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Math 101 



Math 101
 ٢ تایضایر

يرایطلا الله لصو ىدم /ا



Continuity at point

Use the following graph to fill the tableExample 1:

Graphically 

Point discontinuity

Point discontinuity

Jump discontinuity Infinite discontinuity

Continuity 

Jump or 
break

Hole

Vertical Asymptote 

 

 

-

: A function f is continuous at a

if its graph has no hole or break at a .

otherwise , we say that f is discontinuous .

• We will classify such discontinuities as :

point , Jump and infinite .

i

f ca , undefined . f Ca ) is defined .
Kismat " ' D NE

• Fca , undefined
. hiya f ex sit

.

Liza
⇐ Liga . fcxi.li#afcxIDNE

but

| Linga f Cx ) # f Ca ) I

- Non
- removable discontinuity

removable discontinuity

SALT

if



ةلازلإل لباق لاصفنإ

 ریغ لاصفنإ
ةلازلإل لباق

ةلازلإل لباق لاصفنإ

يزفق لاصفنإ

يئاھنلا لاصفنإ

Discontinuity: 

Example 2:

Algebraically 

•

- - - - - -
. O

. A function f is continuous at a iff

1 .
Fca ) is defined

2 .
Iim f ex ) exist
x → a

3. him f Cx ) = fca )
x - sa

-

A function f fails to be continuous - at a

if one or more of the following conditions

holds :

10
.
If Fca ) is not defined .

20. If I im f Cx ) doesno#xist
x → a

•
I im f Cx ) & Lim f CX ) or
x -2 at x -2 a

-

• him f- Cx ) = IN
× -2 a

50. If him feel ¢ f La )
x → a



Determine whether the given functions are continuous at 
a=1

Example 1: 

Fan = 22+2×-34-1

fu , =
(132+24)-32 = So undefined .

1- I

f- is discontinuous at a =L

F has

remov-blediscontinuityata-19kh-fxYIZ-I.atI

5 4=1

1)
-
FC 'Ll ⇐ 5

2) -
line f- Cx ) = Iim 42+2×-32

,

× → I X→1 ax - I

( xx ) Cx -13 )
⇐ Iim

- s - •

x -21 X-1
'

= Lim Xt 3 = 4
x → I

3) - Ling
,

FCX ) & FG )

i . f is discontinuous at a =L

F has removablediscontineuity at a -_ I



 case 0/0 لح
ةلوطملا ةمسقلاب

 طسبلا لضافت

ماقملا لضافت

اقحلا اھسردن فوس لاتیبول ةقیرطب فرعت  ىرخأ ھقیرطب   case 0/0 لح

hen -
- { ELIEL , a # I

4 0=1

1)
-

FCI ) ⇐ 4

2) -
line f- Cx ) = Iim42+2×-3×-51X→1 ax - I .

C xx ) Lx -13 )
⇐ Iim

-

c- → I XI

= Lim Xt 3 = 4
x → I

3) -

lim F CX ) = fu )
x -31

i . f is continuous at x=1

has . {
7¥ axe ,

- 5+2×+2 431
I

hee ) = (-112+24)+2=3

Cim hcx ) = him
- 42 + 2C 17+2=30 . z

+ → it. × # I - ox t X t I

him hcx , = him 4¥ [ I ] £3t Try to use

x→ I
- x - si -

x - I
°

-
- E.m.

.

/

IIIT Wass .

Cx - l ) - xz.gr C X - a ) ( XI ax ta )
= him XZ tax -11=30 oxtl

x→i-a¥
⇒ I IF

,

hcxl =3 00

he
"

at . = ,

" " =c " xtkx.is

org -

EF
.

-
huh = lying

,

= lying
,
¥7 = 345=3 £×CxT=nx

" "

A



Discuss the continuity of the following function at the given 
number

Example 2:

Exist 
and 
equal

Exist but 
not equal

9 Cx ) )
Gtl g X S2

2X - I g 472

f (2) undefined
.

i. f is discontinuous at x=2 .

f has removable discontinuity

h =/
& t I ' 4<2

f =/
Otl , XL 2

2X - t g 432 20+1 g 432

1) FC 2) = 2123-1=3 1) FC 23 = 2123-1=3

2) I,in→zfCXI = liang
,

Htt =3 2) lying
,
FCXI = Ying

,

Otl =3

him f- G) a him 2×-1=3
Iim f CX) = him 2Xe1=5
x→2+ X→zt

x→2t x→zt

i.
lying fun =3 i.

lying f CD DIVE

3) Iim f Cx) ⇒ 3 ⇒ f (2) : . f has sump discontinuity
X -22

: . f- is continuous at a 2



Find the value of a that makes the given function 
continuous 

Example 3:

 

G- ihcxhf
. * a

6 94=9

heal = 6 = Iim had
x - sa

XZ - 92
=

him
- [ so x factors , ]

x → a x - a

= him CX -4A C Xta )
x → a

-

eat

= him Xtq = 29
× → a

⇒ 6=29 ⇒ a= 3

1) -

f G) = {
50-2

, X z 2

axle 2 g
2122

• f is continuous at X=2 iff lying
,

fcx ) = f Ca )

④ -
f (2) = SCH - 2=8

② -
lim f G) = him L SX - 2) =

552 ) -2=8×-22-1
x -32T

Linz .

f
= lying

, +
9×2+2 = a (2) 2+2=491-2

• Linz f Cx ) exist iff Izz ,
f- Cx ) stingy .tk )

49+2=8 ⇒ 49=6 ⇒ 9=64--3-2



Continuity on open interval 

Polynomial functions

Rational functions

Radical functions

 Trigonometric functions

Exponential functions

Logarithmic functions

R

R-{ ماقملا رافصأ }

n: even رذجلا تحتام<0

n: odd 

D=

RD=

R

D=

D=

D=

RD=

D= ةلادلا لخادبام<0

لاودلا لكشلا لاجملا

Theorem:

-

*⇐ti÷÷÷÷÷÷±÷:÷:÷:i:iii

Remark : -

A function f that is continuous on the entire line

Has is#u .

TEST

-

Functions forms Domain
#

' t "



Find the intervals in which each the following
function is continuous.

Example 1: cheer

1) -
FLN = 42+2×+1

f CX) is continuous on R = ( - A , N )

2) -
f = XX'

-64+9
) ↳ i

F Cx ) is continuous on R - Leg , }
i .

I
- 6 X A 9=0

( X - 3) L X -31=0

⇒ X =3

.
: f Cx ) is continuous on R

- { 3 } = C- As 3) U ( 3,0 ) .

SO
3) -

f G) =
IT

C- ex ) is continuous on R
.

4) f G) =
T

- XCX - I )

f- is continuous Iff X C ox - I ) z o

⇒ Xz o or a - I 30
⇒ 431

5) -
f- G) = In ( Xt4 )

f- is continuous iff 4+4 > o

X > - 4

i. f is continuous on C- 4 , N )



.

4T6)
-

funk 21+7

f is continuous iff Xt 730

& > -7

i . f is continuous iff C - 7g A )

it's -6ps is
-

a

7) - f Cx ) = ftp.T EJ t.ws EE '

Is s s 272
F is continuous on R

. Why ? ! * @oss.A . bliss

← 5£04 JT a

8) - f =XZtX-l2_ Fg is 4¥
XZ - 3A

f- is continuous i ff XZ
- 3×1=0

XCX - 3) to

⇒ X =/ o or X - 31=0

X =3

. : f is continuous on L - ago ) Uco , 3) U C 310 )

-

9) -
f- G) = V¥25

→

F is continuous iff 42 # 25 I O

mum

s -
.

is F is continuous on R
.

- Id Twists
.

I 's -5 is w

1514905 as HIM

2 big ) of SIS I W OK
to ) f CX) = Sin ( X - 4)

It ( f- - si

f- is continuous on R
.

I Wl sis 's .im

Am aft 25 Oi I s

> kisses 's ! I moss

Sbd 032 d y 6- IS
l

-
' -

.
R i3 ) Isis



Continuity on a closed interval

Example 1: Discuss the continuity of  

- .

A function f is continuous on the closed interval Ca , b ] iff

of) .

f continuous on Laib ) .

2) him f G) = f Ca )
x → at

3) - Ling .fm = Fcb )

9) -
Remembers

they 's r2

f is continuous if 25 -
42 30

y= TETA
( 5 - X ) L Stix ) z o

YE 25-42

y2ty2= 25

⇒ 5- X 30 or Stx go

⇒ 53 ax or ox z -
S

⇒ K£5 or X Z -
5

⇒ - sasszBft@si.D
(f) = [ - 5 ,

5 ]

1)
-
f is continuous on C- 5,5 )

22 him
.

f- Cx ) = him ✓¥= ¥2 = o = FCS )
x -25 x → 5

-

3) - Ifs ,
f G) = Ings ,

¥2 = # = o = if C- 5 )

: . f is continuous on C- 5,5 ]

b)
- HW



One sided continuity 
Right and left continuity:

Example 1: Discuss the continuity of the following function

Note

-

• A function f is continuous from the right at a- if

I FG ) = f Ca ,

•
A function f is continuous from the left at a if

Iim f ex ) = f Ca )
x → a

-

f ex ) = VE

f- is continuous iff X > o

am C
.

°

. f is continuous on Coca ) .

9 Cx ) = Ties

f- is continuous iffy - 530

⇒ 07,5
.

°

. f is continuous on [ 5 , N ) Be

has VE

f- is continuous iff Xt 33 0

217 -3

.
: f is continuous on C - 3

, O )



Example 2: Discuss the continuity of the following function

Discuss the continuity of the following function at 
the given number 

Example 3:

Note

Fca = VFX

f- is continuous iff I - X 30

⇒ I > X

.

°

. f is continuous on ( - O , TB it

am C
god = TEX
f- is continuous iff 5 - X 30

⇒ 574 or 455
5

.

°

. f is continuous on ( - 0,533

had , T-3 - X

f- is continuous iff - 3 - 430

⇒ - 3 > X or XS - 3
→

.
: f is continuous on ( - A , -333

funk VE at a=o

1) - f Co ) = TO = O

22 him fcx ) a lim VE
x → o

'
x -20

=
to so

3) -

him f- Cx ) = f Co )
X → ot

. : f is continuous from

the right



Greatest integer function

Exist but 
not equal

Example 4:

The ore.at#integwfunctionx3 is the largest integer
less than or equal to X .

( x ] =

.

n ← s n s Kanti

I 2.91=2 E o I = o E "4) = I [ 3 ] = 3

I -

[ 2.54=-3 to 's ] e * I E- " ol ] = .
2 I -2 ]= -

2

Iim CX ] = o lim ExT= DNG Jim Ex ] = I
* → I - i a → I × → it

2-
" " = I

/

" "

/

¥27 " = 2

Iim Cx ] = 2 him EXT DIVE him CX ] =3
× → 3-

i × -73 x → 3-1

lim EX ]= n - I
/

lim EXT D NE Iim Ext n
x → n

- x → n x→nt

Discuss the continuity of g Cx) = EXT
at a t w

* - -

gcn ) = Cn ] = n
:

I

Iim C x ] = n
.

X -7 nt
I

n
.

Cx ] = n - I

}
-

i . g is discontinuous at a -

- he or g is continuous from

the right
i . 9 has Jump discontinuity .



💡

Remark : -

I ) - There is a jump at each integer and so

II. ne EHKalinin .

Cox ]

22 What about if a is not integer i. e a = 1.5

Does g CA = EXT is continuous at a = 1.5

regattas



Continuity of  Composite of  Function 

Example 1: Discuss the continuity of the following function

-

f- ca = Sin ( ¥ ) f = g - ( hey . )

. 9 Lx ) = sin x is continuous on D= ( - A , A)

.
had = Iq is continuous on R - { 03 = C- Ago ) u Loca )

• .
: f is continuous on ( - A , o ) v Loca )

- a

¥-2f- Lx) =
-

X - I

f- ex 's CTE - 2) . I
X - I

942 = Txt -
2 is continuous iff

& -1330 ⇒ X > - 3

i. gcx ) is continuous on C - 3,0 )
- ←

- * # A

hcx ) = £ ,

is continuous iff - 3 - 2 - I o I 2

x - I ¥ o ⇒ X # I

: . h is continuous on R - { 13 = C- a , 1) ULI , A )

son
. f is continuous on C- 3,1 ) U ( Ig A )



Limits of  composite function

Example 1: Find the limits

 

-

cos CE et ) . cos its Linzer )

s
cos ( II et )

e

= Cos ( Ig ) = Iq
Done

¥7
.

sin
- ' ( i ) = sin - ' ( ' II . i )

= Sin " ( ein )+ → I ( i - se ) ( It x )

= sin ' ( ¥7
. ¥ )

sin
' ' ( I ) = If

finna 1093
( x

'
- l ) = log ( Liya x

'
- l )

=

log ( AZ - l )

a

= log (D) = a ,
3 = A

king in ( III ) = In Ching 47¥ ) semi
TGI as >

= In Cl ) so



Ligas
"

( IIIT ) = cos
" this

. 31¥)
to

Easy
" "

•

= Cos " ( I ) = Ig

II. sin ( ) -
- sink ; )

= Sin ( Iim
I CX -12 )

× → 2¥75 )

= Sin ( 'I Iz IIe )
✓

= Sin ( Iu ) = ¥2
✓

A

¥3 ( a C② x' - E )gas ×€ ) = cos
a

'

)

= Cos (2-11)=1

Iim sin - I
ax = Siu - l Ll ) = I

x → i
- 2

Ling
. ,

.
Sin " Cx ) = sin

"
L - l ) = -

.

Iim Sing ⇐ Sino = go Case
x - so X

!
lying COST = Casco ) =L

: Rules : him Sing =L
X→o ox

him Sinaysax-20 b. X b



¥7
,

.

tan - i sat
= tan " l )
= tan "

( )
S #

= tan
"

(Vying a
-

" -3 - ' IF . a
- IF

why . a ??
= tan - I ( T.FI )

I

= tan - I ( %-)
= tan -1 ( a ) = E

:
Iim Cos ( -

x→o ¥cx
)

= Cos ( I im IT
× -20

x
) Remember :

see x = I
= COS cos x

( ) see o = 1=4--1
co so

= cos ( )

= cos ( UI ) = try



Example 2: Discuss the continuity of  the following function 
at 

sing , XF O

g Cx ) = { 1
, x=o

go ) = I Rule

Lingo 9cm = Lingo sing ⇐ case ]

= IT .

= case . ,=z
t÷s'=Tf

go ) = I = him g ex )
x → o

i. g is continuous
.

fcxz {
Sin ( tx ) s x # o

°
g 4=0

f- Co ) = O

undefined

Lifo sin ( ¥ ) =D NE sin Cto )

f- is discontinuity at a- o .



The Intermediate Value Theorem I.V.T

 ددع k ناكو ]a,b[ ةرتفلا يف  ةلصتم ھلاد f تناك اذا
 لقلأا ىلع دجوی ھنإف f(b) و f(a) نیب روصحم يقیقح

f(c)=k ثیحب ]a,b[ ةرتفلا يف c دحاو ددع

✅✅

 يف اھب انضوع اذا يتلا c ةمیق يھام
f(c)=8 ةلداعملا

 طقف دكؤت ھطسوتملا ةمیقلا ةیرظن ھظحلام
 ىلا ھجاحلا نود f(c)=k ةلداعملل لح دوجو
c ةمیق نییعت

❎💡 ✅

Example 1:

-

µ atrophy
show that the function

gnnggggoooT
f Cd = X3+ 2×7 - I

.
trahshaegero in the GMBH

interval Cosi .

two

F-type
f- co ) = 03+265 - I = - I

f- Ll ) = Pt 247 - I = 2

f- Co ) = - I L O L2 = fu ) .

Example ; show that the function f Cx ) =
XZ

hausfrau.e8 in [ 2,3 ]

f ez , = 22=4
Ho ' 8

" "

!!
:o.q%T

f (3) = 32=9 %

4 L 8 L 9
fee ) =3

What about guy =D hakama in C 4,9 ] tf de

9127 = 4 VE = c

g ( 3) = 9
EVE = C E [21-3]

but
3 is not in the interval C 4,9 ] .

form - Cara 's 4.2=8

Example ; show that the function fcx7=

*tHfe9 in the internal ,

43+4 has

f- Cl ) = 13+1 -

f (2) = 23+2 = to

2 L 9 L 10

F " { ca {



Differentiation 
Definition of  the Derivative 

Basic of Differentiation Rule

Derivative of Exponential and Logarithmic Functions
Derivative of Trigonometric Functions
The Chain Rule
Implicit Differentiation and Higher Derivative 



Definition of the Derivative

Secant line

 لضافتلا فیرعت

💡

 ھطقن دنع ھلادلا ىنحنمل سامملا لیم = لضافتلا

What happen if the tangent 
line is horizontal?

Faith ) - - - - - - - it
f- Cxth ) - - - - - - - - - - i

fax
Tangent line

-

I • l
l
,

fat ' -79¥ . i
- I

x 4th x 4th

slope
is Yz - Y ,
M= - m ,

him fcxthl-fC#
Xz - X

,
h -20 h

=

fcxth ) - f- Cx , I
-

6th - X

f- Cxth ) -
f- Cx )

=
- i

. m= f
'
( a )

h

qq.yqygyqqfn.neisn.n.z.ua
, men

/
•:µ

③



Example 18 Let f- G) = 2×2 and 9=2 .
find ft ca ) .

f- ' C x ) = Iim fCxth)-
h -20 h

f- Cxth ) = 2 Cxth ) 2 = 2 ( X 2+2×4+42 )

f Cx ) = 2×2 = 2212+4214+242

Fexthfcx • 2¥4Xht2k52x#
h h

. =
4xhtI.sn/C2x-h7-h=4xth
h X

ftp.limfcxth ) - fat
= him 4×+4=4334 .

h - so I h→o

ft (a) = f
'
(2) = 4.2=8

.

Example 2 : let fcx , = ¥ and a -

-
I

,
find ft La )

.

f- ' CX )= him fCX-h)-fc
h -20 h

f- Lxth )= I and funk 1-
Eth X

f- Lxth ) - f GI = # - I = = Why =.hn/Coxth) 0CXth ) oxcxth )

fexthI-f =

%Y¥hj
= £h¥h

,
. # = I

he txcxth )

÷ him fexthI- = him 2- =
I

h -20 he h2o axcxth ) Xt

ft La ) -
I - I g=
-

=
- = - -

92 of



 قفارملا يف برضلا

Example 3 i Let f Cx ) = Toe
.

find

theequat.io#thetang-ftto
the graph of f- Cx ) at X a 4 .

m -
- Slope

Y - Y
,

= m C x - 4
, ) cry , y , points .

m= f ' C x ) at 4=4 .

J-JeEtTf

f- ' C x ) = Iim fGth)-
h - so h

= line Nxt . Tx
-

h - so I
[ I ] conjugating

✓

= wr⇐ .

= lim 4th - × 1-
=

-1 I
n - so ¥¥rxT⇐ ÷

TEN tix r×+r×
=

2¥

• f 'L4 ) = ¥j
,

= 2¥
,

= & → m

: . y - y
,

= m ( x - Xi )

is - 2=4
,
( x - 4)

Y = Ly C x - 4) +2

= 4- 4 - la . 4 +2

= by X . It 2

T = Iq X + I



Example A : Find the derivates of y= 2×2+3

fic×,=TT8tTTf_ f Cx )' ie . . I

fcxth I = 2 C 6th )
'
+ 3 = 2C It 2xh th ) + 3

= 242+4 Xh + 2h43
f- Cx ) = 2×2+3

.

.

. fG-h)h-ft = 2X2-4Xh-2h2th3-(22-3)_

=

2I-4xh-zhZY.sn/.-3-i.3x/h=4Xh-2h#=2h/L2nx-h2-,

= 2C2xth ) .

o.e.tt#Tt8tt&Bfcxth-fcx7lihIoh- = thing
.

2 C 2x th ) 4 X .

Examples : Let fcx , = VET .
Sown that f ' Cx ) = 1-

f'c×1=TtTthAf×hfc× ,

I F- I

'
. . I

= thing that [ I conjugate method ]
h a

= thing
. Athenry .

r¥u+r
RENT trot

X th - I - C X - l )
=
'
n'Io T¥t€

=
him X-h-l-x
↳ o Ic = oxirEF.ir

= ' '
n' Io ,¥r+

,

= .ae#.TET=tTrEi



Basic Differentiation Rules
قاقتشلإل  ھیساسلأا نیناوقلا

The constant Rule: Power Rule: 

Radical Power Rule 

It is useful to know : 

 رذجلا لخادبام لضافت

2 *ھسفن رذجلا

-

Fox ) = C then f ' Cx ) so fat X
"
then f-

'
G) = my

" - I

Ex : FLA = e
g f

'
⇐ o Ex : Funk W

, f
'

a 4%3

⑧

Note ;

fuk Xt then flex) = in
qtr - I

⇐ , Let f⇐±r×
.

find fly , !IIy÷÷
Fuss rE= XI

F' exo . £ XI - t
- III ⇐ I ↳ = #

* Cris at and da C i . ]
=

-

For example 8 .
f- Cx ) = Tx

f-
'
CX ) = 1-

Era

• fuk ¥1 then

f ' = 2×2ME



Product Rule : 

: :÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:
Example g let y= 3×4 . Find y '

y
'

= 3.4 43
= 12×3 .

( fun gcx , )
-

= fix ) .
g- Cx ) + get ) .

fix )

for example : f Cx ) = ( 3 X - 242 ) ( 5+4 X )

f ' c x ) =
C 3 X - 2X

' ) C 5+4 X )
'

* (5+421) .

(3×-2×2)=(3×-2×2)
( 4 ) t ( 5+447-(3-44)

= 4221
.
8212 ) i ( 15 - 20×+12 X - 1642)

= ( tax -6A ) t ( 15 oak -4600)

= - 2442+44 t 15



Quotient Rule: ( tg' I .
fi⇒scx§cx

g- Cx )
For example :

f ( x ) =
3×-2×2

-

St 421

f ' ex ) = C3X-2x2Yc5t4X7_L5t4XIc3X-2
( 5+4×12

= 13-4xtl5-4X.CH/C3X-2#
( 5+4412

②
=0-/-2oomLaeeA-/-8x2_5i2X62X

( 5+4 X )
2

15 - 20 X -86
= -

( 5+421 ) 2



Derivative of Exponential Function

Properties: 

Derivative of  Exponential Function

The Exponential functions have the form 

The Exponential function with base e 
is given by :

Base

Variable
 ریغتم

ساسا

Any real number

-

Notes ;
if a > o Wsh

>
61 1st

ft § ! W wisps is wusses

×
f- 62=-4 i j
Sissy ⇒ rw-os.cn it

I

↳ If :* :÷÷÷÷:c:/
R I did -0dB as a

F- Web gas 's g-

@ www.ssoseww.o-s.I-ifsg's
#

→

x x

1. him e
= A 2. him e so

x→a x→ - N

s .
E. e' = e'

" T
4. e÷= ET

g .
e-

"
= 1-

6 .
8=1ex

For any constant a ,

1 . d-day [ ex ] =
ex 2 . dq [ ax ] ⇒ a

"
Ina

Example : find y
' if y -

- 5.
×

y
'

= 5
"
In 5



 لصاح نع ةرابع ھلادلا
 ةلادب ھیسأ ةلاد برض
 قبطن كلذل دودح ةریثك
 لصاح لضافت نوناق
 نیتلاد برض

G - n l r

2 0

Example : Find yl if y= Wet

÷:c . . . . . . . . °
- 2x ex + ate

=
ex ( 2x + xD

Sc

Example : find y
' if y= 3-

Xt ex

y 's C34'.Cxtex#teX3
( X te ,

2

=
3-xln3.cxtexl.CI#eX.3

( Xtexgz

- 51n3xtflnze-3c.EE#
( Xt ex ) 2

= 3×(ln3x-l)-3(lh3
( Xt ex ) 2

= 3×Lln3x-l)tC3eM(lh
( Xt ex ) 2



 طبارلا ىلع  Exp.F فلم يف تامولعملا يعجار
https://t.me/MadaAltiary يلاتلا

C X , y )

Example : Find the paints on the curve y=
XZ exit

at wieh the tangent line is horizontal
y
'
= O

y= XZ e
"
t I

y
'

= Can )
' ex + XZ C ex )

'

+ o

= 2x ex
+ x

' ex

= C XZ + 2x ) ex

Horizontal tangents : y
'

= o

( NZ + 2X ) ex = o

XK 2X = O

X ( X +2 ) = O

X = o or X -12=0 ⇒ X= - 2

in Points : C og foo) ) and ( - 2 , FLAN)

f co ) = o? e° + I = I

f- C- 2) = C- 2)
2

e
- 2+1

= 4 e
. 2

t I

i . The curve has a horizontal line at co , I ) and C - 2,452+1)

Example 8 For what value of x does the curve f ex ) = 2X -
ex

have any horizontal tangents ? Also for what

value of X does the tangent line to the curve

parallel to y = - 30

Horizontal tangents : gf! Lexx ! -0-0
x

2 = e

X = In 2



parallel tangent : F' Cx) = slop of the given line y=mxxb
m

a- y= eeu3X is flex ) = -
3

2- e×= -3

2-13 =
ex

b- = ex

In 5 = In C ex )

In 5 = X



 Derivatives of Trigonometric Function

↳ Gin XT = Osx dq
,
[ cos xT= ⇐ six

dd-xcsect-secxtanxdqccotxT.es#dd-xCtanxT=seEx
d- [ Csc =

-

cscxcotx
DX

faux cotx

se . x ese .

Example : Find y
' if

Remember :

Y= ( Sinixt OSX ) secs faux = sinxcosx

Y = Sinxsecx + Cos xsecx sect = 1-
Cosy

= Sin X . I + Cosy . 1-
cosy cost

=
Sinn

Tsx
t cosy

cos X

= tan X t I

i y= tan x + I ⇒ y
'

=
SEE se



y = tame + Fx

y
'

= see
?
xx I

2rx

y =
XZ Cos ox - 2x sin X

y
'

= 2x cos x t x' C - sink ) - 2 [ I . sinx * X. cosx ]

= -22¥
- teem - Hsiung -2×04

= sin x ( - XR - 2)

y =

Cot ax
-

It Coty

y
'

=
C - es Ex ) . ( it Cota ) - ( -

CSE x ) L Cota )
-

-

( I + cota ) 2

s-csix-cfctax.cc#cotox-xco
( It Coty ) 2

2
- Csc X

S
-

( It Cota ) 2

y= Sink cos x

y
'

= ( Sinixt
'

( cos x ) + C sin x ) C cost )
'd

= Cosy ( cos X ) + Sin x ( - sin X )

= CoE x .
sin x

y = tan ax + Nota

I
'

= see x + ( 2x cota + xztcscx ) )

= SEE ox t 2x Cota - XZ es Ex



y = Sing
x

Cos X. ox - 1 .
Sin X

y
'

=

-42
=

XCOSX-s.in#ox2y--Secoxtanxyl-Csecoxj.Ctanx1-Csecxj.CtanxM

=L secxtanx ) L tanx ) + seex .
seek

= seem tanx-s.ec#x.seEx

= Sec ox ( tan
'

Xt SEEN
.

y = Cos X Csc X

y= Cosy . 1- Remember
sinx

Csc ox = I

=
cost

= Coty sinx
Y -

Sinn Coty = cosy

i . y
'

= -
CST x

Sin

y= sinxcscx

Y -
- Siu x. 1- = sink =/

sinx sinx

- i y -
- I and y

'
= o



y = tanx
See X

Y = tan x . I
see X

=
Sin x

⇒ . Cost = Sinx

i. y
'

= Cos 4 .

y = Cos x See x

y = Cfs x . ¥ = I

i. y
'

so

Example : Find all points on the curve

y = Stan X - . Iz L X C I

2

where the tangent line is parallel to the line 9=6 x
'

f ' led = 6

3 SEE 4=6

3 1- = 6
Cost

⇒ 3-
Cost

= 6

⇒ 6 cos
?

ax =3

⇒ cost = Ig =L
⇒ Cos x = I I

r2



⇒ cos ox = I [ cos ox > o on - Iz L X L Iz ]
V2

⇒ cos
" ( tr ) ⇒ as ± If

i . f ( In ) = 3 tan L If ) =3 . I =3

F ( - If ) = 3 tan C- If ) = 3 . C - l ) =-3

• The equation of the tangent line at C In , 3) is

Y - Y
,
= in C X - 4 )

Y - 3=6 CX - In )

⇒ y = 6 Cx - In ) -13

• The equation of the tangent line at ↳ In ,
. 3) is

Y - Y
,
= in C X - 4 )

y +3 = 6 C Xt Ily )

⇒ y = 6 C xx It ) - 3



The Chain Rule

The General power Rule 

Method 1 Method 2

f- CX ) -¥C2t#
Y=f( guy ) giv

un 't
'

- .

÷÷ y'=f'L9cxD.9q
fly )= # 9491 )

Example : If y= @2+43 .
Find y

'

fley ) = giggly ) )
HI

A-
&

let u -
- x' + I g y = 43 cos

ddIy= 2X g 3=34
'

y
'

= 3. ( x 't ' ) . 2X

Ex - data - dat / =6xcxh3

=
342 . 2X

= 31441 ) . 2X

= 6×(42+1)

Example %
Find y

' if

2 .
D=11

. y= THT x
'

- I

Y = ( x 2- a)
- l

y= ( it xD
'S

y
'

= . CE - II
" ! 2x

i. y
'

= Ig ( tix
' } "

. 2x
= - ex

' -152
. 2x

→ Ig ( ltxj
}

. 24
- 2X

-

= ( XZ - 1) 2

33M¥22



 رثؤیلا تباث ددع درجم 3 
.

•

3MExample : Let 9 - Cx ) = ( 3×+17 ( 2x - 3) s .

Find @ Cx ) .

9413=(34+11612×-33%3

970) =L @ Xt 1) G)
*

( 2X -

335/3
+ ( 321+116 . [ (

2×-33435=[6134-1115.3]
( 2x -33%+13×+136 .[g- ( 2x

-353
"

.ge )

= 18 ( 3×+135 ( 2x -

33%+13×+116
. log

(2×-3)%3

=

l8C3xtllSTL2x35-C3x.tIf.lgop@xf52EXample.o

.
Find all the points on the graph of

gcx ) = T( Xf - 4) 2

for which g' Cx ) = o and those for which 9' Cx ) DNE .

2-

9CX)= ( x 4)
3

2
g- I

9
'
CX ) = 2g ( x

'
-4 ) . 2X

= 434 ( x
'

-4g
- I

421
= -

3 FE

9141=0 ←→ 4 so ago ⇒ a -
- o

35¥
⇐y 47=0

⇐ X = o

94×7 D NE ⇐ 3 so 9g DNE ⇒ b - o

⇐ ax
'
-4=0

⇐ 4=12



Example : find y
' if y = ( 3. x - x' + Fx

36

y
'

= 6 ( 3 x - x' + Fx )
'

. ( 3 - 2X t lax )

Example o
.

If y= t ' and x= t find old &

ddb×- = date . dt
dx ¢

do

y= t2 and did = It
at

X = and
Etl

de "-¥= = ¥+7,2It
=

( t -1112

in dy dy dt
Tdy

=

DI
•

#

⇐ It . = 't ( tell
'

y
go ,a



Trigonometric Function and the Chain Rule 

Example : find the derivative of the following
functions i

f- Cx ) = Cos ( 3 X )

f ' ( x ) = - sin ( 3 x ) . 3 = - 3 Sin ( 3 X ) .

f- Cx ) = XZ + sin x3 )

f ' LX ) = 2x + Cos ( 437 . 342

= 2X + 3×2 cos (2/3) .

F = SEE ( Fx )
2

f # = ( see Tx ) )

f ' Cx ) = a ( see # I T ( seccrx ) tan crx ) . 2€ )

= ¢ see crx ) tan crx ) . #
= sec¥7t /

X

g Cx ) = tan ( x txt )

g Cx ) =
SEE C x thx ) . ( It 2€ )

f- Cx ) = Csc ( cos x )

f ' ( x ) = - Csc ( cos x ) cot ( cost ) . C- sin x )

= Sin x csc ( cos x ) cot ( cos x )



sec لا لضافت
sec لا لخادبام لضافت

 ىرخأ ھقیرطب لحلا

gcx ) = tan ( sin ( cos x ) )

g ' Lx ) =
see ( sin ( cos X ) ) . cos ( cos x ) . C- sin x )

= - Sef ( Sin ( cos x ) ) .
cos ( cos x ) sin CX )

Example :

Let g Lt ) =3 t2 - cos Lt ) and f- ex ) = See Cx ) .

④ ②
Set y= f ( get ) ) . find old

dt

① y = f ( 3£ -
cost ) = Sec ( 3. EZ -

cost )

② Age = see E- cost ) . tan ( 3tZ - cost ) . ( 6 E + Sint )
- -

y = Sec ( 3tZ . -
cost )

let u =3 't '
-
cost and y = Sec ( u )

✓ dj = 6T + Sint and
,
ddYq= see cu ) , tan cu )

dy dy du
-

=
- o -

dt du dt

= see cu ) .
tan cu ) . ( Gt + Sint )

= Sec ( H2 -
cost ) .

tan ( St ? cost ) . ( Gttsint ) .



Exp.Function and the Chain Rule 

*

y=a*thenyl=a*'.f'cx)9 Cx ) 9 #

y= e then y
'

= e . 9
'
( x )

Example 8 Find y
' if

y±
grx
rx

Y' = 5
.
I

.
In 5

2rx

s In (5) .
SF

t

2nF

Example , find the derivative of the following :

see L4X )

y= e

SecC4X )

y
'

= e . See C4x ) .
tan ( 447 . 4

Sec L4X )
= 4 Secc 44 ) tan ( 44 ) e

ax + cscx
f- Cx ) = 2

Xt CSCX

f-
'

Cx ) = 2
.
( I -

esexcotx ) .
In 2

XTCSCX
= In 2 ( I - csexcotx ) 2



Log.Function and the Chain Rule 

؟ ىطعملا ىنحنملل يقفأ سامملا طخ نوكی نیأ
 ؟ىنحنملل يقفأ سامم اھدنع نوكی يتلا x ھمیقام يَا 

agi .

d_d×[ In ( 9cal ] = 9
g. CX )

Example & find y
' if

y= In ( Sin x )

y
'

=
Cosy

six
= Cota .

Example : Find where the tangent line to the

graph y= In ( x 3- x 2+4 ) is horizontal

f- ' Cx ) -

- o ← tangent line horizontal

flex ) = 322-24-1 = nest = O

x3 - 212+4 x3 - XZ -14

⇒ X x - 21=0
-

ii.
⇒ 4=0 or 3. X - 2=0

o.co

⇒ 3X= 2 ⇒ × = §
The graph has two horizontal tangent
lines at x=o and 7=2-3

B



Implicit Differentiation and Higher Derivatives

d-ncynJ-nyt.TL

Example : If x2+y2=5 ,
find the following

1) 2x + 2g y
'

= 0

⇒ 2yy
'

= - 2X

⇒ y
'

= -21g = -

2) Equation of the tangent line to see y 2=5 at

the point ( 31ns , 4ft ) .

y - Y , = m CX - X ) Remember

" m = 9 ' ( Yrs , yrs ) = -3¥
m= f

'
ca )

or

4ns
m= Y

' I
= ⇒ . ¥ = x -

- a

i. y - ers
= -3-4 ( x - Irs )

⇒ y = -3-4 ( x - Isr ) + Isr
= x + Ifs + Tsr

=
- Tx +

Its
4. 5



= -3g x + ¥
201

= x + ←
4

.

Example : If y
>
+ y

'
- Sy -

x' = - 4 .
find the

following :

i ) - y
'

-

Syfy ' + 2 y y
'

- s y
'

- 2x = o

y
'

( 3. y
'

+ 2y - 5) = 2X

2X
y
'

=

-3y 't 2y - S

2) - Equation of the tangent line to y
'
+ y

'
- Sy -

x' = -4
at the point C 3g - D

y - y = m ( x - X )
l l

2. 3 6m = Y
'
( 3 , - t ) =

zEs
=

IT
= IT = - 32

i . y - L - i ) = - 3g ( X - 3)

y = - 3g ( X - 3) - I

= - 3g x + 9g - I

7-
= - 3g x t

-2



Example : compute the slope of the tangent line
to the curve sin Lxy ) = x at the point Liz , §) .

slope = y
'
Cox , y ) .

¥ [ sin Cxy )) =
Cos ( Xy ) . L x . y

'
+ I . y ) = o

cos oxy ) . ( x y ' + Y ) = I

oxy
'
+ y =

cos cxy )

⇒ oxy
'

= I - y
co sexy )

Y
'

= ¥ ( IW - T )
I

I. slope = y
'
( I , ) = ÷ , [ ÷y. -

- -

= 2

,
.

" E -

-
2 I 'q - F'

'

I
-

= 2 % -

= ÷ - 273



Example : Find the equation of the tangent line to
the graph of y = 2x2y - 3 y = at at the point ( Io - l ) .

Y - y ,
= m ( x - X

,
)

m= y
'
( 1 , - I )

d-d× ( 2x2y - 3g = X ) = 4 oxy +2212g
'

- 391=1

⇒ 2×2 y ' - 3y
"

= I - 4 Xy

⇒ y
'
( 2×2-3 ) = I - 4 Xy

⇒ y
'

= 1-4×9×2
- 3

2

• : Ms y
'
II , - 1) = 1-41171-132

( 112-3
= 79 = - S

is y - C - i ) = - S ( X - 1)

Y + I = - 5 x + 5

'

Y = - S X + 5 - I

y = - S X t 4



cos لا لضافت  cos لا لخادبام لضافت
 نیتلاد برض لضافت

Logarithmic Differentiation 

 نیفرطلل متیراغوللا ذخأن

 متیراغوللا صئاصخ قبطن

xل ةبسنلاب لضافن

y  ل ةبسنلاب لحن

لاؤسلا يف هاطعملا  f(x) ةمیقب yلا لدبن

ةلاد

ةلاد

Example : Find y
' if y= cos ex - y ) -_ axe

"

- Sin ( x - y ) ( I - y
'
) = 1. It X. Ex

- sink - y ) + y
' since - y ) =

ex ( I + x )

y
'
sin ( x - y ) = Elite ) + sin ( x - y )

y
'

= excited + since
sincx - y ) sin ( x - y )

=
Excited + 1
since - y )

=
e
"

Ctx )
. 1- + I

Remember

sincx - y ) ¥n×=escX
=

ex City ) . CSC ( x - y ) + l

B

t

am
-

f- Cx )

If y -19cm ) we will use hog . D to find Y*



 قیبطت ىلا جاتحن ھلادلا هذھ لضافت داجیلإ
 .y دجون يكل ةیرسكلا ھلادلا لضافت نوناق
 ؟ Log. Differentiation انقبط ول اذام
  .ةجیتنلا سفن ىلعَ لصحنس لھ

Let’s try ! and see Ex3 in the  
lecture of Exp.function  

Xt 2

Example 8 Find y
' if y= X

Xt 2

Y = X

Xt 2

Ing = In ex

Ing = (4+2) In CX )

¥ = ( l ) . In Cx ) + ( Xt 2) a 1-
X

f- = In Cx ) + XII
x

y
'

= I [ In Lxi a ]

y
'

= aft [ Inca + atf ] .

Example : Find y ' if y = ( y3÷g× )

ins .
in III. I

3C

Ing = In C 3 ) -
In ( Xt et )

Y' =
I-Ii

/ xtex

x

i Ite
y
'

= y [ In
⇒ I



 لضافت داجیإ نكمملا نم اذا
 ةقیرطب ةیرسكلا ھلادلا

Log.Differentiation  

X

'
'

= ¥ . fxte×¥¥-c I
×
3 C xte

"
) Inc 3) -

34 ( Ite
"
)=

-

( Xt et )
2

3
"

In 34 + He "
Inc 37 - 3

"
- 3

-
-

( At ex 2

I

= 3*(ln3X-a)+3^e×Cln3 same

+ ex ) 2 result

Haw : find y
' if y = c2x-x2tP

RE



Higher Order Derivatives

The following notations for higher derivatives, with y= f(x) are usually used

IT
-

Example 8 find the third derivative of fcx7=oxk+x3
I

f
'
Cx ) = { ×

- ¥
+
3×2

f-
"

Cx ) = Ig . Gig ) x

- { "
+ 3. 2X

⇒
= - I , X

Z
+ 6 X

f
' "

( x ) = C - 3g ) L - tu ) x'
¥ "

t 6
Remember

= £ x
- I

+ 6 aim -
- Im

I Note ;
= I .

- * G
8 2×55 n=2 8 151

,

= to

I. a- got



Example g find y
" if oxy

's
= 2

1. y
'

+ x .
3 y

'

y
'

= o

S x y
'

y
'

= - y
's

3

y
'

= .gs#-;f-=-tgCFx )

'
"

= - g I
w XZ

= .gl#i*I ]
ax 2

= .'s f I ¥ - si .
- E '

- 4-9 -

=-493 3
=

- t f Taa )
4 Y

= ¥ -
" I . 's,

- II .
Example g find Da

,

"
( Sin x )

q N

Dx ( sin x ) = Cos X G

DIC sin x ) = - sin x

425T

Desc sin x ) = -

I

12,4 ( sin x ) =
sin x

o : Dx
"

( sin x ) = Dx
"

Csinx ) = Cosy .



Example : find the nth derivatives of the function

f- Cx ) =
44

- 43+42 - FX +4

F
'
Lx 7 = 443

-
3 X

Z

+ 2 X - T

f
"
CX ) = 12 XZ - 6 X t 2

N

F ( x ) = 24 X - 6

(4)
f ( XI = 24

(5)

f- ex ) = O



Applications of Differentiation 
L’Hopital’s Rule

Maximum and Minimum values 
Rollie’s Theorem and the Main Value Theorem
Monotonicity and the First Derivative Test

Concavity and Second Derivative Test

 



L’Hopital’s Rule

Indeterminate Forms : 

L’Hopital’s Rule

I.F

هددحم ريغ تايمك

The following expression are called Inf

8- , I , o . a good ,
00

,
10 and a - a

#

If Liya fg×
,

= % or then

/ ÷
. :* . -

- Es
.

/

where a can be real number
.

⑧

Example : -

him 43€ = 0¥ = A- ( I .
F )

x → a yz - e AZ
- l N

↳ ⑤ him 3 ( g I. E again )
x → a 2x

H him 6 X
= -

x → a 2

= him 3 X = N
x → a



لاتیبول ةدعاق مادختسلإ يعاد لا

What happen if  we use L.R
لاتیبول ةدعاق انمدختسا ول ثدحی اذام

ةئطاخ ةباجا

tim Ince ( I . F )
x - a E

= 1fg¥
= I

1- ¥=x↳ and↳ ¥ him 4- How odd
,
[ x' b) = §X¥

'

x→a I →
-2332143 = Ig x

= I
= tizz ( ¥ .

3I ) 3743

2

= lim 35/3
x

's "
,
ai

. ai
's

-

e- → a af

=
him -3 = I =

* → og 443 (A) 43

Example :

tim XZ - l l - l ( not I. f )
× -21 It

= = I = 0

no need to use L . R

Ling 7I = lying
, 2ft =3 ( wrong answer )



 فلم يف Limits سرد يعجار تامولعملا نم دیزمل
 يلاتلا طبارلا ىلع١ تایضایر

https://t.me/MadaAltiary

Lingo sift = sing = So LEE )

→
If

↳ Gf 't is↳
= lying cg%x_ = Cosey =L oiws.ws 'S

2 . O
O

Iim cosy = + •
Remember q

X→o+ 2X

line cost = - a

+ → o
- 2X

line COST D. IV. E
+ → o 20

Example ,

line 2taux
=

z tan ( IL ) CIF )
x→⇐zIt

- -
= I

lxsecox It Sec LIL ) x

H
q # ox↳ = I :* , .is#tanaT

= line
2 secy

×→zjt
-

faux

2 .
I

= line cosy

as t
-

sing
cosy

-
= him

as t ¥ . Cosey
Sina

- I :* , .is?Ex--#-,-- 7=2



Maximum and Minimum Values
Extreme values:

Absolute Extreme Values Local Extreme Values

Max and min

l

Fcc ) is an E Fcc ) is an

:c:
/

some

open interval containing a .

• Absolute max of if 8 Local wax of f

f- Cc ) z f- Cx ) H see Dcf ) fcc ) Z f # t so in some

open interval containing a .

I



Remark: Every absolute extremum is a local extremum but 
the converse is not true always.

Critical numbers 

-
-

it:

÷÷÷÷÷÷÷÷÷÷÷ :/
f- has absolute min

at x - o with value../|fc#
G

A critical number of a function f is a number c in the domain
of f such that either f

'
(c) = o or f ' Cc) DN E



Example : find the value of the derivative at each of
the local extremism shown in the following figures .

f- Cx ) = . IX - I It 2
f- Cx ) = X

3
- 3×2

- CX - l ) t 2 ,
X ? I

f-
'
Cx ) =3 XZ

-
G X f- G) = { can , +2 , XS '

f
'
( o

.) = 3 Lo ) Z - 6 Co ) = O

f ' (2.) =3 (2) 2-6127=0 f
'
( x ) = { - l ' 43 '

⇒
'

Xa og 2 are critical 1
, as I

numbers of f
⇒ at 1 is the critical

number of f since
f =

43
- 342

f ' Ll ) = It

f- ' CX ) = 3%2 , 64 ⇒ f 'Ll ) DN E

f-
' co ) = 3 ( o )

Z
-
6 Lo ) so

f ' (2) = 3 (2)
Z

-
6 (2) so

⇒ X = or 2 are critical

numbers of f
.



Example : find the critical numbers of f- Cx ) = 43-3-242+1

F' CX ) = 342
. 3g .

24

= 342 - 34

= 3 ox ( X - l )

f-
'
CX) = o ⇒ gal Cox -17=0

⇒ 34=0 ⇒ X=o or 6-1=0 ⇒ 4=1

°o° D Cf ) - R ⇒ ax=o , I are the critical numbers

Example g find the critical numbers of f- G) = 34+3+32×13

f-
'
CX ) = 3.1g X.

43
+ 3£ , 4$

XT

= ox -43 + 2 ox }
- 2/3 - 25

= ox ( l t 2 X ) X . X
- 2g t 1

it 2X = X
=

- I

x.
43

= X J

f
'
ex ) =o ⇒ It 2x = O

⇒ 2X = - I ⇒ X= I
2

f-
'
Cx ) undefined ⇒ 043=0 ⇒ X=o

- i D = R ⇒ X= og - I are the critical

numbers
.



Example 8 Find the Critter
.

numbers of funk K¥3
,

flex ) =

2X.ae/3-3XZCXZ-#(ax31Z=2x4-3X4t3a?ax6

= 3XZ.ae#
6

ox

Idc 3- us
= -

G
X

3- af
= -

4
X

f ' Cx ) =o ⇒ 3 - 42=0 ⇒ 3 = XZ

⇒ x = IF

f-
'
Cx ) undefined ⇒ MY -_ o ⇒ X= o

- e Dcf ) = R - Lo } ⇒ ox = Irs are the only

critical number of f

Fermat 's theorems -

If f has local extremism ate , then C is a critical
number of f .



Finding Extreme on a closed interval
#

→ i og
.

I Essig ' II Ifl s # e
, im

IN 431 bib → j - s

* I -4,1 Iob
.

Gd - s
(

www..at#tI?ETEsi:'EE:ss :/
-
Ibs > is 'Ll It loss of Ied is

r

⑧

Example : -
find the absolute maximum and minimum

of f- Cx ) = NZ
- 4 ox on [ 023 ]

f-
'
Cox ) = 24 - 4

f-
'
Cx ) = o ⇒ 2×-4=0

⇒ 24=4 ⇒ F- 2

f- Co ) = o → Absolute Max .

f- (3) = 32-4.3 = - 3 V

f- ( 2) = 2 ? 4.2=-4 → Absolute min

Eaxampleoo find the absolute maximum and minimum

of fan = 3 443 - 2x on C- 1,8T .

- I
f ' CX ) = ¢ . 23g X 3

- 2

= 2 I } - 2

⑤ ( 2- 24= ox
's 's ,

= 2- six }
-

X 43

f " Cx ) -0 ⇒ 9 - 2443=0

⇒ gox
's

= 2



⇒ X¥= I ⇒ E- L

F' Cx ) undefined ⇒ X
"
3=0 ⇒ x=o

' i o , I C- C- 1,8 ] ⇒ o
, I are the critical

numbers of f
.

f- C- D= 3 C- 13% - 2Gt ) = 3+2 = 5 → Absolute max

f- (1) =
3 G) 43

-
2 Ci ) = 3 - 2. = A

f- Co ) = 3 ( 0343 - 2C 07=0

f- (8) =3 (8543-20)=12 - 16=-4 Absolute min



Rolle’s Theorem and the Mean Value Theorem
→

Rolle 's theorem 8 Let f be

z .
Continuous function on closed interval [ a ,b ]

|

g. of gyeon
opm internal cabs .

and
|

then there is a number c e- Carb ) sit flees =o

-

2

Example : -

Let f- Cx ) = XI 2X .
find all value of e in the

interval C - 2 , 2 ] Sit f- ' (c) = o .

D - f is cont . on C - 2 , 2 ]

2) - f is diff on L - 2 , 2)

3)
- f- C- 2) = C - 2) 4- 2 L - 2)

'

= 16 - 8=8

£2) = 2
"

-
g ( g ) ! 16 -

z = g
) ft - 2) = fC2 )



F C E C - 2 , 2) Sit flcc ) -_ o

f
'
ex ) = 4%3-4 X

FICCI 0 => 403
- 4C =0

2

⇒ 4C C e - 17=0

2
⇒ 40=0 or E - I = O

2
⇒ 0=0 or C = I

z

⇒ G- o or cc = I 1

Example oo Let f- G) = ( i - ox
3%3+1

.
Show that f- Co) =fC2 )

but there is no c E cog 2) Sit f ' cc )=o

73
f- ( o ) = ( L - o ) + I = 1+1=2

f- L2 ) = ( L - 2)43 + I = C - e) 43 + I = ¥2 + I = Ftl = 2

i , f- Co ) = f- L2 )

% - I

f
'

Cx ) = 2g . ( I - X ) . C - l )

=-3 Chai 's

- 2
= -

3 ( I - E ) }

= -23I
f is . not differentiable at ox = I

.

Since f ' Cx ) undefined at ox = I



The Mean Value Theorem  MVT

MVT
\

Let f be

it continuous function on closed interval Each ]

§ differentiable function on open interval ca , b , /

then there is a number C E Ca , b) Sit flag =
f ( bi - f- Ca )

-

f

b - q

-

Example : Let FCA
⇐ 2- €3 Find all values of c in the

K

interval ( I , 3) set pice, FCB ) - f I
=

-

3 - I

.
.

- D (f) = R - { o } ⇒ f is continuous on Cl , 3 ] .

F is differentiable on ( I , 3) .

i . J c e Li , 3) set * My =

- I

f = 2 - 3g =
2 - I = Is

f ( t ) =
2 - I = 2 - 3 = - I



i. f' (c) =fc}s-,f# = = -22=1
a

f ' ( x ) 3% ⇒ f- (c) = sq
Z

⇒ Sq =L ⇒ C =3 ⇒ c = ITS

a c= - B Ef ( ↳ 3) ⇒ c=T3
.



Constant

Decreasing Increasing

Monotonocity and The First Derivative Test

Definition for Monotonic Function:

Test for Monotonic Function:

9

"

Increasing & 4 242 ⇒ f CX
,
) s f- CE) .

Decreasing : X
,
< Xz ⇒ fcx

, ) > f- CE )

constant ; q sq ⇒ f Cox
,
) = f- CE )

increasing g f' Cx ) > o

Decreasing : f ' Cx ) Lo

constant : f
'

Cx ) so

Example 18

Find the intervals on which f- Cx ) -_ 351443-12%2+1
is increasing or decreasing

-

f-
'
Cx ) = O

l . 1243
- 12×2-24 X

so

124 ( XZ - X - 2) = 0

120 C X - 2) Cox + 11=0

⇒ 5=0
, 4=2 , X = - I

-
.
- Dcf ) = R ⇒ - I go and 2 are critical numbers .



2) - l o
- a # A

Test value

⇐ crest values
)

-
I :/ 3/+4/444

sing off '
- f - -1k¥

Dec
• Inc Dec • Inc

g) f increasing on the intervals C- I , o ) U ( 2K )

decreasing on the intervals ( - ay - 1) Uco , 2)

Example 2 :

find the intervals on which f- Cx ) = ( XI is increasing
or decreasing

1)
-
F' Cx ) = 2g ( XI , )

- %
( z× ,

f 'CM=o F'Cx) undefined

44=0
o

= satin /

.

. .

⇒ x=±i

=
44 i . - I , o , I are critical

#

3 ,
numbers of f .

2) -

- l o l
- a # a

Test value -2 - o - 5 I 2

E' ( Test value ) - I . 8
/

o . I
/

- o . I
/

1.8

sing off '/-/t•#
Dec \•¥¥•TEnc

3)
-

E is increasing on C- 1201 u Clg A)

Decreasing on C - a , - i ) U Lost )



First Derivative test and local Extremum:
-

y If f ' Cx ) changes from e to -
at c ⇒ f has a local Max at c

|

" " " " Y " " " d- c ⇒ '- has " " " " " * !
3) If f' Cx ) doesn't change at c ⇒ f has no local mat

or min at c .

IT

Example I 8 Find the local extreme for f- G) = 3x4 - 4×3-1242*1

From Example 1 we have g

- I o 2
- a # N

Test value

'

t.ge/-I3/I7s./.sE/3u4t -

III
Dec

• Inc Dec • Inc
-

b T
t.cat

minlocal min local
Max

i. f has local max at 4=0 with value f-Co) = 1

local min at ox = - I with value f- C- I = - 4

local min at 4=2 with value fC2 ) = - 31



Example 28 Find the local extreme for fun ) = Ng + since in the

interval ( org 2K )

f
'
Cx ) = Ig + Cos X

f-
'
( x ) = o ⇒ Ig + Cos 4 = 0

⇒ cos X = - I
2

⇒ X= Cos
- '
C - Ig )

⇒ X= II , X= 43T
' i Dcf ) = ( og 2K )

i . 25g ,

'

II are the critical numbers .

local Max local min

f- ( 2351=4 .gg/ItsinC2gI) f- ( 431) =L . 4¥ tsin UI)

= It + Is = 2¥ - Is
2 2



Example 3 : find the local extreme for f- Cx ) = thq and find the

intervals on which f is increasing and decreasing .

f- CX ) = X ( XZ th
- l

- 2

f-
'
GI = a) ( x' em

"
- 24 ( NH ) . CX )

- 2
= ( X 't l )

- t

- 2 42 ( XZ ti )

- 2

= 62+11 Cutty
"

- I XZ ( Etc )
( oxztl )

= @ 41 ) ( x' til
-2

-
247×2+152

- 2

= ( X
'
ti ) [ Itt - 2×2 ]

- 2

= Cox
'
+ D C - ox 2+1 ]

I - nd
=

-

( txt 112

=

4-4311+47144113

never

Zero
-

f-
'
Cx ) -

-
o ⇒ ( e - x ) ( It X ) -0

⇒ X= I I

Dcf ) = R ⇒ II are critical numbers for f
.



- # a

Test value - 2 o 2

÷: : / : f :
#

Dee 4 a→ •

local min
local Max

f- C- 17=-12 fu ) =L
2

f- is increasing on L - 1st )

is decreasing on C- Ng - l ) ✓ ( Iso )

Example 48 Find the local extreme for f- G) = lot - l l and find
the intervals on which f is increasing and decreasing .

←

42-1 if ox > I or Xf - I
f- G) = /

- eye - e , if - is X Sl
(

f
' =/

2 " if 471 or xs - I

[ 2x if
- I < X e I

f
'

Cx) -
- o f ' Cx) undefined

- 24=0 X = It
X=o

o :D (f) = R ⇒ - l , o , I are the critical numbers .



•

local @ in
local Max • local min

f- Lol = M fu ) = Of- L - II = O

f is increasing on ( - is o ) U lls x )

Decreasing on C- a , - l) u loll )

Example 58 find the local extreme for fcx ) = In Ca - oxy
and find the intervals on which f is increasing and

decreasing .

f ' Cx ) = -249
- XZ

f- ' Cx ) = o f
'
Cx ) undefined

- 24=0 9-42=0

X= O 9=02

13=4

' i DC f) = C - 3 , 3) because

9- I go

or y ox

137 X

: . X=o is the only critical number .



- 3 # 3
&

Test value .

Fjlugesotfuafiue
)

)

f 't ' ' 14 / fin ! - la

TTInc / of Dec

local max

f- Col = Ing = In 32=2 In 3

f- is increasing on ( -3 , o )

decreasing on ( og 3)



Concavity and the Second Derivative Test

Definition and Test for Concavity 

Points of  Inflection:

By TestBy Defintion

f  ھلادلا ىنحنم رعقت اھدنع ریغتی يتلا ةطقنلا يھ

CD

%

I ; open interval
f : differentiable on I

- -

f ' is increase in on I → cu f
"
Cx ) > o → cu U•

f- ' is decreasing on I → CD /
'

local mind
f-

"

Cx ) co → CD

µlocal Max L

A point at which the graph of a function f changes
concavity .

Example 1 : find where the graph of f- ex ) = Ig XY - 12×3+81
is concave up and concave down and points of inflection

f- ' Cx ) = Lg .
443

- 3 - Iz XZ

= £ 43 - 3g XZ

f "cxI= 3g XZ - 62-4
-

= 3g XZ - 3g 4 . 2

= 3gal ( X - 2)



 يھ بلاقنلإا طقن  : ھظحلام
  نوكی  يتلا طاقنلا سفن

 يواسی ھلادلا يناثلا لضافتلا
 دوجوم ریغ وأ رفصلا
 ھلادلا لاجم ىلا يمتنتو

f-
"
G) =o ⇒ 3g x CX - 2) =o

⇒ 324=0 or X -

2=0--5
4=0 or X= 2

I

' local Max

V. a v.
local mind → local

min

i f is CU on C- ago ) V C 21 A )
is CD on Cos 2)

The inflection points are o and 2 .

Example 2 :

find where the graph of f- ex ) = If is concave up
and concave down .

f-
'

cx1= CXZ - l ) ( 2x ) -
LXII ) ( 2x )

-

( XZ - 1)
2

=

2/43
- 2x - 2¥ - 24

-

( 9/2-112

- 44
=

-

( XZ - 1) 2

f-
"
( x ) = cx2-ifc-43-C-4XIC27CXZ-DI.KZ

- 1) 4

=
4 ( 342+1 )

-

( XZ - 1) 3



f- " CX ) =o f' ' Cx ) undefined

342+1 = 0 ( X
'

- 1)
3

= O

3
-

but there Is no such ox ✓ Ceti ) CX - D so

X = II

= D Cf ) = R - { Ii }

i . f has no inflection points .

-

v. a
local min

local
a

Focal
max Min

i - f is CU on ' C- Ng - i ) U L l g w )

is CD on C- I , 1)

Example : find where the graph of funk 4- is concave up and

concave down and points of inflection ?
"

f ' ( x ) = (212-1341-4124)=(212-1)
2

=
XZ - I - 2×2

-

( X
'

- 1) 2

= -11-1
( X11 ) 2

=
- C XIII )

-

( XZ - D2



f' ' C. x ) = CXZ-l7ZC-2X)t2CXZtD.2Cx7Cx#
( XZ -1 ) 4

=
2X C 443 )

-

( 42-133

f- " Cx ) = o f- " ex ) undefined
2X (2/43)=0 ( 42-173=0

→
24=0 never

zero ⇒ ox = It
4=0

'
-
' Dcf ) = R - { It }
is f has point of inflection at 4=0

i . f is CD on C - Og - l ) v ( og l )
is cu on L - Iso ) U ( I , a )

-

.

I



Example 8 find the local ex Terme for f- CX ) = 25in X + Cos 2X ,

of XS 27 .

F
'
( x ) = 2 Cos X - 2 sin 2X

= 2 COS X - 4 Sin x cos X

= 2 cosy ( I - 28in X )

f-
'
Cx ) =o ⇒ 2 cosy ( I - 28in X ) =o

⇒ 2. Cos X=o on l - 28in 0=0

⇒ cos X=o or Sin X = I
2

⇒ X= If , 31 X= Ig g 51
2 6

f
"
CX) =

- 2 Sin X
- 4 Cos ( 2x )

f-
"
( %) = - 2 sin ( %) - 4 Cos ( 2 . 1176 )

= - 2 . Iz - 4 - Iz

= - l - 2 = - 3 Lo

f-CHG ) ⇐ 2. sin ( %) + cos ( 2 . %)

= 2- It I
= I t Ig = 3- is a local max

2



f- " ( 5% ) = - 2 Sin (59/6) - 4 Cos ( 2- 5% )

= - 2 . I - 4 . I
= - I - 2 = - 3 co

f- (59/6) ± 2 sin ( 5% ) + cos ( 2 . 5% )

= 2 . I + I
= I t Ig = 3- is a local max

2

f-
"
( %) = - 2 sin ( %) - 4 Cos ( 2 - Tyz )

=
- 2 ( 17 - 4 C - l )

= - 2 +4 = 2 > o

f- ( %) = 25in ( Tyz ) + cos ( 2 - %)

= 2 . Ll ) t C - l )

= I - I = 1 is a local min



f-
"
( 3% ) = - 2 sin ( 3% ) - 4 Cos ( 2.3% )

= - 2 C- l ) - 4 L - t )

= 2+4 = 6 > o

f ( 3% ) = 28in ( 351g ) t cos ( 2 . 3¥ )

= 2 . L - l ) t C- I )

= - 2 - I =-3 is a local min



Integrals

Definition of integral
Integral of powerFunction
Integral of Exponential Function
Integral of Logarithmic Function
Integral of Trigonometric Function



Properties of  Integral  لماكتلا لخاد انیدل ناكول
 وا عمج ةیلمع مھنیب نیتلاد
 عزوتی لماكتلا ناف حرط

 جراخ  نوكی تباثلا ددعلا
لماكتلا

 ددعلا بجوم ىلا ددعلا بلاس نم لماكتلا ناك اذا
رفص يواسی لماكتلا نإف ةیدرف ھلادلا تناكو

Fundamental theorem of Calculus 

Definite integralIndefinite integral

 لصحنس لماكتلا نیناوق مادختساب
F(x)   ھلیصلاا ھلادلا ىلع

Antiderivative( integrals) 
لضافتلا سكع لماكتلا

ھقتشم

لماكتلا يف c لا دوجو ببس

 ىلا ددعلا بلاس نم لماكتلا ناك اذا
 نإف ھیجوز ھلادلا تناكو ددعلا بجوم
 ىلا رفص نم لماكتلا نع ةرابع جتانلا

٢ يف بورضم ددعلا بجوم

For F' ex ) = fcx ) then

- -

J f- Cx ) dx= Fcxltc fab fun )dx= Fcb ) - Fca )

I

Note o

f- CX )

E :÷÷ :c .
÷÷÷÷÷f

Flex ) = XZ
niet si x' TF 's '

I Exdx a aid + c
c sous

-

H
.
I [ f- exit

, gcx ) ] dx = Jfcxidx ± fgcxsdx

(2) -

J c f- Cx ) DX = of fat DX

9 z →
odd

c 3
(3) -

J f- Cx ) Ix so if f is odd Ex : I * dx =o
check ! !

- a
-2

9

(4) - I f- Cx ) DX = g ( Jo
"

fun ) dx ) if f is even
-9

even

Ex : I? xTdx= 2&Edx= 2.4331! -
-

2 . ( § ) = 16g



Integral of Power Function

)لماكتلا عیزوت( ١ ھیصاخلا قیبطت

 سلأ ةعوفرم ھلاد
اھتقتشم

 سلأل ةعوفرملا ھلادلا ذخأن
 ىلع مسقنو دحاو ھیلع فیضنو

 سلاا

→

/

Said =ai . n± - i

/

{ ( fun )
"

.
f-
'
Cx ) dx = C" '

+ c

htt

#

Example 18 Evaluate S XS dx

f x5dx= ¥ + c

Example 28 Evaluate f x' +7 DX

fix 't 7 dx = f xZdx + ft DX

Notes :

= fxzdx +7 f '
-

d "

!÷÷!= ¥ t 7K t C

f yo dx

= X = X
'

Example 38 Evaluate So

"

x' dx

§

'

x' dx = ÷ ! =

=
' Ij - II = ¥

Example to Evaluate f sina.co Sox dx

J sinxcosxdx = sing + c

3



سلأ ةعوفرم ةلاد

 ھلادلا ھقتشم دجوتلا لاثملا اذھ يف
 برضا نا دبلا نوناقلا قبطا يكلو

 ھیلع مسقأو ھلادلا ةقتشم يف

 لماكتلا نلا  نوناقلا انقبط انھ
 يف ھلادلا هروصلا ىلع حبصا

اھتقتشم

 لماكتلا نوناق قیبطت

٤ ھیصاخلا قیبطت

Examples : Evaluate J
"

( 3×-913 dx

j ( 3 x - l ) DX ⇐ Ig §

"

( 3 x -

f) 3
. 3 DX

0

I
4

= 31 (3x (
G

= Is 434¥
"

- c3ai
'

)
= ; [ Iii

'

- ¥
"

]

= 's [ ¥ - I ]
4

= Ig ( %) = is
12

S
= -

4
2

Example 6 : Evaluate 1243 day

-1%3 day = 41,122=614 - C- 214 = 16 - 16=0

2

2

Example : Evaluate S X dy
- Z

f! I dx= Big !! = § [ 23 - c- 2,3 ] = § (8+8) = 16g

or

even

f! y✓dx= 2&£dx= 2 . 433 [ = 2 . ( § ) = 16g



Integral of Logarithmic Function

ھلاد

ھلادلا ةقتشم

 2  نوناقلا قبطن لاثملا اذھ يف

 نوناقلا قیبطت مت

ھیمتیراغوللا ھلادلا صاوخ قیبطت

ھلاد

ھلادلا لضافت
هرشابم ٢ نوناقلا قبطن

⑧

I ¥ dx = In Isd + c

| f d×= In I fail to /

f dx= 2 Txt C

rx
-

Example 1 : compute f 5- DX
Xt l

f II dx = 5) ¥ dx

= 5 In 1×+11 + C

Example 2g compute I tanx dx

J faux .dx= f sing dx
cos X

} cos x D -

ox
,

=
- J -si DX

↳ Wl Is ! g -
Sin x

cos ox

Ii DJ Is @ is

Ia 'm 's 4 - II
s - In l cosy I + c

- I

= In / cos x I + c

= In I I t a

= In I see x. I + C



ھلاد

ةلادلا ةقتشم

هرشابم ٢ نوناقلا قبطن

هرشابم ١ نوناقلا قبطن

 ٣ نوناقلا قیبطت

£

Example 3 : § ¥ dx

Z
Z

[ ¥dx =3 get DX
EZ

=3 tncxl I
,

= 3 [ In cell - Incl ) ]

= 3 [ 2 Ince ) - Incl ) ]

= 3 [ 2 - o ] = 6

Example 48 compute §e¥e× dx

I dx = In ten l !
'

= In Ice' ti ) -
Ceo till

= In Ice - ti ) - 2 I

= In ( eh ) -
In L2 )

Examples : Evaluate f dx

cos
' faux

eo¥fan×d× =/ sed×
Faux

= 2 ↳ + a



 رذجلا تحت ھلاد

ھقتشم دجوتلا

 رذجلا تحت ھلاد

ھلادلا ةقتشم
 ٢ يف لماكتلا برضن

 ھلادلا ةقتشم وھو
 يكل ھیلع مسقنو
 نوناق قیبطت عیطتسن

لماكتلا

 لیدعت دعب ٣ نوناقلا انقبط
لماكتلا

Integral of Exponential function

Example 6 o

.
Evaluate §

"

dx

!
"

÷¥dx= = d- I dx

= ¥ . -9 ME I
"

O

= YI
-
Totti

- ra - at

= 3 - I = 2

-

S e

" "

dx
= ÷

e'
"

t c

|fa×dx=¥

Example 1 : - compute f e

"

Ix

J E
"

dx = e÷ to



In 5

Example 2 : compute f s ex Ix
O

{
' "
S5 ex dx = Sf

"
set DX

In 5

= s e
" I

0

= s [ e'
" s

-
e
° ]

= 5 [ 5 - I ]

= 5 (4) = 20

Example 38 Compute S E Ix

f I dx . E- + c

In 2

1

Example 48 Evaluate f 2x d x

O

l

& E dx = 7¥ I
0

I

= 2- - 2J
In 2 In 2

= Tna - ¥2
= 1-

In 2
'



Integral of Trigonometric Function
-

s) J Sin Ckx ) DX = cos ( Kx ) X C
K

2) f Sed Ckx ) DX = I tan ( Kx ) + c

/ : :÷::÷:÷÷÷÷:÷ :/
s ) f es Eck x ) IX = - ya cot Ckx ) + c

67 f Csc Ckx ) cot Ckxl DX = - Iq Csc Ckx ) x c

-

Exam pl 29 Evaluate f Sin ( 2x ) dx

J Sin Lexi dx = -1g cos ( 2×7 + c

2 I

Example 28 Evaluate f sin x da
O 2 I

§

"

nxdx = - cos x !
= - cos L2 T ) 1- Cos Co )

= - I e- I = 0

Example 3g Evaluate J cos Csx ) DX

J cos ( 3×1 d x = Ig sin x -1C



%

Example 48 Evaluate f cos x ) Ix
o 943

§ cos Csx ) dx = Is sin csxs !
= Cg [ Sin ( 3 . %) -

Sin ( 3. ol)
= Ig [ since ) - Sinai )

= Ig ( o - o ] = 0

Example 5g Evaluate J SEE ↳ x ) Ix

J seeks x ) dx= I tan Csx ) + C
S

T

Example 6 : Evaluate J Sed dy
O

{
"

see c¥ , dx = {
"

sect # x ) dx

IT

= 1- tan C # x )
/

I 0

4

IT

= 4 tan ( text I
0

= 4 [ tan ( la . x ) - fault . o) )
= 4 [ tan ( Iu ) - tan cos ]
= 4 [ I - o ] = 4 .



Example 78 Evaluate f csch 3×7 DX

J EL 3×3 dx = -1g Cot ( 3x ) + C

Example 8 : Evaluate f see 24×3 fancy x ) DX

I see c4x , tan ( 4×7 DX = Iq seal 4×1 tc

144

Example 98 Evaluate f see 24×3 fancy x ) DX
- 19/4

1914

I see c4x , tan ( 4×7 dx = Iq seal 4×1 I
- The

= I
,
Csec ( 4 . ) - Sec ( 4. IID

= Ly [ see CI ) - Secc - T ) ]

= 4- C- I - C- it ]

= Iq [ - It l ] = Iq ( o ) = O -

Example to 8 Evaluate J esccohx ) Cotczx ) da

f cscczx ) cot ( 2x ) DX =
- £ csc ( 2x ) + C


