Workshop Solutions to Sections 3.1 and 3.2

1) xli)rzlz(x3 —2x+1)=(-2)3-2(-2)+1
=-8+4+1=-3

2) Li$(3x2+x—4) =3(2)2+(2) -4
=12+2-4=10

3) chi_rg(xz +3x—5)>=((1)?>+3(1) - 5)3
=(1+4+3-53=(-1)°%=-

4) xllrp2(2x3 +3x2+5)=2(-2)>+3(-2)?+5
=2(-8)+3(4)+5
=-16+12+5=1

o x%2-2 (=2)2-2 4-2 2 1 . x*+5 (2°+5 8+5 13
5) lim = = =—=—= 6) 11m = =—
xo-2x—2 (-2)—2 —-2-2 -4 2 ~2x24+1 (2)2+1 4+1 5
 x?+3x+5 (0)2+3(0)+5 0+0+5 , x—1 -1 1-1 0
7) lim > = = 8) lim — =— = =—=0
x=0 x2—3 (0)2 -3 0-3 -1x2+x—-5 (1)24+(1)-5 1+1-5 -3
5 5
~ 33 _
9) lim Jx3 —10x +7 = /(-1)3 - 10(=1) + 7 10) 1 1-(x+497%2 1-((-D+4)
—-— 1 =
=V-1+10+7=V16=4 x>-1 X =2 (-1 -2 .
11+ 1-)2 1-32
- -1-2 = =3 = -3
-1 8
_~9_9_ 8 1_8 8
-3 -3 97 -3 27 27
x3 + 2x (1)3+2(—1) -1-2 -3 x2—3x (4)?>-34) 16—12 4
11) lim = = — )hm = = = _
x>-18—-2x  8-2(-1) 8+2 10 x>4 54 x 5+ (4) 5+4 9
3
10
13) lim 2—4x_(4)2—4(4)_16—16_0_0 15 1 x3—5x2_1_ x%(x —5)
ey = 5v@ 5%z 9 ) Im——=lm—>
=lim(x—-5)=(0)—-5=-5
x—-0
371 —(2x—5)7" - 16) lim——2 — i X0 im—
14) lim = lim 32X =5 ) 3 M =6+ 6) rmx+e6
xX— 4 —x X4 4 —x 1 1
. 3(2x-5) 6)+6 12
= lim
x-4 4 —x
i 2x — 8 1 x2—36_1_ (x —6)(x +6) | iy
] 3(2x —5)(4 —x) ) 06 x—6 x5 x—6 B xl_rg(x )
_ 2(x — 4) =(6)+6=12
= lim
x-43(2x —5)(4 —x)
im0y 2 18) lim == lim _XF0 g L
x>43(2x —5)(4—x) x-43(2x—5) -6x2—36 x-o-6(x—6)(x+6) x--6x—6
3 ) =2 -2 2 _r 1 _ 1
T 3024 -5 3B8-5 9 9 (-6)—-6 —12 12
x3—-27 (x—3)(x2+3x+9) x—3 x—3
= 20) lim li
19) alcl—rg x—3 ch—>3 ) Jim -3x3 =27 x—rg(x—S)(x2+3x+9)
—hm(x +3x+9)—(3)2+3(3)+9 — lim 1 1
_9+9+9_27 3 xZ +3x+9 (3)2+3(33)+9
1 1

~ 94949 27




21) lim x+2 lim x+2 a2 1 x*+8 (x +2)(x*> —2x + 4)
—2x3+8 xo-2(x+2)(x? —2x+4) )xlm2x+ T xo-2 x+2
- lim 1 = llm(x —2x+4)=(-2)?-2(-2)+4
- it
x—— 2x2—2x+4 = =
) 1 T =4+4+4=12
(=2)2-2(-2)+4 4+4+4 12
239 | x2—3x—4_l, (x—4)(x+1)_l_ A | 24 1im x2+4x—-21 (x+7Nx-3)  x+7
L G R L oy A LRl L Yoy yoe sl L1 oy
=®H+1=5 _®+7_10_ .
_(3)—5_—2_
25) lim ——— = lim ad Vx+6-2  Yx+6  Vx+6-2
x-01—(1—x)? x—>01—(1—2x+x2) 26) lim ———— = lim — = lim
X x-2 x—2 x—>2(x+6) x—>2(\/—) _8
}c—>01—1+2x—x2 - lim Vx+6-—
= lin ;
—;lgg,Zx_xz L o 2 +6-2)((Wx+6) +23x+6+4)
i 1 1 1 . 1
= |lIm = == = 1m
202 —x 2-(0) 2 2 (3x+6) +23x+6+4
_ 1 11
= . = -
(3/(2)+6) +2()+6+4 ATAtTE 12
X+ 20— x Vx + 25+
Vx+25-5 25+5
27) lim —— 28) lim — m X
x=0 x xX=0+/x + 2 —5 x>0 [Vx+25—-5 VJx+25+5
~ lim Vx + 25— X\/x+25+5 x(w/x+2 +5)
x-0 X Vvx+25+5 = x50 (x +25)—25
— lim (x +25) — 25 _y x(m+5)
=0x(vx +25+5) xl_r}})
= lim X —llm(\/x+2 +5)=,/(0)+25+5
x—’Ox('vx+25+5) _5+5_ 10
1 1
= lim =
x>04/x +25+5 [(0)+25+5
1 1
5+5_E
x —2 2+V6—x 2-V6—x 2-,J6—-(2) 2-2
29) lim ————==lim X 30) lim g ()= =0
x=270 — \/Tx 2|2 =6 —x 2+V6—x =2 x+2 2)+2 4
i (x—2)(2+V6—x)
_xl—r>r21 4—(6—x)
-2 +V6—x) 31) lim X =2
= lim ) lim
x=2 4—6+x 32 —-vx+1
- (x_z)(z.“/ —x) =1im[1—\/x—2xl+\/x—2
gy =32 —+x+1 1+vVx—2
= lim(2 + V6 —x)—2+ 6—(2) 2+\/x+ ]
=2+2=4 2+\/x+
" [1—(x—2) 2+\/x+1]
= IIm
34— (x+1) 14V/x=2
_ [3—x 2+\/x+1]
= lim X
=3[3-x 14+x-2
lim 24Vx+1 2+(3)+1 2+2
31 +vx—2 1+ 3)-2 1+1
4
=—=2
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32) If 2x < f(x) < 3x% — 8, then

lim f(x) =
x—2
Solution:
lim2x =2(2) =4
xX-2
and

lirr%(sz -8)=3(2)?-8=12-8=4
X—
It follows from the Sandwich Theorem that

lin% fx)=4

xX—

1
33) lim [x cos (x + —)] =
x—0 X
We know that the cosine of any angle is between
—1and 1. So,

1
-1< cos<x+;) <1
Now, multiply throughout by x, we get
1
—x < xcos(x+;> <x

But limy_,ox =0 and lim,_ y(—x) =0.
It follows from the Sandwich Theorem that

1
lim [x cos (x + —)] =0
x-0 X

1
34) lim [x sin (—)] =
x-0 X
We know that the sine of any angle is between
—1and 1. So,
1
—1 <sin (—) <1
X
Now, multiply throughout by x, we get
1
—x < xsin(—) <x
X
But limy_ox =0 and lim,_y(—x) = 0.
It follows from the Sandwich Theorem that

1
lim [x sin (—)l =0
x—-0 X

2
35) If “22 < f(x) <x—1, then
lim f(x) =
x-0

CoxZ+1 (0241 1
lim = =—=-1
=0x—1  (0)—1 -1

and
lirr(l)(x -D=0)-1=-1
pd
It follows from the Sandwich Theorem that
lirr(l) flx)=-1
X—

36) If 4(x —1) < f(x) <x3+x—2, then
lim f(x) =
x—1
Solution:
Ll_rg(4(x -1))=4(1)-1)=4%x0=0
and
lin}(x3+x—2)=(1)3+(1)—2=1+1—2=0
X—
It follows from the Sandwich Theorem that
lirri f(x)y=0
X—

37) If
+ 4
lim & =3,
x-3 x—1
then
lim f(x) =
x-3
Solution:
fG)+4_ lim(f () +4) _ lim £(x) + lim (4)
x-3 x—1 lim(x — 1) lim(x) — lim(1)
x—3 xX—3 x—3
limf(x)+4 limf(x)+4
— x—3 — xX—3
3—-1 2
Now

lim f(x) + 4
x—-3 —
2

limf(x)+4=6 o limf(x)=2
x—3 x—3




2(3x—4)
2—Xx
3(x—2)
— lim 2(3x—4)
x-2 2

= lim
xX—2

o 3G-2)
T X8 20Bx—4)(2 - x)
3@-» -3
—x)  x522(3x—4)
_ _ 3 _ 3
T 2(3(2)—4) 2x2 4

=G
-3

(x+1)3-1 i (x3+3x2+3x+1) -1
= lim

39) lim
x—0 x—0 X

- x343x% +3x

=lim——
x—0 ) X

x(x*“+3x+3

= lim¥ = lim(x? + 3x + 3)

x—0 X x—0

=(0)>+3(0)+3=3

40) If A 1 x2—6x+8
LS +3x ) lim =50
x-1x2 —5f(x) ~ lim (x—2)(x—4)
then x4 (x —4)(x +5)
i = -2 @-2 2
lim f(x) —im ¥ _@®-2_2
Solution: x-»4x+5 (4)+5 9
o FOO+3x lim (f (x) + 3x)
x=1x2 =5f(x)  lim(x? = 5f(x)) 3 +8
X— .
~lim f(x) + lim (3x) 42} lim ———— 2
TimfGO 13(1)  lim f(x) +3 o=z (x—3)(x +2)
— x>1 — _x>1 L x2—2x+4 _ (—2)2 -2(-2)+4
(1)? =5lim f() ~ 1-51lim f(x) s — S T =3
Now C4+4+4 12 12
lim f(x) + 3 - 5 -5 5
x—1 =1
1—51lim f(x)
x-1
. — _ . 2 _ 1 2 _ 2
lim () +3 = (1 (1-5lim () 43) lim [x b x? - Zx] W2 gy _ oy
& limf(x)+3=1-5limf(x) 1| x+4 1 +4
Tim £0) +5lim f(x) = 1 — 3 _1-2z -1 . _T1-5_ 6
x-1 x-1 igatl =25 1=—F%—=3

6 lim f(x) = -2
x—1

lim f() =—=—3

¢ ¢3¢




a0 i 4x% + 6x — 4 25) i x?—2x-3
) xLIPZ 2x2—8 ) ximl x5 — x3
B 2(2x% +3x —2) B (x=3)(x+1)
Tz 2% —4) Tt B2 —1)
. 2x% +3x — 2 _ lim (x—3)(x+1)
T 24 Cxem1x3(x— 1D (x 4+ 1)
2x—-1D(x+2) x—3 (-1)-3
= l1m = lim =
xom2 (x — 2)(x + 2) X 1x3(x—1) (—D3((-D-1)
Co2x—-1 2(-2)—-1 -4-1 1-3 —
= lim = = = =2
x—g—z x=2 (=2)—-2 -2-2 (-D(=2) 2
V2x +1(x% —9) Vv3—-2x—-1  [V3—-2x—1 +V3-2x+1
46) 11 47) lim ——— = lim X
3(2x+3)(x—3) x-1  x—1 x—1 x—1 V3=2x+1
V2x +1(x = 3)(x + 3) ; B-2x)-1
T x-3 (2x+3)(x —3) = (x—1)(V3-2x+1)
o V2x+1(x+3)  {23)+1((3) +3) — lim 2—2x
T x-3  2x+3 B 2(3) + 3 =1 (x—1)(V3-2x+1)
67 2V7 i 2(1 —x)
9 3 x-’l(x—l)(\/3—2x+1)
- lim —2(x—-1)
xo (x — 1)(\/3 —2x + 1)
= lim
x—»lx/ —2x+1 3-2(D)+1
-2
— =1
V3241 2
x+1)?%-1 x2+2x+1) -1 V2x+2-2
48) lim ———— = lim 49) lim ———
x-0 X 2x—>0 X xﬁlm_ 1
IR Gl [V E —ZX\/2x+2+2X\/3x—2+1]
- - = lim
e oy (o = 1|\3x—2-1 V2x+2+2 V3x—-2+1

=lim(x+2)=(0)+2=2
x—0

y [(2x +2) — 4 \/3x—2+1]
= l1im

o |Gx—2) -1 Voxr2+2

. 2x—2XM+1]

=1[3x =3 2x+2+2

i 2(x—1) V3x—2+1
—;Lnl_g(x_l)xm”]

i 2 \3x—2+1 3()-2+1
T3 mn] 37 2D +2+2
2 \/_+1 2. 2_1

~3 \/_+2 3273




x?+3x+2 (-1)*+3(-1)+2 1-3+2

S0) lm—"—5 S Y e S N
. —\/2x+5x3+\/2x+5 _9_0
= 11m = =
%2 x—2 3+V2x +5 2
—(2x+5)
= lim 52) If
%2 (x — 2)(3 +/2x +5)
—2x li_r)'rll(f(x) =—=
x—>2 (x—Z)(3+\/2x+ ) and
2@2 = x) lim g(x)
= (x—2)(3+V2x +5) Th k
—2(x—2) en L
x—>2(x—2)(3+\/2x+ ) pf®_~2_ 1.3 3
~ lim wokg() | 2 2.2 4
X—>23+\/2x+ e 2(2)+5 3
-2 -2 1
3449 6 3
V - V — \/ x> —-5x—6 x—6)(x+1
53) lim ot T2y [ xtat+2 54) hm—=1im¢_hm(x—6)
x—0 x x—0 x w/x+ 4+2 -1 x+1 x--1 x+1
i (x+4)—4 =(-1)-6=-7
= 1lMmM———
x*Ox(W+ 2)
=lim —— 1 1 3—(x+3)
x>0 x \/x+ +2 +3)"1-3"1 -= = T
( ) 55 lim &) ~ limEF3 3y S +3)
x—0 X x—0 X x—0 X
xﬁO\/x+ a+2 0)+4+2 lim——F = lim 1
_ _ x=-03x(x +3) x-03(x+3)
T Va+2 4 11
3((0) +3) 9 9
56) If 57) If
lim f(x) =3 lim g(x) = —
x—1 x-1
and
limg(x) = —4 limh(x) = -1
x-1 x-1
and then
li =—1
b h(x) lim/g(x)h(x) = J[lim g(x)] [1im h(x)] == (=D
then x-1 x-1 x—1
5(x) lim 57(3) =V4=2
. i
M 2900 T A& )] m2 lim 2900 T am )
ilif}“f () - 58) If
~2limg(x) + lim A(x) lim f(x) = 3
5 3 15 limg(x) = —4
() s 1)___ __15 limg
T 2(-4) 8 and
_-1>-8_ 23 lim h(x) = 1
8 8 then g

lim[2f (g ()R] = 2 lim £ ()] [lim 9GO [tim h(x)]
=209)(=H(-1) =24




Workshop Solutions to Section 3.3

2x+3; x=-2 th
2x+5; x <=2 en
lim  f(x) =

x-(-2)"

1) If £G) ={

Solution:

x_)l%r_r;)_ fx) = x_)lgr%)_(Zx +5)=2(-2)+5=—-4+5

2x+3; x=>-2

2) If ) = {Zx +5 x< -2 then
edim, SO =
x_)l%t_nzﬁf(x) = x_}%EnZ)Jr(Zx +3)=2(-2)+3=—-4+3

=1 =_1
(2x+3; x=-2 _(x2—2x+3; x>3
3) If f(x)—{2x+5; <2 then 4) If f(x)_{x3—3x—12; <3 then
Jm, fG0) = lim £(x) =
Solution: Solution:
xli@z f(x) does not exist because ,}L‘g}_f(x) =,}L‘§-(x3 —3x—12) = (3)3—3(3) — 12
m _fG)= Hm fQ0 =27-9-12=6
lim f(x) = lim (x2 —2x+3)=(3)2-23)+3
x-3% x-3%
—9-6+3=6
lim f(x) = 6
xX—3
x% —7x; x<1 X% —7x ; x<1
5 If f(x) =4 5 ; 1<x<3 then 6) If f(x) =9 5; 1<x<3 then
3x+1 ; x> 3 3x+1 ; x> 3
i 69 = RS0 =
Solution: Solution:
i = ]i 2 _ = 2 _ = — = — i = |j =
lim f (x) —J}Lrgl_(x 7x) =(1)*-71)=1-7=-6 xlgggf (x) xlggg(5) 5
x% —7x; x<1 x% —7x; x<1
7)If f(x) =3 5 ; 1<x<3 then 8) If f(x) =3 5 ; 1<x<3 then
3x+1 ; x>3 3x+1 ; x> 3
69 = RS0 =
Solution: Solution:
xll)r?r’l_f(x) =xllg1_(5)=5 ,}l,r?+f(x) =xllg1+(3x+1)=3(3)+1=9+1=10
2 _ 2 —
( ) xx-;x46; x2_4_>0 ( ) xx-|2-x46; x2_4>0
9 If f(x) =145, " then 10) If f(x) =4 3, " then
x+x26; x2_4<0 x+x26’ x2_4<0
4—x 4-x
lim f(x) = lim f(x) =
X—>2+ X2~
Solution: Solution:
|(x2+x—6 |rxz‘|'x_6
4 x2_4 ;x2_4>0 4 x2_4 ;x2_4>0
f(x)=|x2+x—6. s aes f(x)zlm. e
U 4—x2 PETES 24— P X
x2+x—6. 2o4 x2+x—6. 254
_ x2—4'x> _ ] x2—4 %
- x2+x—6. 2 <4 - x2+x—6. 2 < 4
—(X2—4-)’ x _(x2_4_)' x
(x+3)(x—2) ((x+3)(x—2)
_ ) (x—2)(x+2) Il >4 ) =2 +2) Il >4
- (x+3)(x—2) N (x+3)(x—2)
—(x—-2)(x+2)’ lxl <4 —(x—2)(x+2)’ x| <4
x+3 x+3
x+2; x>2o0rx<-2 m; x>2o0rx<-—2
43 then = 43 then
-——; —2<x<2 -——; —2<x<2
e 3\ (2)+3 5 Xz +3 2)+3 5
X+ + X
. o _ _5 i i (_ )=_ _ 5
Jim 100 = i () = = Jm e =lim (~5) =~ 505 =3




11) 12)
. |x—al . |x—al
lim = lim =
x=a~ X —a x-at X —a
Solution: Solution:

X —a ) >0 X —aQa ) 0
f(x)_lx—al_ x—a ¢ _{ 1, x>a f(x)—lx_al— x—a ~ *T%2 _{ 1, x>a
T x—a )—(x-a -1 S x—a |—(x—a =

X—a i_a);x_a<0 1, x<a X —a i_a);x_a<0 1; x<a
xX—a —(x—a xX—a xX—a
lim| |=lim¥=lim(—1)=—1 | |= ( )=lim(1)=1
x-a~ X —da x-»a~ X —a x-a~ x-at X —a x-»at x —a x—at
13) 14)
. |x—al . la—x|
lim = lim =
x-a X —a x-at X —a
Solution: Solution:
lim does not exist because la—x| \x—a ' *°F%
x—»a X —Qa f(x): _ = _(a_x)
lim x—al i X~ al x—a —; a—x<0
m_—= m, = x—a
x—-a~ X a x-a’T X a _(x _a) .
. . . _) x—a '’ a>x_{_1;x<a
Itis clearly obvious from questions (11) and (12) above. =) @-a 11 x>a
— s a<x
“lat x|
a—x
lim =1lim@) =1
x-at X —a x—at
15) 16)
. la—x] . la—x|
lim = lim =
x»a- X —a x-a X —a
Solution: Solution:
AX L _x>0 . la—x] .
la—x| |x—a '+ *¢°F% lim —a does not exist because
= = x—-a f—
f& =74 _(a_x)-a—x<0 Coa=x| . la-—x|
x—a ' lim # lim
—(x —a) x—=a” X —a x~at x —a
x—a =% > X -1, x<a . . .
= _ = . is clearly obvious from questions an above.
b A =S Itis clearly obvious f tions (14) and (15) ab
; <
|x_a | a X
a—x
lim = lim (-1) = -1
x->a- X —Qa x—-a~
17) 18)
|x + al |x + a|
im = im =
x(-a)” x+a x->(-a)t x +a
Solution: Solution:
X +a _ ta>0 x+a _ 0
f(x)—|x+a|— xta < 7¢ _{ 1, x>-a f(x)—|x+a|— x+a pxra> _{ L, x>-a
- T )—(x+a -1 x < —a - T )—(x+a -1 < -
xt+a %;x+a<0 xta %;x+a<0 x a
x+a xta
im | | = lim (-1)=-1 im | | = lim (1)=1
x>(-a)” x+a x-(-a)” -t x+a  x-(-a)t
19)
o |x+al
lim =
x--a X +a
Solution:
. |x+a .
lim does not exist because
x-—-a X +a
|x + al |x + a

im im
x=(-a)- x+a x-(-a)t x+a

It is clearly obvious from questions (17) and (18) above.




20) 21)
2x — |x| 2x — x|
lim ——— lim ——
x-0% x2 + |x| x-0~ x% + |x|
Solution: Solution:
(2x—(x) =0 (2x—(x) >0
Rl IS EZRIONY ¥ PNl I EE O *
X2+ |x] | 20— (=x) X2+ x| | 20— (=%) <0
\x2+( -x)’ kx2+( -x)’
(2x —x ( (2x—x (_*
) - . ;x>0
{x2+x ,x>0=4 z{x2+x ’x>0={x2+x ¥
2x+x 2x+x 3x
k ; x<0 > ; x<0 2 ; x<0
Xc—Xx Xc—X
; x>0 (L ; x>0
{x(x+1) ’ _{x(x+1) ’
B 3x ; <0
xx—1 -1
_Jx+1 7 x _Jx+1 7 X
—q1 X T—1 *
2x — |x| B lim 2x — | x| I 3 3 3
er(r)l+x2+|x|_xl>r(r)1+x+1_ fars x% + |x| Tabrx—1 0-1
22) 23)
2x — |x| cosx —sinx
—_— = im—————=
x>0 x2 + | x| x_,%cosz x —sin?x
Solution: Solution:
Zx_ . e
lim Z1lxl 2 Ixl does not exist because i S X T SIMX cosX — sinx
x>0 x% + | x| orcos2x —sin2x Xt (cos x — sinx)(cos x + sin x)
lim 2x — |x| 4 1 1
1 — —
x=0" x2 + |x| = x-0* x2 + |x| = lim — =
_Tcosx +sinx n (T
x-7 cos(4)+sm(4)
Itis clearly obvious from questions (20) and (21) above. 1 1 V2
Ti1. 172 2
V2 N2 N2
24) 25)
- cos?x+2cosx—3 lim(sin?x + 3tanx — 4) =
1im = x—0
. x-0 2c0s?x —cosx — 1 Solution:
Solution: lim(sin? x + 3tanx — 4) = sin?(0) + 3tan(0) — 4
coszx+2cosx—3_ ~ (cosx+3)(cosx—1) x=0 —043(0)—4= 4
#30 20082 x — cosx — 1 x50 (2cosx + 1)(cosx — 1) B B
cosx + 3 cos(0) + 3
~xS02cosx+1 2cos(0) +1
_1+3 4
2 +1 3
26) If m #= 0, then 27) If m # 0, then
sin (nx) tan (nx)
x>0 mx X0 mx
Solution: Solution:
sin(nx) n _ sin(nx) tan(nx) n _ tan(nx) n
m————=—lim————= m———=—Ilim———==—(1) =
x>0  mx mx-0 nx x>0  MX mx-0 nx m m

28) If m # 0, then
nx

lim ——— =
x-0 sin(mx)

Solution:
nx n_ mx

lim ———=—lim——
x-0sin(mx) mx-0sin(mx)

=2
m

29) If m # 0, then
nx

lim ———— =
x—0 tan(mx)

Solution:

nx n mx

=2yl
m

lim ———— =—Ilim ———
x>0tan(mx) mx-otan(mx) m




30) If m # 0, then

31) If m # 0, then

sin(nx) sin(nx)
—_—= im——=
x-0 sin(mx) x~0 tan(mx)
Solution: Solution:
. sin(nx) n /. sm(nx) . sin(nx) n /. sm(nx)
I ) = ) (i) i antny = ) U anGr)
x-0sin(mx) m 30 20 sm(mx) x-0tan(mx) m 50 30 tan(mx)
n n
=—1QA) =— =—1A) =—
= (1)( - - = (1)( ) -
32) If m # 0, then 33) If m# 0, then
tan(nx) tan(nx)
im——— = im——= =
x-0 tan(mx) x-0 sin(mx)
Solution: Solution:
tan(nx) n /.. tan(nx) ~ tan(nx) n /. tan(nx)
Biantn w0 e ) ) I i) = U ) (i)
x-0tan(mx) m x50 b tan(mx) x-0sin(mx) m b 50 sm(mx)
n n
=— 1) =— =—MA)=—
= (1)( )- - = (1)( > -
34) 35)
~ sin(1 — cos x) sin(sin(2x))
lim————= —_— =
x>0 1—cosx x=0 sin(2x)
Solution: Solution:
- sin(1 — cos x) _ sin(sin(2x)) B
x-0 1—-cosx x>0  sin(2x)
36) 37)
1 — cos(2x
lim - <520 _ NENE
x—0 x? lim [——-—-+4=
Solution: xXoo Xt X
 1-—cos(2x) . 2sin’x ~ /sinx\? Solution:
lim ————— =1lim = 2lim (—)
x—0 xZ x-0 xZ x-0 X 1 3 1 3
_ sinxy? ) lim —2——+4 lim(—z——+4)= 0-0+4
=2 (llm —) =2(1)“ =2 x—0 [X x>0 \x2  x
x-0 X
=2
38) 39)
y 1 I 3x + 15
im\ = *2)= . o0 9x? + dx — 13
Solution: Solution: Is
1 24 4 2D
lim <—+2>=0+2=2 N B IS
o= \x /s Ao tax— 13 4e0x? _d4x I3
5x2 x?  x?
1
— X + x2 _ 0+0
Tahwg 4 13 94040
p)
X x
40) 41)
i 3x? —8x+15 _ i 3x* —8x+15
o0 9xZ + 4x — 13 o 9x% + 4x — 13
Solution: Solution:
3x2 8x 15 3x2 8x _ 15
i 3x%2 —8x + 15 i 2 2t i 3x% —8x + 15 i —Z ezt 2
105 0x? +4x — 13 <00 9x?  4x 13 0 T dx — 13 % 0x?  4x 13
2 T 52T 57 7+ 2 2
fS o 8 15—x -
i 3_x+x2 3-0+0 . B3ty % -3+40-0 1
Txheg 4 13794040 3 Taete g 4 1837-9-0+0 3
p) p)
X x X x




42) 43)
. 3x° —8x+15 . 3x> —8x +15
$ob Ox? + dx — 13 ko OxZ + 4x — 13
Solution: Solution:
3x° 15 3x> 8x _ 15
3x> —8x+15 7—x2+xz 3x5—8x+15 | 2T ezt T2
lim ———— = lim lim ————— = lim
x509x2 +4x —13 x> 9x2  4x 13 x5-09x2 + 4x — 13 x--o0 9x2 4x 13
X2 T x2 T x? —x2 T —x2 —x2
8 15 8
L3 =3+ T 3(0)—0+40 L T3+ -27 —3(—0)+0-0
= lim A = = lim X~ — = —
x—00 9+£_§ 9+0+0 x>-0 g £+§ —-9-0+0
x  x2 X  x2
44) 45)
lim (\/x2—3x+7—x)= lim (\/x2+x—x)=
X—00 X—00
Solution: Solution:
lim (\/x2—3x+7—x) lim (\/x2+x—x)
X— 00 X—00
(Vx2=3x +7 +x) VxZ+x+x
= lim [(vx2—-3x+7 —x ] =lim[\/x2+x—x x—]
x—00 [( ) (\/x2 —3x+7 +x) x—00 ( ) VxZ+x+x
. <(x2_3x+7)—x > i ( —3x+7 )  lim ((x2+x)—x2>
= lim = A S
x>0\ Vx2 =3x+7+x X200 \Wx2 —3x +7 +x e sz‘;x*‘x
—3x 7 .
or 4 L = lim ( )
= lim X X =0 \\x2 + x + x
xooyx2 —3x+7  x X 1
x tx = lim X = lim
_3+Z X—00 ,/xZ +x+£ X—00 x2 x 1
o z IR x_2+x_2-:
xoo x2 3y 7
24 L L = lim
2 ezt tl X200 \/F+1 1+1
3+7 1+ +1
= lim = 376
X—00
_24 2
1 <t p; +1
_ -3+0 -3 3
Ji-0+0+1 1+1 2
46) 47)
lim (x? —5x + 4) = lim (x* —2x3 +9) =
X—00 X——00
Solution: Solution:
x> 5x 4 x* 2x3 9
lim (x? — 5x + 4) = lim x? -t lim (x*—2x3+9) = llmx ———t=

lim (x? = 5x + 4) = lim (x?) = oo

X—00

OR

= lim x

X—>—00

4(1_5-'_:_4):(_00)4(1_04'0):00

lim (X _Zx +9)_ llm (x4)—oo

X—>—0




48) 49)
3x2—8+2_ I 3x2—8+2_
x—>—00 x+5 a xl—IBo x+5
Solution: Solution:
3x2 -8 2 3x2—-8 2
3x2—-8+2 ) — = 3x2 —8+2 Y +=
= lim lim = lim
X——00 x+5 X——00 X4 i xX—00 x+5 xX—00 E + E
—-x  —X X X
3x2-8 2 3x2 8 2 3x2 -8 2 3x2 8 2
X2 x K2 XX X2 x xF X2t x
= lim z = lim z = lim = = lim =
X—>—00 X—>—00 X—00 X—00
-1-= -1- X 1+ X 1+ X
8 2 8 2
N3 T Tx V3-0-0 N3 TaETx V3=040
= lim —V/3 = lim = V3
X—>—00 _1_5 —-1-0 x>0 1+§ 1+0
X X
50) The horizontal asymptotes of 51) The horizontal asymptote of
3x2 —8+2 _1-x
f)=—"-— f& =53
Solution: Solution:
First, we have to find First, we have to find
3x2 —8+2 lim 21_x1
x—too x+5 xorelx t+
1 x 1
Itis clear from the previous questions (48) and (49) that o 1—x X Tx v 1 0-1 1
lim = lim X X =]1m—x - = _
. V3x?2—-8+2 Ne xo02x+1 w02 |1 xow, 1240 2
L x X x
e 3x2 —8+2 1 L_X L1 0+1
i R “X _ m SECX oy =X
Jm s = BNy R L i"xllr—noo_z_l —2-0
—-X  —Xx X
Thus, the horizontal asymptotes are - _ -
2
y= 3 Thus, the horizontal asymptote |s1
y= 5
52) The horizontal asymptote of
7x% +5
f® =377
Solution:
First, we have to find
. 7x?+5
X0 3x2 + 2
7x% 5 5
7x*+5 Szt Ttz 740
im = lim 2 = lim - = —
x>0 3x2 +2  x>03x 2 x—>003+l 340
7 7 x
21 s 7x? 5
. x°+ —x2 T 42
2 a3 2
—x2 " =2
71— -7-0 7
= i X~ - =
X2
Thus, the horizontal asymptote is

7
Y =3




53) The horizontal asymptote of

54) The horizontal asymptote of

(o A3 o= Y2x 3
= X)) = —
I 2x +7 2x2 +7x — 1
Solution: Solution:
First, we have to find First, we have to find
o Vx?+4+2x-3 I V2x — 3
oo 2x+7 xotoo 22 + Tx — 1
VxZ 4+ 2x—3 vV2x —3
I VxZ +2x—3 _ i - x I V2x -3 I 2
e 2x+7  xow 2% 7 w2 +7x—1 xow2x2 _7x_ 1
X X x2 " x2  x2
x2+2x -3 x_2+2_x 3 2x — 3 2x 3
2 2 2 32 7 ==z
= lim X7 = lim d 7 x = lim % = lim X7 Xl
X— 00 2 7’ X—00 2 ks X—00 L+ X—00 L~
+ X + 2+ X 32 2+ X %2
2 3 2 3
N1 txTe vivo-o0 1 B Tx 00
xo0 5 7 240 2 x_’°°2+z—i 240-0 2
X X x2
Vx2 4+ 2x—3 V2x —3
lm\/x2+2x—3= - = . ox —3 ~ —
xomeo  2x +7 om0 2X | 7 o 22 £ 7x — 1 xome 262 7x 1
-X —X —x2 + —x2  —xZ
x24+2x—3 x2 2x 3
2 2t 2x 23 -3
= lim lim . x4 x*  x*
X——00 7 X——00 7 = hm = llm
-2 —= —2 —= X——00 7 1 X——00 7 1
X b —2-—-+= —2-—-+=
5 3 X x X x
14+=--— — 2 3
. X x2 1+0-0 1 L _ 2
= Jim 7  —2-0 2 = Jim XXX _ 0-0 _i_o
xmme = e xo-0 o, 7, 1 —2-0+40 =2
) x 2 x +x2
Thus, the horizontal asymptotes are Thus, the horizontal asymptote is
=+ 1 = 0
y=x 5 y =
55) 56)
) 4x2 -8+ 3 ) 4x2 -8+ 3
lim = lim =
X—>—00 x+1 x—00 x+1
Solution: Solution:
4x2 -8 3 4x2 -8 3
4x2 -8+ 3 ) “x +—_x ) 4x2 —8+3 ) X +=
1 = lim lim ——— = lim
xX——00 x+1 xX——00 Xy L X—00 x+1 X—00 £ n l
—-x  —Xx X X
=8 _3 a7 _8 3 =8 3 478 3
. 2 x x2  x%2 X . x2 x .. x2  x% X
= Jm T =, 1 = Jm T~ lm 1
-1- X -1-— X 1+ x 1+ X
4 8 3 4 8 3
N i R *Taty VE=0+40
= lim = =-=2 = lim = =
x—>=00 _1_1 -1-0 x—00 1+l 1+0
X X




Workshop Solutions to Sections 3.4 and 3.5

. . 2
D) ,}l,r?+x_3— 2) xllgl—x—3_
Solution: Solution:
If x> 3%, then x>3 = x—-3>0 If x >3 ,then x<3 = x-3<0
. 2 . 2
' xllgl’fx—B_oo xllgl-x—B__oo
3 lim —— = 4) lim — =
) xlgl+x—3_ ) xlgl—x—3_
Solution: Solution:
If x> 3%, then x>3 = x—-3>0 If x >3, then x<3 = x-3<0
.2 . 2
) 9cllgl+x—3__oo ) xllgl-x—B_oo
5 1 = 6) li 2 _
) x—}£n3+x+3_ ) x—}g—x+3_
Solution: Solution:
If x> —3% thenx>-3 = x+3>0 If x> —37,then x<-3 = x+3<0
2 2
x—}I—n3+x+3 @ x—}£n3‘x+3
N 3x—1 8 1 3x—1
) xlgl+x—2_ ) xlgl—x_z_
Solution: Solution:
If x> 2%, then x>2 = x—2>0and3x—1>0 If x> 27, then x<2 = x—2<0and3x—-1>0
oo 3x—1 o 3x-—1
~ lim =00 ~ lim =— 0
x-2t x — 2 x-2" x — 2
9)  lim — 10)  lim ——% =
) x—}£n2+ (x +2)2 - ) x—}£n2_ (x + 2)? B
Solution: Solution:

If x > —2%, then x > =2
= 1-x>0and (x+2)>>0
I 1—x
’e —_— =0
x—}£n2+(x+2)2

If x> =27, then x < =2
= 1-x>0and (x+2)>>0
I 1—x
’e —_— =0
x—}£n2+(x+2)2

1) lim —— 1~
) x_}I_n2+ (x +2)? -
Solution:

If x > —2%, then x > =2
= x—-1<0and (x+2)>>0
. l' x_l j—
' x—}EnZ’r (x +2)? B

12) lim —— 1~
) x—}£n2_ (x + 2)2 B
Solution:

If x> =27, then x < =2
= x—-1<0and (x+2)>>0
I x—1
T+ 22

_6x—1
13) xllgqﬂ“ x2—4
Solution:

If x = 2%, then x? > 4
= x2—4>0and 6x—1>0
6x—1
im
x—2+ x2 — 4

=00

14 y 6x—1 _
) xlgl— x2—4
Solution:

If x > 27, then x%2 < 4

= x?—4<0and 6x—1>0
6x—1_

= — o0

im —
x-2t x4 —4




15 I 6x—1 _
) x—}r—g+ x2—4
Solution:

If x > —2%, then x? < 4
= x2—4<0and 6x—1<0
6x—1

. 6x—1
16) xEEnz— x2—4
Solution:
If x > —27, then x% >4
= x2—4>0and 6x—1<0
6x—1

xigl’fxz—élzoo xighxz—‘l-__oo
17) lim 21 = 18) lim 2=
) X2 —x—6 )x—}I—n2+x2—x—6_
Solution: Solution:
6x—1 6x—1 6x—1 6x—1

f(x)_xz—x—6_(x—3)(x+2)
If x - —27, then x < -2
= x—3<0, x+2<0 and6x—1<0
6x —1

f(x)_xz—x—6_(x—3)(x+2)
If x > —2%, then x > -2
= x—3<0, x+2>0 and 6x—1<0
6x —1

9cl}£nz—xz—x—6:_oo xl}Eanrxz—x—6:Oo
19) i 1 20) i 1
) er?r,l+x2—x—6_ ) xlgl—xz—x—6_
Solution: Solution:
-1 -1 -1 -1

f(x):xz—x—6:(x—3)(x+2)
If x - 3%, then x >3
= x—3>0, x+2>0 and —1<0
] -1
xllgl+x2—x—6=_oo

f(x):xz—x—6:(x—3)(x+2)
If x> 37, then x <3
= x—3<0, x+2>0 and —-1<0

] -1
lim

_ =00
x-3"x2—x—6

21) lim  tanx =
x=("/,)
Solution:
lim ,tanx = —oo
x=("/3)
. 1-x .
23) The vertical asymptote of f(x) = i 1S
Solution:
We see that the function f(x) is not defined when
2x+1=0 = x=—%. Since
y 1—x
= 00
Mt 2x+ 1
x=(3)
and
I 1—x
im =—
1\"2 1
() 2

1. .
then, x = — is a vertical asymptote.

22) lim _tanx =
x=("/,)
lim _tanx =o0
x=("/3)
24) The vertical asymptote of f(x) = ;2__2 is

Solution:

We see that the function f(x) is not defined when

x?—4=0 = x=+2. Since
3—x

lim =00 lim = —o0
x->2+t x2 — 4 ’ x=2-x2 — 4
and
I 3—x y 3—x
1m = — 00 1m = 0
x--2+x%2 — 4 ’ x->-2"x2—4

then, x = +2 are vertical asymptotes.




3—x

25) The vertical asymptote of f(x) = o — is
Solution:

_ 3-x 3—x . —(x—3)
f(x)_x2 T (x—-3)(x+2)

—x—6 (x—3)(x+2)
1

x+2
We see that the function f(x) is not defined when

°—x—6=0 = (x—-3)(x+2)=0

= x=3 or x=-—2. Since
I 3—x _ i 3—x
xl—rgxz—x—6_xl—rg(x—3)(x+2)

—(x—3) -1 1

=lim——r————=lim——=—=

x—>3(x—3)(x+2) x=3x + 2 5
then, x = 3 is a removable discontinuity.

26) The vertical asymptote of f(x) = xz:jw is
Solution:
(W= e
I = e v G-3-2)

We see that the function f(x) is not defined when
x—3=0or x—2=0= x=3 or x=2.
Since

lim —
x—>3+x2 —5x+6

7—x I 7—x _
s x-3)(x-2)

7—x ) 7—x
e Ty ARG
and
7—x ) 7—x
xll>2+x2—5x+6 xllglJf (x—3)(x—-2) -

7—x ) 7—x

lim Rl oy

x-2-x2 —-5x+6

then, x =3 and x = 2 are vertical asymptotes.

lim 3—-x I 3—x _
X2 —x— 6 _x—}£n2+(x—3)(x+2) B
and
lim 3—x y 3—x
im ——= lim —— = —
x>-2"x%2—x—6 x->-2-(x—3)(x +2)
then, x = —2 is a vertical asymptote only.
27) The vertical asymptote of f(x) = xzi;% is
Solution:
x—7 x—7

f(x):x2+5x+6:(x+3)(x+2)
We see that the function f(x) is not defined when

x+3=0or x4+2=0= x=-3 or x=-2.

Since

lim ——
xo— 3+x2 +5x+6

x—7 y x—=7 _
T G+ 2

I x—17 - x—17 _
- X2 1 5x + 6 xol3- x+3)(x+2)
and
lim x—=7 I x—7 _
sl P +5x+6 = o (x+3)(x+2)

I x—=7 ~ x—7 _
- X2 +5x+6 oo (x+3)(x+2)

x=7

28) The vertical asymptote of f(x) = p v is
(x) = x—=7  x=7
flx T x243x x(x+3)
We see that the function f(x) is not defined when
x=0or x+3=0= x=0 or x=-3. Since
I x—17 I x—=7
m ————= m —— =
x>-3*x%2 +3x x>-3*x(x +3)
y x—7 y x—=7
m ————= m —— = —
x>-3"x2 +3x x->-3"x(x+3)
and
x—=7 y x—=7
o0t X2 +3x s x(x+3)
x—7 I x—=7
m = m —,———m=
o0~ %2 + 3% xio-x(x +3)
then, x = —3 and x = 0 are vertical asymptotes.

then, x = —3 and x = —2 are vertical asymptotes.
29) The vertical asymptote of f(x) = x’::;x

Solution:

() = x—=7 _ x—=7

flx T x2-3x x(x—23)
We see that the function f(x) is not defined when
x=0or x—3=0= x=0 or x=3. Since
x—=7 I x—=7
T x(x—3)

I x—=7 I x—=7
o3t X2 — x_xlgl‘x(x—?))_
and
x—7 ) x—7
= —_ =00

+o0% x2 — 3x xl»%l+x(x—3)

x—7 . x—=7
lim ———= lim ———=—

x-0"x2 —3x x>0 x(x —3)

then, x =3 and x = 0 are vertical asymptotes.

. 2x2+1
30) The vertical asymptotes of f(x) = ——

are
Solution:
2x*+1  2x*+1
f(x) =
2-9 (x+3)(x—3)
We see that the functlon f(x) is not defined when
x>—9=0 = x=43. Since

2x2+1_1_ 2x*+1
¥o3t x2—9  xh3r (x+3)(x—3)
i 2x2+1_1_ 2x*+1
P x2—9  x(x+3)(x—3)
and
2x?+1 i 2x*+1
o3+t %29 e x+3)(x=3)
o 2x%+1 2x2+1
lim

= lim ———=
x>-3" x2 -9  x5-3"(x+3)(x — 3)
then, x = +3 are vertical asymptotes.




X

31) The function f(x) =

+1 . .
9 is continuous at a = 2

xZ_
because
2)+1 3 3

1— 2:—:—:——

f2 (22-9 -5 5
) y x+1_1_ (2)+1_3_ 3
T A9 T (2)2-9 -5 5
3 I x+1_ 5
- xl—rgxz—9_f()
OR

We know that Dy = R\ {3}, so {2} € Dy .

Note: Any function is continuous on its domain.

32) The function f(x) = ;;_19 is discontinuous at

a = +3 because we know that Dy = R\ {£3},
so {£3} & Dy .

x+1

33) The function f(x) = .

29

+3 because {+3} ¢ Dy .

is discontinuous at

. x4l . . . sin3x
34) The fun"\ct|or'1 f.(x) = —— is continuous on its 35) The function f(x) = {—x , x#0 is continuous at
domain whichis Df = R\ {£3}. 3 ,x=0
a =0 because
1- f(0)=3
2- 1im 2 = 3 1im 2% = 3(1) = 3
x-0 X x—0 3x
3- lim f(x) = f(0)
x—0
sin3x 2x%-3x+1
36) The function f(x) ={ x o X*0 is discontinuous | 37) The function f(x) ={ 1 *FL g
5 , X = 0 7 , X = 1
at a = 0 because discontinuousat a =1 because
1- f(0) =5 1- f(1) =7
T sin3x _ . sin 3x _ _ . 2x2-3x+1 . (2x-1)(x-1) .
3- lim f(x) # £(0) 3- lim f(x) # f(1)
2x2-3x+1 . _xP-x—2 . . .
38) The function f(x) = {T x#+1 is 39) The function f(x) = 5 s discontinuous at
1 ,x=1 a =2 because {2} € Dy .
continuous at a = 1 because
1- f(H)=1
2_ —_ —
2o lim 23 iy EDED _ nox—1) =1
x-1 x—1 x—-1 x—1 x-1
3 lim £(x) = f(1)
X
. 2x+3, x>2 ; _ _X+3 . : ;
= ’ 41) The function f(x) = is continuous on its
40) The function f(x) {3x+ 1 x<2 ) f(x) Nz

continuous at a = 2 because
1- f2)=32)+1=7
2- lir§1+(2x +3)=2(2)+3=7
xX—

lim (Bx+1) =3 +1=7
. }Cl_r;r% fx)=7
3- lim f(x)=f(2)

domain where f(x) is defined, we mean that
x2-4>0 = x2>4 = Jx2>4
= |x|>2 & x>2 or x<-2
Hence,
D = (—,—-2) U (2,00).

42) The function f(x) = Vx? — 4 is continuous on its
domain where f(x) is defined, we mean that
x2—-4>0 = x2>4 = Jx2>+/4
= |x|=22 © x=22 or x<-2
Hence,
Dy = (=0, =2] U [2,0).

43) The function f(x) = V4 — x? is continuous on its
domain where f(x) is defined, we mean that
4—x2>20 = —x2>-4 = x?<4
=Vx2<Vi = [x|<2 & —2<x<2

44) The function f(x) = X3 _ s continuous on its

Va—xZ
domain where f(x) is defined, we mean that
4—x2>0 = —x?>-4 = x*<4
= Vx2<Vi = |x|<2 © -2<x<2
Hence,
Dy =(=22).

Hence,
45) The function f(x) = ;;_14 is continuous on its

domain where f(x) is defined, we mean that
X2 —4+0 = x2#4 = x++2
Hence,
Dy = R\ {2}




46) The function f(x) =log,(x + 2) is continuous on
its domain where f(x) is defined, we mean that
x+2>0 = x> -2
Hence,

47) The function f(x) = Vx — 1+ +v/x + 4 is continuous
on its domain where f(x) is defined, we mean that
x—120and x+42>20 = x=>21 N x=>-4
Hence,

48) The function f(x) = 5% is continuous
on its domain .

Hence,
Df = R = (—,).

49) The function f(x) = e* is continuous
on its domain .

Hence,
Df =R = (—,0).

50) The function f(x) = sin~1(3x — 5) is continuous
on its domain where f(x) is defined, we mean that

—1<3x-5<1 © 4<3x<6 o §stz.

Hence,
Dy =3.2].

51) The function f(x) = cos™(3x + 5) is continuous
on its domain where f(x) is defined, we mean that

~1<3x+5<1©-6<3r<-4 ©-2<r<-:.
Hence,

Dy =[-2-3|.

c+x, x>2

52) The number ¢ that makes f(x) = {Zx e x<?2

is continuous at x = 2 is
Solution:
lirr% f(x) exists if
X—
A S0 = I 69

Ji (e 40 = Jip 2x =)

53) The number ¢ that makes
_fex?—2x+1, x< -1
f(x)_{ 3x+2 , x>-1

xlirgl f(x) existsif
lim fG) = lim_f(x)

lim 3x+2)= lim (cx?—-2x+1)
x—-—1% x—>—1"

is continuous at —1 is

ct2=4-c 3D+ 2=c(-1)?*-2(-1)+1
c+tc=4-2 —1=c+3
2c=2 c=-1-3
Cc = 1 Cc = —4
2 <
54) The nslijnn:)tc)er ¢ that makes 55) The value ¢ that makes f(x) = {CJ; +2x, x <2
_[==+2x-1,x<0 . . 0 X*—cx, x>2
fx)=1 « 3 + 4 £ >0 Is continuous at 0 Is is continuous at 2 is

Solution:
}Cir% f(x) exists if

SO = S0
sincx

lim (3x + 4) = lim ( + 2x — 1)
x—0% x—0~
3(0) + 4 = c(1) +2(0) — 1

4=c—-1
c=4+1
c=5

Solution:
}Ci_r)r% f(x) exists if
Jim f(x) = lim f£(x)
lim (x3 —cx ) = lim (cx? + 2x)
x—-2% x—2~
(22 —=c(2) =c(2)?+2(2)
8—2c=4c+4
—2c—4c=4-8

—6c = —4
-4
c=—
-6

2

c==

3

c?x?*—1,x<3

56) The number ¢ that makes f(x) = { x+5 ,x>3

is continuous at 3 is
Solution:
lirr% f(x) exists if
xX—
lim f(x) = lim f(x)
x-3% x—-3~
lim (x +5) = lim (c?x? — 1)
x—3% x—3~
(3)+5=c?(3)*—-1

8=9c2-1
9¢?=8+1
c?=1
c=+1

x—2,x>5

57) The number ¢ that makes f(x) = {cx _3 x<5§

is continuous at 5 is
Solution:
lirré f(x) existsif
X—
'xlgg flx) = ,}ggl_ f(x)
xllggr(x —-2)= xllgl_(cx -3)
(5)—2=c(5)-3

3=5c-3
5c=3+3
5¢ =

6
C:




58) The number ¢ that makes f(x) = {Zxx-l_—gc' z Z :1
is continuous at —1 is
Solution:
lim1 f(x) exists if
x——
lim f(x)= lim f(x)
x—->-1* x——1"
lim (x+3)= lim (2x—c¢)
x—>—1% x——1"
(-D+3=2(-1)-c
2=-2-c
c=-2-2
c=-4
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TABLE 2.1 Average speeds over short time intervals

Ay 16(ty + h)* — 161°

Average speed:

Ar h
Length of Average speed over Average speed over
time interval interval of length A interval of length A
h starting at ) = 1 starting at 7y = 2
1 48 80
0.1 33.6 65.6
0.01 32.16 064.16
0.001 32.016 64.016
0.0001 32.0016 64.0016

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Sllde 2-4




DEFINITION  Average Rate of Change over an Interval
The average rate of change of y = f(x) with respect to x over the interval [x;, x;] is

Ay _ f(w) = fO) _ fOa + R) = flx)

Ax X2 T X1 h ’

h#0.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 2- 5




y
1 y = f(x)
Q(xy, f(x7))
|
|
|
|
IAy
P(xy, f(x1)) |
__________ 3
= h :
| .
0 X1 X9

FIGURE 2.1 A secant to the graph
y = f(x). Its slope is Ay/Ax, the
average rate of change of f over the
interval [x, x2].
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P
A
350 %
Q(45, 340)
o
L
= 250 £ Ap= 190
= / /
S P(23, 150) Az~ ¢ thesyday
E 150 1=
'z / =22
100 -
/
50 .
0 10 20 30 40 50
Time (days)

FIGURE 2.2 Growth of a fruit fly population in a controlled
experiment. The average rate of change over 22 days is the slope
Ap/ At of the secant line.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Sl |de 2-7



P
A
Slope of PQ = Ap/At 350 B(35,350) )/
Q0 (flies /day) > W’ o
) 73
(45, 340) 340 = 150 8.6 = 250 }f///
| B2 | S 200 y 78
330 — 150 _ é P(23, 150)
@0,330) 30130 g6 L
100
35,3100 220150 34 7
35 — 23 o
265 — 150 e < >t
0 £03) 30 — 23~ 164 0 167\ 20 30 40 50

A(14,0)  Time (days)

FIGURE 2.3 The positions and slopes of four secants through the point P on the fruit fly graph (Example 4).
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seems to get to 2

TABLE 2.2 The closer x gets to 1, the closer f(x) = (x2 — 1)/(x — 1)

Values of x below and above 1 f(x) = ";2__11 =x+1, x#F1
0.9 1.9
1.1 2.1
0.99 1.99
1.01 2.01
0.999 1.999
1.001 2.001
0.999999 1.999999
1.000001 2.000001
Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 2- 9



-1
— 1
FIGURE 2.4 The graph of f 1s
identical with the line y = x + 1
except at x = 1, where f is not
Z<I " > X defined (Example 5).

Slide 2- 10
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x2—1
’ x:/:].
@ foy = £ =1 0 g@=1 ¥ ] (© he) =x+ 1
1, x=1

FIGURE 2.5 The limits of f(x), g(x), and /(x) all equal 2 as x approaches 1. However,
only 4 (x) has the same function value as its limit at x = 1 (Example 6).
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y
s
y=x
xO ———————
|
|
|
|
| > X
X0
(a) Identity function
y
A
=k
k ! ° Y
|
|
|
|
' > X
0 X0

(b) Constant function

FIGURE 2.6 The functions in Example 8.
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Yy y
0, x<0
y= li=
1, x=0 F
1
> > X > X
0 0
0, x=0
Y=1.1
sin ¢, x> 0
i
(a) Unit step function U(x) (b) g(x) (©) f(x)

FIGURE 2.7 None of these functions has a limit as x approaches 0 (Example 9).
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THEOREM 1 Limit Laws

If L, M, ¢ and k are real numbers and

lim f(x) = L and lim g(x) = M, then

1. Sum Rule: 1i_)m(f(x) +gx) =L+ M
The limit of the sum of two functionsxis tche sum of their limits.
2. Difference Rule: li_)m(f(x) —gx)=L—-M
The limit of the difference of two fun;tiocns is the difference of their limits.
3. Product Rule: li_)m( f(x)-gx))=L-M
The limit of a product of two ﬁmctionxs isc the product of their limits.
4. Constant Multiple Rule: li_r)n(k' f(x)) =k-L
The limit of a constant times a flll’lCJf[iOI?I is the constant times the limit of the
function.
X
5. Quotient Rule: ;1_133 ;;t((x; = %, M#0

The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.

6. Power Rule: If r and s are integers with no common factor and s # 0, then
lim (f(x))”* = L'
Xx—>c

provided that L'/ is a real number. (If s is even, we assume that L > 0.)

The limit of a rational power of a function is that power of the limit of the func-
tion, provided the latter is a real number.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Sllde 2- 15



THEOREM 2 Limits of Polynomials Can Be Found by Substitution
If P(x) = a,x" + a,—1x" ' + -+ + ay, then

lim P(x) = P(c) = a,c" + ay—i1c" '+ -+ + ay.

xX—>c

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 2- 16




THEOREM 3

Limits of Rational Functions Can Be Found by Substitution

If the Limit of the Denominator Is Not Zero

If P(x) and O(x) are polynomials and O(c) # 0, then

" P(x)  P(c)
e 0(x) Q)

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley
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Identifying Common Factors

It can be shown that if O(x) 1s a
polynomial and Q(c) = 0, then

(x — c¢) is a factor of Q(x). Thus, if

the numerator and denominator of a
rational function of x are both zero at

x = c, they have (x — ¢) as a common
factor.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Sllde 2- 18



FIGURE 2.8 The graph of

flx) = (x* + x — 2)/(x* — x)in
part (a) 1s the same as the graph of
g(x) = (x + 2)/x in part (b) except
atx = 1, where f 1s undefined. The
functions have the same limit as x — 1

(Example 3).

Slide 2- 19
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THEOREM 4 The Sandwich Theorem
Suppose that g(x) = f(x) = h(x) for all x in some open interval containing c,
except possibly at x = ¢ itself. Suppose also that

lim g(x) = lim A(x) = L.

X—>C xX—>c¢

Then lim,—,. f(x) = L.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 2- 20




> =

FIGURE 2.9 The graph of f is
sandwiched between the graphs of g and A.
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Y
>

—1 0 |

FIGURE 2.10 Any function u(x)

whose graph lies in the region between
y=1+ (x*/2)and y = 1 — (x*/4) has
limit 1 as x — 0 (Example 5).

Slide 2 - 22
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>0

(a)

FIGURE 2.11 The Sandwich Theorem confirms that (a) limg—( sin & = 0 and
(b) limg—o (1 — cos @) = 0 (Example 6).
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THEOREM 5

If f(x) = g(x) for all x in some open interval containing c, except

possibly at x = ¢ itself, and the limits of f and g both exist as x approaches c,

then

lim f(x) = lim g(x).
X—>C X—c

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 2- 24
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To satisfy
this

y
1 y=2x-1
Upper bound:
y=9
9 !
I |
L S
I |
5 |
: : Lower bound:
| | y=235
| |
L
é > X
of 345
N
Restrict
to this

FIGURE 2.12 Keeping x within 1 unit
of xo = 4 will keep y within 2 units of
vo = 7 (Example 1).
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y
A
I 1
-+ mf’"‘\ h
¢ f(x) _
f(x) lies
L e ( in here
L %\./ J
for all x # X
in here
r 6 8 {"I
- oo X
0 xo — 6 .IO JCO + 6

FIGURE 2.13 How should we define
0 > 0 so that keeping x within the
interval (xo — 6, xo + &) will keep f(x)

- - - 1 l
_ = = 19
within the interval (L 10’ L + 0 0).
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DEFINITION

Limit of a Function

Let f(x) be defined on an open interval about x(, except possibly at x; itself. We
say that the limit of f(x) as x approaches x; is the number L, and write

lim f(x) = L,

XXy

if, for every number € > 0, there exists a corresponding number & > 0 such that

for all x,

0 < |x—xo <6 = |f(x) — L| <e.
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y
L+ eT
f(x) lies
L o_f(x) [ in here
L — € L
for all x # x
in here
r 6 8 A ]
X
5 {—e—o ) > X

JCO—(S X0 .x0+3

FIGURE 2.14 The relation of 6 and € in
the definition of limit.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley

Slide 2 - 29



How to Find Algebraically a 6 for a Given f, L, xo, and e > 0
The process of finding a 6 > 0 such that for all x

0 <|x—x0 <0 = | f(x) — L| <€
can be accomplished in two steps.

1. Solve the inequality | f(x) — L| < € to find an open interval (a, b) contain-
ing xo on which the inequality holds for all x # xy.

2. Find a value of & > 0 that places the open interval (xo — 8, xo + &) centered
at xo inside the interval (a, b). The inequality | f(x) — L| < € will hold for all
X # Xxgp 1n this é-interval.
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-3
/ NOT TO SCALE

FIGURE 2.15 If f(x) = 5x — 3, then
0 < |x — 1| < €/5 guarantees that
| f(x) — 2| < e (Example 2).
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0 xﬂ—ﬁxﬂ 0+6

FIGURE 2.16 For the function f(x) = x,
we find that 0 < |x — xo| < & will
guarantee | f(x) — xo| < € whenever

0 = e (Example 3a).

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley

Slide 2 - 32



y
A
=k
k + € Y
ke : , :
k — € —
| | I
| | |
| I |
| | |
I I |
I I I
I > X
0 IO—S IU JCO‘I‘(S

FIGURE 2.17 For the function f(x) = k,
we find that | f(x) — k| < e for any

positive 6 (Example 3b).
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FIGURE 2.18 An open interval of

radius 3 about xo = 5 will lie inside the
open interval (2, 10).
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NOT TO SCALE

FIGURE 2.19 The function and intervals
in Example 4.
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FIGURE 2.20 An interval containing
x = 2 so that the function in Example 5
satisfies | f(x) — 4| < €.
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y
M
X
y =17
x|
10
> X
0
O-—1

FIGURE 2.21 Different right-hand and
left-hand limits at the origin.
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™ )
L1 /) 1)+ M
0 C = X > 0 X o C =
(a) lim f(x) =L (b) lim f(x)=M
X—C xX—=c

FIGURE 2.22 (a) Right-hand limit as x approaches c. (b) Left-hand limit as x
approaches c.
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> <

> X

-2 0 2

FIGURE 2.23 lim V4 — x% = 0 and

x—2

lim V4 — x* = 0 (Example 1).

x— =27
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THEOREM 6

A function f(x) has a limit as x approaches c if and only if it has left-hand and
right-hand limits there and these one-sided limits are equal:

lim f(x) = L = lim f(x) =L and lim f(x) = L.

X—c xX—>c Xx—c¢
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> =

y =fx)

1
\ o
| | | > x

FIGURE 2.24 Graph of the function
in Example 2.
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DEFINITIONS Right-Hand, Left-Hand Limits
We say that f(x) has right-hand limit L at x,, and write

lim_f(x) =L (See Figure 2.25)

X—>X
if for every number € > 0 there exists a corresponding number 6 > 0 such that
for all x
Xo <x<xg+ 6 = 1 f(x) — L| <e.

We say that f has left-hand limit L at x,, and write
lim f(x) =L (See Figure 2.26)

X—>Xq
if for every number € > 0 there exists a corresponding number & > 0 such that
for all x
X0 — 6 <x<xp = f(x) — L| <e.
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y
A
L+ e 7
¢ f()
f(x) lies
L' ™ [ inhere
L — el J
for all x # x;
in here
r 3 Al
o P 3 > X
0 7
xQ )-'.'0 + 6

FIGURE 2.25 Intervals associated with
the definition of right-hand limit.
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y
A
L+ e 7
¢ f(x)
f(x) lies
L ™ [ inhere
L — el J

for all x # x

in here
r A h |
o
X
5 ( ° e > X
xD — 5 xO

FIGURE 2.26 Intervals associated with
the definition of left-hand limit.
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S

J(x)

> X

L=20

FIGURE 2.27  lim_Vx = 0in Example 3.

x—0*
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-
i

==

y = sin

\ H"H iR

FIGURE 2.28 The function y = sin (1/x) has neither a
right-hand nor a left-hand limit as x approaches zero
(Example 4).
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y

A
1 .
XY # (radians)
lf,-—'_'--\_] | | 3
-3 2~~~ ~—"21 3 0
NOT TO SCALE
FIGURE 2.29 The graph of f(#) = (sin6)/#.
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THEOREM 7

sin 6
g—0 0O

=1

(0 in radians)

(1)
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y
.
T
tan 6
[ >
A(l,0)
1

FIGURE 2.30 The figure for the proof of
Theorem 7. TA/OA = tan@,but O4 = 1,
so TA = tan 9.
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DEFINITIONS Limit as x approaches o0 or — o0
1. We say that f(x) has the limit L as x approaches infinity and write

lim f(x) =L

x—>00

if, for every number € > 0, there exists a corresponding number M such that
for all x

x> M = | f(x) — L| <e.

2. We say that f(x) has the limit L as x approaches minus infinity and write

lim f(x) =L

x—>—00

if, for every number € > 0, there exists a corresponding number N such that
for all x

x <N = | f(x) — L| <e.
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FIGURE 2.31 The graph of y = 1/x.
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No matter what
A positive number € is,
the graph enters

1 this band atx = 2
YT x and stays.
-
€
N
— !\ | EO I 1 X > X
—_ : M= g
y=—€ .

No matter what
positive number € is,
the graph enters
this band at x = —
and stays.

€

FIGURE 2.32 The geometry behind the
argument in Example 6.

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Sl |de 2- 53



THEOREM 8 Limit Laws as x — £ o©
If L, M, and k, are real numbers and

lim f(x) =1L and lim g(x) = M, then

X—>100 x—>+00

1. Sum Rule: lim (f(x) + glx)) =L+ M
x—>400

2. Difference Rule: lirjl;loo( fx) —gx)=L—-—M
xXx—

3. Product Rule: liToo( fx)glx)) =L-M

4. Constant Multiple Rule: lirf (k- f(x)) = k- L
x—> 400

5. Quotient Rule: im I 2L e

o0 g(x) M

6. Power Rule: If r and s are integers with no common factors, s # 0, then
lim (f(x))” = L™
X—>1+00

provided that L'/* is a real number. (If s is even, we assume that L > 0.)

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Sl |de 2- 54



y y:5x2+8x—3
7 3x% + 2
L2
' Liney:§
\ 1H 3
I 1 1 1 [ 1 1 1 I 1 I 1 1 I}x
-5 0 5 10
1

—2  NOTTO SCALE

FIGURE 2.33 The graph of the function
in Example 8. The graph approaches the
line y = 5/3 as|x|increases.
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_1lx+2
2x3 — 1

FIGURE 2.34 The graph of the
function in Example 9. The graph
approaches the x-axis as | x| increases.
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DEFINITION  Horizontal Asymptote
A line y = b is a horizontal asymptote of the graph of a function y = f(x) if
either

lim f(x) =5 or lim f(x) = b.

x—00 x——00
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Y
A

| | | | | | >X

=37 27 -7 O w 2w 3w
FIGURE 2.35 A curve may cross one of

its asymptotes infinitely often (Example
11).
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FIGURE 2.36 The function in Example
12 has an oblique asymptote.
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b
>

You can get as high
as you want by
taking x close enough
to 0. No matter how
high B is, the graph
B ¢ |\ goes higher.

_1
Y&I
|

® > X
X

0
\f No matter how
low =B is, the

graph goes lower.

You can get as low as| @ —B
you want by taking
x close enough to 0.

FIGURE 2.37 One-sided infinite limits:

1 o1
Iim — = and Iim - = —©
x—0" X x—0" X
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FIGURE 2.38 Near x = 1, the function
y = 1/(x — 1) behaves the way the
function y = 1/x behaves near x = 0. Its
graph is the graph of y = 1/x shifted 1
unit to the right (Example 1).
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y
L3
No matter how
Be—— high B is, the graph
goes higher.
|
|
|
|
» > X
X
(@)
) =
g(x) G+ )
5 -
4 -
3 -
2 —
1 —
L ' > X
-5 -4 -3 -2 -1 0

(b)

FIGURE 2.39 The graphs of the
functions in Example 2. (a) f(x)
approaches infinity as x — 0. (b) g(x)
approaches infinity as x — —3.
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DEFINITIONS Infinity, Negative Infinity as Limits

1. We say that f(x) approaches infinity as x approaches x,, and write

lim f(x) = oo,

X—Xp

if for every positive real number B there exists a corresponding 6 > 0 such
that for all x

0 < |x— x| <0 = f(x) > B.

2. We say that f(x) approaches negative infinity as x approaches x;, and write

lim f(x) = —o0,
XX

if for every negative real number — B there exists a corresponding 6 > 0 such
that for all x

0 < |x— x| <6 = f(x) < —B.
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>

y =f(x)

/ p 4 XO

/0 XO—6

FIGURE 2.40 Forxy — o0 <x <xp + 6,
the graph of f(x) lies above the line y = B.

\
XO+6
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y = f(x)

f

FIGURE 2.41 Forxy — o0 <x <xg + &,
the graph of f(x) lies below the line
y = —B.
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DEFINITION Vertical Asymptote
A line x = a is a vertical asymptote of the graph of a function y = f(x) if either

lim_f(x) = £00 or lim f(x) = £00.

X—>a x—a
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Vertical asymptote

Horizontal 1
asymptote

Horizontal
asymptote,
y=20

Vertical asymptote,
x=0

FIGURE 2.42 The coordinate axes are
asymptotes of both branches of the
hyperbola y = 1/x.
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y
Vertical 0
asymptote, e
x=-2 5P _x+3
4 | y X + 2
— 1+ 1
Horizontal 3 x+2
asymptote, 7L
y = 1 —
| | | > X
1 2 3
3k
_41-

FIGURE 2.43 The lines y = 1 and
x = —2 are asymptotes of the curve
y = (x + 3)/(x + 2) (Example 5).
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y
A
] - _ 8
y ——
7+ x2— 4
6 -
S5+ Vertical
Vertical 4 asymptote, x = 2
asymptote, 31 Horizontal
x=-2

asymptote, y = 0

FIGURE 2.44 Graph of

y = —8/(x* — 4). Notice that the curve
approaches the x-axis from only one side.
Asymptotes do not have to be two-sided
(Example 6).
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A y =8€eCx y=tan.x

bol=1
™
;] L
by |9
E
2
k|
S

FIGURE 2.45 The graphs of sec x and tan x have infinitely many vertical
asymptotes (Example 7).
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> X

FIGURE 2.46 The graphs of csc x and cot x (Example 7).

SIE

y =cotx
> X
37\ 2
2
Slide 2- 72



2
_x"—=3_x 1
Y=or—4 a2t 1lt33

\ i The vertical distance
between curve and
line goes to zero as x — oo

Oblique

x=2
- asymptote
1
/ y=35+1
-1 0] 1 2 3 "% FIGURE 2.47 The graph of
-1 | f(x) = (x* — 3)/(2x — 4) has a vertical
2t Vertical asymptote and an oblique asymptote
asymptote,

3k =2 (Example 8).
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> X ' : ' L x
-20  -10 0 10 20
-5 —100,000 -
(a) (b)

FIGURE 2.48 The graphs of f and g, (a) are distinct for |x|small, and (b) nearly
identical for | x| large (Example 9).
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g 60 /
5 /f’/
S 40 Q>
ot
g 20 /l/
& ~

[t — > [

0 5 10
Elapsed time (sec)

FIGURE 2.49 Connecting plotted points
by an unbroken curve from experimental

data Oy, O», O3, ... for a falling object.
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Y | | | > X
|

FIGURE 2.50 The function 1s continuous
on [0, 4] exceptatx = 1,x = 2, and
x = 4 (Example 1).
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Continuity Two-sided

from the right ~ continuity Continuity
— from the left
m
| |
| Py =fx) |
| |
| | |
| | L 5y
a c b

FIGURE 2.51 Continuity at points a, b,
and c.
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DEFINITION Continuous at a Point
Interior point: A function y = f(x) is continuous at an interior point c of its

domain if

lim f(x) = f(c).

Endpoint: A function y = f(x) is continuous at a left endpoint a or is
continuous at a right endpoint b of its domain if

l_i)m+ f(x) = f(a) or l_i)ng_ f(x) = f(b), respectively.
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y
y = 4 — x?
2
>X
-2 0 2

FIGURE 2.52 A function
that 1s continuous at every
domain point (Example 2).
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y = UXx)

or

FIGURE 2.53 A function
that is right-continuous,
but not left-continuous, at
the origin. It has a jump
discontinuity there
(Example 3).

Slide 2 - 81

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley



Continuity Test

A function f(x) is continuous at x = c if and only if it meets the following three
conditions.

1. f(c) exists (c lies in the domain of f)

2. lim,— f(x) exists (f has a limit as x — ¢)

3. limy—. f(x) = f(c) (the limit equals the function value)
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y =intx
3L or :
y =|x]
2 *——oO
1 e—0
| b | l I
—1 1 2 3 4
—0
—() _2_

FIGURE 2.54 The greatest integer
function is continuous at every
noninteger point. It is right-continuous,
but not left-continuous, at every integer
point (Example 4).
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y Yy . 2
A _ _ i A y = §1n 7
y = fx) 2 n ” “
> X
0 > X

(e (f)

FIGURE 2.55 The function in (a) is continuous at x = 0; the functions in (b) through (f)
are not.
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>

FIGURE 2.56 The function y = 1/xis
continuous at every value of x except

x = 0. It has a point of discontinuity at
x = 0 (Example 5).
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THEOREM 9 Properties of Continuous Functions
[f the functions f and g are continuous at x = ¢, then the following combinations

are continuous at x = c.

1. Sums:
2. Differences:
. Products:

3
4. Constant multiples:
5. Quotients:

6

. Powers:

ft+g

f—g

f-g

k- f, for any number &
f/g provided g(c) # 0

£, provided it is defined on an open interval
containing ¢, where r and s are integers
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Continuous ﬂm
. at ¢ . at f(c) o
¢ fc) g(f(c)

FIGURE 2.57 Composites of continuous functions are continuous.
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THEOREM 10 Composite of Continuous Functions

If f is continuous at ¢ and g is continuous at f(c), then the composite g © f is
continuous at c.
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FIGURE 2.58 The graph suggests that
y = |(xsinx)/(x* + 2)| is continuous
(Example 8d).
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(a) (b)

FIGURE 2.59 The graph (a) of f(x) = (sinx)/x for —7/2 = x = 7/2 does not include
the point (0, 1) because the function is not defined at x = 0. (b) We can remove the
discontinuity from the graph by defining the new function F(x) with #(0) = 1 and

F(x) = f(x) everywhere else. Note that F(0) = 31_13}) f(x).
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FIGURE 2.60 (a) The graph of
f(x) and (b) the graph of its
continuous extension F(x)
(Example 9).
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THEOREM 11 The Intermediate Value Theorem for Continuous Functions

A function y = f(x) that is continuous on a closed interval [a, b] takes on every
value between f(a) and f(b). In other words, if yy 1s any value between f(a) and
f(b), then yy = f(c) for some ¢ in [a, b].

L
-~

y =fx)

f(®)

Yo

f(a)

Copyright © 2008 Pearson Education, Inc. Publishing as Pearson Addison-Wesley Slide 2 - 92



y
A
3 o -
2
1_
| | | > X
0 1 2 3 4

FIGURE 2.61 The function

2x — 2, 1 =x<2
ﬂ”_{a 2 =x=4
does not take on all values between
f(1) = 0and f(4) = 3; it misses all the
values between 2 and 3.
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1 le— L1 L1 |2 i
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- — / o /
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= N - N
1.320 | | | | 111.330 1.3240 | | | | 1.3248
\. / \. J
-0.02 -0.003
(©) (d)

FIGURE 2.62 Zooming in on a zero of the function f(x) = x> — x — 1. The zero is near
x = 1.3247.
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FIGURE 2.63 L 1s tangent to the
circle at P if it passes through P
perpendicular to radius OP.
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N A .
L C L C
C L P
P
P
L meets C only at P L is tangent to C at P but L is tangent to C at P but lies on
but is not tangent to C. meets C at several points. two sides of C, crossing C at P.

FIGURE 2.64 Exploding myths about tangent lines.
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Secants

—

Secants

Tangent

Tangent

FIGURE 2.65 The dynamic approach to tangency. The tangent to the curve at P is the line
through P whose slope is the limit of the secant slopes as Q — P from either side.
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2+ h)? -4

=h+4.
h

Secant slope is

NOT TO SCALE

FIGURE 2.66 Finding the slope of the parabola y = x? at the point P(2, 4) (Example 1).
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DEFINITIONS Slope, Tangent Line
The slope of the curve y = f(x) at the point P(xy, f(xg)) is the number

. flxo + 1) = f(xo)
m = lim
h—0 h

(provided the limit exists).

The tangent line to the curve at P is the line through P with this slope.
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> =

y =f®)
Q(.?C{], + h, f(xﬂ + h))

:f(xo + h) — f(xp)

P(xg, f(x0))

FIGURE 2.67 The slope of the tangent

+ h) —
line at Pis lim fxo ; flxo)
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Finding the Tangent to the Curve y = f(x) at (xo, Vo)
1. Calculate f(xo) and f(xo + h).

2. Calculate the slope
. f(xo + h) — f(xo)
m = lim )
h—0 h

3. If the limit exists, find the tangent line as

y =y + m(x — xp).
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FIGURE 2.68 The two tangent lines to
y = 1/x having slope —1/4 (Example 3).
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The slope of y = f(x) at x = x
The slope of the tangent to the curve y = f(x) atx = xo
The rate of change of f(x) with respect to x at x = xy
The derivative of f at x = xg

xo+ h) — flx
The limit of the difference quotient, }}in‘b fxo i)z f(xo)
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FIGURE 2.69 The tangent slopes, steep
near the origin, become more gradual as
the point of tangency moves away.
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DEFINITION The line x = aiscalled a vertiéal asymptote of the curve y = f(x)
if at least one of the following statements is true: '
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For the function R whose graph is shown, state the following.

l (a) hm R(x) = = o0 (b) hrr51 R(x) = oo
i (c) rEr_r;_.R(x) = ~ 20 @ xlir_r;ﬁ(x) = oo =

I
i (€) The equations of the vertical asymptotes.

{

x X = -3 x X

i

|
i For the function f whose graph is shown, state the followmo

'(a) Jim f(x)=-ca (b) Jim f(x) = e0 (c) Iim f(x.)

l(d) lxm f(x)==00(e) hm f(x)...

i (f) The equations of the vertical asymptotes.
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‘The accompanying figure shows the graph of y =
f(z). Then f'(2) > 0.

(2) True

(b) False

Xz2 at =2l A (;._,.ALrU
ZoLrle el poen
X 2l sl ole V)

w5 el

() S~ o

- p/( Z.L > o Tru_@

R Rty oS
S

y=v{z)e-1

7




b et s ¢ o 4 4 m + mm s b b e b

f is differentiable at z = 1.

(2) True

(b) False

Eese) s du

fterewtiable

at x = |

(False)

becausg : fexy 15

2pnolzdl U pald sbas g Slaubls 3 3Ll

wmaot it = There

at X = |

1S cormer,




