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Sequences

Definition of sequences

A sequence is a function whose domain is the set of positive integers. It
is denoted by {a,} = a1, a9, as,...,an,... (entire seq) and
{an} = a1,a9,as,...,a, (finite seq).

Example: Find the first four terms and nth term of each:

2

@ G2 ) 2O} (© ()

(d) {4} (e) a1 = 3 and ag4+1 = 2ay, for k > 1.
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Convergent or Divergent Sequences

Definition of convergent sequence (c’gt)

A sequence is {a, } has a limit L, or converges to L denoted by either
lim a, =L ora, — L asn — oo .

n—oo

<

Definition of divergent sequence (d’gt)

A sequence {a,} is called if

@ lim a,, does not exist.

n—oo
@ lim a, = +o0 or lim a, = —oc.
n—oo n—oo

\

Definition of constant sequence

A {ay} is constant if a, = c for every n, ¢ € R and
lim a, = lim c=c.

n—oo n—oo

\
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Convergent or Divergent Sequences

Theorem 1

Let {a,} be a sequence and f be a function such that

o f(n)=a,

o f(z) exists for every real number z > 1
then

Q If gClLHC}O f(x) = L, then nllrr;o fn)=1L

Q If Ilirgo f(z) = oo (or —o0), then nlgrolo f(n) = oo (or —o0).

Examples:
(1) If a = 1+ (£), determine whether {a,,} converges or diverges.

(2) Determine whether {a,} converges or diverges

@{m* -1} G {=D""}
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Convergent or Divergent Sequences

L" Hopital’s rule
f(n)

It is a method for computing a limit of form lim ﬁ if
n—oo g(n
lim a, = lim % = f, then we can use L' Hopital’s rule which is
n—00 n—oo g(Nn
/
e e )

Theorem 2 (properties)
Let lim a, = L and lim b, = K

n—oo n—o0

o lim (ap,tb,) =L+ K.
o lim (a,.b,) =L.K.

A L
@ lim — =—, K #0.
A =g K7
@ lim Ca, = CL.
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Theorem 3 (Absolute value)

For a seq {an}, nlgrolo lan| =0 < nlgrolo an = 0.

Theorem 4 (Geometric seq)

o lim ™ =0if|r] <1

n—oo

o lim ™ =o0if r|>1

n—oo

Example: Determine whether the following sequences converge or
diverge

&L @Y @y @RS
6" ) 8-@"F () {1000-n}  (8) {3=H
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Convergent or Divergent Sequences

Theorem 5 (Sandwich

—~
~—

If ar, b, and ¢, are sequences such that
9 a, < b, < ¢, for every n

@ lim a, =L = lim b,, then lim ¢, = L.

n—oo n—o0 n—o0

Theorem 6

A bounded, monotonic sequence has limit.

Notations

—1<sin(d) <1
—1<cos(d) <1
0 < cos?(f) <1
—Z<tan"'(9) < %

cos(ﬂn) = (—=1)"

(23 * I * I SJ +

\.
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Convergent or Divergent Sequences
Examples

> Determine whether the following sequences converge or diverge, if they
converge find its limits.

(1) {2} (@ {1y (3) {emInn}  (4) {eln
(5) {(~)™1LY  (6) {2} (7) {225 - 22}

®) {0+ (9 {n'/"}

Solution:
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Definition of infinite series

series are the sum of the terms of an infinite sequence. It is denoted by

Zan=a1+a2+a3+--~—|—an+... (1)

n=1

b
Partial sums of series in (1)

First partial sum: S7 = ag
Second partial sum: Sy = a; + a2
Third partial sum: S3 = a1 + as + as

nth partial sum: S, = a1 +as +---+a,

Seq of partial sum: S, = S1+Sa+---+ S, +--- = {5} '
- —
If this seq {S,,} is convergent, let say equal to s, if lim S, exists, then
n—o0
o0
the series Z an is convergent.
n=1
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Convergent or Divergent Series
Examples

Find (a) S1,52,53 and S,, (b) the sum of the series, if it converges

5 = 1
= (5n+2)(5n +7) (2);\/71—#1—1—\/5

> 1 > 1
(3) nzz:l n(n+1) *) 112::1 in? —1
Solution:

(1)

[M]8
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Definition of Harmonic series i

o0
the harmonic series is Zl :1+£+1+---+l+
—n 2 3 n
" J
Definition of Geometric series »
o0
a series of the type Z ar™, where a and r are real numbers, with a # 0.
n=0
4

o0
The geometric series E ar™
n=0

@ convergent if [r| <1 andits S = 1%

@ divergent if |r| > 1

A\
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Convergent or Divergent Series

Examples

Discuss the convergence of the following series

(2): 0.628 +0.000628 + - - - + {roans + - -
@Br2+2+% +32+..
Solution:

(1): 0.6 +0.06 + 0.006 + - - + 7o + - -
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