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Infinite Series

معنى الملاحظة  ھو انھ كي نحدد ما اذا 
كانت المتسلسلھ اللا نھائیھ متقاربة أو 

متباعدة فإننا ننظر الى متتابعة   المجموع 
الجزئي اذا تقترب من عدد معین فإن 

المتسلسلھ تكون تقاربیة وإذا لایوجد نمط 
محدد للاعداد فإن المتسلسلھ تكون تباعدیھ.

Infinite sequence ; a
, , q ,- - - ,an & is 846

a

Infinite series : 2 9n= 9 +qt - . - + ant - - - tuna
n=1 > 8a ←

Remark : To determine if an infinite series Converges
or diverges we Could consider the sequence
of partial sum .

Example a
.

Determine we then the series 1 -1 + I - 1
 + 1 - 1 + - -

Converges on diverges . If it converges find the sum .

Solution : -
s

, , { , § , { IN
§ = 1

. [ & -3.1 { 31 ] partial sum

S = 1- 1 = o
. , I 1 's I_i2§ = 1- 1+1 = 1 . # Dizzied #

§ = 2- 1+1-1=0

The

seguancepof

partial sum %

1) 0 , 1 , 0
,

- - - -

why =
-

- =L ↳ y - s y 's §

Converge on diverge ? it



Types of  series
أنواع المتسلسلات

1- Geometric series :

a

Form : E a r = a + art art - + arkt - . . ( a # o )
7<=0

÷nvetgent

divergent

Irl < 1 In 131
a

Sum : E a rk= 9-
1<=0 1- r

Example 8 In each part determine whether the

Series Converges and if So find its Sum

a) {

§
1<=0 4

k

r§o 5g = st ET t 5=2 + - - - + § ,
+ - - - - -

is a geometric series with a = 5 ,
n = by

. = lrl = Ital = In < I

in the series is convergent and the sum

ET = ,÷y
,

= I ,

= 5. 4g = 20g



& 2k 1 - K

b)
.

I 3 5÷E. 32k In
. Ie

,

#
g- ( 1 - k )

a k

= 2 9
1<=1 gk

- 1

a K - 1

= [ 9 . 9 . 9
-

1<=1
g

1<-1

N K - 1

= E a .

9-
1<=1 gk - 1

A
K - 1

= 2 q ( of )
12=1

geometric series : a= 9 and r= 915

× Irl = 19151 > 1 ⇒ the given series is

divergent .



2- Harmonic Series :

is a divergent series of the form

£ f- = it t + I + tat - - - . -

1<=1

3- P . Series of

§
, ¥ = ' t 's + ¥ + last - - + that " '

~
convergent divergent
P > 1 PEI

Example 28 Determine the whether the series

§=
, 3¥ converges or divrges .

£ I
1<=1 €

= 1 + ¥ + ¥ + -  '  ' + ¥ + '  -  '

or :

§⇒a÷='t * that m than .

P . series with P= 1/3 21

a

i. 2 I
1<=1 g-

divergent ,



Testing for Convergence or Divergence of  a series

The divergence test

The Integral Test:

1 .

• If lim Uk to then { Uk is divergent
K→a

• If Lima Uk =o ,
then [ Uk may either Converge

or diverge . ( Fail )

Example : Determine wethen the series §g ±
Ktl

converges or diverges .

Klk 1

leg I÷ ,

= him
-

=
ein

-

k→n
yet lg 1 < → a HYK

=
1

a ¥
= ÷o = 1 to

i. [ k

k= , t
is divergent .

2 .

If Uk = f ( k ) Fu an f- Cx ) is Continuous
, positive ,

and decreasing on [ I , a ) then

•
If § fcx ) dx converges ⇒ §

,

Uk Converges .

• If f°fc×) dx diverges ⇒ {=
,

uk diverges .



Example oo Use the integral test to determine whether

the following series converge or diverge .

N

(a) - {11<=1
K

4 ÷ dx = bbc.fb.t.de
= bhjma [ In bd ?

b

=
lim [ In b-Innb → a

= In A - o

= A → diverges .

i. § ¥ dx diverges ⇒ §=
,

la diverges .

a

b) E 1-
1<=1 1<2

b

Pla dx = bling ! E
2

dx

: To C ÷ ?
'

= when [ ÷ t ' ]

= £ t 1 = 0+1 = 1 → converges .

a

i. [ 1g convergent
12=1



More Exercise s on diverges or 
converges of  series

Determine Werther the following series converges
or diverges

a
k

1)
.

[ 2
1<=0

: 24=1+2+4-1 - +2k÷
type : Geometric

, a=1
,

r= 2 > 1

in ,§=o 2k divergent
a A

2
.

E 1- 3 .
[ I

1<=1 1<2 K
&

1<=1 .

E k== 1+1=2 + let ... + let - Type : Harmonic
1<=1

&

Type : P . series
, p= 2 > 1 in [ ÷ divergent

1<=1

:E ÷z convergent
l

:
4 . [

3-1<=010k
e. 3Ii IT + IT + Est - + Font - - .

12=0

Type : Geometric
,

a= 3g , r= to < I

a

i
. I 3

1<=0 Tok Convergent



and ' §eo÷÷ Ingo = 3kg = 3/9

a

5
.

[ 41<-1
K= ' 71<+4 Eg , > is \ sl , jowl I

lim jacket,

= Iz to Cato > =
'
o - A

k→d
. CNW 1 = IN '

to

⇒ 54¥ divergent by divergent test
12=1 712+4

& K .

6
.

E x

1<=0

: oxk= 1+4+44 - + xkt-1<=0
Type : Geometric

, a= I
, r= X → ⇐

a

•
If 4<1  

=⇒
E xk convergent and
1<=0

a
KE ox = 1-

1<=0 1-:
• If ox > 1 => E oxk divergent .

1<=0



Maclaurin and Taylor polynomials

1-Maclaurin  polynomials 

Linear Approximations

Fcx )= fcxo ) + f '
( Xo ) ( X . xo )

at 4=0
°

fcx ) = f ( o ) + f
'

( Xo ) X

Quadratic Approximation :

Fcx )= fcxo ) + flcxo ) ( x . xo ) + f"{×o)_ ( x - %)
2

at

oxo

=o

FCX ) = fco ) + fl ( o ) ox +
fly q2

2

Example :  - Find the local linear and quadratic approximation
of e× at X = o

x
fcx ) = e ⇒ f Co )=e°= 1

f
'

( x ) = e× ⇒ f
'

Co ) = 2=1
f "Cx ) =

ex ⇒ f "Co ) = 8=1

linear
g f ( x ) = fco ) + fl.co ) X

x
e = 1 + X

Quadratic : fcx ) = fco ) + f
'

( o ) ox +
f"C°)_ x2

2

Ee it x + 12×2



nth Maclaurin polynomial

We define the nth Maclaurin Polynomial for f

a bout 4=0 to be ;

R ( X ) - fco ) + f '
Co ) ox + FIT X

'

+ fg"Yd x3+
- +

fly xn
nl

.

Example : Find the Maclaurin polynomial Po
, R , Pz ,

Pz and Pn for e×

X
FCX ) = e fco ) = e°= 1

f
'

( x ) = e× F
'

( o ) = e° =L

f
"

( x ) =
e× f

"

( o ) = e°= 9-

f
"

( x ) = ex f
" '(o ) =

8=1
i :
!

ox
:

...
fin '

( x ) = e f
'

"Lo ) = e°= 1

Po C x ) = f ( o ) = 1

P
,

( × ) ± fco ) + f
'

( o ) X = 1 + X

Pz ( x )

=
fco ] + f

'
( o ) x + Fy 42

21

= It X + 1 X2
21

g



2-Tylor  Polynomials

ملاحظھ: كثیرة  الحدود ماكلورین ماھي 
الإحالة خاصھ من تایلور 

13 ( X ) = Fco ) + f
'

to ) x + f"g÷ x2+ f'"Cx)_ x3
31

8

= It X + 12
,

*
+ lg

.

43

Pn (a) = fco ) + F
'

a) ox + ftp.x2-fy#X3+....+ftdn.x
"

= It x + st ×2+ lg
,

x3+ - - - . + nt
.

×
"

We define the nth Taylor polynomial for f

a bout X= % to be ;

R ( X ) = F (g) + f
'

(g) ( x - %) + F"zY.xo)_ ( ox - %)
2

+ flying Cox - x. )3+ - . + finning ( x . %)
"

two ← x.=o

s µ E ← %= be § 's

gjt



الحدود الاربعھ الاولى 

Example : Find the first four Taylor Polynomial
for In X about 21=2

f G) = lnox F (2) = In 2

f
'

( x ) = 1 f
'

( 2) =

lax 2
f

"

( x ) =
- yxz F

"

(2) = -±y
f

"

'(x)= 2- f
" '

(2) = 2g = 4-43

Then i

Po ( X ) = f (2) = lnz
.

P
,

( × ) = f (2) + f
'

( 2) ( X - 2)
= lnz + 12 C X . 2)

Pz ( X ] = f (2) + f
'

( 2) ( X - z ) +
f

"
(2)

'  .
2T

( X - 2)
2

= In 2 + lg In ( X - 2) - lg ( x - 2)
2

B ( × ] = F (2) + f
'

(2) ( X - 2) + f"zl# ( X - 2)2+ ftp. ( x . 2)
3

= In 2 + lg ( X - 2) - § ( X - 2) 2+161( x . 2)
3

= In 2 + lg ( X - 2) -1g ( x - 2) 2t lgy ( X - 2) 3
.

HW : Find the nth Maclaurin polynomials for

9) Sinox

b) Cosq





محاضرات في أساسیات التكامل 
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Volume by washer perpendicular to
- -

The ox - axis The y - axis

Had

b

solution :

+ = f a [ feat - Cg KIT DX
a

= & [ lqt ni I -
X

'
dx

= Tiff,
t 2. Lox 't X

"
- X

'

) DX

= a &⇐,
t

Tx
+44 -

I
) dx

⇐  

a ICI,
+ x

"
I do .

= I [ text 25477 = % TT



z





Length of  Plane Curve

Example: Find the are length of the curve y = 4% from Li
, , )

to L2 ,
zrz ) .

Method 1 : y = 4% ⇒ dais = 3g XYZ

L = §ltI doc

= § it d ,

" = 1+9-4 X

du = aq DX ⇒ dX=4q du
I Yz

i f x=1 ⇒ u= B-
=

I Tu
. 4g du 4

13 4=2 ⇒ we I
4 2

42

= 4g ) Uk In

13
a



I

= 4g . uz 2

2-
i3

T

= as . 2g I ⇐ I
"

- ( '3,52 ]

= 8% I L RE )
'

- TIP ) ± 2. oa .

Method 28

a- x
's

⇒ x
? . 's

= y
's

2-

⇒ ox = y
3

⇒ % =3 y
. I

L= ! +fgytI dy

s ! "FIb. dy

= I T¥÷ dy



= ,[j dy

. I
,

PET dy

,

M¥4 dy

= Ig Try-
'
b dy .

u= ajb , y

= Ig !
"

fu . I dy
du = a . § y

' " 3

dy

⇒ y
-

' b dy = lqdu
22

= § . Ig f uh dy
. if y -

-
I ⇒ u -

- aus
"

+4=13

13

= % . 3- [ ez ,
%

. pkg
Y - 2r2⇒u=akr +4=22

=



Area of  a surface of  revolution

• If X
.

- O

a- 1+9634=1

• If ya I

erred tacit 10



Solution : y= X
'

→ X= My

4=1
 → ya 1

g
4=2 → y= 4

-

: .5=1
"

2174 V It ( %)
2

dy .

: .

x= As : dada = try
. : Sa !

"

2 Try VIE



Hyperbolic Function

Hyperbolic Identities 

Example:



Derivative and integral formulas for Hyperbolic functions 





solution :

g dj
Tian

= ) die
ru Ear

do
= Iz ) #⇐j

= Ig cosh "

¥-2 t C

= Ig Cosh
- I

2¥ + C




















































































