIC FUNCTIONS

sinh™' x = In(x + vVx2+ 1) cosh ' x =In(x +/x2—1)

1 1 1 1
tanh~'x = —In X coth™'x = —In X
2 I —x 2 x—1
-1 1+v1—x2 1 1 1/1_|__x2
sech™ x =In csch x=In| -+ T
X X X

» Example 5

sinh™ ' 1 =In(1 +v/12+1) =In(1 ++/2) ~ 0.8814

1\ 1 (143 1
tanh ™' (5) = 51n<1 f) = 5In3~05493 <
~2

B DERIVATIVES' ANDANTEGRALS'INVOLVING INVERSE HYPERBOLIC FUNCTIONS

d('h_l) 1 du d(th_l) 1 du | > 1
—(sinh™ " u) = —(co u) = —,  |u| >
dx /1 + u2dx dx 1 —u?dx
a’( h=' ) 1 du { a’( h ) 1 du 0 {
—(cosh™ u) = , U > —(sech™ u) = — , <u<
dx Ju2 —14dx dx Tl = P RS
d R - ) 1 du ul <1 a’( h-! ) 1 du 20
— (tan = —, < —(csc = — ,
dx . 1—w2dx’ dx . |1+ u? dx .
6.9.6 THEOREM Ifa > 0, then
d
/—uzsinh_1 (g)-I—C or n(u++vVu*+a?)+C
,/a2_|_u2 a
du 2
—————— = cosh (—)—l—C or m(u++vVu?>—a*>)+C, u>a
[u? — g2 a
(1 - u c
du c—ltan (4_1)+  Jul <a 1 a+u
= or —In +C, |ul #a
a? —u? 1 L u 2a |la—u
— coth (—)+C, lu| > a
L a a

1 1 <a+\/a2—u2

= ——sech™ ’ﬁ‘ +C or ——1In
a a |u|

du

1 1 2 %
——csch_l|z‘+C or ——ln(a+ @ tu )—l—C, u#0
a a

/ du .
uv a* + u? a ul

)-l—C, O0<|ul<a
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