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Continvity

Continuity at point
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Example 1: Use the following graph to fill the table
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EXxa mpLe 2:
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EXO mch 1:

Determine whether the given functions are continuous at
a=1
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Exa mpLe 2:

Discuss the continuity of the following function at the given

number
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Example 22 Flnd the value of a that makes the given function
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Continuity on open interval
Delimdrions
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Example 1:  Find thegitervals in which each the following
function is continuous.
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Continuity on a closed interval

A Funclion § s combinuous on the dloted wmrerval (o] iE&

1). o cgv&-‘w\ucws o (ab).

2) Uw S‘QX\z ¥ @)

XD

). \im %L’f\ = ¥L\o)
A=\
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One sided continuity

Right and left continuity:
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Example 1: Discuss the continuity of the following function
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Example 2: Biscuss the continuity of the following function
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Example 3: Biscuss the continuity of the following function at
the given number
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Example 4:

Greatest integer function
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Theorem 2.4.1: [Properties of Continuity]
If f and g are continuous function at a and k is any real number, then the following functions are continuous
at a.

1. Sum and Difference: f+g 2. Product: fg

3. Quotient: g provided g(a) # 0 4. Constant multiple: kf.



Continuity of Gomposite of Function

Theorem 2.4.3: [The Limit and Continuity of a Composite Function]
Let f and g be two functions and let @ and L be two real numbers.

L. If limg(x) = L and f is continuous at L, then lim f(g(x)) = f (,“_‘.’3, g(x)) = f(L).

2. If g is continuous at a and f is continuous at g(a), then the composite function (f o g)(x) = f(g(x)) is
continuous at a.
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Limits of composite function

Example 1: Find the limits
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Example 2: Discuss the continuity of the following function
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The Intermediate Value Theorem |V T

Theorem 2.4.4: [Intermediate Value Theorem]

- If f is continuous on the closed interval [a,b] and k is any number between f(a) and f(b), then there is at
least one number c in [a,b] such that f(c) = k.
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Differentiation

Definition of the Derivative
Basic of Differentiation Rule
Derivative of Exponential and Logarithmic Functions

Derivative of Trigonometric Functions
The Chain Rule

Implicit Differentiation and Higher Derivative




Definition of the.
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Basic Differentiation Rules
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" Theorem 3.2.5: [The Constant Multiple, The Sum and Difference Rules]

Let c be a constant. If f(x) and g(x) are differentiable, then cf(x) and f(x)+ g(x) are also differentiable,
and

D 2 ef(x)] = e o (F5)
i) L [0 +800] — 35 (F0) 1 5 (6(2)

i) ~— If (x) —g(x¥)] = (f (x)) - 3; (8(x))-

ExamQle 3 - Lek Pl 2% _VE. Find 0 0.

F\Q‘K) = é’Kz - _}_
VK

E')ﬁo\vv\'\)\e o ‘ed CCry- ’x X 4 V"\A ¥\(1‘\
Cl(= 2% A o =% it

EMMQ\e e \ex 4= 3 VAN | 9>

9'= 3.4 v - \@ad

Product Rule : .
(foymn) = fuo. q () + (). )

Fov eamfles Ger) = (3%-24%%) (544%)

P x)= Gr-2x?) (5441) cswx).(Sx-amL)‘
= (Bx-2x%) (4) + (S+4E)(3 -4%)

= (2% _8%%) +(15 - 209 +19% - 16X

1)

(2% -8x%) + (IS -8 % -16%%)

]

- WML +YY & 15



\
Quotient Rule: ) )\ - Rewave - gy Rle)
i %ZUL)

For exawg \e ¢

F(‘sz 31 -ax?
5+ 4%

Negyo (3% —ax) (5vtix) — (5+47) (3¥-27)

(5+4%)°

_ (3 -ux) (544x) - (4) (31-22%2)
(5+ux)%

o IS v0aF - °~°1‘-‘67‘z-%+ 8 %=

(544 %)%

I5 — 20K -8 42
(5+4%)*%




The Exponential functions have the form
Variable

'—> Any real number
D e

Bas
il

The Exponential function with base e
1s given by :

|

Properties:
4 X
1. b € _ o0 2 lm € 2o
x>0 x—>-¢0
x+Y o x-Y
3 2.€- ¢ y. €_. e
x 65
e "= |
° "o 6. <=1

Derivative of Exponential Function

Note:

e QY 0 T WA VE T FAN
S\ s Lrsn Vs ety

X T
T - e
Er> 550 $Y 0 Toks 1

£(D= (4) = €R
cLiH- e

ST 4R

k \;S' A\ \\ GS\% BT
ASym S\ BB Sime W ABOS
O L) Qeds\nins
c 8N\ YW

Derivative of Exponential Function

Fovr =y Conshaml a,
X
1. & el =¢€ o d

E’)Came\c: Fiwd a‘ ‘S s 5%

v 4
\d\z = ly\s

X] =4 lna




Enawpdlel R o\ R N xte Notes
eala e 5 ke allal
W= ')L-Le:g Al 4l Al @ jea
N . Caakad Gl 3 gas 3 S
gz (D) () & L) &) Sl Juslis
Gl i
= AN é X ’lﬁlé\
<
Cromple 1 Frnd ' € 4= 3
xte* o
%y N x Y SN
g'= (37) - (x+e¥) = (x+e")* -3
( xee)®

_ 3 W3 (xed) - (e ) - 3
(x+€¥)Z

X p 3 < X
3 in3x+ 3 W3l -3 _3e€

(2+eX) ?

= T (\nar-1)+3¢€ (In3-1)
(x+e")Z

= 3 Qwrae) NS C\wa-y)
(r+e)?%




2)4)
Eﬁc«m\) lce ©wd Ahe ?.s:u&s on the cuwve 9= 1L"e.x.*\
ak Wwiel Ae -\cw\caem\- (\we g \,\g.v't‘sov\&u\

)

W= Ae’ )\

9= «<*) &+ o (e¥)" 4+ 0
2%
_ax & 28
x
= (25rvax)e

“O‘t.\‘&on\a\ xtw\tﬁnxs ’ ‘5\ -0

(«’waﬂgf = o

xax =0

%2 (%42 =0

Y20 or %AL20 D Ax=-Q

“Petntes (o5 Fo)) amd (-2, ?L“’-\)

¥ () - oz.e.o +\1=1
f¢2) = (-2)13.2.‘.\

= "le-z + |

-2
.. The curve hag a koﬁxan«la) l.’nead; (o, 1) and (-2,4¢ -\-l)

E%am()lc e For Whot voll of = does e cnvve Sy - €&
have Ole Ir\m"\:sow\'ﬂ\ —\«ugm\—s ? A\se For What-
value o% % does the fangent line to the Curve
?wrm\\e,\ ‘o Y= - %

Hovizomiol \anaehs F x =0

2-3”:0

2:56

2= In2



Pavalle) —\omgem\- . Tl = Sep oF the Fiven \me Y= mxxrb
~ 9= -M%x o Pe) = -3
2_¢e = -3
243 = €
5= &
w5 = nce)

\V\G:«'



Derivatives of Trigonometric Function

o [sinx] = e d [cosw]= Sz
olx dx

o m] A N &

e [Sec| = seck kany s [cod %] =_ cse x

5; [;\-qn)c] c sefx il; LCesc %]: _ Csex cotx

o ¥ cok ¥
A /_\
secx seck escie CscX

Example: Find o 1§

QMM\:QN‘:
4= (S + Cos% )secx Namyx o S
CoSy¢
4z Smx secx 4 Cosx Seck secx = \
cos¥

= Smxe .\ 4 Ceskr o\
Cosx CoSX

J}nnY X Cos X%

CoS i« Cos X

= by 4+ 4

-
-

Q
< A tam x &\ 3 '3‘ = Sec x



4= damxr N

AVR

3= ACos A — 2k SME
W= 24 0S¥k + X (-Swr) - 2012 Pwmxy %-&57‘]

2,3;4‘_{% - ac"sima -2 MY -/vt.eas/x

= %'\V\‘)‘L—’X-z—?.)

_ Cok 4
\ +Coh
§ . esday - Qureskr) — (-cs& x) LCok K)
Qlacskx)®
_esex -M‘K + QM')L
(\+ k) >
)
. -csex
(\+ k)2

W= SWNY Cos e
\
W= (S (Losy) o (‘s\wx)Lcasvc)\
2 LT
= CoS% - S\ AL
‘3.—. Ao X 4 'KICC’\‘O‘
\

3 = %EZ:’)L A (1‘)6 cot i +'X.1L-CS¢.:L‘)Q)

= Segf'x 4+ 2xCoAK - x*° csé')L



p &
“\ CO$¥ ,ox' - 1,. 3‘“%

 ——————

~x
= X COSK - DNK
x%

4= Sec x lanx

4 = Csecm)\ « (Aanx) 4 (Reex) . ({an x)\

= (Secx -\-cm')c) (Aamx) + <Seex . Se,c?.' “°

o
-

Sec ¢ l—q;("x, 4+ Sec«x. &CZ'QC

sec « (tan 1 + 5€C %) .

Y= Cos x CSck

Y= Cosx . \

: Qe\m&w\ku—
Snx Cc X = \_
g - Cos¥  _ ok Swx
I\ Co\-'x - Cos %
. %\ —— C$C.L % %iwz:

3= k. \ = WX _,
Stnx DN
-~ W=\ QV\A \5\ = 0O



\3_ Aown

SecX
\32 Xan X . \
Seex
- Snx . Cpde = SWX
Cos
iy = Cos %,

Y= Cosx decx

9= C€x. _\ -4

Cosx

E,‘an\?\e.‘. Yod al ?ﬂ'\wx‘& o dre Cuvve

W= 3o T XL T
* 2
wheve the ‘\ow{\cu% \ine \s PavaMel ko Me \ine $4=C%

Cw: 6
3568.%: 6
3 \ -6

Cos$x



e The eﬁ‘_uq\{s\r\ ol ‘e '\"’M%Ow\- \we ot C % ’ EQ \S
"A-‘S\: v (X- "4\-)
¥-3=-6 (x- 1)
(VY

= ¥= 6 Cr- T )3

e The eﬂ\_uq\-ca-v\ of the ’\"’M%%-\- \\ve cau\- (-% .,-%} \S
ﬂ-‘ﬁ\: v (X- 'K\.)
Y+3= 6 (%« 1)

= Y= 6Ce+{) -3



SEN §f§3%
The Chain Rule )’
4= £ (aw) LA
$ J—

Crample
Method 1

led U= ‘¥L+\ 5 Y= \-A3

- 3w L 2x
= 3 L’l"'—ﬁ\) ok 2

= 6« ( 'Fz‘“)

The General power Rule

E%qw‘:\e, o Finel S

1. 4- \/‘_ch

Y= ()

94 ,du  du
dx du dx

C 1% B (PR, Red '

W= £'(aw). ) I(—\

FLY) = \ﬁ(a‘)Lﬁ) \
e =\ L

Method 2 -

( ©S

9= 3TN .2

= 6 ¥ (%*n)




6
Framples Leb3 () = (3241) Vianay®. Twd 909,
S

4

4c¥)- (32 +1) Lﬂx—S)/:"
\ S/ A

g =[(3z+1)°] (ax-3) P (3% a\) . [(%—3\ :\

[6(334-\:\\ 3] (2% _3) ae (3¢+\) [5 (114-3)”\.2]

5 Y. [ %
(R (3% +1) (214-3)3... (3x+01) . '%(27@3)3

5 o (4
_ G ‘/
= |18( 3x+1) /Lﬂ'x-g)ﬁ' + (3%+l) . S @r-3)*

Example 2 Fnd, ol 4he Poiintsion dhe graph oL

3
() = \[(ZL—‘-I)L
For Which 9420 and those bor which 9'Cx) BDNE.
2
IV (2E-4) P
2.
I )- 2 (x*y) .22

\

* am>

4 (’)(.7'-4) 3
3

Hx

3 3/ 2* -4

\

3V 2y
& YHr=o
<5 K =0

3

3 BDNE & 3Var g =0 2 sne = bro
e 2t M=o
o A=x2

DY alioae 3 ma 3
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ExamPle ¢ el W 1% 4o (3%-2"4VF)

()
$2 6 (32— v'x) . (B-2x . L)

2V

Crowles TC y=t% and - £\ FGid & ?
o‘ﬂ oy m E-t\ oly /

dx I 1=

Y= 2 and Ji = &'L‘
s | =
v= t-1 anc
k-t
dx _ -Gk -1tE-t) £+l - 2
dt (42 (E+1)2 ()2
Ao _ 4 dt

dy  dt  dr

=4t . & U ()T
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Trigonometrie Function and the Chain Rule

8140\w~'(>\€ e Cind Ve derivakive of -\\Aer\\ow’w\:S
Cunckion g

Y¢r)= Ces (3%)

)= - S (3) - D = -3,

Cixy= oo (3)
Fle)- ax + Cos(23). 3%

= 2% 4 3xt cos(%3) .

)= Sﬁcz L\[&)
D
L= ( sec (VX))

A
Vx): 2 (see) ) ( seec (V%) ban(/x). _\_B

2Vx

. 72 sec (4X) taneix) . L
R O N R

Vx

Iv) = dan (y 4 Vx)

d (x)- sec (x+Vx).(1+_L
2¥x

Y= csc (Cosx)
B (2= = cse(essx) cob (Cos) o (~Snx)

= Siwax csc (Cesw) cot(cos %)



9x) = ton (sin(cesx))
9 (x)- Sec ( 3w (u:s&)) e Co8 (Cosx) « (-S\w¥)

= =~ Sec2 ( s LC"S“)B . Cos (Cosx) Dw ()

‘Emm?\e.:
Led 9 = 382 _coellt) ane = Sec(x) o

© ®
Sek Y= £(IW)) . Eind 3
aE
®Y: © (3t _cosk) = sec(3t?_cost)

@ M . sec(3t-cost).ton (3t%-cost) . (6E & S\’wE)
d‘t \ -\ \ e

v sec J) Jalule Jualis
sec J) Jualds

Al 4Ly )

3= Sec (3£Z—C¢DS£)
leb w=3t* _coskt  and Y= sec (U)

/ fi = 6t 4+ Sint anel ﬁ = Seccu)--hn(u)
dt v du

B T R e
dt du it

= Sec(w). "-Olh(bt) . (é£+ S'm‘t’)
- Sec (34%-cost) . bom (3LZ cost) . (6kasint).



E xp.Function and the Chain Rule

Con T ‘
It 4= a Ahen 4= a -0() - \mq
9(r) Ix)

Y= e Yhem 4'=2 e . 9()

Erample & Timah ¢ (L

3= 3

VX

¥- s . L .lns
2/x

= \n (5). Sv;

2Vx
Example s Vvl the derivalive % ke Q«\\ou{vﬂ;
Sec (Hx)
4= e
. Sec(y1)
M= e . Sec(4x). dan (4 . 4

Sec(Y4y)
= 4 sec C¥x) fon (4y) €

% + S ¥

Pexr= 2
\ Xt CScy%
P )= 2 . (1_csexcoty) - lh:},

X+ <€Sc
= o (1- csex otx) 2 ¥

[



Log-Function and the Chain Rule

d [Cieq (90| - 'O
dx [ °§ ] [ VOH)\ v
f. [ \n (500)] = ¥
" i
AKX)
Example 2 Find 3! 1 ¢
Y= \n (S(v\ x)
\5\ = Cosx = Cﬂ* %®.
3 ¢ chral daidl &l el baa ) &G ol

¢ niall 8 lea ladie 068 Al x 4adle

EMW\? le ¢ Fnd where e "‘47\367""' \'\y‘e o Hie
graph 4= ln (%3- %2 44) is horigowtel

Q\ (Y=o pa {-qnaem} line ‘\ar;gon{-q‘
Py, 2F-2% L (3% -2) o
A3- x4 Y x> 2%y

= X(3r-2)=zo
= %4=0 oy 3¥-2=206 M
- 3x= 2 =H>X= Z_
= 3

The graph has 4wo horizonbal \-omqem{'

lines ot -0 and 'xg%



Implicit Differentiation and Higher Derivatives

\

= " =

3\

Crawple 2 TR a®+f™o5 , Tond e Qe\\cww\s

) 2% +2a4y' =0
=S Yy = -2%

\
= 3__—1"‘:..i.

Y 3
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S
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o
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Example ¢ TE 9y, ¥y _ey -x = -4. b Me
co\\owi '\'\3 “
D-

m

331}3\ -\-1‘33\ _ 53\_ dl 1

¥ (33 43y -5) =ax
g - ¥
3Y" 2y -S

2)_ E quatien of +he fangent lLine ¢t 3 2 L
at +the Pm‘W\'CB,-\) 3 Y+ —‘Sd —x =-Y

93 %\ VP L-x_?)

B-VHrxa(-V-5 IR
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-9-

"
A
"
P

S

%-Lﬂ}a -% (‘X-g)

4= -2 (%x-3)-)\
2

- > A
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Examples Cowmpure the Blope of e \a@ont \ine
Yo Ahe Curve Iw (xyg) =% o+ the ?otn-\- Ll_i’ 3\3_‘)

Slefe = '3\ (x,4).

%[Sintxs)]: cos (1Y) . T\ -9) = §
Cos (xg) « (3 +Y) =)

x4 +y-= i
cos (%Y)
\
= XYy = \ 1
Qos(xy) y
\
Yy = L \ Il
X (COS(azj) :’)
o® S\Q € = k AW T = L \ ) T
P J Lg.? 3) (V2) I:COSL%,'_V\_ 3]
- 2, \ L E
COSL‘W/g) 3
. L - =
3 = 2 [V\__ 3 _3_]
3/2
. V3 3
= M o T



E’)ﬁq\mq\e - Find e qua\hu X ihe -\qv\c\‘fn\~ \ive \o
e qraph o% YW= axty -3y =% ak e e (15-)).

-9, 2@ Lr-2)

m= ﬂ\ (4,-1)

2 (29 -33=%] = wrys2dy - 34'=1

> 249" _3y' =1 yxy
= ¥ (ax-3) = |-4xy
=> 3\ = -uxy
x*-3
2
- -’j\ (1,-1) = -4 (NN 5 = .5
2 (-3 il

s - = -5 (% —1)

94\= 54 45



X
Example: Eind 4 i § 4= cos (r-y)=2¢€

cos J) Juales cos J Jalal Jalds i x

“Sin (2-4) (L -%'y= Ll.e+ €
-Sin (x-Yy) +3\$'\V\(1.-j\: & (‘-I-‘K)

g' S\w(x-34) = g‘ (t+%) + Swn (x-4)

y'- eXdarz) | Sn(x-9)
Sin(x-Y) Siw (x-4)

x
g (1+2) +

- 8in(x-Y)
X«
|
e (1+%x) . 4 Remenber
S{ﬂ('K-‘j) _§_. = CSCY
X Sy

e (\+%x) . esc (%-y4) +\

Logarithmic Differentiation

« Taking natural logarithms for both sides. B
« Applying the properties of logarithms. s le lll jailliad 3adas
- Differentiating with respect to x. xd Apailly Jualis
y\d .~. .n_.‘ d;_.‘
»Solving for v'. I
d\}.u\j\ L_g ollaxall f(X) 4 anay yd\ dd.u
¢ Replacing y by f(x).

21 o) ]
1k 3:[3003 we will use Loa- D to fndd B

adla



X+2
Cramples  Find g' & y- %

Ar 2
Y= 4
x+2
‘V\J: n "

\ny= (2+2) \n(2)

e (D)) + x42) o L
J «
\-

x

Yy LIne & 2\
(e 8
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®

3
A‘_— \nO0) & xXx2
J

x
Eramples Fimd @' % 3_._( 3 ’r)
r+e

I
\nyz \n
. ['L-&-e"‘]

tag= tn (3 ) _In(2t &)

i _ /37/1)’03 T \"l’éx
(I / x+e?

A,

g = 3|' \n@zy - _'*°€
x+€¥*

Gadai ) zUin allall o3 Jualis slayy
1y a5 oS Ayl llall Julis () 53
$Log. Differentiation Ll 5 13k
Aagiill (ess e Jiasin o

Let’s try ! and see Ex3 in the
lecture of Exp.function
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2
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Higher Order Derivatives

The following notations for higher derivatives, with y= f(x) are usually used

F&), '), 77x), fPx), 7

Y,y 7y”,, y(4),y(n)
o Py Oy Iy d
dx’ dx?’ dx3’ dx*’ O dx"

Dx 1D§ aD;’y) D.::‘ ),D;ly

A/

E?Caw\?\e & Tud e third derivaliye of Lo -
¢ Ve ‘Ix‘-\i -\-'3"‘1
\ "!,;_°\
E () = L.ty % + 3.9
3
= -4 6
q X x5
1\ -}'7_~‘ 6
€ (x)-= (-%\ L) x ~
25
= _3 % = -+ é
]
-~ 3 . \ + 6
D 7‘{7;3_

"
+
o

|
2%y 1‘3

Rewiem oo
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nvote s

w= A o V3
5D g\le
305 320N
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Example 2 Gnd f R xf - o

1. Ha.‘. x. 3:]23\:0

3xgy' = =¥

xz _
- _L '%)’}‘C/- I
3 x|
:-L-.'T‘: _i-%:—'ﬁ—:'ﬁj
3 R 3 g S
_uy4 = 43
= _\ 3 S
3 n-
4y
= & -4 L .M
3 %% 3 3%%2 gu?
25 )
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N
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Applications of Differentiation

I’Hopital’s Rule
Maximum and Minimum values
Rollie’s Theorem and the Main Value Theorem

Monotonicity and the First Derivative Test

Concavity and Second Derivative Test




L’Hopital’s Rule

odaas sl Glaas

[ndeterminate Forms : I.F

We Y—o\\ou‘wxa e,.?ve.ss\ov\ axe Q\\\d 1.%

9

L’Hopital’s Rule

IB L\v‘"\ ?_(:3_ = 2 o¢ &8 Men
7o 3 | 03

\
Gow V‘_c"> - QL\M v G
e  Yx) xS ey
Where a Can be ves\ ywaloer.

&M?\e'_
W ’x‘a’\'\ o 200 = 00 LI' F)
X-»00 x‘l‘\ wz-‘ 00
\_p@ ZZW\ 3 x* (” I.F aﬁ‘u’“)
xX=>00 QAR
L lom %
K—=e 2
- 4 -
x-amm 3% =0



Liwn Inx = In) = o0 (T.F)
R—p vy
B R
3 Y-
! I8 R S
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3173 L
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Maximum and Minimum Values

Extremve values:
X owvel walwa

Local maximum.
No greater value of
[ nearby.

Absolute maximum.
No greater value of f anywhere.
Also a local maximum.

Local minimum.

Absolute minimum.

No smaller value

of fanywhere. Also a
local minimum. |

l

y = f(x)

No smaller
| value of fnearby.

|
|
|
|
|

TLocal minimuvt
| No smaller value of
| [ nearby.

l

a

Absolute Extreme Values

£() \s am

. N\OSQ\U\’(Q WM OQ:‘ ‘g e
Tt & o ¥ xe D®)
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-

- Abselube wax GQ ’\¥
t@ 3 Foy v xe DR®)

I
|
|
| |
l I
e d b

Local Extreme vValues

FD s awn

Locsd win R £
) & B ¥ 2w Sowme
OPoA Wkerya| Coviainmg o

\‘_Q@\\ ek o% t
T » P ¥ xw Sewme
SPen Wherya) Comieinmg o

Y y
r / Y
No |absolute maximum ot somatcriness N )
abso?ute
O 7 maximum |\ y = f(z)
c =i
? i { »T NO
5 c absolute
fleHN minimum
Absolute minimum No absolute minimum



Remark: Every absolute extremum is a local extremum but

the converse 1s not true always.
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Finding E xtreme on a closed interval
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Rolle’s Theorem and the Mean Value Theorem
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Monotonocity and The First Derivative Test
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Firgt Derivative test and local E xtremum:
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Integral of Logarithmic Function
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